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> : MEMORANDUM TO MEMBERS 


E 


The Counci and the Board of; Trustees of the Society wish to re-- 


i düind the members that legacies to the Society are invited and deeply 
"appreciated, whether the amount be large or small. Indeed, the 
. reatest hope of the Society lies in a multiplicity of small bequests. 
"od one wishing to assist the Society should hesitate because his gift 


- may be small. Those who are not in a position to assist the Society. 
~in this way may-wish to call the attention of others to this method of .. .: 


-furthering the-cause of mathematics. 


+ -The relative value of any gift, small or large, tothe Scclety is be- ar 


‘lieved to be inestimably greater than the relative value of a similar - 


„zift to a university or other organization of greater scope and diverse” 
- purposes. The funds of the Society go directly into the advancement . 


5 of mathematical research, and a small increase in the Society’s funds 


.will be more promptly and effectively reflected in a corresponding ` 


. increase in activity than would be likely through any other channel. , 
+: The Society naturally prefers bequests of money which may be ` 


` 


used, without restrictions, for its general work. However, funds re- 


atricted to certain purposes set forth by the donor- will also be helpful’ 


` provided they are not restricted unduly. For example, funds for the 
support of ány or all of the Society's publications would be most 
"welcome. Any of the officers of the Society will be happy to consult 
‘with prospective donors om these matters. 


It is the policy of the Society-to recognize a à donor by attaching his ^ 


name, or any other name specified by him as a memorial, to the fund 
-given by him or to the activities supported by the fund. 

* . The following sane form of Pede. shows the legal name of the 
Society. i s 

* “I give and OER to the American Mathematical Society 


(a corporation organized under‘ the lawe of. ‘the District of 
`~ Columbia) the sum of ~ —— —————-——— — dollars. id 


S 


` Gifts and bequests to the Society are deductible for i income, gift, 


Mrs DU agi i ^t 
.; . E.'G. Beatz, 
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TOPOLOGY OF LIE GROUPS 


2 ` 
ca oun I ay 


“HANS SAMELSON - ` 


1. Introduction. The purpose of this address is to sketch acm 


. aspects of the subject known as topology.of Lie groups, i.e., of the; 


study of the topological characteristics (mainly ‘those of homiology, ' 
and homotopy theory) of the underlying spaces-of the Lie groups, and 
of the connections between topological and group theoretical prop- ` 
erties. The interest in this field seems to stem frorh the fact that a 
variety of disciplines from algebra, analysis, and topology have found . 
a very natural domain of application here; on the other hand, the 
topological study of Lie groups has resulted in contributiona to other, 
fields such as the theory of fibre bundles [116],! (generalized) affine 
connections [20], metric geometry. [128], and topology (one might _ 
mention that the famous theorems of -de Rham [102] were first 
formulated in this context). 

In [13] Cartan has given a beautiful account of everything that 
was known about topology of Lie groups at the time; in the present, 
paper we shall try to fill in some of the subsequent developments: 
some overlap is of course unavoidable (see also [115; 141]). It should 
be said that we shall be concerned only incidentally with the general . 
theory of topological groups; iri particular.we are not concerned witb, 
the developments centering around Hilbert’s fifth problem, i.e. 
the problem of when topological groupa, can be proved to be Lie 
groups. a 


2. Definitions, We begin by recalling briefly basic definitions ane. - 


` a series of classical facts: To describe a Lie group G, we have first oi 


all a manifold of some dimension », i.e. a (separable) Hausdorff space; 
usually assumed connected, in which every point has a neighborhood: 
which is homeomorphic with Euclidean "-space E*; guch a homeo 
morphism sets up a coordinate system in the neighborhood "x 
point. Secondly, the manifold. carries an analytic structure: A a 
of coordinate systems, covering the manifold, is specified, suc 0 
wherever tw$ of the-systems overlap, one has a (real-) analytic ù Ue 
formation of coordinates, with nonvanishing Jacobian. It becom“ i . 
then possible to introduce the concepts of (real-) analytic functio- - 
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nalytic mapping, analytic (or only differentiable) curves, vectors, 
usually thought of as tangent vectors to curves, the space of all 
vectors at a point, which is'an s-dimensional linear vector space (over- 
the reals), called the tangent space at the point in question, and more 
generally tensors of an arbitrary index constellation. Thirdly, the * 
manifold carries a group structure, à multiplication is defined be- - 
tween the points of the manifold (the product of a and b denoted by 
3-b or ab) satisfying the usual group axioms. Fourth, the analytic 
structure and the group structure are related through the require- . 
ments that the product ab and the inverse a~! depend analytically on 
a and b, i.e., the coordinates of ab and a~! are analytic functions of 
the coordinates of a. and b; or expressed in terms of a mapping: the - 
‘map of GXG (endowed with the natural analytic structure) into G | 
defined by (a, b)-—ab^! is analytic. 

-An important example is the group GL(n, R) ET all real non- 
singular » Xm matrices, with matrix multiplication as group opera- 
tion, and'analyticity defined by considering the get of all these 
matrices in the obvious fashion as subset of n'-dimensional Euclidean 
space, and thus covering it with a single coordinate system. A second 
example is the group O(n) of all orthogonal matrices; this is a sub- 
nanifold of GL(n, 'R), defined by the equations between the matrix. 
lements which express orthogonality (M-M’=). Here one needs 
several coordinate systems to cover the group, even to cover the sub- 
group O+(s) of orthogonal matrices of determinant +1 (this is an 
open-and-closed connected normal subgroup of O(n), of index 2); 
one can represent; e.g., the points in the neighborhood.of the unit 
alement I by the formla e8, with the skew symmetric matrix S. 

anging through a neighborhood of the 0-matrix; the elements Su 9 
? with +<j serve then as coordinates [21; 96]. i 


3. Covering groups. Homomorphisms and isomorphisms of ie =e 
roups are always assumed to be continuous, and can ther be proved 
a be analytic. A local homomorphism is an (analytic) map of a 

borhood of the unit element-e in one group into a similar set in 
"hid group, which preserves product relations between elements 

/ neighborhood; local isomorphism is defined anglogously. A 
éring group of a group G is one.that is mapped onto G by a 
momorphism, called projection, which i is also a local isomorphism 
the two groups; such a group is a covering space of G in the usual 

»pological sense-{108; 116]. Every group G possesses a unique simply. 
onnected (i.e..all closed paths are contractible to a point) “uni- 
rersal” covering group G; the—discrete—kernel of the projection is 
a ce with the fundamental group (cf. $6) of G. The simplest 
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example is the map of the real line R into the circle S! (compl 
numbers of norm 1), defined by x—exp (tx); the kernel consists o 
the multiples of 2x. All groups locally isomorphic with a given group 
are obtained by factoring the simply connected covering group by 
. various discrete normal. (automatically central) subgroups. A local 
homomorphiam of a simply connected group can always be extended 
to a homomorphism of the whole group [107; 108; 21; 96]. 


4. The Lie algebra. To every Lie group G there i is attached they 
Lie algebra: let L be the tangent space at e; let £, n be two vectors of 
L, thought of as tangent vectors to two curves x(#), y(é); form the’, 
commutator x(t) -y(#)-«(#)~!-y(é)—1, divide by #; the limit, as t0, is ` 
again a tangent vector at e, depending on £ and y, and called the ` 

commutator or Lie product [£, n]. This multiplication is bilinear, anti- ' 
` n and satisfies the Jacobi identity [¢, [n, ¢{]]+[n, It, £]] : 
[£, 7]]=0, which reflects the’ associative law in G. With this : 
RUNE L is called the Lie algebra of G. As an example, the! 
Lie algebra of the orthogonal group O() consists of the skew-sym-'. 
metric matrices, and [£, 4] is the matrix combination fy—nt. The- 
` principal fact concerning the Lie algebra is that two groups with > 
isomorphic Lie algebras are locally isomorphic, and that therefore, 
almost all properties of a group must be contained in the Lie algebra. 
Every subalgebra is the Lie algebra of a subgroup (which is a Lie; 
group itself, but may or may not be closed in G; on the other hand, 
a closed subgroup is automatically a Lie group, not necessarily con- 
nected [13 (16)]); ideals correspond to normal subgroups; homo-* 
morphism of the Lie algebra and local homomorphism of the group 
correspond to each other. In particular, every vector in L gives” 
rise to a 1-parameter subgroup, i.e., a subgroup which is homomorphic- 
image of the real line R; such a subgroup is either homeomorphi¢ 
and isomorphic with R (in which case it “diverges to o") or it 
closure is a torus group 7™, i.e., a product of a certain number c 
circle groups S1, 

Thè inner automorphism x—axa^! by an element a leaves the 
€ fixed, and so induces a linear transformation A, (actually an 
. morphism) a L. The map a4, is called the adjoint representat. 
and the A,’s form the adjoint group; the corresponding “ 
tesimal” homomorphism maps £ into ad£, where ad£ is the linear ma; 
of L into itself defined by ad£() = [£, n]; it follows easily that *idea' 
in L” i identical with “subspace of L, invariant under the adjoint 
group.” 

-The commutator ideal L’ is the ideal generated by all elements ofl 
the form |, , n]; it corresponds to the usual commutator subgroup. A 
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Lie algebra is solvable if the sequence L, L’, L” (L^), - - - ends 
with 0; every Lie algebra has a unique maximal solvable ideal, the 
radical; a Lie algebra is semi-simple if ita radical is 0—it is then direct 
sum of nonabelian simple Lie algebras. A Lie algebra is simple if it 
has no nontrivial ideals; frequently the (one-dimensional, abelian, 
non-semi-simple) Lie algebra of the real line is considered not simple 
ex definitione. The important Levi-Whitehead theorem [135] says 
that any Lie algebra has a semi-simple subalgebra which maps iso- 
morphically on the factor algebra modulo the radical, so that 
one has a split extension. There are of course always the correspond- 
ing definitions and facts for the groups [21; 96]. 


5. Classification. A fact of very great importance is that all simple 
Lie algebras and groups are known (the construction of a general Lie 
group is reduced thereby to an—in general nontrivial—extension 
problem). One knows since Killing and Cartan [13 (2)] that of con- 
nected compact simple groups there are exactly the following (up to 
local isomorphism) [28; 124; 138]: The classical groups, namely the 
orthogonal groups O*(s) for all #>1 (except that O+(4) is not 
simple), the groups SU(m) of unitary unimodular matrices (M* = M~t, 
det M=1) of degree n, and the symplectic groups Sp(n) consisting 
of the unitary unimodular matrices of degree 25, which leave a given 
nondegenerate skew-symmetric bilinear form invariant; and five so- 
called exceptional groups Gs, F4, Es, Er, Es (of reap. dimension 14, 
52, 78, 133, 248). (One often uses the notation 4,=SU(n-+1), 
B,-0*(2n--1), Cam Sp(n), D,—Ot(2n).) They are all semi-simple 
except for D. 

For noncompact semi-simple groups there is a theorem of Cartan 
[13 (3, 14); 39; 130], which associates each such group uniquely 
with a compact group in such a way that the Lie algebras of the two 
groups become identical if one admits complex scalars; as an example 
one might cite the Lorentz group and O*(4)—with complex co- 
ordinates they become identical, since then the distinction between 
a definite and an indefinite quadratic form disappears. 

We note here a remark of Cartan's on the development of our sub- 
ject (and the theory of Lie groups in general): The earlyediscovery of 
the classification has had the effect that frequently general facts 
about Lie groups were first so to speak “verified” for the individual 
simple groups, and that only later a general reason was found. 


6. First topological facts. At this point topology of Lie groups 
proper begins, namely the study of the topological structure of the 
Spaces which appear as manifolds of the various Lie groups. The 
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` interest in this question is due, besides to H. Weyl, above all to É. 
Cartan, who in a long series of papers [13; 14] came back to the sub- - 
ject-again and again, pointed out its importance, made a thorough 
. study of many special cases and went on from there to prove or pre- 
dict many general results. 

We begin with some elementary diatemeats about the space of our . 
Lie group G (cf. [1 3): 

The manifold is orientable. To show this we note that, for any 
fixed a€G, the transformation sending x into ax, the left translation 
la by a, is an analytic homeomorphism of G with itself, mapping the 
-unit element e into a; we choose now an orientation at e, and trans- ^ 
plant it to a by the left translation l; this orients G coherently. The 
proof really shows moré, namely that there exist vector fields without 


singularities on G, and that in fact G can be “parallelized,” ie., - 


there exist n everywhere independent vector fields on G; we simply 
take n independent vectors at e, and transplant them to the arbitrary 
point a by le. It follows from topological principles [116] that all the 
Stiefel-Whitney characteristic classes vanish, and in particular that 
. the Euler-Poincaré characteristic x(G) (the alternating sum of the 
Betti numbers, which equals the alternating sum of the numbers of 
cells of the various dimensions if G is divided up into a complex 
(cf. [2])) is 0: 
The fundamental or Poincaré group «;(G) [109; 116], whose ele: 
. ments are the homotopy or deformation classes of closed paths, 
. starting and ending at e, is abelian: If two such paths, « and B, are 
represented by maps f and g of the circle S! into G, we form the torus 
T?=S'X.S1, and map it into G by sending the point (x, y) into 
f(x):g(y). Under the induced homomorphism the generators of the 
fundamental group of. the torus, represented by S!Xp and px! 
(p is a suitable point of S1), map into « and f respectively; from 
_ the elementary fact that these two generators commute one con- . 
cludes that also af —fla. j 


7. Noncompact groups. We turn next to noncompact groups. Ex- 
- amples indicate that the noncompactnéss is of à trivial character: 
In GL(s), e&., every matrix can be expressed (through the Gram- 
Schmidt orthogonalization process) as product of an orthogonal 
matrix and a triangular matrix (#,,=0 for +<j) with positive diagonal 
elements. This means that GL(m) is homeomorphic with thé Cartesian 
product of the compact group O(n) and a Euclidean space of dimen- 
sion #(n+1)/2 (the elements of the triangular matrices below the 
diagonal range through the whole real axis, those on the diagonal 
' through the positive half of the real axis). Similarly, for the Lorentz 
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group: any matrix can be written as product of an orthogonal and a 
positive definite symmetric matrix; for a matrix in, the Lorentz’ 


„` group one shows that the two factors separately belong to the Lorentz 


group. That meang that the Lorentz group is homeomorphic to the 
Cartesian product of its subgroup of orthogonal matrices and the 
subset of positive definite symmetric matrices; and the latter set is 
easily shown to be homeomorphic with Euclidean Æ’. The general 
theorem behind this (known for simply-connected groups to Cartan - 
[13]) is due to Malcev [80] and Iwasawa [52] (cf. also Mostow 
[92]): Any connected group is homeomorphic to the Cartesian prod- 
uct of a maximal compact subgroup K (which is connected) and a 
subset H, which is homeomorphic with a Euclidean spáce; the theo- ` 
rem says more, namely, that there exist 1-parameter' subgroups 


255,55 he, isomorphic to the real line R, such that H can be written 
uniquely as b -+> 5, (i.e.; each element 5 of H has a unique repre- 
sentation egi: ---g, with g,CA) and that G can be written 


uniquely as K-H. Moreover all maximal compact subgroups are 
conjugate. The main step in the proof is to establish the theorem for 
the adjoint group of a semi-simple group; this is done by full use of © 
the Lie algebra: one extends the scalars of the Lie algebra L to 
complex numbers; in this complex.Lie algebra one finds the Lie 
algebra L, of the corresponding’ compact Lie group (a theorem of 
Cartan-Weyl-Mostow [13 (14); 130; 92]); the intersection LVL de- 
termines a compact subgroup K of G, which turns out to.be maximal, 
and by a careful analysis one finds a complementary subalgebra, 
which generates a subgroup H made up of triangular matrices; K 
and H have tHen the required properties. For the general result, one, 
makes use of the theorem that the decomposition is valid for a group 
if it is valid for. & normal subgroup and the corresponding factor 
group; this makes possible an induction over the dimension. Prac- ' 
tically all significant-topological properties of G are peter those of 
a maximal compact subgroup. 


8. Solvable groups. Some properties of MM The special 
case of solvable groups is worth considering directly. Solvability is 
equivalent to-the existence of a composition series with each factor 
group isomorphic with either R or S!. One provee now [52]: when- 
ever oné has a factor group G/N, with N solvable and G/N =R or S!, 
then G has a 1-parameter subgroup projecting isomorphically on : 
G/N. Going through the composition series, one gets n 1-parameter 
subgroups kj, : - - , Ba, isomorphic with either R or St, such that G 
is uniquely represented as k =- k,. It follows that G is homeo- 
morphic with the Cartesian product of a torus and a Euclidean space; 


i } 
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this is a theorem of Chevalley [22; 23]. In particular, if G is simply- 
connected, it is. homeomorphic with Euclidean m-space; this was 
known to Cartan long ago. 

A question of Pontryagin's can be solved on the basis of the . 
Malcev-Iwasawa theorem: If G is simply-connected, and N is a 
closed normal subgroup, is. N simply connected? An affirmative 
answer is obtained by reduction to compact groupe where the result 
was known [52; 74]. Let G=K-H, then N and G/N (the factor 
group) decompose according to KON- H' and KN/N-H" (KON 
and KN/N are maximal compact in N and G/N). G is simply con- 
‘nected if and only if K is; this in turn is so (as can be proved easily 
on the basis of the developments in $10) if and only if KON and > 
K/KON (=KN/N) are simply connected; and this in turn vis 


. equivalent to N and G/N being simply connected. 


A last question, which goes somewhat in this direction, is the fol- 
lowing: as mentioned, every subalgebra of L determines a.subgroup 
of G. When is this subgroup closed? Malcev has given invariants of 
- the algebra, which decide the answer [75; 77; 79; 80; 81]; the in- 
variants involve subspacea of L with rational coefficients—the 
rationals enter the problem through the fact that one has to consider 
closed 1-parameter subgroups, and such groups on a torus cor- 
respond to straight lines through rational points in the Euclidean 
space which is the simply connected covering group of the torus. A 
useful result is that a subgroup is closed exactly if it contains the 
closure in G of each one of its 1-parameter subgroups. Similar results 
have been obtained by Gotó [40]. The problem is really somewhat 
more complicated, because the character of the subgroup gener- 
ated by a subalgebra of the Lie algebra depends also on which one 
in its class of locally isomorphic groups the group G is. A consequence 
of these considerations, as shown by Mostow [93], is the fact that 
& semi-simple subalgebra of L generates a closed subgroup if G is 
‘simply connected. He also showed, under the same hypothesis on G, 
that the subgroup, generated by the subalgebra M, is closed if dim L 
—dim M «5; for larger differences this is not always so. 


9. Compas groups. We come now to compact groups. Compact- 
ness makes it possible to find in L a positive definite quadratic.form 
which is invariant under all transformations of the adjoint group: One 
takes any positive definite form and averages or integrates (with an 
easily defined invariant integration process [13 (16); 21; 131]) its 
transforms under the adjoint transformations over the group. In other 
words, the adjoint group can be assumed to, consist of orthogonal 
matrices. It follows that the Lie algebra of a compact group is com- 
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pletely reducible i in the sense that to every ideal (=subspace in- 
variant under the adjoint group) there exists a.complementary ideal. 
As a consequence, if N is a closed normal subgroup, then G is locally 
isomorphic with the direct product of N and the factor group G/N. 


"This means that all extensions of one compact group by another are . 


. locally isomorphic, and so they all have the same universal covering. 


X 


group; they are distinguished by the different discrete normal sub- 
groups by which one has to divide. It is possible to give'a complete 
description of the situation [110; 11; 12]; one can,make the set of 
extensions of a group N by a group H into a group,-and one has the 
theorem of Shapiro [110] that this group of extensions is isomorphic 
to the group of homomorphisms of the fundamental group of H 
(considered as a discrete subgroup of the simply connected covering 
group Af of H) into the center.of N, modulo those homomorphisms 
which can be extended to all of A. - >` 

If one pursues the above reasoning somewhat further, one arrives 
at the fact that any compact group is locally isomorphic ‘with the 
direct product of a finite number of, simple groups, and more pre- 


-cisely is obtained from the direct product of the simply connected 


covering groups of these. pimple groups by dividing by a discrete 
normal subgroup. - ' : 


10. Weyl’s theorem. The last statement is given more precision 
by an important theorem of H. Weyl, saying that the fundamental 
group of a compact semi-simple group is finite (or that the first Betti 
number is zero), in other words, that the universal covering group is 
still compact. There are several proofs for this theorem [129; 13; 25; 
43; 105]; a geometrical proof, which gives us occasion to introduce 
some useful concepts, goes along the following lines [105]: In a 
compact group there exists always an invariant Riemannian metric— 
invariant under left and right translations. The invariant quadratic _ 
form in L(cf. $9) defines the line element, the ds’, at e; for any other 
point one gets the ds! by left translation; the formula x-a a-a-ixa 
shows that invariance under left translations and under the adjoint 


.group implies invariance under right translatione [13 (16); 1]. It 


turns out that the geodesics are, the 1-parameter swbgroups and 
their cosets. Now if the universal covering group (into which the 
metric can be lifted) is not compact, theri one can find in it a straight 
line, i.&., a geodesic which furnishes the shortest connection between 
any two of its points, through e. By considering the relative position 
of this line to the kernel of the projection one can show that it must 
lie in the center, ao that one gets a center of positive dimension which 
makes the group not semi-simple. A noteworthy fact about Weyl’s 
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. theorem is that compactness for semi-simple groups appeare as a 
property of the Lie algebra; this is of course not so for other types of 
groups, as the groups S* and R show. Using Weyl's theorem it fol- 
lows then easily that any compact group can actually be obtained as 
product of (a finite number of) compact, simply connected, simple, 
semi-simple groups and a torus group, modulo.a finite normal sub- 
group [13; 96]. 


11. The Betti numbers: The most obvious topological problem that 
arises now is the determination of the topological invariants, in par- 
ticular of the Betti numbers. The results indicated in §§9 and 10 
mean that it-is sufficient to consider the simple groups of the classi- 
fication given in $5 (cf. a remark in $16). (We shall use the language 
of homology or cohomology, whichever is convenient; we assume: 
some familiarity with the concer of algebraic topology [2; 50; 
- 61; 109].) 

. The problem has been apoa in various manners, some “of 
-which we shall describe briefly. -The first method, Pontryagin’s, - 
amounts to a direct geometric construction of the cycles, for the 
classical groups [99]. Consider, e.g. in the unitary group A, the 
subgroup Awa, obtained by putting a4,1,4117 1; the (left) cosets. of ~ 
A. are all analytic submanifolds of A,, homeomorphic, with each 
other; they fill up A, in a very regular manner, as a matter of fact, 
they define a fibre decomposition [116] of A,, i.e., a neighborhood of 
each coset can be mapped homeomorphically onto the Cartesian 
product ,C*'!x 4, ; (C*"! is an open (2n-+1)-cell) in such a 
fashion that the sets p XA, -; correspond to cosets of A,_1. Pontryagin 
constructed now a cycle, given by a closed surface V, of dimension 
"25n--1, which intersects each coset in exactly one point (except the , 
, coset farthest away from A, ;). The smoothness, and regularity with 
which A,_, and V, intersect imply that their intersection number, 
in the sense of topology, is +1, and that therefore, by Poincaré 
duality, both are not homologous to zero in 4, and so define nonzero 
elements of the homology groups of 4, (with integral or rational 
coefficients). The same construction is now repeated in A Ls, giving 
rise to a V, & and so on down to V; (of dimension 3). These cycles : 
are now combined by an óperation utilizing the group property, the 
Pontryagin multiplication, which with two cycles C, D associates: 
the cycle C o D, where intuitively speaking C o D is traced out by 
the point p-g, if p runs through C and q runs through D. (The strict 
definition: C o D is the image of CXD under the map (x, y)—xy 
of GXG-3G). Pontryagin showed now that, in the sense of homology, 
the V, are anticommutative, and generate the whole Betti group in © 
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such a way that the products Vi, o.: o Va, £4« -«- <h, and 
the zero-cycle, given by a point, form a basis for the group. This 
can be expressed geometrically by saying that ‘A,, as far as the cycles 
go, behaves as if it were the product SX S*x - - - X Stt! (where S* 
denotes the m-sphere (x: EE [ad —1}), or algebraically by 
saying that the Pontryagin ring (homology group with Pontryagin 
multiplication) is a Grassmann algebra with a unit and generators 
of dimension 3, 5, - - - , 2n+1. The intersection behavior also fol- 
lows a very simple pattern, namely that given by the analogy with 
the sphere-product: Similar results were obtained for the other classi- 
cal groups. We describe the results by introducing the Poincaré- 


polynomial of a space, the polynomial in which # has for coefficient 


the kth Betti number. We have then : 
P= (1+ P) EB) et), 
Py, = FALE A tm), 
"Pe, = (LF AHA) S de tmn, 
Pp, (LE ALE AD ob im) de gm). 


ov 


12. Differential forms. ‘The second approach to the Betti num- 


bers, initiated by Cartan and completed by R. Brauer, is algebraic 
in character [9; 13]. It starts from a different interpretation of the 


Betti numbers: By the famous theorem of de Rham’[102] (which was ~ 


inspired by just these questions) the pth Betti number is equal to the 
number of linearly independent p-dimensional closed exterior dif- 
‘ferential forms defined over G modulo those forms which are deriva- 
tives of (p—1)-forms. (The value or expression of such a form at 
any point is a skew-symmetric covariant tensor with f indices or, in 
another description, a skew-symmetric function w(f,--+-, £j) of p 
arbitrary tangent vectors of the.point, linear in each variable; the 


derivative referred to is the exterior derivative of the form or the ^ 


alternating derivative of the tensor; closed means with derivative 0; ` 


cf. [21; 50] and ref. 64 in [14]; we use the symbol d for derivation.) 
Now one can reduce the f-forms by integrating or averaging over the 
group to bi-invariant forms, i.e., to forms which are invariant under 
left and right translations. (Incidentally, the bi-invariant forms turn 
out to be identical with the harmonic forms, relative to the invariant 


metric of the group, and can be treated from this point of view [50].) . 
A theorem of Cartan's [13 (15); 25] (an easy consequence of the : 
Maurer-Cartan equations, which state that for left-invariant 1-forms ' 


the relation dw (£, n) = — o([£, »]) holds at e) says that a bi-invariant 
form is automatically closed; and this means that the pth Betti 


X 
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number is equal to the number of linearly independent bi-invariant 
forms (modulo nothing). A bi-invariant form is determined by its 
expression at 6 (the expression at any other point is obtained by left 
translation), and there it has to be invariant under the adjoint group 
(cf. the case of the metric in $10). The pth Betti number is therefore 
equal to the number of linearly independent skew-symmetric tensors 
with p indices, at e, invariant under the adjoint group; and the prob- 
lem of finding the Betti numbers is translated into a problem in repre- 
sentation theory. (One sees by the way that the pth Betti number 
can be at most C,,,, this being the maximum number of independent 
skew p-tensors over a linear space of dimension s.) By use of the 
first main theorem of invariant theory, Brauer was able to construct, 
for each classical group, explicitly a certain number of invariants, 


- which from other considerations could be shown to exhaust all 


- possible invariants (cf. also [130; 131]). The result corresponded 
completely to Pontryagin’s, i.e., certain basic forms a, a, * * -were 
found, such that the products 4:9: : * * au, withf h< -> <h 
and the scalars constitute a basis for the group of invariant forms. 
The whole method of invariant differential forms is due to Cartan; 
he had, before Brauer gave the complete result, obtained certain 
facts about the Betti numbers, enough to make him state as a con- 
' jecture what then turned out to be the correct result [13 (15)]. 


13. Hopfs theorem. The next approach, due to Hopf, differs 
from the first two by establishing a general theorem instead of con- 
sidering each group separately [45; 46]. The method is topological 
and starts from the map ¢ of GXG into G, given by $(x, y) =x-y. The 


. existence of the unit element e means that every cycle of GXG, 


which “lies in one of the two factors,” ie., which is of the form 
zXe or eXs with some cycle s of G, is mapped by ¢ into s; for the 
associated or adjoint map $*, which maps the cocycles (or differ- 
ential forms, if one prefers) of G into those of GXG, this means that 
$*(a) is of the form a X1-F1Xa--R, where 1 is the unit cocycle 
and R consists only of “mixed terms" c Xd, where both factors have 
positive dimensions. Now one draws algebraic conclusions. To illus- 
trate, we show that a sphere of even dimension cannot be a Lie 
group (of course this follows also from the characteristic). If é is 
the basic s-cocycle of S*, then one would have $*(1*) «i* x 1--1Xx1* 
(since there are no “in between” terms in the ring of S*). (#*)* is 0, 
for dimension reasons. $* being a homomorphism, the square of 
#X1+1Xf has to vanish; under the sign-rules in a Cartesian 
product, remembering that n is even, one obtains 2/^X7* for the 
square, which is not 0, and thus has a contradiction. Refining this 
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argument considerably one obtains the theorem: The 'Cuhomology 
ring of a Lie group contains certain “primitive” elements à, ^ 5 - , à 
(of odd dimension and therefore anticommutative), such that the 
products G4: ** + Gi f1€« +++ <%, and the unit 1 form a basis - 
for the cohomology group; the ring is isomorphic with the Grassmann 
algebra over the linear space spanned by the a,. Any such set of 
elements a, is called a set of generators of the ring (strictly speaking 
one would have to add the unit to this set). The number / of elements 
a, has a group theoretical meaning, which we discuss in $20. One 
can show in addition that the homology group, with Pontrvagin 
multiplication, is also a Grassmann algebra, and that these two 
Grassmann algebras are duals of each other [59; 62; 104]. While 
. thus the theorem gives a reason for the specific structure of the co- 
homology rings of the classical groups as found by Pontryagin and 
Brauer, it does not of course determine them explicitly; for the clas- 
sical groups, e.g., one can couple Hopf's theorem with a theorem 
about transitive transformation groups of spheres (to which we shall 
come later) to arrive at the Betti numbers. p 


14. Cohomology theory of Lie algebras. The fourth method works 
with the Lie algebra. By the integration process mentioned above, 
one reduces the differential forms (cf. §12) to forms which are in- 
variant under left translations (invariance under right translations, 
as in $12, is not required here); such forms are determined by their 
expression at ¢; moreover the process of taking the exterior deriva- 
tive can be translated into a simple algebraic operation in the Lie 
algebra (the Maurer-Cartan equations, §12, show how this transla- 
tion goes for 1-forms; the complete formula, which follows easily 
from this, is one of a series of algebraic “coboundary formulae,” 
which recently have become popi af; and reads dw(Ẹ, - - - , Ep) 
Eu 25e (— 1)*«( [£., El & &, > SUR Peg E, £p) the “roofs” 
mean that the vectors are to bé omitted). The whole cohomology 
theory of differential forms is so expressible by simple algebraic opera- 
tions in the Lie algebra, and the problem arises, to prove topological 
facts about groups on this basis [25]. Koszul proved Hopf’s theorem 
and more in this manner [59]. The development natugally parallels 
somewhat that in Hopf's theory. Instead of the product GXG there 
appear algebraic constructions like L XL, the direct product of the Lie 
algebra with itself; instead of the natural map of GXG into G there 
appears the natural map of L onto the diagonal of LXL; instead of ' 
the forms or cochains there appears the Grassmann algebra A over L. 
Hopf's theorem becomes the statement that the coboniology ring 
of a Lie algebra is a Grassmann algebra generated by certain “primi- 
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tive” elements. It is formulated and proved for any-field of character- 
istic 0 as coefficient domain, under assumptions on L which replace 
the condition of compactness on G. 


15. The exceptional groups. Symmetric forms. The five excep- 
tional groups have resisted much longer (or rather four of them; Gi 
was known for some time [13 (15)]). Recently Yen determined their 
Betti numbers [139], using methods which involve knowledge of 
the representations of the groups (somewhat in the spirit of §12) 
and many additional pieces of information, in particular a conjec- 
tured formula of G. Hirsch about fibre bundles, when bundle and fibre 
have the homology structure of products of spheres (as Lie groups 
do, by Hopf’s theorem). The dimensions of the primitive cocycles for 
the five groups are: (3, 11), (3, 11, 15, 23), (3, 9, 11, 15, 17, 23), 
(3, 11, 15, 19, 23, 27, 35), (3, 15, 23, 27, 35, 39, 47, 59). In the mean- 
time Chevalley and Weil [26] have found a totally different approach 
to the whole problem, which made the computations for all groups 


much simpler. The leading idea is the introduction of symmetric, .. 


invariant (under the adjoint group) forms in L instead of skew-sym- 
metric ones; by a process which involves substitution of commu- 
tators [E, n] for the elements in a symmetric form, one can associate 
with each symmetric f-form a skew form (of degree 25 —1) (a &pe- 
cial case is familiar: from the symmetric bilinear form, introduced 
- by Cartan, o(€, n) (=tr(ad £ ad n)), one obtains in e(¢, [n, t ]) a skew 
3-form ($, n, $)). A crucial theorem states that the primitive ele- 
ments of the cohomology ring can be so obtained. The invariant 
symmetric forms are closely related to the generalized Casimir 
operators of Racah [101]; in particular the degrees of these operators 
for the exceptional groups, as given by him, turn into the dimensions 
of the primitive cocycles upon replacing p by 2p—1. 


16. Torsion. Besides the Betti numbers there are also the torsion 
coefficients to determine, or in other words, the elements of finite 
order in the cohomology group with integral coefficients. It is well 
known here that the fundamental group of the rotation group of 
3-space is of order two; actually this is so for all orthogonal groups 
O*(n), n>2 [116]. Pontryagin has shown in his explicit construction 
[09] that the unitary and symplectic group have no torsion at all, 
and that all the torsion elements of the orthogonal group are of order 
two. The Poincaré polynomial mod 2 of O*(s) is given by (1+8 
(HEP) --+-(1+'), It has recently been shown by A. S. Shapiro 
and A. Borel, using the topological theory of sphere-bundles (in | 
particular the theory of the characteristic cocycle) and Leray's homol- 
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ogy theory that the simply connected covering-groups of the orthog- 
-onal groupe also have torsion (from some s on). A general study of 
the problem of torsion in groups and also in homogeneous spaces (cf. | 
$17), based on the theories of H. Cartan, Koszul, Leray, Weil 
(cf, §22), has been made by A. Borel [9]. Among other things, he has 
determined completely the torsion of the universal coverings of the 
orthogonal groupe, and of some of the exceptional groups. The co- 
homology mod 2 for the orthogonal group.and related spaces has 
been investigated by C. E. Miller [86]. (That the Betti numbers of 
a compact group and any compact covering group are the same is 
easily proved by interpreting the Betti numbers via bi-invariant 
forms: both groups have the same adjoint group. The same device 
shows that for a compact group G and connected normal subgroup 
N the *Künneth relation? P¢(#) =Pwy(t):Paw(#) holds between the 
Poincaré polynomials.) As special facts we mention that for a com- 
pact semi-simple group the second Betti number is always zero and . 
that the third is always positive [13 (15)] (the invariant form 
^ W(& n, $) mentioned in $15 is nonzero on such groups; incidentally 
this proves that-of the spheres S* only S! and S? are groups [103]). 
Koszul recently proved from the Lie algebra, making use of the con- 
nection between-gymmetric 2-forms and skew 3-forms mentioned in ` 
$15, that for a simple Lie group: (except the 1-dimensional D,) the - 
third Betti number is always one [54; 59]; this checks of course with 
the explicit results. We also note an isolated fact about noncompact ` 
simple groups: as shown by Cartan, the first Betti number is 0 or 1 
[13; 13 (16) ]. The distinction between the two cases is related to b 
question of the existence of à faithful representation [13]; th 
question has been investigated by Got [40; 41] and Malcev [rs] ; 
- (cf. also [3; 4; 42; 43; 83]). 


17. Klein spaces. Closely related to Lie groups is another class of 
spaces, the: Klein spaces. There are two equivalent definitions: as 
coset spaces and as homogeneous spaces [141]. If H is a closed sub- 
group of the Lie group G, then the left cosets of H cau be considered 
as the points of a new space, the coset space G/H,-with the customary 
decomposition topology [2, p. 63] (if H is normal, this is the factor 
group); the Lie property of G and H imply that G/H is an analytic 
manifold, whose dimension is the difference of those of G and H; 
the natural map f of G into G/H, which sends g into the coset gH, 
the projection, is analytic. A homogeneous space is a space (which 
we assume to be a manifold) W, on which G acts transitively 88-a 
transformation-group, i.e. each gCG determines a homeomorphism 
T, of W with itself, such that T,,- Team T,,,,, that T,(x), or in short - 


~ 
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g(x), depends continuously on g and x, and that for any x and y in 
W there is a g in G with T,(x) =y. : 

The connection between the two concepts is as follows: If G acts 
on W, let xo be a point of W, and consider the closed subgroup H 
=G,,, consisting of those elements of G which leave x» fixed (it is 
called the isotropy or stability group at xo). Each left coset of Gs, is 
identical with the set of elements of G which send x, into one and 
the same point x, and conversely for each point x the set of elements 
which map xo into x isa left coset of H; one has thus a 1:1 correspond- - 
ence between W and G/H, which turns out to be a homeomorphism. 
(The concepts make sense for any topological group; but in general 
one can assert only that the map from G/H to W is continuous.) In 
particular, W can be made into an analytic manifold, aud G acts 
analytically on it. As an example, the group Ot+(n+1) acts transi- 
tively oit the unit sphere S* in E**!; the isotropy group is simply 
‘Ot(n). Other examples of Klein spaces are the groups themselves 
(with H= {e}), the projective spaces, the complex projective spaces - 
K (one can take SU(m+1) as group G), the Grassmann-manifolda 
M. formed by all planes of dimension k through the origin of E^, 
with the orthogonal group O(s) as G. There arises the problem of 
the relations between the topological properties of G, H, and G/H. 
Actually G is a fibre bundle over G/H (with G/H as base space), 
with fibre H; i.e., the cosets xH fill out G in such a regular arrange- 
ment that each coset has a neighborhood which is homeomorphic 
with CX H (where C is a cell of dimension equal to that of G/H) in 
such a fashion that the sets PXZ correspond to the cosets of H 
(cf. $11)—G is *locally a Cartesian product"; one should add that 
the structure group of the bundle is H [116]. This fact is quite 
important; a good part of our knowledge of coset spaces was obtained 
by:the application of fibre bundle methods. (Conversely the homol- 
ogy theory of Lie groups has recently found applications to the 
theory of fibre bundles and the related field of differential geometry 
[20]; even knowledge of the explicit form of the cohomology ring of, 
7 e.g., the orthogonal group, has proved useful.) 

A slight generalization of the above is worthwhile:.if H and K are 
two subgroups with HCK, then G/H is a fibre bundle over G/K 
. with fibre K/H; the projection or fibre map is the natural one, which 
sends each coset of H into the coset of K containing it. If, e.g., H 
is Ko, the component of e in K, then K/K, is discrete, and G/Ko is 
simply a covering space of G/K, with the number of sheets equal to 
the number of components of K. This has some consequences for the 
fundamental group of a Klein space: If K is connected, then 7:(G/K) 
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is easily seen to be a factor group of zi(G) and therefore abelian; in- 
the general case it has,7(G/K») as abelian normal subgroup, with in- 
dex equal to the cardinality of K/K; (cf. [109]). 

As to orientability, one can show by an argument similar to one 
used for groups in $6 that a Klein space is orientable if and only if 
all the transformations of the isotropy group at a point x are orienta- 
tion preserving at x (i.e., of index +1 or of positive Jacobian at x).' 


‘18. Compact Klein spaces. Characteristic. A first result, only 
recently established by Montgomery [91], is the following: If a 
Klein space, with connected isotropy group, is compact, then it is 
coset space of a compact group. One begins by representing G and H 
as E-K and E'.K' from the Malcev-Iwasawa theorem ($7), where 
E and E' are homeomorphjc with Euclidean spaces, and K and K' 
are maximal compact subgroups (the interchange of the factors 
against $7 is of course poesible; we use this order now, because we 
use left cosets). One can assume K’CK. It is possible then to write ' 
G/B — (G/ K)/(H/K^) - E-(K/K")/ E' with an (it is hoped) obvious 
symbolism (cf. $17). Now if the fibre is contractible to a point (as E' 
is), it is known [116] that there exists a cross section, i.e., a map f: 
WE. K/K', where f followed by the projection is the identity. Since 
E is also contractible, one can deform f into f’, where f^ maps W into 
K/K' (into the “slice” of E. K/K' at e, parallel to the second factor). 
The identity of W being an essential map (W is a compact mani- 
fold), it follows that the composition of f". with the projection still 
maps onto W, and that therefore the projection maps K/K’ onto 
W, which means that K is transitive over W, q.e.d. 

We consider now compact Klein spaces, with compact group. Ás 
noted in $6, the characteristic of the group is zero; this came from 
the—trivial—existence of a vector field, and the—nontrivial—rela- 

- tion between vector fields and characteristic. For Klein spaces there 

‘is the theorem (with a vaguely parallel proof) that the characteristic 
is non-negative [49; 129]. The distinction between 0 and >0 is 
group theoretical, as follows: an abelian subgroup of maximal dimen- 
sion of the group is known to be a torus of a certain dimension (G), ` 
called the rank of G (all maximal toral subgroups are tonjugate to 
each other); the characteristic of G/H is positive exactly if (G) 
= 1(H). The basis of the proof is the consideration of G/T, where T is 
a maximal toral subgroup (all other cases can be reduced to this). It 
i$ relatively easy to show (the trivial part) that there are elements 
of G which transform G/T with only a finite number of fixed points, 
each of index (—1)* (where m dim G/T); and then one reads off 
from the Lefschetz fixed point formula (the nontrivial part) [2] that 
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the characteristic equals the number of fixed points and is therefore 
non-negative. As an example, consider the sphere S?; any rotation 
with a finite number of fixed, points has exactly two of them, and 
the characteristic is well known to be two. Actually, all the trans- 
formations of G/H are isometries with respect to a suitable Rie- 
mannian geometry; and the theorem should have a connection with 
the generalized Gauss-Bonnet formula, which expresses the char- 
acteristic as integral of an s-dimensional curvature (cf. [18] and the 
references there), in other words, one should be able to show that for 
Klein spaces this curvature is non-negative. To illustrate the meaning 
of the theorem, consider Riemann surfaces of genus p>1, i.e., of 
negative characteristic. It is known that they do not admit 1-param- 

eter groups of conformal mappings, and also that the periods of their 
` periodic homeomorphisms are bounded [115], so that they are about 
as far from being Klein spaces as one can wish. 


19. The diagram. We digress at this point to describe a construc- 
tion, which goes back to Cartan and Weyl, which is of fundamental 
-importance for the problem of classifying the simple Lie groups and 
without which no report on Lie groups would be complete. If, as 
"above, T! denotes a maximal toral subgroup of the compact Lie 
group G, then one sees easily that the normalizer Nr consists of a 
finite number of cosets of 7" (the reason for the finiteness is the fact 
that the automorphisms of a torus form a discrete group, and that 
therefore any element of Nr, which is. close enough to e, commutes 
elementwise with 7", and so belongs to it). Conjugation of T! with 
elements of Nr determines then a finite group ® of automorphisms 
. of T*. A basic fact, which we shall naturally not prove here, is that 
. this group, as transformation group of the torus T, determines the Lie ' 
algebra of G [121]. The group ® is easier to see if one considers the 
universal covering Euclidean space E! of T'; there ® turns into a 
discontinuous group IT of orthogonal transformations (rigid mo- 
tions) by adding to the rotations given by ® the covering transforma- ’ 
tions (deck transformations) of E! over T! (which are translations of 
E. 

The grouf T is generated by reflections in certain (infinitely many 
of course) planes; the planes form the so-called diagram of the group 
[121]. The fundamental domains of I’ are convex polyhedra, which 
are all congruent to each other, and cover E! without overlapping; the 
angles between two faces of a polyhedron are of the type m/k, k 
integral and not less than 2. If the group is simple, the polyhedron i is 
a simplex, and the determination of the simple groups is reduced to 
the discussion of simplices satisfying the arithmetical condition on 
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the a The relation of, this seluhedion: tó the group might be l 
better understood if one remembers that all maximal toral subgroups . 


are conjugate to each other, that therefore each element of G has a : 


conjugate en 7*, and that two elements of T’ are conjugate in G if 
an operation of $ maps oné into the other; finally, therefore, the poly- 
hedron in E! plays the role of a fündamental domain of G-with re- , 
spect to conjugation. The elements corresponding to poihts.on the 
faces of the polyhedron, and their conjugates, have normalizers of 
dimension greater than /, actually even greater than or equal to 1+2; 
such elements are called singular. The singular elements form a set , 
. of dimension at most »—3 (transforms of an (}--1)-dimensional set 
with at-most.(s — (1-- 2))-dimensional orbits). One can conclude from . 
this construction that, if G is simply connected, the set of nonsingular 
(regular) elements can be contracted over itself into the point e, 


4 


p 


along ‘t-parameter subgroups [13 (10, 11); 121; 122; 130; 131].'A ae 


.new application of these ideas has been given by Stiefel: He has de- 
vised an approach, based on the diagram of G, to the problem of find- 
ing the Betti numbers, which yields, e.g., once more = Betti Bune 
of the classical groups [123]. 


20. The rank. The maximal toral group T also’ ded a role for ^ 
the group-theoretical interpretation of the number / of generators of - 
the cohomology-ring of G (cf. $13); the simple result is that 7 equals 
the dimension of T (=the rank of G). The proof employs the “power” 
map f», which sends x@G-into its kth power x* for integral ks1., 
' From the homology properties of G, as described in $13, one can 
show that the (homology-) degree of-£, is &! (if we denote by G also 
the basic n-cycle on the s-manifold G, then we have p,(G) =k'.G). 
On the other hard, if one takes a "general? element a of T (i.e., 


one whose coordinates are independent mod 1, so that its'powers are ' 


: dense i in T), one can see by an elementary consideration that there 
are exactly &(O elements on T which map into a under pa and that 
- no other elements of G can map into a. In addition, one can show that 
the functional-determinant of ps (with respect to a given orientation 
- of G) is always non-negative, and for the elements under considera~ 
tion even positive; this means that the index of p, of allthe elements 
which map into a is +1, and‘that the degree of f, at a isk. Apply-, 


ing now the theorem that the homology degree of a map equals its ` 


. degree at any point [2 a one finds k'aku, and go 15 I(G) [47]. 
21. The subgroup as a cycle. We return now to the discussion of a . 


. Klein. space G/H. The submanifold H of G can:be considered as a- | 
cycle, in the sense of topology, in G. As such it either bounds or it . E 


doesn't : bound; this turne out to be. àn important distinction. ane 
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case of H not bounding is by far the simpler (incidentally, no cycle 
` of H can then bound in G, unless it bounds already in H—a very 
special behavior [104]), and one has there a very precise result on 
G/H: G behaves homologically (over the rationals) as if it were the 
Cartesian product of H and G/H (in general it does not actually 
factor); the cohomology ring of G/H is aleo a Grassmann algebra, with 
generators of odd dimensions, and the ring of G is isomorphic with 
the tensor product of the rings of G/H and H. These two facts com- 
pletely determine the ring of G/H in terms of those of G and H: if 
from the generators of the ring of G one drops those which cor- 
respond to generators of H, then the remaining ones generate a 
Ting isomorphic with that of G/H. This has been proved by the 
topological and algebraic methods discussed in §§13 and 14, suitably 
extended to the case of Klein spaces [59; 104]. For the topological 
proof one considers the natural map of G onto G/H. The principal 
fact in the proof is that the assumption on H implies that the Betti 
groups of G are mapped onto those of G/H; the remainder of the 
proof consists in a discussion of thé behavior of the projection with 
respect to Pontryagin multiplication and the connection with the 
induced cohomology map. A particular case where this applies is 
the case where G/H is a sphere of odd dimension; this is one of the 


theorems needed for the determination of the Betti numbers of the: 


classical groups as mentioned in §13 (the classical groups appear in a . 


natural way as transitive transformation groups of spheres; the 
‘isotropy groups are again classical, and an induction becomes possible). 
Of course, one has to prove first that in this case H is not homol- 
ogous to zero; but that is easy, with a construction to be described 
in a momeut. The remaining case of a subgroup H, which is ~0 in 
G, is not completely understood, and. much remains to be done. A 


special case of interest in connection with the problem just men- ` 


tioned is known, namely when G/H is a sphere S™ of even dimen- 
sion; the result is that one of the primitive generators of the ring of 
H has dimension m — 1, and that the ring of G is obtained by replac- 


ing this generator by one of dimension 2m — 1. The topological proof: 


employs agajn the map p from G to G/H=S™. The principal fact 
(for odd and even m) is that S= can be lifted back into G “with one 
singularity”; more precisely one can find an m-cell C* in G, such 
that the boundary of C= lies in H and the projection p maps the in- 
terior of C* topologically on the sphere S* minus the point which is 
represented by the coset H itself (p maps the whole boundary of C* 
into this point). One can show now that the boundary of C™, which 
vis an S*]ying in H, is ~0 in H for odd m, from which it follows 
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easily that then H is not ~0 in G (by a consideration involving Poin- 
caré duality as in $11; one starts by completing C* to a cycle by 
-means of a chain in H); for even m this S*-! is not ~0 in H, and asa 
matter of fact it is a primitive (m —1)-cycle in H (which is ~0 in G, 
since it bounds the cell C*) [104]. 


22. Algebraic methods. A recent result of Koszul generalizing a 
result of 521 can be described roughly as follows: For every primitive 
p-cycle of H which bounds in G, there exists a (p-1-1)-dimensional 
generator in the cohomology ring of G/H. It gives thus a first indica- 
tion of what the structure of the ring of G/H might be in the general 
case. Koszul'a methods [59], which operate with the Lie algebra of 
G and a subalgebra correáponding to H (the *relative case" of $14), 
are inspired by.the concepts.of ring of a map and of spectral ring of 

a filtered differential algebra, which Leray has recently introduced 
into topology and which have found an increasing number of applica- 
tions in the recent past; it is impossible to indicate definitions or 
proofs here. We only mention a concept which also plays a role else- 
where, that of transgression; in terms of differential forms, it is de- 
fined as follows: If w is a closed form in G/H- whose image p*w 
(under the map $* associated with the map p of G into G/B) is 
homologous to zero in G, i.e., p*w=da, then a induces on the sub- 
manifold H of G a closed form, which is said to be transgressive. 
This process can be considered as the dual of the process of finding 
cycles in G/H which are p-images of chains of,G, whose boundaries 
are not necessarily 0, but are collapsed into 0 by p (a special case 
occurred in $21). A main result of the theory is that just the primitive 
elements are transgressive. Leray himself has announced a number of 
applications of his ideas [62-73]. He has determined, for the classical 
groups, the ring of G/T, where T is a maximal toral subgroup of G, 
and more generally the ring of G/H, when H has the same rank as G, 
i.e., when it contains T. The results [69] are best stated in terms of 
the Poincaré polynomials: If G and H have respectively the poly- 
nomials II(1--29-2), II(1-4-;3»-2), then G/H has the polynomial 
II(1—729)/(1— 29). That this formula holds if, instead of the group- 
subgroup structure, one has only a fibre bundle is Hirsc's conjecture 
($15); the case where G and H are spheres, so that the products 
contain only one factor, is one of Gysin's results (cf. ref. 38 in [116]). 

Another result in this direction was given by Koszul [56] for the 
case where H is a circle group S!, where therefore G is fibred into 
circles; it states that the Poincaré polynomial of G/H is obtained 
from that of.G by replacing.a factor 1+# by a factor 1+#. A trivial 
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example for this is the group SU(2), which is homeomorphic with .S*, 
and for which G/S? is homeomorphic with S; the interest of the re- 
sult comes of course from all cases but this one. 

Considerable advances along these lines have been made recently 
by H. Cartan [16; 17],Koszul [60], and Leray [71]. The introduction 
of symmetric forms (symmetric multilinear functions on the Lie 
algebra, cf. $15) has proved very fruitful. To mention one of the main 
. results, let Ig(G)_ (I4(G)) denote the algebra of invariant (under the 
adjoint group) symmetric (skew-symmetric) forms of the group G. 
For a subgroup H of G the Lie algebra of H is contained in that of G; 
one has therefore a natural map of Z4(G) into I5(H), by restriction of 
the arguments of the forms. This mapping completely determines the 
cohomology ring of G/H; the ring is constructed by suitable defini- 
tion of a boundary operator in the tensor product 1 4(G) @Is(H). Asa 
more specific result it has been found that a formula of the "Hirsch 
type holds not only in the case where G and H have equal rank (cf. ` 
above), but also for symmetric spaces G/H (cf. $24); in this case the. 
denominator polynomial cán contain fewer factors than the nom- 


inator. A concept that has evolved in these developments is that of . 


the Weil algebra W(L) of a group G (or rather of the Lie algebra L 
of G); it is the tensor product of the Grasemann algebra A (L) of skew 
forms on L and the algebra S(L) of symmetric forms on L. The Weil 
` algebra turns out to be the algebraic equivalent of a classifying space 
(for arbitrary dimension) for principal fibre bundles with fibre G 
(cf. $30). What corresponds to the cohomology ring of the base space 
is just Z,(L) (with all degrees doubled). The notion of infinitesimal 
connection, after being given a very algebraic formulation, makes it 
possible to define, for a principal fibre bundle with fibre G and base 
space B, a homomorphism of Is(Z) into the cohomology ring of B 
[the image is the so-called characteristic ring of the bundle (cf. §30) ]; 
and one can give an algebraic construction for the full ring of the 
bundle from the connection. 

.Many of these and many other results, in  gasticular for fields of 
arbitrary characteristic as coefficients (i.e., roughly speaking for the 
torsion group, cf. $16), have been obtained by A. Borel [9; 9a—9e], 
^ utilizing Leray’s theory. 


23. Grassmann manifolds. We come now to what can bie called 
special results, namely results on explicit spaces or classes of spaces. 
The first results here are due to Ehresmann [32-37], on the Grass- 
mann manifolds (cf. §17) and related spaces. The procedure is very 
direct; the space is decomposed into cells, and from the cell structure 
the invariants are calculated. The cells in question are of course not 


1 


^ 
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arbitrary, but related to the PEE E EET ipei of the 
space. For the Grassmann manifolds, e.g., the cells are defined by 
the so-called Schubert varieties [34; 35]: In Euclidean s-space E* : 
we consider a fixed increasing sequence E'CE'C « « - CE*'!CE* of 
subspaces through Hs origin. of E*). Given now a sequence of ~* 
integers G, 5-1, - „k, sguch that 0 Xa,«'* -- «a, &n—&k, we de- 
note by [än as, -.- xai te. set consisting of all k-dimensional sub- 
spaces L (through the origin) of E^ which have the property that 
dim LOE" 24, for $1, -- -, k. This set is a (pseudo-) manifold <- 

of dimension 95 a,; it is a generalized cell in the sense that it is ob- 
tainable from à Euclidean cell of the same dimension by making cer- 
tain identifications on the boundary. All the cells so defined form a 
'.(generalized) cell decomposition of the Grassmann manifold My...’ | 
The boundary relations (in the sense of combinatorial topology) have 
been determined by Ehresmann; the Betti numbers and torsion co- - 
` efficients can then be computed. Going further in this direction, ' 
Chern [19] has determined the cohomology ring structure of May 
. (with coefficients mod 2); the interest in this ring is due to the fact. 
that it is'a universal antecedent of the so-called characteristic ring 
of any sphere bundle (cf. $30). (See also [100a; 100b] in this con- 
nection.) ~ 
Similar methods have been Wed to determine the homology in- 
variants of the quadrics (real, complex, quaternion, hermitian) and 
similar spaces [32-37; 95; 118]: ` 
A different cell decomposition, related to oné used byJ. H. C. White- 
- head [136], has been employed by C. E. Miller [86] to investigate in 
- detail the cohomology ring mod 2 of the orthogonal group and of 
several -of its coset spaces, e.g. the Stiefel manifolds (cf. $30). The 
cells here are essentially products of projective spaces. It turns out 
_ that, while the Pontryagin ring mod 2 is still a Grassmann algebra , 
(in particular the squares of the generators vanish) this is not‘so for 
the cohomology ring mod 2; the defining relations state that certain - 
higher powers of the generators vanish. (In the simplest case, O*(3), 
which is projective 3-space, one has one generator-x and thé relation. 
xt=0.) In addition, the Steenrod squares (operations in fhe cohomol- 
ogy ring, recently introduced by Steenrod) are determined for these 
_spaces, with an application to the ‘problem of vector fields on the ` 
n-sphere (cf. $30 and [119]). - i 


24. Symmetric spaces. A second method also initiated by Ehre — 
mann.[32] and perfected by Iwamoto [51] applies to the symmetric . 

` Riemanna spaces; these are spaces “which have the property that 

. for each point the symmetry, i.e. the transformation which reverses 
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all geodesics through the point, is an isometry. Obvious examples are 
Euclidean spaces and spheres. Cartan has shown [13 (16)] that the 
symmetric spaces are exactly the coset spaces G/H, where G has an 
‘automorphism of order two, which leaves just the elements of H (or 
rather of the component of e in H) fixed, and where H is compact. 
As a nontrivial example let G - SU(s) and let the automorphism be 
complex conjugation; H=O+(m) consists then of the orthogonal: 
matrices, and G/H is the space of symmetric unimodular unitary 
matrices. We consider now the cohomology of an arbitrary Klein 
space of a compact group in terms of differential forms; by an averag- 
ing process (as in §§12 and 14) one can reduce all forms to invariant 
forms, where invariant means invariant under the action of the group. 
An invariant form is determined by its expression at any point xo. 
(this leads at once.to an inequality for the Betti numbers analogous 
to that of $12). Let us call adjoint group of the space the group of 
linear transformations in the tangent space at xo, induced by the ele- 


ments of G, which leáve x, fixed (i.e. G,,, cf. $17); the value at xo of ' ' 


an invariant form is then invariant under the adjoint group. The 
symmetric spaces now have the special property that, by a theorem 
of. Cartan [13 (15); 25], invariant forms are automatically closed. 
. This means that the pth Betti number is equal to the number of 
independent invariant p-forms (modulo nothing), and, upon cofisider- 
ing the values of the forms at xe, that it equals the number of inde- 
pendent skew-symmetric tensors with p indices, invariant under the 
adjoint group; in more sophisticated language, one has to determine 
how often the trivial representation occurs in the pth exterior power 
of the adjoint group (cf. $12). As an éxample for the procedure, con- 
sider again the Grassmann manifold M,,, the manifold of, k-planes 
in s-space, under the orthogonal group O(s). The isotropy group is 
the direct product O(&)XO(»— Ek) (to keep a &-plane in itself, one 
can rotate in the plane, and also in the perpendicular (s — k)-plane)., 
The adjoint group can be considered as operating on the vector space 
of all & X (n — &) matrices M; the element (T4, T, 4) (where (T4 O(À), ` 
T.Aa CO(n—h)) maps M into TMT}, One considers now the rep- 
resentation of GL(k) XGL(n.—E), given by the same formula: The 
complete reduction of the pth exterior power of this represéntation 
has been given by Ehresmann [34]; one has to make use of the known 
theory of the representations of GL(#), in particular the Young dia- 
grams and the weights: For each irreducible constituent obtained, 
Iwamoto [51], using the known theory of representations of the . 
orthogonal groups, determined what happens when one now restricts 
oneself to the orthogonal groups. One arrives at a fairly simple rule 
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for the appearance of trivial representations or linear invariants, 
expressing the pth Betti number in terms of partitions of p. The 
procedure and the results are similar for all other symmetric spaces; 
Iwamoto treated also the classical groups themselves in this way. 
That the algebraic methods of §22 can be applied successfully. to 
symmetric spaces has been mentioned already. Among other things 


this has led to an explicit formula for the Poincaré venues of the 


Grassmann manifolds. 


_ 25. Subgroups of maximum rank. Asa class of (compact) 
coset spaces which was already mentioned in $18, and $22, consists 
of those spaces for which the isotropy groups are of maximum rank; 
according to $18 they are just the coset spaces of positive character- 
istic. It is easy to see that any such space is topological product of 
coset spaces of the same type of simple Lie groups, thus reducing 
the problem of classifying these spaces considerably. Wang [125; 126] 
and Borel and de Siebenthal [5; 6] have given a complete list of the 
subgroups of maximal rank of the classical groups, and (Borel and 
de Siebenthal) of the maximal subgroups of maximal rank of the ex- 
ceptional groups. Naturally this analysis makes very explicit use of 
what one knows about the Lie algebras of the simple groups. (In the 
treatment of Borel and de Siebenthal a characterization of connected 
subgroups of maximal rank is taken as the starting point of the classi- 
fication: such groups are the components of e of the normalizers of 
their own center.) As an example of the results: for the unitary uni- 
modular group SU(s) the subgroups in question are obtained by 
stringing groups of the type U(k) (group of unitary matrices of 
degree k) with properly chosen k-values along the diagonal and re- 
quiring the matrices so obtained to be unimodular. Out of the classi- 
fication of these Klein spaces, with the help of the theory of a group 
modulo a maximal abelian subgroup ($18), one gets the character- 
istic; the Betti numbers and the ring structure are not obtained here. 
By the way, subgroups of maximum rank are automatically closed, 
due to a theorem of Malcev of §8. 

Along these lines it has been shown: If a (simply connected) Klein 
space has characeristic 1, it is a single point [127]; ifeit has char- 


acteristic 2, it is a sphere; if it has characteristic a prime 2, it ig 


one of a small list of spaces [7; 127]. 


- 26. Two-dimensional Klein spaces. Local groups of transforma- 
tions. A very natural problem arising here is that of determining all 
two-dimensional Klein spaces. Completing earlier results in which 
the Klein bottle had been overlooked, Mostow [93] showed that 
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exactly the following surfaces appear (noncompact groups allowed): 
plane, cylinder, torus, sphere, (open) Mobius strip, projective plane, 
Klein bottle. He arrived at this result by showing that for a coset 
space G/H with dim G—dim H =2 the fundamental group has to be 
of a certain restricted type, which, by the classification of surfaces, 
admitted only the surfaces listed, and then showing explicitly that 
they actually are Klein spaces. His results include more, namely a 
.completeé classification (up to SOBIorphim) of all transitive Lie _ 
groups of transformations of suríaces. 
'The results mentioned in $8 on the dedia of subgroups also 
have a significance for Klein spaces: they relate to the problem of 
extending a local transformation group to a (global) transformation ` 
group. “Local transformation group” means roughly that in the defi- , 
nition of homogeneous space of $17, the T, are defined only for the 
' elements g in a neighborhood of e, and that they act only on some 

‘open subset of W; transitivity has to be defined properly. In an'ex- ` 
- tension G and W may have to be replaced by locally equivalent 
objects. Starting from the simple observation that for a Klein space 
the isotropy group is always closed, it is shown [38; 93] that the 
extension problem amounts to determining which subalgebras of the 
Lie algebra of G (or which “local subgroups”) give rise to clesed sub- 
^ groups in the simply connected form G. In particular, all transitive 
local groups on an open set in E*, k« 5, can be extended to a group, 
BERE transitively on some manifold M?. 


‘27. A converse problem. A problem which goes so to speak in the 
reverse direction is the following: Given a Klein space W, which 
groups (besides the one which defines W) can act transitively on W? 
(We assume the group to be effective, i.e., only the.unit e gives the 
identity transformation of W, and compact.) It is possible to answer 
this question completely when W is a sphere [7; 8; 89]. To state . 
: the result: Except for three cases only those groups can act transi- , 
tively on a sphere which are well known to do so, namely for even 
dimensions only the orthogonal group (plus Gs, which bas S* as Klein 
space), for dimension 4#-++1 the orthogonal, the unimodular unitary, 
and the ungary group, for’dimension 4n—1 also the symplectic 
group and the full quaternion-unitary group (plus S4¥<B4/B3 and 
St = B,/Gy). The proofs depend on the general theorems on groups. 
acting transitively on spheres (cf. §21), plus the knowledge of the 
-Betti numbers of the classical groups. To indicate a simple case: A 
symplectic group can not act transitively on S***! since otherwise, by 
the theorem of $21. it would have a primitive cocycle of dimension 
451-1, which it doesn't by the results of $11. The same problem has 
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been treated by Matsushima [84] under the weaker assumption that 
_W is a homology sphere, i.e., that its Betti numbers equal those of 
a sphere, of odd dimension. The results can be described by saying 
that, up to a small, finite number of cases, which remain undecided, 
any such space is either actually a sphere or—and this is the only 
new case—the space of unit tangent vectors to a sphere of even 
dimension’ ( 0(254-1)/0(2n —1); with the notation of $30 we can 
write it as Vs,,13), and that the groups act in standard fashion. The 
methods are similar to those indicated above; much stronger use is 
made of the Lie algebras of the groups involved. An important role-is 
played by a theorem of Kudo which says that under the stated as- 
sumption on W the isotropy group H is not ~0 in G; this is also con- 
tained in Koszul’s results (§22). ~ 

For spheres of even dimension another approach has been given by 
A. Borel [7]: the sphere has characteristic two, and two is a prime 
number; this implies easily that the isotropy group must bea maximal 
subgroup of maximal rank, and now one can make use of the com- 
plete list of such groups in $25. 

A similar result is that any group acting transitively and effec- 
tively on the torus 7* is actually T" itself [7; 90]. For one of the 
proofs one shows that because of the size of the Betti numbers of. T*, 
i.e., because of the large number of invariant differential forms, the 
isotropy group has to reduce to the unit element (or at ány rate be 
finite); this implies that the group is homeomorphic with 7*, and 
therefore, using the known structure of compact groups ($10), is iso- 
morphic with T*. 


28. Two-point homogeneous spaces. A recent result of H. C. Wang. 
[128] belongs to this group of problems. The question was to de- 
termine all compact (connected) metric spaces, which are two-point 
homogeneous in the sense that, for any four points a, b, c, d with 
p(a, b) —p(c, d), there exists ari isometry sending a into c and b into 
d. Wang showed by a simple ingenious argument that the group of- 
isometries cannot, have arbitrarily small normal subgroups, and. 
therefore must be a (compact) Lie group, and the space is therefore a 
Klein space (of finite dimension, say s). The two-poifft condition 
. implies that the isotropy group must be transitive on the directions 

` issuing from a point, or in other words, that it is transitive over the’ 
(n — 1)-sphere, and one can them apply the results described in $27. 
One obtains a complete determination of all possibilities; the spaces 
occurring are: for odd » only the spheres and projective spaces, for 
even # there are in addition complex projective spaces, quaternion 
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projective spaces, and the (16-dimensional) projective plane over the 
Cayley numbers. 


29. Noncompact Klein spaces. Not too much is to be said about i 
noncompact Klein spaces. Cartan showed [13 (15)] that the sym- 


metric Riemannian spaces, whose groups of isometries are noncom- 
pact simple Lie groups, are all homeomorphic to E*. He showed 
actually that in the group there exists a set of elements, called 
transvections (which behave somewhat like translations in Eu- 
clidean space), which set is homeomorphic with E*, and whose ele- 
ments are in 1:1 correspondence with the points of the symmetric 
space (under the natural projection). Incidentally, all these spaces 
have negative or zero Riemannian curvature (whereas closed sym- 
metric spaces have non-negative curvature). 

The analogue of the Malcev-Iwasawa theorem does not hold in 
. general; there are spaces which are not Cartesian product of-a compact 
space and an É*. An example is given by one of the two sets comple- 

mentary to a hyperquadric in (real or complex) projective space. 
' Factorization does hold in the special case of a Klein space of a 
nilpotent Lie group [82; 85] (a Lie algebra L and its group are nil- 
potent if the sequence L; Lie [L, L], Z4 - 1L, In], - - - ends with 0). 
For the proof one can start from the fact that the (simply connected) 
group is homeomorphic with E* ($8), and that it is possible to give 
a description of the discrete subgroups (each such subgroup has the 
geometric structure of a lattice in E", but is in general noncommuta- 
tive). Chevalley has shown (not yet published) that factorization 
(into a torus and a Euclidean space) holds for Klein spaces of solvable 
groups, provided the isotropy group is connected. Some new results 
have recently been announced by Mostow [94]. 

Nilpotent groups also provide some examples of compact Klein 
spaces, whose group is noncompact (the isotropy group, which by $18 
must be nonconnected, is here even discrete) [85]. The results ob- 
tained concern the first and second rational cohomology group; in 
particular the first Betti number is found to equal dim L-—dim Z’, 
generalizing the fact that for the torus T” the first Betti number 
equals s. e 


30. Homotopy properties. As a | last class of topological properties 
we should like to mention briefly the homotopy properties; this 
means principally the question of the homotopy groups [the kth 
homotopy group r(G) is the group of continuous maps of a k-sphere 
S* into G, or rather of classes of maps which can be deformed con- 
tinuously into each other, under a certain addition, generalizing the 
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elements and the operation of the fundamental group r:(G)] (cf. ~ 
[116] for this whole section). : 

That the fundamental group of a group is always abelian and 
that it is finite for compact semi-simple groups was mentioned earlier. 
It was also known long ago [13] that the second homotopy group - 
vi(G) of a Lie group G is always zero, which means that every con- 
tinuous map of an S! into the group can be deformed into a single 
point (this follows from the construction at the end of $19, since the 
image of a 2-sphere can always be so deformed as to not meet the 
(n—3)-dimensional set of singular elements). For coset spaces the ' 

-situation is different, as the space S? itself shows. This sheds some 
light on the theorem of Malcev and Iwasawa ($8) on the simple con- 
nectedness of a normal subgroup N of a simply connected group G: 
We consider the exact homotopy sequence of G and N and the fibre 
space isomorphism of (G/ N) with the relative group v(G; N) [116]. 
Since mi(G) and «i(G) vanish, it follows that «1(N) is isomorphic 
with w2(G/N), even if N is not normal; if N is normal, then ™(G/N) 
is zero, and so is then wi(N). The results on higher homotopy 
groups are far from complete; what is known is in very close con- 
nection to what is known about the homotopy groups of spheres; 
the reason for this is that most of the existing results are obtained 
for- groups acting transitively on spheres, by fibre space relations 
[29; 30; 126; 133;,134; 136; 116]. A special result of Pontryagin's 
[100] says that v4(4.) =0, for sz 2; this is of interest because it shows 
that A, is not Cartesian product of S* with another space, whereas 
the homology properties would allow it. 

Homotopy properties of Lie groups also play a role for the theory 
of fibre bundles. One particular problem relates to the so-called 
classifying or universal bundles. For a group G, a (principal) fibre 
bundle B with fibre G is called n-classifying or n-universal if it is 
arcwise connected and the homotopy groups x,(B) vanish for 1 $$ «a. 
(The bundles, which have G as transformation group of their fibre, 
and which have a polyhedron X of dimension <n as base space, are - 
then in 1:1 correspondence with the homotopy classes of mapa of X 
into the base space of B, whence the term classifying [116; 137].) .. 
Now, if G is a compact Lie group, it is easy to consttuct such 'a 
bundle for any n: G can be considered as subgroup of some orthog- 
onal group O(&) (sincè it has a faithful representation). We form 
now O(m-FE)/O(n)XI, (where O(m)XI, means the elements of 
O(n-4-À) whose last k diagonal elements are 1); this is a fibre bundle 
over O(n-+k)/O(n) XG, with fibre O(n) xG/O(n) XI =G. (cf. $17). 
Moreover its homotopy groups v, vanish for 1$ n; for k=1 this , 
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follows from the Tact that O(n+1)/O(n) XJ; is "m else but the 

sphere S*; for larger k it follows similarly, by considering the chain ` 
O(n+k), O(n--k—1), - ++, O(n). An interesting example is obtained 
. for G=O(k), the case of sphere bundles, where the fibre is a (&—1)- 
sphere; the base space O(n-J-E)/O(n) XO(k) of the universal bundle 
, can then be identified with the space of (k — 1)-spheres on a (n--k — 1)- 


: _ sphere considered by Whitney [137], or equivalently with the Grass- 


mann manifold Mss,» of k-planes in (n--k)-8pace. Knowledge of the 
homology properties of Muss is then of obvious importance, since 
for sphere bundles, by the classification theorem above, one has to 
consider maps of a space X into M4,44; such a map induces a homo- . 
morphism of the cohomology ring of Mayu into that of X, which 
depends only on the bundle corresponding to f; the image ring is- 
called the characteristic ring of the bundle. (An algebraic counterpart 
has been mentioned in $22.) 

The manifold Q(m)/O(m—k) X I», which appeared liste can also 
be described as the space, each point of which is a system of k 
mutually orthogonal unit vectors at the origin in Euclidean m-epace 
(a b-frame); it is called the Stiefel manifold Va,» The Vm,» were intro- 
duced by Stiefel [120] in connection with the problem of conatructing 
over a manifold M* a system of k vector fields, mutually orthogonal 
at each point of M*. One is led, in obstruction theory [116], to a char- 
acteristic cocycle, which measures the degree of impossibility of the 
construction of the vector fields. The dimension of the cocycle is the 
first dimension for which the homotopy groups of Va,» are not zero 
- plus one and the coefficients are taken exactly from this group. As in- 
dicated above, the critical dimension for Va,» is m — k; the correspond- 
ing groups va a( V4.4) are known [116]. To quote the result: they are 
infinite cyclic in m —k is even or kal, of order two if m— Fis odd and 
k>1. 

One special, but important, case is the following: We have seen 
that the sphere S* is the coset space of the orthogonal group O(s--1) 
by the subgroup O(n). Does there exist a map f of S* into O(n-+1), 
such that f followed by the projection of O(#+1) onto O(n) is the 
identity? Phrased differently: does there exist a continuous family 
of rotations, simply transitive over the sphere; or again, does the 
decomposition of O(s-I-1) into cosets of O(n) admit ‘a cross section, 
i.e., a surface, which meets each coset of O(n) in exactly one point? 
If a cross section existed, then, as one sees easily, O(n4-1) would be 
the Cartesian product of O(m) and S*, and, more interesting, there 
would exist s éverywhere independent vector fields, tangent to S*, 
ie. in the language of topology, S* would admit a parallelism. The 
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obvious approach to this is to construct a cross section by starting at 
an arbitrary point of O(s-1-1), expanding it gradually and studying 
the singularity or obstruction, into which one runs after a while 
[116]. We only state some results: It is an old story that spheres 
of even dimension do not admit a single (nonzero) vector field. B. 
Eckmann and G. W. Whitehead have shown that spheres of dimen- 
sion 4n-+1 admit only one independent vector field [29; 133]; for 
spheres of dimension 4s —1 there exist more than one field, con- 
structed e.g. with quaternions and Cayley numbers. Recently Steen- 
- rod and J. H. C. Whitehead [119] have shown, with the help of new 
‘homology ihvariants, that at most the spheres of dimension 2*—1 


admit a parallelism (the only cases where a parallelism is known are. - 


*S!, S, and S", corresponding to complex numbers, quaternions, and 
Cayley numbers (cf. aleo [86])). 
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UNYVERSITY OF MICHIGAN 


THE OCTOBER MEETING IN WASHINGTON 
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matical Society was held at the National Bureau ‘of Standards on 
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J. H. Barrett, L. K. Barrett, E. F.\Beckenbach, E. G. Begle, E. E. Betz, Gertrude 
Blanch, R. C. Blanchfeld, J. H. Blau, Joseph Blum, H. W. Bode, H. F. Bohnenblust, 
J. R. Bowman, A. T. Brauer, R. S. Burington, L. J. Burton, G. H. Butcher, F. P. 
Callahan, W. R. Callahan, H. C. Carter, W. C. Carter, E. A. Coddington, L. W. 
Cohen, Natalie Coplan, E. F. Cox, G. F. Cramer, A. B. Cunningham, J. H. Curtiss, 
G. B. Dantzig, D. A. Darling, C. R. DePrima, J. B. Diaz, W. F. Donoghue, William 
` H. Durfee, Samuel Eilenberg, Benjamin Epstein, J. L. Ericksen, Trevor Evans, F. 
D. Faulkner, N. J. Fine, F. H. Fowler, L. K. Frazer, F. N. Frenkiel, L. M. Fulton, 
A. S. Galbraith, Landis Gephart, H. H. Germond, H. E. Goheen, Michael Goldberg, 
Leon Goldstein, R. A. Good, R. D. Gordon, W. H. Gottschalk, E. C. Gras, J. W. 
Green, R. E. Greenwood, D. W. Hall, Marshall Hall, Jr., J. F. Hannan, L. S. Hart, ` 
Philip Hartman, H. J. Hasenfus, E. V. Haynsworth, G. A. Hedlund, Vaclav Hlavaty, 
` A.J. Hoffman, Temple Hollcroft, L. A. Hostinsky, E. A. Hoy, D. R. Hughes, Witold 
Hurewicz, S. B. Jackson, F. E. Johnston, Joseph Kampé de Fériet, R. E. Keirstead, 
M.S. Klamkin, S. H. Lachenbruch, Jack Laderman, O. E. Lancaster, Lamar Layton, 
Patrick Leehey, Marguerite Lehr, B. A. Lengyel, J. H. Levin, D. C. Lewis, T. P. G. 
Liverman, B. J. Lockhart, D. B. Lowdenslager, ss Lukacs, E. J. McShane, 
Irwin Mann, Murray Mannos, C. G. Maple, W. H. Marlow, M. H. Martin, W. T. 
Martin, Joseph Milkman, C. E. Miller, D. D. Miller, id T Miser, Don Mittleman, 
R. W. Moller, E. W. Montroll, C. N. Moore, T. W. Moore, W. E. Moore, C. R. 
Morris, W. R. Murray, P. P. Nesbeda, I. L. Novak, M. W. Oliphant, Alex Orden, 
J. C. Oxtoby, L. E. Payne, Anna Pell-Wheeler, I Peters, G. W. Petrie, J. W. 
Ponds, F. M. Pulliam, O. J. Ramler, C. J. Rees, tee ` Rees, J. N. Rice, R P. Rich, 
P. R. Rider, H. P. Robertson, L. V. Robinson, L. R. Serio, S. S. Saslaw, I. R. Savage, 
J. B. Scarborough, A. T. Schafer, R. D. Schafer, Henry Scheffé, G. E. Schweigert, 
I. E. Segal, W. H. Sellers, J. A. Silva, R. C. Simpson, A. D. Solem, J. J. Sopka, G. L. 
Spencer, I. A. Stegun, W. J. Strange, E. G. Swafford, Olga Taussky, J. H. Taylor, 
B. J. Teppinge Feodor Theilhelmer, W. R. Thickstun, J. A. Tierney, John Todd, 
C. B. Tompkins, A. W. Tucker, J. W. Tukey, S. M. Ulam, J. L. Vanderalice, A. H. 
Van Tuyl, M. C. Waddell, D. H. Wagner, G. C. Webbér, H. F. Weinberger, Harry 
Weingarten, Alexander Weinstein, M. E. White, P. M. Whitman, G. T. Whyburn, 
L. S. Whyburn, R. F. Williams, N. Z. Wolfsohn, M A. Woodbury, D. M. Young, 
F. H. Young, E. H. Zarantonello, Neal Zierler, J. A. Zilber. 


Professor J. C. Oxtoby, of Bryn Mawr College, addressed the 
Society at 2:00 P.u. on Ergodic sets by invitation of the Committee 
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to Select Hour Speakers for Eastern Sectional Meetings. This session 
was presided over by Dr. S. M. Ulam. 

There were sessions for the presentation of contributed papers at 
10:00 a.m. and 3:15 p.m. presided over by Professor H. P. Robertson 
and Professor C. N. Moore respectively. . 

At 1:30 p.m. members of the Society and of the Institute were 
welcomed by Dr. A. V. Astin, Acting Director of the National 
Bureau of Standards, at a joint session presided over by Dr. J. H. 
Curtiss, Chief of the Applied Mathematics Division. 

Abstracts of the papers presented at the meeting are listed below, 
those with the letter *;? after their numbers having been read by 
title. Papers numbered 9 and 27 were read by Dr. Taueeky and Dr. 
Carter respectively. Mr. Boone was introduced by Professor K. L. 
Chung, Mr. Leslie and Dr. Love by Professor L. C. Young. 


ALGEBRA AND THEORY OF NUMBERS 
1i. A. A. Aucoin: Systems of Diophantine equations. 
Solutions of ihe following Diophantine brise are glven: () Ia $a am 


mf) (91, w), where (s) mfra, «++, Juy) are homogeneous polynomials 
of degree m with integral coefficients and m and » are relatively prime. (2) fi(x) 
-h(x), f(x) ale), where fitz) file, +++; 2a), fa(x) faa, x) are homo- 


geneous polynomials of degree » and are such that integers z, =a, exist for which 

_ all the partials of fı as well as those of fs, of all orders less than »s— 1, vanish. gı and 
£x are homogeneous polynomials with integral coefficients of degree m where m and # 
are relatively prime. (3) files, Ju 8) f(t, Y» 5), f(x, 9o €) = alti, Ju €), Where the 
functions involved are polynomials, homogeneous in each of the sets of variables z;, 
J, %. The solution depends upon the degree of homogeneity. The method applies to 
more than two equations. (Received August 15, 1951.) 


2t. H. W. Becker: Planar rhyme schemes. 


Among forty odd other interpretations, M,» (2x, #)/(#+1) is the number of 
planar rhyme schemes of s letters. (Nonplanar rhyme schemes, such as abab, have 
crossovers in their Puttenham diagrams.) A lexicon theorem ranks them individually. 
Known and new breakdowns of M, have planar rhyme significations: 1Mu.e = M. 

-Mu (Euler), last “a” in mth position; Mam (28 —m—1,.5—m)m/5n (reverse 
Delannoy), m a's, initial ascending run of length m, --1 progeny in May; n1Mam | 
wu 20-12 (y — 1, 200) M. (Touchard), m inversions; ry Mon = (s, 9— 1) (5 —1,9«— 1) /m 
(W. H. Wise), m different letters, # ascending runs, m—1 rising paire; vM. 
m(n, m)AT Mos (n, m) Na, m singletons (unrhymed letters); vi Maa = (1 —1, ma" M, 
m couplets (consecutive-rhyme pairs); vu Mas e N**(N--1)97, last singleton in 
mth position. These lead to variations of the classic generating function for M,. Thus 
N.-(M—1)*, the subset of M. without singletons, has the generating function 
1/0 —tN) -[1— (a—30/0--0 ]]/2. (Received September 12, 1951.) 


3t H. W. Becker: Network seserances. 
Given a net m X s subject to simultaneous failure of one knot in each row, what are 


Ne 
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the possibilities »S, of severances of the net? The difference equations through t = 6 
are aet up, solution of the last one of the second degree being 45, 27, (F the 
Fibonacci series). A more interesting approach is 4S, — m: 3*1 —2 Va, the subtrahend 
being an edge effect correction. V, =3 Vaat Wi, where Wa is the number of rhyme 
schemes of s letters, such that consecutive letters are of the form k, k or k, ki. In 
turn, W,7-3W, 1— Xs, where X, — A* M, =*W,, the membership of Wa terminating 
in “a”. There are numerous relations between Va, Wa, Xa, and M, (2s, #)/(#-+1). 
For example, if "AU, - Usu —m: U. (J. Touchard, International Mathematical 
Congrese, Toronto, pp. 465-472), the case m=3 inverts to Wap = (3—M)*, Vap 
- M^(3—M)*(—)*7, and the elegant dual Xap M(3—M)*, M, - X(3—X)*. 
. Typical of their generating functions is 1/(1—4X) = [31—1— (1—;(2 4-37) ] v1]/21. 
There are also numerous subset isomorphisms with planar rhyme schemes. (Received ` 
September 12, 1951.) È 


4. W. W. Boone: An extension of-a result of Posi. II. 


Magnus (J. Reine Angew. Math. vol. 103) terms a certain alteration in the form of 
a word of a group the sliøtinalion of a generator. The problem of determining when— 
for a given word—a similar elimination, described below, can be carried out is un- 
solvable. One can explicitly exhibit: a particular group, Gr, with a jistte number of 
defining relations R; on a fisis number of generators, £i, fn, * - *, ga, such that it is 
recursively unsolvable to determine for an arbitrary positive word W of Gr (i.e., 
a word in which all exponents are positive) whether or not W is expressible as a posi- 
tive word W” not containing f: and made up only of generators occurring in W. 
Alternatively, regarding exponentiation as an abbreviation, words as made up of 
the distinct symbols, g; , £, , and f; £, =; £; "THE VOID WORD as among the R,, 
the foregoing obviously may be formulated as an (unsolvable) problem regarding the 
elimination of a symbol. The result follows by a comparison of proofs of (cf. abstract, 
Ax extension of a resuli of Post, Journal of Symbolic Logic vol. 16, no. 3) «Wi 
and > BgoBOt~ «Ws, Ty amended to represent Gr, B a free generator, Wi and Ws 
arbitrary words, Q such that every 7y-symbol not a ¢-symbol occurs therein. (Re- 
ceived September 13, 1951.) 


5. A. T. Brauer: Limits for the charactertsitc roots of a matrix. V. 


It was shown in part 2 of this paper (Duke Math. J. vol. 14 (1947) pp. 21-26) 
that each characteristic root of an arbitrary square matrix of order # must lie in the 
interior or on the boundary of at least one of‘certain s(s—1)/2 ovals of Cassini 
which are determined by the elements of the matrix. It is shown in this paper that this 
result remains correct if each of these ovals is replaced by another oval which in general 
is smaller, From this result an improvement of the well known theorem of Minkowski 
on positive determinants is obtained. (Received September 13, 1951.) i 


61. Jesse Qouglas: On finie groups with two independent generators. l 


^ _ Although the theory of finite groups is a well worked branch of mathematics, the 
study of the present topic in its full generality seems not to have been previously 
undertaken. A detailed account will appear in a seriés of notes to be published in ` 
Proc. Nat. Acad. Sci. U.S.A. vol. 37 (1951). (Received July 12, 1951.) 


Ti. Jesse Douglas: On the invariants of fintte abelian groups. 


This paper offers a new proof, of a simple and illuminating nature, of the classic 
theorem which characterizes any finite abelian group to within isomorphism by its in- 
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varlants—certain prime-power factors of its order. Some new interpretations of these 
invariants are brought to light in terms of functions I(x), J(x), K(x) determined 
by the structure of the group--e.g., 9/9) is the number of elements whose period - 
is a divisor of p*. (The group is presumed to be of prime-power order, °, which 
entails no esential loss of generality.) Graphical considerations are adduced: e.g., 
the graph of I(x) is always rising and concave downward (both-in the wide sense), 
the slope of its initial segment is equal to the number of elements in any basis, 
elements of order p? are present in a basis if and only if the graph has a comer at the 
point x, and the number of such elements is equal to the “curvature” of the graph at 
that point, etc. The detailed account will appear in Proc. Nat. Acad. Sci. U.S.A. vol. 
37 (1951). (Received July 11, 1951.) z 


8. Marshall Hall, Jr.: A combinatorial problem on abelian groups. 
If 27'7:7** isa permutation of the elements of a finite abelian group A, then 


the sum bj. - - - +b, of the differences —ai—by, $1, -+ +, m iB zero (the group 
operation being addition). It is shown-conversely that if we are given elements by 
with ++ ---+5.—0, then there exists a permutation with these b's as its dif- 
ferences in some order. (Received August 20, 1951.) 


9. T. S. Motzkin and Olga Taussky: Matrices with property L. 


Two »Xx» matrices A and B are said to have property P—considered by Fro- 
benius, McCoy and other—{or property L, considered by Kac) if there exists an ar- 
. rangement X, :* +, A. and 4n, * * * , Ha of their characteristic roots such that any 
function (or linear function) f(A, B) has f(X;, m) as its characteristic roots. Pairs of 
matrices with property L are investigated, and it is shown Ir particular that hermitian 
matrices with property L have property P, are commutative, and can be trans- 
formed into diagonal matrices by the same similarity. Matrices with property L and 
#>2 do not in general have property P. (Received August 23, 1951.) 


10. D. H. Wagner: On free products of groups. Preliminary report. 


It is proved that the homomorphisms on a free group F onto a free product are 
characterized as those homomorphisms (onto) which map some free basis of F into 
_ the union of the free factors. This result was, in effect, obtained by I. Gruschko (Rec. 
Math. (Mat. Sbornik) N. S. vol. 8 (1940) pp. 169-182) for the case where F is'finitely 
generated. The present proof uses a transfinite convergence procedure developed by 
H. Federer and B. Jónsson (Trans. Amer. Math. Soc. vol. 68 (1950) pp; 1-27) in 
conjunction with a procedure developed by the writer for reducing a finite subset of a 
free product. These reductions are motivated by J. Nielsen's reductions for free 
groups (Matematiak Tidsskrift (1921) pp. 77-94) and possess similar properties. An 
example is given of a free product which Is a homomorphic image of a group which 
cannot be decompoeed into a free product. (Received April 28, 1951.) 
e 


ANALYSIS 
114 A. A. Aucoin: A generalisation of Abel's transformation. 
Abel's transformation is generalized to Doi ab = PER A? (b, — bu) 
— Arba tA? baan Dra Crin ora (A, 505454, where Aam 2 P a, and 
pisan integer >1. Among the theorems on infinite series proved with-this transforma- 
tlon are two which follow when bym1. The first is: If 2; ,aj converges to S and if 
pa AT “at; converge to S, (=0,-++,$-—2), then A} converges to S+ 
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2. Cy ii S. The second is a corresponding theorem when the a's are functions of 
a variable x. (Received August 15,1951.) 


12%. E. A. Coddington: A characterisation of ordinary self-adjoint 
differential Systems. 


If D denotes the set of all naaid functions of class C*, # zi, ona bounded 
interval a St S5, the formal linear differential operator L of order s is defined for all 
ED by L(x) = pox 9 -- pix D+ - - - -E fux, where the pa are complex-valued func- 
tions of class C*^*, and | po()| s40, on a St Sb. Suppose L coincides with its Lagrange 
adjoint L*, defined for all xCD by L*(x) = (—1)*(pox) + ( 1) 1 (puc) 70 + EE 
Fps. Let h(x) 275, Mux? (0)+ 22, NusG79(b)m0, $71,---, w, be s 
linearly independent boundary conditions with complex constants M.a, Nu. It is 
shown that the differential system consisting of L and the conditions A(x)-0, 
$91, , n, is self-adjoint if and only i£ MB^1(a) M* = NB^ (b) N*, where M and N 
are the matrices with elements M,,, N. respectively, and B(é) is the nonsingular skew- 
hermitian matrix (depending only on the coefficients fa in L) associated with the 
semi-bilinear form in Green's formula. This result can be used to characterize self- 
adjoint operators in the Hilbert space L(a, b) which arise in a natural way from the 
formal operator L. (Received September 11, 1951.) g 


134. E. A. Coddington and Norman Levinson: A boundary value 
‘problem for a nonlinear diferential equation with a small parameter. 


The purpose of this paper is to relate the existence, uniqueness, and general be- 
havior of the solution y y(x, e), for small e>0, of the two-point boundary value 
problem (B): ey” +f(=, x)»  d-g(z, y) -0, (-d/dz), ¥(0) = ye ¥(1) =), with the solu- 
tion « (x) of the corresponding “degenerate” initial value problem (I): f(x, w)s' 
+g(x, Y) 0, «(1) — 5. Theorem 1 (Existence). Let (0, ye), (1, *) be two points in 
the real (x, y)-plane, and assume: (1) f, g are real functions such that the problem 
(I) has a solution « (x) on OSz 31, with «(0) z y«; (2) f, g have continuous first 
derivatives In a region R:03z x1, |y—x(x)| Sa, a0, which includes the point 
(0, Yo); (3) there exists a constant k>0 such that f>& for (x, y) in R. Then, for all 
sufficiently small «>0, there exists in R a solution y= y(z, e) of (B). Further, y(x, e). 
u(x), y (x, «)€' (x), as «0, uniformly on any subinterval 0«3 3x31. Theorem 2 . 

' (Uniqueness). Under the assumptions of Theoren 1, for sufficiently small e>0, there 
exists at most one solution y (x, «) of (B) in any region Re:0zx31, [»—u(x)l 
Aa <a, a9>0. The theorems hold under slightly weaker, but more complicated, 
assumptions. If «<0, the role of the left and right boundaries x=0 ahd x«1 are 
Mterehánged, (Received August 15, 1951.) 


14. D. A. Darling: Os the distribution of the roots of certain almost 
persodsc functions. 


Let an, a, - pe pe ra nay independent eal inahen and ro Lr asin ah 
Let the Dueb roots of f(i) be h<h<+++ <&< +++ and define N(x) as the 
number of those intervals (hy, 4) whose length is Ss for i—-1,2,---, k. Then 

lima... Ny(x) /h = F(x) exists and it is a matter of some theoretical and practical inter- 
' est to find this distribution function. The following result is proven: Let Xj, Xn - --, 
X be independent random varlables, each having a uniform distribution over (0, 2x); 
let £* be the smallest positive and & be the largest negative. root of the eque- 
. tion Èa sin (X,+a,£) =0, and let G(x) be the distribution function of the random 
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variable U=(¢*—s) (Le). Then F(x) = (E(U-)) 3/4 (1/)4GQ). Under certain 
restrictions on the {a} and {a,}, in the #-dimensional space the (#—1)-dimenstonal 
surface Sh as sin due Ó and a gysten. of lines having direction numbers 
cj, An ^ * *, a, are considered. Then F(x) gives the distribution of lengths pf the 
secants intercepted by two adjacent sheets of the surface. The mean and variance have 
a correspondingly simple geometrical interpretation. In general, if pi(t), p(t), + °°, 
f(t) are arbitrary functions having a common period, the roots of > ap, (a.t) can 
be treated in the above manner. (Received September 4, 1951.) 


15%. H. Margaret Elliott: On approximation to analytic functions by 
rational functions. 


Let C consist of a finite number of mutually exterior analytic Jordan curves. Let 
w=¢(s) map the exterior of C conformally onto [se] >1 so that the points at infinity 
in the two planes correspond; denote by Cg the locus leq] =R>1. Let f(s) be 
analytic in the interior of C and continuous on the corresponding closed region C. 
Suppose f™ (s) exists and is continuous on C with modulus of continuity «(8), w(8) 
m0. Let points am, 771, * - - , $; &-1,2, * - - , be given on or exterior to CA, A>1. ` 
It is proved that there exist rational functions ra(s) = (Gees*+aus" i+ +> 
Fase) /(&—2ax) + + + (s8—a44) such that |f) —r.(s)| 3 Mo(1/n)/s* for x on C. Con- 
versely, under a mild hypothesis on C and Q(x), it is proved that if rational functions - 
ra(s) all of whose poles lie on or exterior to C4, A>1, exist such that f(s) — —ra(x)| 
a Q(n)/» for s in C, then f(s) is analytic interior to C and continuous on C; fe (s) 
exists and is continuous on C with modulus of continuity e(2) SL [5/7 a(x)dx 
n9 /z]dz], where a>1 ie a constant independent of 8. (Received August 21, 
1951.) S 


16% Abolghassem Ghaffari: Laguerre polynomials satisfying a Co 
junctional equation. 


This paper endeavors to find the most general solution of the functional equation 
(1) f(x, s; y, t) m fof (x, s; x, wu) f(s, #; y, Dds, s <u <t, where f is Lebesgue-messurable 
in V. By applying Fréchet’s method (Proc. London Math. Soc. vol. 39 (1935) pp. 
515-540) one is led to take for the solution of (1) the series (2) f(z, s; 9, 8) 
= oua As(x, 1) B.(y, t), where Aa B, form a complete biorthonormal set of func- 
tions over V. Using this method and taking for the region V the interval (0, +), 
one finds that (3) f(x, s; y, t) = 2. 4 Ve (x) vs (y)8*(s, £), where the infinite sequence 
of functions y. (x) m I/(s-1- 1) P7U1(s--a--1)x?/? exp (— z/2)L8 (x) form a complete 
orthonormal set over (0, +œ), 6(s, t) -a(s)/a(!) where a(s) is a positive increasing 
function s40, and L (x) is the sth Laguerre polynomial. It is shown that for s, t 
fixed such that s «1, and x, y varying arbitrarily, the series (3) is absolutely con- 
vergent in (0, +) and uniformly convergent over (e +), « being an arbitrary 
small but fixed positive number. It is proved that for s=; and x»&y the series (3), 
being divergent, is summable uniformly in (0, +”) by the method of arithmetic 
means with sero sw» everywhere; and that for s*/, xy, the series (3) diverges , 
essentially and becomes fxfisite. The author has shown that the solution (3) is dif- 
ferent from those obtained by A. Kolmogoroff (Math. Ann. vol. 104 (1931) pp. 415- 
458). (Received September 4, 1951.) 


17i. R. V. Kadison: Infinite unary groups. 


The uniformly closed invariant subgroups of the unitary groupe of the various 
factors are determined. It is shown that the unitary groupe of factors of type Ih 


x 
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— and III are topologically simple. The uniform closure G7? of the set of unitary oper- 


ators which act as the identity on the complement of some subspace of finite relative 
dimension is a closed, proper, invariant subgroup of the unitary groups of factors of 
type I. (all bounded operators) and factors of type Ile. All such subgroups are ob- 
tained as direct products of G with closed subgroups of the scalars { lar || m1}. 
(The group GP is itself topologically simple but is not algebraically simple.) It fol- 
lows, for erapl that finite products of self-adjoint unitary operators, or unitary 
operators with three points in their spectrum, etc., contained in a factor, lie uniformly 
dense in the group of all unitary operators in the factor. (Received September 4, 
1951.) a 


18. M. S. Klamkin: Asymptotic | sums of series ae the ee nr 


b t HESS a») mE 


Asymptotic sums of the series 2 (s, ua) e1 (Gra), Dola pmi (rar), and 
Elo, ro) ei (07093504) are derived, assuming that 2, (ay diverges, by elementary 
means. Each of the given series is rearranged and expressed in terms of various sums 
which have already been derived in the author’s previous paper, Sums and asymptotic 
sums of series related to the harmonic series. The results are then epecialired for the 
case of a, —-1/r. (Received September 13, 1951.) 


191. R. T. Leslie and E. R. Love: An extension of Mercer's theorem. 


Mercer's summability theorm is generalised to the extent of replacing the arith- 
metic means by the means of any regular, or merely convergence-preserving, method 
of summation. The relations between this extension and some known converses of 
Toeplitz's theorem, due to R. P. Agnew, are discussed in detail. The proof of the 
theorem rests on an extension of an inequality of W. A. Hurwits for the oscillation 
of Toeplitz means of a bounded sequence. (Received September 24, 1951.) 


' 208. J. S. MacNearney: Continued fractions tn which the elements 
are operators. 1. The J-sequence, associated linear equations, and the 
general continued fraction. 


This paper is designed to lay the foundations for a generaliration of some of the 
classical studies of continued fractions. Continued fractions over an additive Abelian 
group A are defined so that the elements and the approximants are operators, here 
taken to be homomorphisms or isomorphisms among the subgroups of A. Analogues 
of numerators and denominators, even and odd parts, and equivalence transforma- 
tions of continued fractions are discuseed. Linear fractional transformations are de- 
fined among sets of operators in such a way that continued fractions over A are gen- 
erated by sequences of these transformations. Since this paper is concerned primarily 
with algebraic relationships which are consequences of the definitions and no ques-- 
tions of convergence are considered, no topology is assumed in the group A. It is 
anticipated that subsequent reports will require further that A be, for example, a 
metric linear space ora normed vector space over the complex numbers. An ap- 
pendix indicates how this theory includes the ordinary notion of a continued frac- 
tion and, also, how it includes a certain generalization of Jacobi-matrices (see, for 
examples, H. S. Wall, J-matrices of ímierior order k. Preliminary report, Bull. 
Amer. Math. Soc. Abatract 57-2-137). (Received August 29, 1951). 


211. J. L. Massera: Conditional stability of homeomorphisms. 
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Let T be a homeomorphism of the neighborhood %8 of the origin o of a Banach 
space B onto a neighborhood of o, Tomo; B is the product of two-Banach spaces £, $) 
i DNS Be ee ee Dn Write s: = Ts, and assume 
that equations x; Lze-- ise = M3v-d-ósse, L, M linear, ||o«s||/]sll 
riu e vr le az] 02 c1 x< Then i dim D<, to 
stability €C the properties: (i) oX— €; Gi) TEC; (iii) if sC €, T*s—o 
as nb o; S eRa dE DRE (v) the projection of € in € coincides ` 
with the projection of $ in £; (vi) any set of stability having properties (1)-(iv) 
is a part of @. If moreover T is differentiable at any point of 8, the-differential being 
continuous at o (if the differential is continuous at any point of W; if T is analytic); 
then € is the graph of a transformation y= Ex having a differential continuous at o 
(continuous in a neighborhood of o; E is analytic). In the latter cases the assumption 
. dim  « œ~ may be replaced either by dim 2< œ ot by thie asmumption that T is 
differentiable at o. (Received September 10, 1951.) 


22. C. N. Moore: On the theory of patterns and sis application to the 
prime pair problem. 


If we stop the procedure known as the sleve of Eratoethenes at the end of a finite 
number of stepe, the successive differences of the Integers remaining constitute a set 
of even integers in which a certain initial sequence is'indefinitely repeated. Such a. 
sequence may be designated as a pattern. By making use of the pattern 6, 4,2, 4, 2, 
4, 6, 2 resulting from stopping the sieve after the removal of multiples of five, an 
estimate may be obtained of the extent to which a further continuation of the sieve 
process eliminates the differences two in the earlier portions of later patterns. This 
enables one to infer the infinitude of prime pairs. (Received September 12, 1951.) 


. 23. Leo Sario: Existence of functions as a boundary property. 


Denote by a, B, y, à the classes of nonconstant harmonic functions (integrals) 
with following additional properties: a all, 8 bounded, y half-bounded, 5 Dirichlet 
bounded functions. Let as Be, čo, ye be the corresponding subclasses of functions with 
vanishing periods along dividing cycles and a, b, g, d the subclasees of single-valued 
harmonic functions. Classes of analytic functions are denoted by couples of letters, 
corresponding to the real and imaginary part respectively. Consider an arbitrary 
Riemann surface R and a compact subregion D, bounded by a finite set } of simple 
analytic curves. In the-boundary neighborhood N=R—D let Lo be the normal linear 
operator which furnishes the harmonic function with the minimal Dirichlet integral 
among functions with given harmonic boundary values on } There are functions ff' 
(1) for f Bo, Yo, 3o and f! ea, as on every R of pasitive (fimile or infinite) genus; on a 
planar R there are these functions only if R is hyperbolic; (2) for f =b, g, d and f =a, ao 
om any Rif ond only tf some Mff in N, subject to [pi —0, satisfies pyh Lop; 
(3) for fmb, d and f'mo, b, AE T E EE E 
in N fulfils p Lep. (Received August 27, 1951.) 


24. L. V. Toralballa: Some theorems Shout anit în a general field 
with valuation. 

Soine clan tese lee hey ktina olv onl aE are proved 
to hold in a general field with valuation. Two of these theorems are: 1. Let G be a 
field with valuation which is complete in the topology induced by this valuation. 
Let f be a function on G to G such that its derivative is defined and is equal to zero at 
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each point of E where E is a rectifiable arc-wise connected open sub-set of G. Then 
f is a constant over E. Let G be as in “1,” and let C be a rectifiable curve in G. C is 
said to be locally arc-wise regular at P when there exists a sphere, S(P, e), such that 
the set of all ratios arc length ab/distance ab (where a is not equal to 5; a, b are ele- 
ments of Cas well as of the sphere, S(P, «)) is bounded. We then have:2. Let the curve 
C be arc-wise regular at se Let f be integrable over C, and let F(s),be /"f(s) ds where 
a and sare points of C. Then F(s) is continuous at se. If, in addition, f(s) is continuous 
at s, then F(s) is differentiable at s, and F' (s4) =f(se). (Received September 13, 1951.) 


25. E. H. Zarentonello: On trigonometric interpolation: 


Let P(t) be a trigonometric polynomial of degree #, PO^(I) its rth dérivative, and 
Pil) its rth divided difference A'P(/)/Ar with to a constant increment 
Atm2x/m. If m>2n and i<p<o, then As(/f | P| adt}ye/{ ErP)” 

At }V?5A,,,, where the & are m equidistant points modulo 2r, Ap. & constant de- 
pending on p and r only, and A an absolute constant. For rm 0 (P?) = Pim P) this 
reduces to a previous result due to J. Marcinkiewicz (Sur Pinterpolatton, Studia 
Mathematica vol. 6 (1936)). As a consequence of the above inequalities, it follows 
that if f(/) is a periodic function with a p-integrable rth derivative and P(/) a trigo- 
nometric polynomial interpolating f at equidistant points, then (e | P | spat |W 
aA, f | f?| ade}? for 1<p< œ. Furthermore, the approximation of f by P is 
O((A)77») for the uniform distance and O((Af)") for the p-normrdistance. Applica- 
tions are made to the discretization of some totally continuous functional-equations 
appearing in conformal mapping and in the theory of free boundaries in hydro- 
dynamics. (Received September 13, 1951.) 


APPLIED MATHEMATICS 


26. Gertrude Blanch: On the numerical solution of parabolic partial 
differential equations. y 


The equation treated has the form (8/8) = (81u/8x3) i t, €), with continuous 
initial and boundary conditions over a closed region of the x—# plane. To solve the 
equation by finite difference approximations, a lattice is introduced with intervals %4 
and k in the x and i-directions, respectively. It is known that if the finite difference 
approximation is of order two, then the latter converges to «(x, i) as k approaches zero, 
provided the mesh ratio, k/À*, is no greater than 1/2. For at least some difference 
approximations of order four, the mesh ratio can be as large as 2/3. The primary ob- 
jective of the present study is to seek that mesh ratio, for a given difference approxi- 
mation, which will lead to results that are within a given upper bound of error in the 
solution with the least amount of work. It is shown that the largest admissible mesh 
ratio is not always the moet economical one, and that much depends on the function 
S(z, t, #), the initial, and the boundary conditions. Five numerical examples are given 
to illustrate the analysis. In the process of computing, the technique recommended 

.by Hartree and Womersley of extrapolating an improved solution from two differ- 
ence approximations was tried with considerable succese. (Received September 13, 
1951.) 


27. W. C. Carter and G. L. Spencer: On the numerical solution of 
hyperbolic systems of partial differential equations with two character- ` 
istic directions. 

To find bounds for the truncation error in the numerical solution by difference 
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methods of the Cauchy problem for hyperbolic systems of partial differential equa- 
tions, a caréful examination is made of the details of H. Lewy's proof of convergence 
of the difference process to the actual solution (Math. Ann. vol. 98 (1927) pp. 179- 
191). The conditions for the existence of a solution are relaxed, and it is shown that 
the sequence of numerical solutions corresponding to decreasing mesh sire is uni- 
formly convergent. By considering the properties of a subsequence of difference solu- 
tions corresponding to mesh sizes k/2*, k fixed, extrapolation formulae giving im- 
proved numerical results are developed. Various approximation methods are con- 
sidered, and examples are given in the case of the supersonic axisymmetric irrotational 
flow of a compressible perfect fluid. (Received September. 10, 1951.) 


28i. E. A. Coddington: The stability of infinite differential systems 
assoctated with voriex strests. 


Consider the k-fold infinite linear system of differential equations (L): dp/dt 
= Ap, where A is a matrix whos elements Anm, #, m0, +1, +2,--+,arekxXk 
matrices of complex constants and A, — A, 4. If the elements of the matrix A, are 
the Fourler constants of continuous functions on [0, 1], one gives an integral repre- 
sentation of the ue analytic solution of (L) for any initial p'= (pe)C- Hs, i.e, 
lol] - (GL. NM 9| 511 æ, For b= 1 this was treated by Wintner. The sys- 
tem (L) is stable relative to oC Eh if for every solution p with this initial p’, 
lim sup,.. lloll X v, Necessary and sufficient conditions for stability are given. An 
application is made to a problem of von Kármán (Nach. Ges. Wise. Göttingen 
(1912) pp. 547-556) concerning parallel rows of vortices. The linearized problem re- 
sulting from perturbing two rows of vortices at (2#b+c, a), (2mb —c, —a) ia of type 
(L). If r —a/b, g=c/b, this system is shown to be unstable for q»41/2. Contrary to 
previous beliefs, éxsiabikty also occurs when q «1/2 even if r satisfies the necessary 
condition cosh’ xr*2. Further applications are considered (Received August 15, 
1951.) 


29i. Abolghassem Ghaffari: Supersonic flow and simple waves. 


This paper integrates, without using the theory of characteristics, the equations 
of plane irrotational flow of a perfect gas in the case when the hodograph is de- 
generated. Taking into account the conditions of continuity, zero rotation, and 
Bernoulli's equation, together with the fundamental assumption, which implies that 
the components of fluid velocity, # ahd v, are each a function of fluid speed w only, 
it is found that (dw/dw)?+- (de/dtw)*  w1/a*, where a is the local speed of sound. 
Moreover if # = —w ain ¢ and 9 t» coe $, where ¢ is the angle between w and yaris 
as in Meyer's notation (G. Taylor and W. Maccoll, Aerodynamics theory, ed. by 
Durand, vol. 3, div. H, chap. IV, 1935), one finds that (dé/dsy)! = (e! —a*) /seta?, so 
that the motion is necessarily supersonic. It is shown that the lines of equal speed, 
pressure (isobar) and density are aH straight Hines, although they are not necessarily 

- concurrent as in the original Prandtl-Meyer theory. Furthermore ¥ @ is the angle 
of slope of isobar and y —6—4, it is found that ¢=A~ tan“ (A tan y) —V; where 
dom (y — 1) 71 (y 3-1)! and y is the adiabatic index. The generalization of the Prandtl- 
Meyer wedge-soludion for the flow past an arbitrary fixed boundary is obtained an- 
alytically. (Received September 4, 1951.) 


30. L. E. Payne: The flow about bodses of revolution and mor 
electrostatics. 


The irrotational symmetric flow of an ideal incompressible fluid about certain 
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bodies of revolution is obtained by the method of generalized electrostatics developed 
by Weinstein (Proceedings of the Fourth Symposium in Applied Mathematics, 
American Mathematical Society, Fluid dynamics, 1951, in print). This method makes 
possible the determination -of the flow about a lens without requiring the multi- 
abeeted Riemann space employed by Shiffman and Spencer (Quarterly of Applied 
Mathematics vol. 5 (1947) pp. 270-288). The stream function for the lens is found to 
be expressible in terms of Legendre functions of the Mehler type. The method of 
generalired electrostatics is also used in the determination of the flow about various 
profiles in plane hydrodynamics. (Received September 12, 1951.) 


31. H. F. Weinberger: The intermediate problem and error estima- 
. Hon in the method of Weinstein. 


In a paper previously presented to the Society (Bull. Amer. Math. Soc. Abstract 
57-6-514), the author gave an estimate of the error in the upper bounds for eigen- 
values of an operator L in aspace QC 3€ obtained by the method of Weinstein. For 
this estimate, it was necessary to use the particular ath intermediate problem in the 
space ICG (fi, - - *, Pa) where p, is the projection into the subspace. P= KROQ of 
the sth ein of L in JC. It is found in applications, however, that it may be 
possible only to approximate p: by another vector fi, rather than to evaluate it 
exactly. For such cases, an estimate of the difference between the eigenvalues of L 
in KO (f, ^: *, Pa) and in £O (fy - --, fa) with fix, is obtained. This, then, 
sites upper andl lower bousdaiol the elata ul Ein © in pecie at cis eec va lues 
of Lin KO (fi, - * * , f). The latter can be évaluated by means of the Weinstein 
determinant. (Received September 12, 1951.) 


321. L. A. Zadeh and K. S. Miller: Generalised ideal filters. 


- The notation s = Nw signifies that »(/) is the response of a network N (linear or 
nonlinear) to a signal s&(i). NaN, represents a tandem combination of N, and Ni, 
with N, preceding Ns. Consider two classes of signals 9 and 9t both of which contain , 
the null element. A network N is called an ideal filter if N(u--») = for all NEM 
and s C 8t. (M and R are called, respectively, the acceptance and rejection manifolds 
of N.) An immediate consequence of this definition is thàt any ideal filter is idem- 
potent. The converse, however, is true only for linear filters. If N is an ideal filter 
(linear or nonlinear) and L is a nonsingular linear network, then LNL! is an ideal 
filter whose acceptance and rejection manifolds are L(8R) and L(9t) respectively. 
Physical applications of ideal filters to the filtration and simultaneous transmission 
. of signals are considered. (Received September 5, 1951.) 


'ToPorocvY 


33. W. H. Marlow: L$mis of funcitons on directed sels. I. Pre- 
liminary repert. 


If a is on the set of cofinal subsets of a directed set X to 24, dae dun 
Laea={\a(X,), intersection for all cofinal subsets X, of X, and L*a=f \a(X,), inter- 
section for all residual subsets X,, are defined to be the lower and upper kmis of a, 
respectively. (See J. Tukey, Comvergence and uniformity $n topology, Princeton, 1940, - 
for-meaning of 24, cofinal and residual.) If a and 8 are monotone nondecreasing 
(X CX, implies a(X»)C-a(X.)), a typical result involving the Boolean function aJ g 
is: (1) Le (a 8)C (Lea) (L*8). A partition of the points in L*(aX8) according to 
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. membership in the limits of a and 8 and L« (c\/8) is given and some properties of 
convergence (when Leam L*a) are developed. For f on X to 2%, Z a space with topo- 
logical function “i” (merely a function on 2* to 29), the lower and upper limits of f 
relaisse to t are defined by replacing a by the function whose value at the place X, is 
1f G9 x, C X.]) in the definitions of Lea and L*a, respectively. The previous re- 
sults apply if £(AVJ B) =tA\JtB or, in some cases, if t is only monotone nondecreasing. 
Then (1) specializes to limits of different functions on X or to limits of a single func- 
tion relative to different topological functions. (Received September 13, 1951.) 


341. W. H. Marlow: Limits of functions on directed sets.- IL Pre- 
liminary report. 


This is a continuation of Part I; After E. W. ciada, the upper limit of f 
on X to 25 relative to a Kuratowski closure function is called the Peano kimit of f, 
Lf. Since f and the function whose value at the place x C X Is Uc» zx] have the 
same Peaíío limits, properties of Lf, f arbitrary, follow from results for the case: 
x’ >x implies f(z)C- f(x). Conditions are obtained which are both necessary and suffi- 
cient for (Lj) VA r40, ACC Lf, LICA, and Lf =A when A is closed in a compact Haus- 
dorff space. A dominance relation for functions on directed sets is introduced and 
properties of directed families of open sets are exploited. Of central importance are 
functions whose domains contain residual subeeta upon which the null get is not a 
value. Functions on directed sets to compacta are treated and an extension of the 
“metric convergence" of Hausdorff (Mexgenlekre, Berlin, 1935) is made. Results of 
* this paper are shown-to be related to thoee of E. H. Moore and H. L. Smith, G. 
Birkhoff, and.others. (Received September 13, 1951.) 


L. W. COHEN, 
Associate Secretary 


THE NOVEMBER MEETING IN AUBURN 


The four hundred seventy-fourth meeting of the American Mathe- 
matical Society was held at Alabama Polytechnie Institute, Auburn, 
Alabama, on Friday and Saturday, November 23-24, 1951. The 
total attendance was 130 including the tollowang 66 members of the 
'* Society: - 

O. R. Ainsworth, M. G. Boyce, A. T. Brauer, R. K. Butz, H. E. Campbell, A. C. 
Cohen, Haskell Cohen, R. M. Conkling, J. C. Currie, V. E. Dietrich, F. G. Dressel, 
B. M. Drucker, W. L. Duren, Patrick Du Val, J. C. Eaves, M. W. Effron, D. O. 
Ellis, M. E. Estill, Tomlinson Fort, H. K. Fulmer, Wallace Givens, D. B. Goodner, 
E. H. Hadloch, B. F. Hadnot, E. V. Haynsworth, Nickolas Heerema, Melvin 
Henriksen, G. B. Huff, Ernest Ikenberry, J. L. Kelley, R. J. Koch, F. W. Kokomoor, 
G. B. Lang, R. J. Levit, F. A. Lewis, C. W. McArthur, Nathaniel Macon, G. W. 
Medlin, E. P. Miles, Knox Millsaps, Benjamin Ernest Mitchell, Benjamin Evans 
Mitchell, J. D. Morales, D. R. Morrison, W. V. Parker, E. H. Pearson, W. D. 
Peeples, A. S. Rayl, Herbert Robbins, J. H. Roberts, F. V. Rohde, W. A. Rutledge, 
H. D. Sprinkle, H. S. Stanley, H. E. Taylor, J. M. Thomas, H. S. Thurston, G. J. 
Trammell, B. O. Van Hook, T. L. Wade, J. H. Wahab, W. M. Whyburn, Ernest 
, Williams, G. N. Wollan, C. T. Yang, J. W. Young. 


By invitation of the Committee to Select Hour Speakers, for South- 
eastern Sectional Meetings, Professor H. E. Robbins of the Univer- 
sity of North Carolina and Professor J. L. Kelley of Tulane Univer- 
sity addressed the Society. Professor Robbins’ address, entitled 
Mathematical aspects of the sequential design of experiments, was de- 
livered at 8:00 r.m. on Friday, with Professor W. V. Parker presid- 
ing. The address by Professor Kelley, entitled Duality in algebraic 
analysts, was given at 10:00 a.m. on Saturday, with idi Tom- 
linson Fort presiding. 

Four sessions for the presentation of contributed papers were held 
on Friday afternoon and Saturday morning. Presiding officers for 
these sessions were Professor J. H. Roberts, F. W. Kokomoor, T. L. 
Wade, and W. L. Duren. 

President Ralph D. Draughon of Alabama Polytechnic Institute . 
extended greetings at the opening of the evening session on Friday. 
All in attendance at the meetings were guests of the host institution 
and its Department of Mathematics at a reception and social hour 
which followed the hour address on Friday evening. A resolution ex- 
pressing the appreciation of the Society to its hosts for the meeting 
was offered by Professor Tomlinson Fort and unanimoualy adopted. 

"Abstracts of the papers presented follow below. Abstracts whose, 
number are followed by the letter “#” were presented by title. Paper 
number 59 was read by Professor Dressel. Professor Strother was 
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introduced by Professor Wallace, Mr. Davis by Professor Brauer, 
Mr. Newton by Professor Fort, Mr. J. W. Ellis by Professor Pettis, 
and Professor Willoughby by Professor Whyburn. 


ALGEBRA AND THEORY oF NUMBERS 


35. A. T. Brauer: Limits for the characteristic roots of a matrix. IV. 
Applications to stochastic matrices. 


It is well known that the characteristic roots of a stochastic matrix A= (aa) 
lie in the circle |s| 31. The point s=1 is always a characteristic root. If A is un- 
reduced, then 1 is a simple root. Let a4, and a be the smallest elements of the main 
diagonal of A and uz Sau. It was proved by Fréchet (Publications de la Faculté des 
Sciences de l'Université Masaryk no. 178 (1933) pp. 1-24) that the characteristic 
roots of A lie in the circle |s—ar| S1—am. In this paper it is proved that the circle 
can be replaced by the oval of Cassini |s—an||s—ae| S(1—an)(1—au). Let 
hi, hc, Ae be arbitrary numbers and B the matrix (ana — M). Assume that A is 
icio MER It is shown that the roots of A coincide with those of B and have the 
same multiplicity for A and B, except that the simple root 1 of A is replaced by 
1—h —h-—-::: —hy. Therefore it is often possible to obtain better bounds for the 
nontrivial characteristic roots of A by applying the results of the first 3 parts of this 
paper (Duke Math. J. vol. 13 (1946) pp. 387-395; vol. 14 (1947) pp. 21-26; vol. 15 
(1948) pp. 871-877) to the matrix B instead of A. (Received October 9, 1951.) 


36t. Leonard Carlitz: A theorem of Glaisher. 


Glaisher (Quarterly Journal of Mathematics vol. 31 (1900) p. 325) showed that if 
(x4-1) (+2) +--+ (+p) xr t+ Art +++ HA, where p is a prime >3, 
then for 18£«21(p—1), Au/p™ —Bae/2p, Aseys/p? mm (244-1) Bas/4t (mod p). In the 
present paper the author (1) makes several new applications of Glaisher's formulas, 
(2) shows that Aúnm —((p—2s—1)/4#) p*Bas— (214-1) /22) 6 P i (0/48) BBs oe 
(mod #4), and (3) extends Glaisher's theorem to more general sequences. The generaliza- 
tion depends on the relation of the A; to Bernoulli number of higher order. (Received 
October 8, 1951.) 


. 37i. Leonard Carlitz: Congruences for the coeficients of hyperelliptic 
functions. 

In a previous paper (Duke Math. J. vol. 16 (1949) pp ates) the writer 
showed that if pal s = DOP axi and USES. a; stil, ae =h, 
then 27. , (— 1) Cs, " Qe suo n'90 (mod f) for m20, rei, het, and le 
integral (mod p). In the present paper similar results are obtained for the coefficients 
of hyperelliptic functions and more generally for functions g(x) with inverse of the 

type 24 tat™/m; however the modulus is now only p, where s 1271(r4-8--1)], 
ins k= [k/b]. Like results are also obtained for the coefficients of x/g(x). Re 


ceived October. 8, 1951.) F 


38i. Leonard Carlitz: Some congruences for the Bernoulli numbers. 


Vandiver (Duke Math. J. vol. 5 (1939) pp. 548-551) proved that 
i (7 0C. Boca m0 (mod 277) for p>2, k>0, r>0, h+r<p—1. In the 
present paper it is shown by a somewhat different method that ae (—1) G. Bs i o) 
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x0. (nod 2); whas wsüs DO) Sr SEA <p: Te dabo hom dut 
Tori orden ea eui gu atia (mod #) for r«p—1, and that 
Batp-n+1/p—1m0 (mod p”) for f| m. (Received October 8, 1951.) 


39. J. C. Currie: Canonical forms for the Lorents-Hermitian matrix. 
Preliminary report. 


A simple, purely algebraic derivation is given for the diagonal or near diagonal 
caponical forms for the Lorentz-Hermitian matrix. (Received October 5, 1951.) 


40. A. S. Davis: The Euler-Fermat theorem for matrices. 


Let A be a square matrix of order s with integral rational eléments whose de- 
terminant is relatively prime to the prime number p. J. B. Marshall (Proceedings of 
the Edinburgh Mathematical Society (2) vol. 6 (1939-1941) pp. 85-91) determined 
an exponent g such that Atm (mod p) for every A, where I is the unit matrix, and 
proved that for certain small values of p and x this exponent is the smallest possible, 
I. Niven (Duke Math. J. vol. 15 (1949) pp. 823-825) showed that Marshall’s ex- 
ponent is always the best possible. In this paper this problem is generalized for 
arbitrary moduli m. It is shown that an exponent t$ exists such that A” m 7 (mod w) 
for every A and it is proved that w is the best possible exponent. (Received July 17, 
1951.) 


41. V. E. Dietrich: Algebras of finite projecisve planes from incidence 

For each ordering of lines of each of two pencils and points of the line of centers 
there is associated a unique standard incidence matrix. A block submatrix is desig- 
nated the kernal. The elements of the kernel are order # permutation matrices, Each 
element of the first column and first row of the kernel is I.. Each of the remaining 
rows and columns, designated row sets and cols sets, corresponds to a set of singly 
transitive permutations on s lettera. For a fixed y-axis, origin, and ideal line, every 
coordina tization of the affine p possesses a ternary relation reducible to two binary 
relations, addsison and wulHpk. , if and only if each column set of the correspond- 
ing kernel is isomorphic to the additive set which is then a group. Multiplication is 
right-distributive over addition if and only if the column sets are automorphisms 
of a group, which further implies that the additive group is abelian of type 
(5, b, ` * +, 2). Necessary and sufficient conditions on the kernel for commutativity, 
for associativity, and for left-distributivity of multiplication then imply the plane is 
Desarguesian. Using a result of Wedderburn's allows omission of either commutativity 
or left-distributivity. (Recetved October 8, 1951.) 


42t. J. C. Eaves: On the skeletons and characteristic roots ae sets of 
matrices having a delayed commutativity property. 


If A, B, c- + is a finite set of #X# commutative matrices having elements in a 
field and having characteristic roots a, Bu» y, * * * ($71, 2,* * * , #) respectively 
and if f(x, y, z, * * +) is any rational function, then by a well known theorem due to 
Frobenius the characteristic roots of the matrix f(A, B, C, * ++) are flan B, y, * * *) 
(gui, 2,---, w). This property of the characteristic roots is called the property 
“p.” McCoy introduced a type of delayed commutativity in his quasi-commutative 
matrices which he showed also possess the *p* property. In this paper some pairs 
and some finite sets of matrices having & delayed type of commutativity and possessing 
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"finite chains of commutes are considered and are shown to have the “p ” property. A 
generaliration is given for a finite set of quasi-commutative matrices. (Received 
October 10, 1951.) f v 


43i. D. O. Ellis: On immediate inclusion in partially ordered sets 
and the construction of homology groups for metric lattices. 

In this note conditions are found which characterize the immediate inclusion rela- 
tions arising from partial orderings of a set among binary relations on the set. Char- 
acterirations of modularity and distributivity are given in lattices in terms of im- 
mediate inclusion. It is shown how the chains of elements of a given norm in a normed 
distributive lattice may be formed and the boundary operator mapping the group of 
f-chains onto a subgroup of the q-cheins (the face relation being immediate preces- 
sion) may be defined for q <p in case the lattice has the finite ascending chain condi- 
tion. Añ additional condition is imposed under which the -bounding g-chains are 
q-cycles for the r-chains for r «q« so that homology groups Hy, may be defined. 
The methods are elementary in nature. (Received September 10, 1951.) 


-44. D. O. Ellis: Remarks on tsotoptes. 


One considers property g. A. of a groupoid G(*), namely the possession of four 
permutations P, Q, R, and S so that xP*yQ =yR*xS, One finds: (1) If G(*) has smit 
e, and is g. A., there is a permutation V so that x*yyV-1*z V, the set {6V*}, w—0, 
+1, £2, +--+, is a subgroup of G(*), and if eV is idempotent, G(*) is AbsHan. (2) A 
unit possessing semigroup which is g. A. is Abelian. (3) A quastgroup (finie groupoid 
with left and right nonsingular elements) is isotopic to am Abelian group (Abekas 
semigroup) if and only if it is g. A. and associdteve in the sense of Evans (J. London Math. 
Soc. vol. 25 (1950) pp. 196—201). It is also shown that: (4) Two semilatiices are isotopic 
tf and only tf they are isomorphic. (5) A semilattice admits a second operation to form 
SCE Oe On ARN SIGN a GU Ean eS 
are tsomorphic. (Received August 6, 1951.) 


45. Wallace Givens: Fields of values of a mairix. 


Given a square matrix A and a positive definite Hermitian matrix H, the field of 
values of A with respect to H, F(A), is the set of all complex numbers 
(x, Ax)n/(x, x)g, where x is an arbitrary nonzero vector and (x, y) -x"H y is the 
inner product in the metric defined by H. It is shown that: (1) Fa(A) = F;(B) where 
Iis the unit matrix and B is a matrix similar to A; (2) if A has a nonsimple elementary 
divisor with root à, then à is an interior point of Fg(A) for every H; (3) if A and H 
are simultaneously decomposable, Fg(A) is the minimum convex set containing the 
component regions; (4) the intersection of the Fz(A) for all H is the minimum convex 
polygon P(A) containing all the roots of A; (5) a neceseary and sufficient condition 


^ 


for Fg(A) —P(A) for some H is that the elementary divisors corresponding to roots ` 


lying on the boundary of P(A) shall all be simple. (Received Octobér 11, 1951.) 


46. Emilie V. JEisssisworihs Bounds for determinants with dominant 
main diagonal. 

Let D be a determinant of order # for which the absolute value of each element an 
in the main diagonal is greater than or equal to the sum of the absolute values of all 
other elements a in the same row. In a large number of papers bounds have been ob- 
tained for such determinants. (For references to the literature on such determinants, 
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see the paper by O. Tauseky, A recurring theorem on determmanis, Amer. Math. 
` Monthly vol. 56 (1949) pp. 672-676.) Recently G. B. Price, Proceedings of the 
American Mathematical Society vol. 2 (1951) Je Sd has improved these 
resulta in the following manner: Set d? = |au| — los] and S= |an] 
Erama loul. Then |D] zan Mie dS, and’ p SP. In this 
pa e following lower bound is obtained: |D| Zan des lol) 
"He In , d" ]. Similarly, a better upper sepe Moreover, some 
related theorems on déterminants with relatively large main diagonals are proved, 
and applications made to the characteristic roots of a matrix. (Received October 8, 
1951.) 


47. G. B. Huff: OR URAC A: SHED INCL ALES OOM DOL ROR 
4n i. 

If A is a square matrix with elementa from a field F of complex numbers, there 
may exist a matric polynomial F(X) such that 4!» F(#) for every rational integer i. 
This paper studies the implications of the definition A°=F(C), where A has the 
property described above and C is a square matrix. It is shown that under appropriate 
conditions the usual laws hold and applications are indicated. (Received October 1, 
1951.) 


48. R. J. Levit: The minimax solutions of a system of linear equa- 
tions. 
Lat deuote thie totality ot reel solutiona a (si, * * 7, Xa) of a consistent system 


of linear equations, Li, Gut, mb, i=1, -+ +, m, with real coefficients. If max | xj], 
j-1,-* Sg, basa si imas values fardnin 5, a ip called the ma ofS: and 
seti 25.0 Called a minimas colon of Hic piren de mae [6° | = p, In the 


case of a single equation, explicit expressions for p and x* are known. (See H. Rade- ` 
macher and I. Schoenberg, Canadian Journal of Mathematics vol. 2 (1950) pp. 251- 
252.) In the present paper the existence of a minimax solution is established for the 
general linear system and explicit expressions for p and x* are obtained. The result is 
then used to generalize some theorems of C. de la Vallée Poussin concerning best 
approximation to functions on finite sets. (See his monograph, Leçons sur approxi- 
salon des fonctions d'une variable reelle, pp. 78-86, Paris, 1919.) (Received October 
11, 1951.) 


49. Nathaniel Macon: On the approximation of irrational numbers. 


Let a be irrational and £ real. Denote by x«i (/) the smallest integer x such that 
there exists an integer y with 1 Sx Stand | ax—>| <1/t Denote the consecutive values 
Of Xen (f) 8&0 obtained by zo 1 «xi «x3 € * * * and the corresponding values of y and t 
accordingly. Kokama [Mathematica vol. 6 (1938) pp. 113-143] proved that at least 
, one of the three inequalities z;/1, > (4+-A 49 (imn, s--1, 4-2) holds fpr any ^ such 

that Ama ™ (Tapa —Xa)/fa ^. He showed that a well known theorem of Borel [J. 
Math. Pures Appl. (5) vol. 9 (1903) pp. 329—375] for the convergents of the expansion 
of a as a regular continued fraction is contained in the case A=1. It is proved here, 
without used of continued fractions, that either at least two of the inequalities x,/} 
>S! ($j—5»—2, & 1, +++, 8-2) oc else z,/1,7 3. This is the analogue of a theorem 
of Brauer and Macon fine J. Math. vol. 71 (1949) pp. 349-361] for the convergents 
of the continued fraction a. (Recetved October 12, 1951.) 
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50. G. W. Medlin: Bounds for the imaginary characteristic roots of 
real mairices. 


A. Brauer [Duke Math. J. vol. 14 (1947) pp. 21-26] has shown that each char- 
acteristic root of the matrix A = (a) must lie in the interior or on the boundary of at 
least one of the »(1—1)/2 ovals |s- — tr] [s-a] SP.P, where P,+ |a4| is the 
sum of the abeolute values of the elements of the rth row. In a paper presented at the 
symposium of the Institute for Numerical Analysis at Los Angeles in August 1951, 
he obtained other ovals containing the roots which often are smaller. (Moreover, he 
will present an improvement of this result for the real characteristic roots of real 
matrices at the meeting of the American Mathematical Society at Washington in 
October. It will be shown in this paper that one of Brauer's methods for obtaining 
bounds for the real roots can be modified so that new bounds are obtained for the 
imaginary roots of real matrices. These are often better than Brauer’s bounds. (Re- 
ceived October 8, 1951.) : 


51. Benjamin Evans Mitchell: A canonical form for tionderogotory 
matrices under untiary transformation. 


Techniques of the theory of groupe with operators are applied to show that any 
complex matrix A may be unitarily ariris to a triangular matrix with unique 
nonderogatory diagonal blocks 4;, > * * , Aa where A, bas only one distinct character- 
ieee aat and Hav postticr deniers ihe dinoat below the main diagonal. Moreover 
the Jordan normal form of A is A=B} > +- +B, where A, is similar to B, for 
i-1, ; k. Let A be unitarily equivalent to T, and also to Ts where T; and Tı 
ains us uis lic foeni acie ocn ceo Dci do see, Ap 
Then if no two A; have the same characteristic root, any unitary matrix U such that 
T,0 = UT; is a diagonal matrix. Thus if A is nonderogatory, the absolute value of all 
elements below the diagonal blocks in the above triangular form is invariant, and 
hence by a simple convention a unique triangular canonical form is given fpr a speci- 
fied ordering of the characteristic roots. (Received October 5, 1951.) 


52. D. R. Morrison: Bs-regular rings and the ideal lattice ssomor- 
phisms. 


Generalizing an obeervation of Foster, the set R* of idempotent elements in the 
center of a ring R is a Boolean ring under a modified addition and ring multiplication. 
If is an ideal of R, then I*is an ideal of R°, If J is an ideal of R*, then RJ is an ideal 
of R and (RJ)*«—J. A necessary and sufficient condition that RI*=I for each ideal 
I of R is that every principal ideal of R have a unit element, or, in the terminology of 
Arens and Kaplansky, that R be bi-regular. Thus in the bi-regular case, the (prin- 
cipal) ideal lattices of R and R? are lattice-isomorphic. It follows that every theorem 
on Boolean rings which is expreseible in terms of the ideal and principal-ideal lattices 
is extended immediately to bi-regular rings. A corollary is Arens afd Kaplansky's 
extension to bi-regular rings of Stone’s “mathematical equivalence" between Boolean 
rings and Boolean spaces. Relationships are established between the homomorphisms 
and subdirect sum representations of R and of R°. (Received October 11, 1951.) 


53. Erna H. Pearson: On certain fesse as Dtophantine 
equations. Preliminary report. . 
_ The congruence 1--A4X*mBY* (mod P), where p is a prime of the form 1--, 
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and (AB, $)=1, is considered. If g is a primitive root of p, this congruence may be 
written 1+g4*mpy (mod $), where Amg™; Bmpgit*; xmpX; yp" ¥; OSt<c; 
and 0 3j «v. The author determines the number of solutions of the congruence for a 
given f or j when (XY, p) =1, and the conditions on $ and j for solutions when (XY, p) 
‘ep, If no solutions exist for a given (4, J), and (d, f) =1, there are no integral solu- 
tions of the Diophantine equation (d--hi) + (dg*+-Iap)x* — (dg +p) —-0. The au- 
thor also carried out computations for certain primes of the above form with »=5, 7, 
11, and 13, and noted the number of solutions of the congruence for given ($, d 
(Received October 10, 1951.) 


54. J. H. Wahab: Some new cases of irreducibility Jor Legendre poly- 
nomials. 


Holt (Proc. London Math. Soc. vd it (1912-1913) pp. 351-356 and vol. 12 
(1913) pp. 126-132) proved the Legendre polynomial P,(x) of degree » irreducible 
for #2», 2*--1, and for certain degrees near odd primes or twice odd primes. Ille 
(Thesis, Abstract in Jahrbuch der Diseertationen der Universitat Berlin (1924)) . 
established irreducibility for s = (p —1)fp* (p, odd prime) and completed Holt's proof 
that e pure quadratic factor can not exist. In this paper a theorem of Grosswald 
(Proceedings of the American Mathematical Society vol. 1 (1950) pp. 553-554) is 
used to prove: (1) If P,(x) is reducible and if # and the degree of each factor are 
< expressed as the sums of different powers of two, then each power of two used in 

the expression for # will occur once, and only once, among the terms in the representa- 
tions of the degrees of the factors; (2) Only polynomials in x! are possible factors; (3) 
P,(x) is irreducible for s=t:2"-+0, 1, 2, 3 (¢<19) and for some new cases near an 
odd prime or twice an odd prime; (4) There are only nine P(x) (1 3500) not known 
to be irreducible. (Received July 5, 1951.) 

55. R. A. Willoughby: p-algebras. 

A. L. Foster has studied p-rings in connection with his general K-ality theories 
and has shown that each p-ring is related to a certain “p-algebra” by an inter-equa- 
tional bond which generalizes the Boolean (f 72) case. The primitive operations of a 
p-algebra, realized in the (corresponding) p-ring, are x, =the ring multiplication, 
and ^, the unary operation defined by a^ 1--a. The purpose of this paper is to 
present a set of postulates for p-algebras and to study certain of their intrinsic prop- 
erties, The postulates are essentially in equational form and, in fact, the equations 
satisfied over a general p-algebra are shown to be just those satisfied over the simplest 
case (=the p-algebra corresponding to the field of residues mod £). In this study the 
"normal representation theorem” discovered by Foster constitutes a basic tool. The 
initial additive form of this theorem is here shown to-have a convenient mültiplica- 
tive adaptation. A second important tool is developed in the form of certain cancella- 

- tion and substitution laws. (Received October 10, 1951.) 


ANALYSIS - 
56. J. W. Ellis: A general set-separation theorem. 


~ The result in this paper has as applications Stone's theorem on ideals in distribu- 
tive lattices, Tukey's theorem on separation of convex sets, and a theorem of Klee's 
- on cones in linear topological spaces. Let & denote the collection of all subsets of a set 
S. Let $ be a function on & to & satisfying: (i) for all A, 9(4) 2A; (ii) for all A, 
ele(a) JCeG0; Gi) &(4) e U(&(P): F finite, FCA}; (v) if PES and F is finite, 


- 
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(FU {p}))CU[s({a}U {p}): aC e(F)]. Let v be another function, also satisfying 
(iv), related to ¢ in such a way that, if aC y((5] U {c}) and Eel {e} V {c}), 
then lfa} U (e) w((b] U (3]) vA. Then if ¢(4) - A and (B) =B, and A \B =A, 
there are sets ADA and B’_)B such that e(A^) =A’, ¥(B) =B’, A ' ABA, and 
AAJB' =s. (Received October 11, 1951.) 


57. Tomlinson Fort: Reducibihty of differential equations. Prelim- 


inary report. j e 

In this abetract consideration is given only to the third order equation. Generaliza- 
tion to the sth order equation will be given in the paper. The equation y” -fi(x)y" 
t fx(x)y 4-bi(x) y - 0 where p(x), p(s), p(x) are continuous when a Sx <b is called 
reducible over this interval if it has two solutions * and * which constitute a funda- 
mental system of solutions of an equation ¥’+Pi(x)y’+Pa(x)y=0 where Pi(x), 
P(x) are continuous over a Sx $5. Necessary and sufficient conditions for reducibility 
are obtained involving differential equations. Sufficient conditions are obtained in- 
volving f1(x), p(x), p:(%) alone. (Received October 5, 1951.) 


58% R. E. Fullerton: Or the rectification of contours of a Fréchet 
surface. : : 
pass E EE er z-(t), sx [0, 1;0, 1] from Ea 
to Es and let f be a real-valued Lipechitzian function on [S], the set of points occupied 
by S. Let the contour 87 be the boundary of the set 8, — E[wC- [0, 1; 01] |f(x(w)) <1]. 
Let {4} be any countable set of real numbers with minzc ym f(x) <h « maxec w f(x), 
$71,2,:- -, for which the length of each y is finite in the sense defined by Cesari 
(Bull. Amer. Math. Soc. Abstract 57-3-188). It is shown that there exists a mapping 
T" Fréchet equivalent to Tee whlch Sack Pew plomo arta) the c gl hte 

lengths i is finite. (Received October 8, 1951.) 


59. J. J. Gergen and F. G. Dressel: Wanne: for p-regular map- 
ping. 

Let T be a circle about the origin, and let S be the interior of T. Let S be a finite 
domain whose boundary is a simple, closed, rectifiable curve. Let p(x, y) be real, 
positive, and continuous on S--T', and have continuous bounded derivatives ps, by 
on S. In a previous paper (Duke Math. J. vol. 18 (1951) pp. 185-210) the authors- 
obtained a generalization of the existence part of the Riemann mapping theorem for 
equations Pu, = ty, py ™ —v,, and domains S and S. In the present paper uniqueness 
results are obtained. (Received October 8, 1951.) 


60. B. F. Hadnot: Note on a class of series. 


Consider the series (1) 27 , cag(s-+x) wi", where for fixed s, g(s--m)s ^i' has a 
determinate asymptotic representation by means of a power series in 1/m. For a 
particular class of functions g(s) with the mentioned property for g(s--m)s ^, the 
author has established theorems relative to convergence, uniform convergence, and 
the analytic character of the function represented by the series a (Received 
October 10, 1951.) 


61. E. P. Miles: unon functions in 3-spacs A by -ana- 
lytic functions of a hypervariable. Preliminary report. 
Let tmix-+jyt+hs where P—4 ij=jimj, sh ki-k, mk, and jk-kj- — A 
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function f() -$U(x, y, s) +3 Vla, y, s) +k W (2, y, s) is said to be an analytic function 
of the hypervariable ¢ provided U,— Vy= Wn Uy= Vyr — We, and Usm — V, — Wy. 
The components U, V, and W satisfy ViU = —V!y -V3W; hence U--V, V+W, and 
their difference U — W are harmonic. The functions ($4-7)/ (£, (j--k)f(£), and (k —€)f(t) 
where f(?) is analytic have harmonic components. i where s is a positive integer is 
analytic with derivative wi*^!. The ordinary sum, product, and quotient laws for 
differentiation hold, where quotients are defined with the aid of a multiplicative 
conjugate and a generalized abeolute value. The conjugate for f, F=4(x*+-ys) 
4+j(—s'—xy)+h(y'—2s), and the generalized cnl value, |i] =i -y+ 
-F3xyx)!*, satisfy the equations «e |t|», |?| = tl, Œ= i|% and [¢]*—(e—y+s) 

(1147+ -y — 1-92). The function 1/1 1/| t| * is analytic except at points of the 
plane x —y4-s 0 and the normal to this plane at the origin. Analytic functions of a 
complex variable of the exponential and trigonometric type expandable in a Mc- 
Laurin's series are readily generalized to analytic functions of t. (Received October 8, 
1951.) . 


62. T. A. Newton: Application of extended summation by parts. 


An extended summation by perts formula is developed by considering the expres 
sion J aA}. A particular transformation for power serles is then obtained which 
in many cases gives a closed expression for the sum of a power serles. Applying this 
formula to the series 2 ^, , (*)s* yields properties of this series that are analogous to 
certain properties of the gamma function. Also, it is found that Euler’s transforma- 
tion is a particular case of this transformation for power series. (Received October 
10, 1951.) 


63i. B. J. Pettis: Certain subalgebras of Boolean algebras. 


This paper is concerned with the relations between certain subalgebras generated 
by an arbitrary subset E of a Boolean algebra A. By means of a theorem involving 
an abstract space admitting a family of binary operations, previous results due to 
Sierpinski, Saks, von Neumann, and Ambrose concerning representations for the 
Cane by E are obtained and in some cases improved. (Received October 
12, 1951.) 


64. J. W. Young: Nonclassical orthogonal polynomials. 


Investigation is made of the conditions under which the clasa of second order 
homogeneous linear differential equations (Aix H-- Asx**9) y^ --(Bixt t - Bert) y, 
+ [L(a + Li (n)2* |y = 0 possesses orthogonal polynomial solutions. It is shown that 
the classical orthogonal polynomials, such as those of Legendre, Hermite, and 
Laguerre, are contained as special cases. Particular attention is given to the non- 
classical orthogonal polynomial solutions obtained when Li(wm)-XiL(wm), La(w) 
= KL (n). It is found that there are two general types of such solutions, one of order 
- and subdegree near in », and having an algebraic weight function and finite interval 
of orthogonality; the other of order quadratic in s, and subdegree linear in s», and 
having a transcendental weight function and semi-infinite interval of orthogonality. 
With suitable restrictions, derivative definitions and integrated square formulas are 
obtained for these solutions. Certain other properties of interest in these solutions 
are also considered. (Received October 11, 1951.) 


APPLIED MATHEMATICS 
65. O. R. Ainsworth: Asymptotic evaluation of displacements in one 


- 
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elastic medium due to a P-wave point source in a second elastic medium. 


A P-wave point source is located (0, 0, a) in an isotropic, elastic, medium occupy- 
ing s>0. A second medium occupies s<0, and is contiguous to the first medium 
along s=0. The displacements due to this source are computed asymptotically when 
the paint of observation is far removed from the origin and is in the second medium at 
a distance of the order of a. (Received October 9, 1951.) 


66. Ernest Ikenberry: On the significance of the arbitrary parameters 
_entering into a Bruns’ series expansion of the disiribuison function in 
phase space. Preliminary report. 


The parameters k, (q, #) in the Hermite polynomials H,(k f) in a Bruns’ series 
expansion of f(q, p, t) are of no physical significance, since 6f/8h, =0, the distribution 
function being independent of any particular mode of representation (J. of Chem. 
Phys. vol. 19 (1951) pp. 467-470). From the properties of the operator D and the 
Liouville equation Df —0 there is readily obtained, for any suitable function Q(q, p, t), 
D(fQ) -f/DQ--QDf -fDQ. Likewise, D,(fQ) =fD4Q, where the operator D, is defined 
by D= Dıt $, (Dk)0/8R,. The infinite set of partial differential equations which 
the coefficients in the Bruns’ series satisfy are obtainable by choosing Q’s which are 
products of Hermite polynomials H.(kp,) and integrating the two members of 
the preceding relation over momentum space. These coefficients are functions of the 
h(g, #), but the preceding relation shows that the partial differential equations are 
formally independent of the manner in which the &, depend upon. the position co- 
ordinates and the time. In solving the partial differential equations, there is no lows of 
generality in treating the b, as constants. (Recetved October 8, 1951.) 


GEOMETRY 
67. Patrick Du Val: Loci whose curvé sections are hyperellipiic. — - 


This study is of the algebraic k-fold "Hy of order w, not generated by œ’ [k]s, 
whose general curve section is hyperelliptic and of genus r (expanding classical work 
of Castelnuovo, Rend. Circ. Mat. Palermo vol.4 (1890), and Enriques, Rend. Accad. 
Lincei vol. 2 (1893), on the cases k —2, 3 respectively). "Hj is rational, and normal in 
[5—»--k —1], and has a unique pencil of (k—1)-dimensional quadrics, tracing the 
canonical involution on the general.curve section; the ambient [bls of these gen- 
erate a normal (&+1)-fold of order s —x--1, of which "Hy is the residual section by 
a quadric through » —2x —2 [k]s (or for #<2r+2, is coresidual to a quadric 
section plus 2x4-2—» [&]s). If there is a point common to all quadrics of the 
pencil, this is a (w-+1)-ple point of *Hy. The necessary and sufficient condition for 
TH} to be the projection of "H}"* from a simple point of itself is that a quadric of the 
pencil breaks up into a pair of [h—1]s. If “Hy is not a cone, then either » 32x 4-2, 
or &*«2x-H3, kx+4, or n+2k a4x 4-8. (Received October 9, 1951.) 


68. Benjamin Ernest Mitchell: Realization of the quaternion. 


The quaternion, being a four-dimensional concept, transcends intuitional percep- 
tion. However, four perfectly good "views" may be had of it in four mutually 
orthogonal planes after the manner of the descriptive geometry. Furthermore, one 
may consider two of these four planes Gaussian and thus achieve an analytical real- 
ization of the quaternion through a one-to-one lineo-linear transformation of either 
of these planes into the other. And finally the quaternion is co-dimensional with the 
line joining two points in the complex projective plane which in turn at the hand of 
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Laguerre has received intuitive representation in an ordered ree! point-pair. (Re- 
ceived October 8, 1951.) . 


STATISTICS AND PROBABILITY 


'69. A. C. Cohen: The truncated Poisson disiribulon. Preliminary 
report. 


Consider a random sample from a Poiseon frequency distribution, f(x) ee *w*/xl, 
which is truncated at known terminal points. Using the principle of maximum likeli- 
hood, equations are derived for estimating the parameter m, both (1) when the 
number of unmeasured (missing) observations is unknown and (2) when the number 
of unmeasured observations is known. The results obtained are applicable to samples 
from which either one or both tails have been truncated. (Received October 10, 1951.) 


TOPOLOGY 


+ T0. Haskell Cohen: Codimenston. I. 


Let X be a compact space, and let G be the coefficient group for the Alexander- 

` Kolmogoroff cohomology groupe. Cd(X), the codimension of X, is defined to be the 
greatest lower bound of those integers » such that every element of H*(A) is extend- 

able to H*(X) for each closed subset A in X. It is shown that the sum theorem for 

closed sets holds, and also that cd(X XI) =—1-+cd(X). The definition is extended to 

include the codimension:of locally compact spaces and the codimension of the pair 

(X, Xe) where X, is a closed subset of X. It is shown that the theorems mentioned 

above hold in the latter two cases as well. (Received October 10, 1951.) 


71t. S. T. Hu: On finite-dimenstonal compact connected groups. 


Let G be a finite-dimensional compact connected group and Ge a closed connected 
subgroup of G. It is well known that there is a totally disconnected closed central 
normal subgroup Z of G such that the quotient group M=G/Z is a Lie group. Let 
k: G—M denote the natural projection and let Me™ k(Ga). The main theorem of the 
paper states that the Cech cohomology ring H(G/Go) of the homogeneous space 
G/Go with real coefficients is isomorphic with H(M/Mo) of the homogeneous space 
M/M of the compact connected Lie group M over its closed connected Lie sube 
group Ms. In particular, if Ge reduces to the neutral element e of G, then H(G) rs H(M). 
Numerous applications are given in the paper; moet of them are the generalizations 
: _ of the theorems proved for compact connected Lie groups by H. Hopf and his school. 
(Received September 21, 1951.) 


72. W. L. Strother: Fixed point theorems for multi-valued functions. 


This paper gives a definition of continulty and two fixed-point theorems for 
multi-valued functions, Theorem one states that every continuous multi-valued 
* function on the closed unit interval to itself has a fixed point. Theorem two states 
that every multi-valued function on a Tychonoff cube to itself which is continuous 
and satisfies one additional condition has a fixed point. Whether the product of 
spaces with the fixed point property for single-valued functions necessarily has the 
fixed point property is'an open question. Theorem one above is used to answer this 
in the negative for multi-valued functions. (Received October 10, 1951.) 
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-73t. A. D. Wallace: An addition lorem for maps. 


Special cases of the following result are known. Let X =X X, A= Xi MX, 
where X; and X are closed. Let f: (X, 4) (Y, B) be maps ($—1, 2) such that 
AGOQCBORQG and fil A fal A. Define f Vf by (Gh Vf9| Xi -fi| Xi and (5 V2] Xs 
-fi| Xs Then VA: (X, 4)-(Y, B) is a map such that Vf)" =f +fy if X is fully 
normal or X is locally compact Hausdorff and F(A) is compact. Here the * denotes 
the induced homomorphism of the Alexander-Kolmogoroff cohomology groupe. 
Suppoee (for example) that Y is a group and that B is the identity element. Then 
(i: f)* = ff +5. This is the analogue for cohomology of the commutativity of the 
homotopy groupe of a group. (Received October 10, 1951.) 


74. C. T. Yang: Open maps and homomorphisms. 


Floyd [Ann. of Math. vol. 51 (1950) p. 573] characterized light open mape as 
follows: Let X and Y be connected, locally connected compacta and let f be a light 
map of X onto Y, then f is open if and only if for any connected open set V in Y and 
any component U in (V), f*:H' (V, V/V)-4H'(U, U/U) isan isomorphism into, 
where the cohomology groups are the Cech groupe with integral coefficiente. By 
means of the construction of the Alexander-Kolmogoroff groupe a direct proof of 
this characterization is given without involving the homotopy clasees of maps into 
the unit circle and the result is slightly generalized. For instance, the cohomology 
groups can be taken as the Alexander-Kolmogoroff groups with coefficients in & 
nontrivial additive abelian group without torsion and either (i) compact Hausdorff 
spaces replace compacta or (ii) delete the compactnese of X and Y and let f be closed. 
Further, the dual of a theorem of Whyburn [Duke Math. J. vol. 4 (1938) p. 8] 
follows as a corollary. (Received October 10, 1951.) : 


W. M. WEYBURN, 
Associate Secretary 
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THE DECEMBER MEETING IN PASADENA 


The four hundred seventy-sixth meeting of the American Mathe- 
matical Society was held at the California Institute of Technology, 
Pagadena, California, on Saturday, December 1, 1951. Approximately 
140 persons attended, including the following 89 members of the 
Society: 

O. W. Albert, H. L. Alder, T. M. Apostol, Richard Arens, M. M. Beenken, Clif- 


ford Bell; M. C. Bergen, Benjamin Bernholtz, H. F. Bohnenblust, J. V. Breakwell, 
R. E. Bruce, Herbert Busemann, W. D. Cairns, Paul Civin, P. H. Daus, Robert 


- Davies, A. C. Davis, E. A. Davis, R. Y. Dean, D. B. Dekker, A. H. Diamond, R. P. 


Dilworth, Milton Drandell, Roy Dubisch, D. G. Duncan, W. D. Duthie, H. A. Dye, 
Arthur Erdélyi, Harley Flanders, G. E. Forsythe, O. A. Groes, G. J. Haltiner, 
H. J. Hamilton, V. C. Harris, A. R. Harvey, L. A. Henkin, A. D. Hestenes, M. R. 
Heetenes, P. G. Hodge, P. G. Hoel, Alfred Horn, D. H. Hyera, J. R. Jackson, C. G. 
Jaeger, P. B. Johnson, D. H. Lehmer, M. M. Lemme, J. W. Lindsay, Y. L. Luke, 
J. L. McGregor, J. C. C. McKinsey, M. W. Maxfield, C. B. Morrey, T. S. Motakin, 
J. W. Odle, Barrett O'Neill, R. S. Pierce, D. H. Potts, W. T. Puckett, Edgar Reich, 
J. B. Robinson, R. M. Robinson, P. G. Rooney, Herman Rubin, I. J. Schoenberg, 
Raymond Sedney, Seymour Sherman, G. E. F. Sherwood, I. S. Sokolnikoff, R. H. 


-Sorgenfrey, M. L. Stein, Robert Steinberg, E. G. Straus, A. C. Sugar, J. D. Swift, 
~ Alfred Tarski, A. E. Taylor, F. B. Thompson, D. L. Thomsen, F. A. Valentine, R. 


L. Vaught, Morgan Ward, W. R. Wasow, M. A. Weber, J. G. Wendel, P. A. White, 
A. L. Whiteman, Frantilek Wolf, F. H. Young. 


By invitation of the Committee to Select Hour Speakers for Far 
Western Sectional Meetings, Professor J. C. C. McKinsey of Stan- 
ford University delivered at 11:00 a.m. an address entitled Noitoss 
and problems of game theory. Professor McKinsey was introduced by 
Professor H. F., Bohnenblust. There were sesaions for contributed 
papers in the morning and afternoon, presided over by Professors A. 
E. Taylor, D. H. Lehmer, and C. B. Morrey. Following the meetings, 
those attending were guests at tea in the Athenaeum. 

Following are abstracts of papers presented at the meeting. Papers 
with abstract numbers followed by “#” were presented by title. Paper 
number 96 was presented by Professor Hodge and number 85 by 
Mr. Thompson. Professor Kalicki was introduced by Professor Alfred 
Tarski, and Dr. Selmer by Professor T. M. Apostol. 


ALGEBRA AND THEORY OF NUMBERS 


75. T. M. Apostol: Theorems on generalised Dedekind sums. - 


The sums in question are defined by s,(h; kh) = =D (p/k) By(hu/k), where B,(x) 
is the pth Bernoulli function and b and & are relatively prime integers. For odd p» 1, 
the author derives the formula (1): sph, k) eipl(2ik) > 2 i cot (rhu/h)t(p, u/b), 
where r(s, a) is the Hurwitz xeta function, defined for Rs) >1 by the series 
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La (+a). Formüla (1) is then applied to give an analytic proof of the reciprocity 
law for s,(h, b). If p is allowed to tend fo 1 in (t), the second member tends to 
— (2k) À 2r cot (hu /k)I’(u/k)/T(u/k), which is shown to be equivalent to an ex-' 
- pression obtained by Rademacher for the Dedekind sums, namely: s:(h, k) 
e (44)! 9 r cot (hu /k) cot (xu/h). The paper also includes an elemeritary deriva- 
tion of this last equation using finite Fourier series. (Received October 22, 1951.) 


16t. H. W. Becker: Combinatory i ical of the differences of 
the numbers of E. T. Bell. 


Apply the Steffensen operation V U, = U, — Un to the elementary Bell numbers 
Q. ~c40s. The first interpretations ed. were in terms of/forbiddes positions in 
rhyme schemes, distributions, and non-attacking rook’patterns on a triangular chess 
board (Mathematical Magazine vol. 22 (1948) p. 25). Two new interpretations are: 
Ve-rH@, is the number of #+1 letter rhyme schemes whoee last singleton, or else 
last “a,” is in the pth position (except that the enumeration for one “a” is @., not 
V*@.) with isomorphic distribution and rook meanings. These afford a combinatory 
proof that = V9 9, 3V**Q, 4 - Qi; the number of #+1 letter rhyme schemes 
not without singletons. The iterated Bell numbers (Ann. of Math. vol. 39 (1938) p. 
539; Amer. J. Math. vol. 61 (1939) p. 89) have analogous breakdowns, in terms of 
more complicated difference operators. (Received October 17, 1951.) 


77, Anne C. Davis: Cancellation theorems for products of order 
types. I. Seid report. . 2 


Let a, 8, ee ,«, ** * denote arbitrary order types. The (ordinal) sum and the 
(ordinal) LES NP ee ee ee cei B. A type x is 
here called a cancelling type if x ax: 8—aB for arbitrary types a, B. Theorem I. 
The following three conditions are equicaleni: (i) x ts a cancelling type. (i) xváx:a for 
esery type as&1, (iii) xyéx-E-x: ate for esery type a. Theorem II. If x ts a scattered type 
(i.e. the type of a scattered order set) amd. x40, then xy5x-l-u--x for esery.u. A conse- 
quence of Theorems I and II ia Corollary III. Every monsero scattered iype is a cancelling 
type. Corollary III is an improvement of the result, published without proof by 
Lindenbaum (Comptes Rendus des Séances de la Société des Sciences et des Lettres de 
Varsovie vol. 19 (1926) p. 321) that every nonzero ordinal is a cancelling type. 
Another consequence of Theorem I is Corollary IV. Beery type x of a nonempty ordered 
sot without gaps ond without first and last elements is a cancelling type. Hence, in 
particular, the type à of the set of real numbers is a cancelling type (a fact previoualy 
noted by Tarski). (Received October 15, 1951.) 


78. D. G. Duncan: A formula in Litilewood’s algebra of S-funchons. 


Let A= (4] 8S, where @ denotes Littlewood's “new” SANA of S-func- 
tions. In this note the foe feri EET da el a ({u} @ {r} sr is used 
to establish the identity: ino i} dale ii. JebpoOpn 
HO @ fr} 07-2727. /a1 - DA * (tx /1)%. An application 
of this formula acea in invariant theory where a tematic study of (a1 e fr} is 
desired. (Received October 23, 1951.) ` < 


79. Harley Flanders: Generalisation of a Won of Ankeny and 
Rogers. 
The following result is proved: Let k be an algebraic number field and » the largest 
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integer such that cos (2x/2") is in k. Let a be a-nonzero element of k, s a natural 
number, and assume that'the congruence z*»a (mod p) is solvable for almost all 
prime divisors p of &. Then either a is a perfect sth power, amb", or a 
-D(271(1--cos (2r/X)))™:? with b in k. The converse is true. Also a short proof of 
the Ankeny-Rogers result (k=rationals) is given, based on an extension of the Eisen- 
atein irreducibility lemma. Finally a corresponding theorem for function fields is given. 
(Received October 29, 1951.) 


80. Alfred Horn: The normal completion of a subset of a mie 
lattice and lattices of continuous funciions. 


Let C be a subset of a complete lattice B. A construction is given for a subeet of 
B which is isomorphic with the normal completion C of C. As an application, let 
'B be the set of all real-valued (including + ®) functions on a topologic space X. If 
C is the clase of continuous members of B, then C becomes the class of normal lower 
‘semicontinuous functions, provided that X is completely regular. Also treated are 
the cases where C is the class of finite-valued or the class of bounded continuous func- 
tions. The latter case was first discuseed by R. P. Dilworth (Trans. Amer. Math. 
Soc. vol. 68 (1950) pp. 427-438). New characterizations of normal lower semicontinu- 
- ous functions are obtained. These are applied to prove that for any two topologic 
spaces, the lattices of normal lower semicontinuous functions are isomorphic if and 
: only if the lattices of regular open sets are isomorphic. The sufficiency was first proved 
in the completely regular case by Dilworth (loc. cit.). (Received October 17, 1951.) 


81. Jan Kalicki: On equational equivalence of abstract algebras. 


. Terminology used will be that of Birkhoff (On the structure of abstract algebras, 
Proc. Cambridge Philos. Soc. vol. 31 (1935)). Two abstract algebras are equationally 
equivalent if their sets of laws coincide. A decision method is obtained for equational 
equivalence of finite abetract algebras. It is proved that if an equation $-y is a 
law of a finite algebra A: of order m, without being a law of a finite algebra A, of 
order m, or vice versa, then there is an equation $' -y/ with the same property and 
with the number of different variables not exceeding m mm. Also if there is an 
equation with the properties of ¢’=y/, then there is an equation $" =y/’ with the 
same properties and such that the ranks of &" and y" do not exceed the number 
277, m". Since for given A: and As the family of equations with the properties of 
"my" is determined and finite, the decision method follows. By applying the 
- method to 4; and to direct product A: XAs it can be found whether the set of laws 

- of A; is included in that of As. Similar results are obtained for r logical matrices. (Re- 


- ceived October 18, 1951.) 


82i. Peter Scherk: On sets of integers. II. 


(1) The results of the preceding abstract are extended from sets of non-negative 
integers to arbitrary sets A, B, C,+++ of integers. (2) The following corollary is 
noted: Let A+BCC, "CA, sCB. Let bz 0, 0«v «1, and A(r, r+k)+B(s, s-I-À) 
Drk [k=0, 1, , k]. Then C(r+s, rtsth) ark E Here D(z, y) = Decesn «C» L 
(Received October 18, 1951.) 


83. E. S. Selmer: A conjecture of Mordell concerning rational points 
on cubic surfaces. Preliminary report. 


It is well known that the elementary congruence conditions (e.c.c.)—together with 
solubility in real numbers—are sufficient for the solubility in integers of a homo- 
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geneous quadratic equation in any number of variables, The author has recently 
(Acta Math. vol. 85 (1951)) shown the insufficiency of the e.c.c. for a homogenous 
cubic equation in three variables. Prof. L. J. Mordell (Rational points on cubic surfaces, 
Publ. Math. Debrecen vol. 1 (1949) p. 1) has conjectured that the e.c.c. are sufficient 
for solubility of a homogeneous cubic equation in fowr variables, i.e. for the existence 
of rational points on cubic surfaces. The author considers the-purely cubic equation 
0:3 bast Tax +a; 70, with the additional condition that (for instance) 6142/414 
is a rational cube. In this case the equation can be written as x!-- mio! —»w(s!-I-mu?). 
By factorizing both sides in the purely cubic field R(m*), the author proves Mordell's 
conjecture for this particular equation. To cover all cases, a deep result of H. Hasse 
is needed. The same method does not apply to the general purely cubic equation, but 
it seems very likely that Mordell's conjecture still holds. (Received November 29, 
1951.) 


84. E. G. Straus: A problem of D. H.. Lehmer. 


Lehmer conjectured that-every number theoretical function f(x) with the prop- 
erty that it maps every complete residue system modulo any prime, except for a 
finite number of exceptional primes, onto a complete residue system modulo this 
prime, is of the form f(x) =ax-+-b, where a is divisible only by exceptional primes and 
b is an arbitrary integer. This conjecture is proved and certain generalizations are 
established. (Received October 19, 1951.) . 


85. Alfred Tarski and F. B. Thompson: Some general properties of 
cylindric algebras. Preliminary report. 


N Given any ordinal a, let A be a Boolean algebra : —(4, +, -, ~ 0, 1) with 
additional systems of unary operations Ct and distinguished elements dy, satisfying 
(for x, YEA and £, s, t <a) the postulates: Pı. G0 =0; Ps. x: Ciz mx; Pi. Cs: Cy) — 
7 Ciz: Cry; Pa. CO m C Oir; Py die 1; Di. E, ap dt, = Cr(dir det); Pr. Eve 
—Cidp,:x): Ci(dg,:£) —-0. A is called an adimensional cyindric algebra with 
diagonal elements—a CAq; for examples see following abstract. An ideal in & is a set 
X which is a Boolean-algebraic ideal in 88 such that CjxC- X whenever xC—- X, t «a. 

Connections between ideals and homomorphisms in CAq’s are the same as in Boolean D 
algenras. A proves: ta Beebe i aad only 1f, for every x40, there is a finite se- 
quence £y ^ * * , &a Xa with .Cy,-- On y x=1. For xC- A let the dimension index 
Ds- Et ca Cixyáx). Direct factors in x prove tb be sets of the form Es (zio) 
where Da is empty. A is directly indecomposable if and only if Dx is nonempty for 
every x»&0, 1. A CA, in which Dx is finite for every x‘is called locally finitely-dimen- 
sional—an FCA.. Simple FCAa’s coincide with directly indecomposable FCAaq's. 
Hence, by a theorem of Birkhoff, every FCA, is a subdirect product of simple FCAq’s. 
(Received October 16, 1951.) i 


86. Alfred Tarski: A representation theorems for DRM algebras. 
Preliminary: report. d 


For notations aee preceding abetract. X being any set, X" Is the set of all sequences 
of length a with all terms in X. A proper CA. is a system @ in which: 1 is a union of 
some pairwise disjoint sets Y7; 0 is the empty set; + is set-addition, - set-multiplica- 
tion, ~ complementation (relative to 1); GX (for XC1, <a) is the set of all se-^ 
quences yC1 such that 4, x, for some «CX and for every y <a, 955; diy (E, s <a) 
is the set of all xCC1 with y= z,; 4 is any field of sets X C-1 closed under the opera- 
tions Cy and containing the sets dt Clearly, P:-P; hold in every proper CAg. By 
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carrying over Godel’s completeness theorem for predicate calculus to CAa’s the 
following result is obtained: For a Zu, every algebraic equation which holds (identically) 
in every proper FCAq holds also im every FCAq (and in fact in every CAq). The follow- 
ing theorem improving this result has been established: Ewery FCA& with amu is 
isomorphic to a proper FCAa. The problem is open whether this theorem extends to 
arbitrary CA, with a gw. For a <w some results can be derived from what is avall- 
able in the literature. (Received October 16, 1951.) 


87i. R. L. Vaught: On the equivalence of the Axiom of Choice and a 
maximal principle. . 

As a particular case of Zorn’s Lemma, one obtains the following-statement: (1) 
Every family of sets has a maximal disjointed subfamily, i.e., a maximal subfamily 
having the property that any distinct two of its members are disjoint. Thus (1) is 
a consequence of the Axiom of Choice. The question was asked by Tarski whether 
conversely (1) implies the Axiom of Choice. The answer is affirmative. In fact, sup- 
posec is any disjointed family of nonempty sets. Let B be the family of all sets of | 
the form (4, {z} } with xXC AC«/f. By (1), B has a maximal disjointed subfamily M. 
Let M be the set of all x such that for some A, {A, {x} ]C.9if. From the maximality 
of ME it follows easily that M is a,set having exactly one element in common with 
each member of ef. (Received October 19, 1951.) 


ANALYSIS 


88. L. D. Berkovitz: On double irigonomeiric integrals. 


Let ¢ be a complex-valued measure which is finite-valued on all bounded Borel 
sets in the plane and whose total variation over a circle with center at (x, v) and radius 
1/2 is o((s1--v2)7V?). The first principal result of this paper is that there exists a 
trigonometric series T= Doane Gma cet) with coefficients ag. m o((mt--w*) 13) 
such that T is circularly equiconvergent with the integral f7/^, e'evir?de(s, v). 
'The second result is the analogous theorem stated for restricted equiconvergence, 
the conditions on the variations of ¢ and the order of the Gm. now being o((|x| +1)-2 
*([s| -+1)-Y9) and o((| | +1)-Y(|"|+1)-Y2) respectively. To prove the two 
theorems the concept of formal product for integrals is defined and multiplication 
theorems analogous to those used in the Rajchman-Zygmund approach to localiza- 
tion for single trigonometric series are developed. Riemann formulae are then estab- 
lished and from these the principal results follow. (Recetved October 15, 1951.) 


89. Paul Civin: Multiplicative closure and the Walsh functions. 


A study is made of real orthogonal systems which are closed under multiplica- 
tion and which contain a unit. Any such system which is infinite is shown to bea 
multiplicative group isomorphic with the group of the Walsh functions. Furthermore, 
there is a measurable transformation of the unit interval onto itself which transforms 
the Walsh functions into the given system of functions and such that the inverse 
image of a set of measure a is of measure a. (Received September 27, 1951.) 


90% Abolghassem Ghaffari: Topological nature of hodograph irans- 
formation. i 


When considering the flow around an aerofoil, one obeerves that there is usually a 
stagnation point at s=0. Let 6-I-9y e Ás-I-Bst-- - - - represent the complex potential 
near the stagnation point. Since the velocity is zero at s 0, then A =0 and therefore 


, 
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ET EET , Where x— =w erp (—9) =w,f/? exp (—#) in 
which [mv and 8 denote hodograph variables; and v indicate the Componenta 
of fluid velocity t»; ta is the maximum of w. It is found that ¢ +4  C(s —$9)*4- - 
where C=1/4B. Therefore ¢-++#¥ can be expanded in a power series in [1/9 aout 
constant term and no term in [!/*; the first term involves [. At greater distance 
from the aerofoil the complex potential may be expanded in the form $-L-y = As 
+B log B+C/s+ * - :, where A is the complex velocity in the main stream and 
B depends on the circulation. It is shown that ¢+t~AB/(u—w—A) 
+B log B/(w—i»—4A)--P(xu—i»—A), where P(n—io—A) is a power series in 
(u—iv— A), and hence the singularities in the hodograph plane at s —:v- A are a 
combination of single poles and logarithmic singularities. Therefore no finite set of 
"elementary solutions can represent the true state of the field of flow around an aero- 
foil. (Received October 11, 1951.) 


914. Joseph Kampé de Fériet: Uniqueness theorem for the heat equa- 
tion on an infinite rod, 


If f(x)EL* and x(x, f) satisfies in the half-plane ¢>0 the following conditions: 
(1)«, and tee exist, tee being everywhere finite, (2) « and te. CL* with respect to x 
for every t, (3) wes(x, t) - Lim. [w(x, t--À) —€(x, t) ]:k if k—0, (4) f(x) -Li.m u(x, 2) 
if 1—--0, then: (5) s: exists everywhere, (6) v ss, (7) u(x, 1) is equal to the Poisson 
integral: (4$) 1/2f*7 exp [—(s—x)2/4¢]f(s)ds. This proposition is an improvement of 
the uniqueness theorem given by S. Bochner, K. Chandrasekharan, Fourier trans- 

. forms, p. 134. The proof is based on the following facts: (a) due to (1), (2): «C L* 
and (x, sse) = —|[«.]|*; (b) due to (3): the derivative of ||u(z, t) —f(«)||? is equal to 
2(%, #1) &0. (Received October 29, 1951.) 


921. M. S. Klamkin: Os series derived from Ln(1--x) by successive 
integrations. 


By evaluating the p-fold integrals Jọ - -  fy(dz)*/(1--x) and f; ++ - f, (as)*/ (1-2) 
we can determine the sums of series whose sth terms are given by Xral/(p-+n)|, 
(—1)Xr**1/(p-»)1, X*'1221/(p4-2»)]l, and Xr*w2s-4-1)1/(54-28984-1)1. The 
integrals are evaluated by expressing each as a polynomial in x plus a logarithmic 
term. The coefficients of the polynomial are determined from a difference equation of 
the type ar a, »3/ (b —r)--e(r, p) subject to the condition ay, «0 and where e(r, p) 
is known. (Received October 18, 1951.) 


93. Y. L. Luke: An associated Bessel funciton. 


The purpose of this paper is to investigate the properties of the solution to 
‘Asy ee z!diy /ds1-]-sdy/ds — (m+s) y =s s", The technique follows the pattern for 
the development of the well known Lommel functions. The result is applied to 
evaluate explicitly some indefinite integrals involving Bessel functions of the type 
previously considered by the author (Some notes on inisgrals iuvoloing Bessel functions, 
Journal of Mathematics and Physics vol. 29 (1951) pp. 27-30). The analysis is extended 
to the evaluation of some infinite integrals of Interest. Other applications are also 

given. (Received September 28, 1951.) 


944. František Wolf: Rellich's theorem on analytic perturbation for 
operators $n Banach space. - : 


Rellich's theorem (Math. Ann. vol. 113 (1936) pp. 600-619) is concerned with an 
operator A(A) in Hilbert space which is self-adjoint for real à and depends analytically 
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on the parameter A. If A(0) has an isolated spectral value ye of finite multiplicity m, 
then the theorem asserts that there exist įm analytic functions u,(À), &-1,- - -, ™, 
ua (0) = ua which for sufficiently small à represent all spectral values of A(A) near uo 
This theorem has been generalized by S. L. Jamison (Thesis, Berkeley, 1949) to 
Operators in Hilbert space which are normal for real d's. The author generalized this 
theorem (to appear in Math. Ann.) to operators in Banach space which have the fol- 
lowing property. There exists a sequence {às}, lim A, —0, such that the Banach 
algebra generated by A(X.) has no radical. (Received October 19, 1951.) 


APPLIED MATHEMATICS 


951. Abolghassem Ghaffari: On a solution of the hodograph equa- 
tions tn ihe supersonic region. Prelitninary report. 

Let y and $ denote the stream function and the velocity potential of a compres- 
sible supersonic flow and let t, 1/6 <t «1/2, and 0 be the hodograph variables. The 
simplified form of the hodograph equations in the supersonic range is (1) Pep =w, 
Qt =e, where P -2t(1 — DP [Q8--1)r—1]7*, Om 2¢(1—-sY, and 8-1/(v—1); v is 
adiabatic index. The author gives a eolution of (1) in the supersonic region. Considering 
the new variable 1 defined by t= fr, (PQ)-U1dt and setting R  (Q/P)!3, where [, 1/6 
- is the value of [ at the sonic speed, the equations (1) become (2) (Ryg,- Rye, 
(R19), R7169. It is found that for the approximate value Rc, the equations (2) 
transform into (3) yu-d-1/35y,- vw, 6u—1/3i9, G09 which are satisfied by the solu- 
tions (4) y= —3 2^ AdJin(mi), p=} BaJın(mi), where the J's denote Bessel 
functions and Am, Ba are arbitrary constants. (Received October 11, 1951.) 


96. P. G. Hodge and William Prager: Limi design of fenforoto 
menis of cut-outs 4n slabs. Preliminary report. 

A thin equare slab with a central circular cut-out is subjected to a slowly in- 
creasing uniformly distributed tensile stress on the four edges. The flow limit is 


determined, i.e., that value of the tensile stress for which unrestricted plastic flow sets 
in. Reinforcing rings welded to the two sides of the slab are then designed so that the 


reinforced alab has the same flow limit as an unreinforced slab without cut-out. The . 


analysis is based on the assumptions of plane stress and Tresca’s yield criterion of 
constant maximum shearing strese. (The results presented in this paper were ob- 
tained in the course of research conducted under Contract NTonr-35810 between 
the Office of Naval Research and Brown University.) (Received October 15, 1951.) 

97. František Wolf: On Mann's singular integral equation. 

W. R. Mann and the author discussed (Quarterly of Applied Mathematics vol.'9 
(1951) pp. 163-184) the integral equation y(/ -/,G(x())/(s(t—7))!* dr which 
arose from a problem i in the conduction of heat with a nonlinear boundary condition. 
Gis a nonincreasing continuous function in (0, 1) with Gi) ™ 0, While the discussion 
arrived at satisfactory results in the case of G satisfying a Lipschitz condition, in the 
case of the more general conditions on G given above only existence of a solution was 

* proved. The uniqueness of the solution seemed to lie rather deep. Later J. H. Roberts 
aid W. R. Mann proved the last two results in a paper to be published in the Pacific 
Journal of Mathematics. They discuss the integral equation y(f) -AE-—r) G()dr 

. with certain conditions on the kernel K. They attack the problem directly and while 

uniqueness proved easy, the increasing character of the solution required a long and 
delicate proof. The author was able to prove the same results by approximating 
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the general problem by special problems where conditions impoeed upon G and K $ 
make the results easily accessible. The proofs ‘prove to be simple, using standard 
methods, and are so general that their ideas may very well apply to many eimilar 
een, (Received October 19, 1951.) _ 


GEOMETRY 


98. D; B. Dekker: The curves of Darboux and a classification of sur- 
faces. 


Dd a ed ace To tree dibuemataha Euclides. space the: differential equation: foc 
the Darboux curves is obtained in tensor form. The coefficlents in the differential 
equation are found to be the triply covariant components of a third order tensor 
relative to transformations of the surface coordinates. This tensor is expreased in 
terms of the first and second fundamental second order surface tensors and the co- 
variant derivative of the second fundamental tensor. It is then possible to study 
the Darboux curves on a surface without transforming to a particular type of surface 
coordinate system. Also a simple method of classifying surfaces by means of their i 
first and second fundamental tensors is obtained by using the above Hoe 
. tensor. (Received October 16, 1951.) 


99. Milton Drandell: Generalized convex sets in the plane. -` 


Let {C} be a family of curves in the complex plane satisfying: (1) each member of 
{C} is a closed Jordan curve passing through the point at infinity; (2) through any 
-two finite points there passes a unique member of (C]. It is proved that if { | 
and {ga} converge to distinct finite points f» and go respectively, and if GE {C 
passes through pa and ga, CK { C} passes through ps and ge, then (C.] converges to 
Cy in much the same sense as uniform convergence for real continuous single-valued 
functions. If CC: {C} and f is a finite point not on C, then through p there passes a 
member of (C] having no finite point in common with C. It is shown that this mern- 
ber is not unique. A set E is defined to be convex relative to (C] in a manner analogous 
to the usual notion of convexity. If E is closed, bounded, possesses interior points, 
and is convex relative to (C], then (a) E is the closure of a region; (b) the boundary 
of E is a closed Jordan curve. If F is compact, then its convex hull is compact. Several 
differences between this concept and ordinary convexity are discuseed. (Received 
October 5, 1951.) 


100% Peter Scherk: Convex bodies off center. - 


Let 0 «t«1; »z:2. Given a distance function F(p) in s-epace. Suppose F(p) a1 
defines a centrally symmetric convex body of volume J and suppose p 0 is the only. 
integral vector satisfying F(p) &241J-!/*s. Then to every vector a there is an integral 
vector g such that F(a—g) < (14- (s — 1)7) /t*71JW», This improves results-by Mahler 
(Neder. Akad. Wetensch, vol. 51 (1938) pp. 634-637) and StOrmer and Walter 
(Archiv der Mathematik vol. 2 (1950) pp. 346-348). (Received October 18, 1951.) 


` 


TOPOLOGY 

1014. R. C. Blanchfield: Self-linking invariants of homotopy chains. 
Preliminary report. E 
"Let G be a finitely generated additive abelian group, with the ring 9 of a number 
feld F as operator domain, which is paired to itself by a linking function V (see 
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Burger, Math. Zeit. vol. 52 (1949) pp. 217-255). Calculable invariants for the 
equivalence class of V, analogous to thoee defined for the rational case in a recent 
paper of Fox and Blanchfield (Ann. of Math. vol. 53 (1951) pp. 556-564), are defined. 
First the domain of operators is extended to a suitable principal ideal ring oC F. 
The torsion coefficients of the group G with operators o’ are elements ti, * * * , Ta 

“of o; say ral n. and let rap=1, For each r, 13r is, there exists an r-tuple 
(31, * * *, a») of elements of G for which the element D(a, *::,a)-7n0:** rr 
-det || Va, aj)|| of o^ is 0 (mod rc/re43). If (2, * ++, a) and (bu * ++, br) are two 
such r-tuples, then D(a, ** *, ar) and-D(b, * * - , b.) are equivalent in the sense 
that there exists an element Ho’ such that D(a,--- , a.) mttD(b, s, 5) - 
(mod 1,-/rr41). These equivalence classes are analogous to the quadratic residue classes 
and reduce to them in the rational case. Linking functions of the type considered arise 
in the study of (4w--3)-dimensional manifolds (see Burger, loc. cit.); the above 
mentioned equivalence classes are topological invariants of the, manifold. (Received 
October 5, 1951.) 


102. R. P. Dilworth: The space of normal upper semicontinuous 
funcitons. ; 


Let N(S) denote the set of normal upper semicontinuous functions on a completely 
regular space S. It has been shown (Trans. Amer. Math. Soc. vol. 68 (1950) pp. 427- 
438) that N(S) is lattice isomorphic with the set of real continuous functions on the 
Boolean space $8 aseociated with the Boolean algebra of regular open sets of S. Fol- 
lowing Cech, the functions of N(S) may be mapped into continuous functions on & 
compact Hausdorff space as follows: Let I; denote the closed real interval 
(infs f, supa f). Let € denote the closure in the Cartesian product []; I; of the 
points IL, f(x) where x€C.5. The correspondence f—F where F(i) =t maps N(S) 
into continuous functions on €. Now let € be partially ordered by the relation x2 y 
if and only if f(x) z/(y) all fCz N(S). The following results are obtained: (i) €, as a 
partially ordered set, has minimal elements, (ii) the’ minimal elements form a closed 
subset © of €, (iii) © is homeomorphic to B. (Received October 16, 1951.) 


1034. S. T. Hu: On homotopy groups of homogeneous spaces. 


Let G be a simply-connected topological group. If G is locally arcwise connected 
and locally simply-connected and Z is a discrete normal subgroup of G, then it is well 
known that the fundamental group of the topological quotient group X™G/Z is 
isomorphic with the discrete group Z. Since, in this case, G is a covering space of X, it 
follows from a theorem of Hurewicz that x,(X) *&s4(G) for the higher homotopy 
groups. The purpose of this paper is to remove the ineseential conditions imposed upon 
G and Z in these claseical theorems. Indeed, the following generaliration is the main 
theorem of the paper. If G is a simply-connected topological group and Z is either a 
zero-dimensional closed normal subgroup of G or a xero-dimensional locally compact 
closed subgroup of G, then the fundamental group of the homogeneous space X 
m G/Z of the left cosets of Z in G is isomorphic with the abetract group Z and ra(X) 
fs x4(G) for the higher homotopy groups. (Received October 16, 1951.) 


104. J. R. Jackson: On homotopy groups of function spaces. 


Let X be an absolute neighborhood retract, Xo be a retract of X, Y be an arbitrary 
topological space, and y< Y«C Y. Let 0 be the space of continuous functions on X 
into Y carrying X» into Ys, Qs be the space of continuous functions on X into Y_ 
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carrying Xo to ye, and È be the space of continuous functions on Xe into Ys Each 
function space is given the compact-open topology. Each function space contains'a 
function carrying all of the domain into yẹ and these functions we denote by yo 
Then the mth homotopy group Il4(12, Ya) of S at base point yo is e split extension of a 
subgroup isomorphic to Il4(Qe ye by IL.(O, ye). In particular, if m22, then 
I4, Ya) is isomorphic to the direct sum of I4 (0s yo) and Un(#, ys). These results 
contain most of the known theorems on homotopy groups of function spaces, and 
also make it possible to determine the structures—in terms of the homotopy groups 
of Y and Ys—of many homotopy groups inaccessible to previous results. (Received 
October 22, 1951.) ; 


105. R. S. Pierce: The Boolean algebra of regular open sets. 


Let S be a completely regular topological space. Denote by C(S) the ‘lattice of 
bounded, real-valued, continuous functions on S. A partial ordering of C(S) is de- 
fined as follows: f— if, for all KEC(S), JAk S0 implies gAA G0. Writing f~g if 

Je and gf defines a congruence relation on C(S). Let L be the lattice obtained 
from C(S) by identifying equivalent elements. The main result of the paper is that 
L is isomorphic to a sublattice of B, the complete Boolean algebra of regylar open 
sets of S, and, moreover, that B is isomorphic to the normal completion of L. (Re- 
ceived October 19, 1951.) 


W. T. PUCKETT, 
Acting Associate Secretary 
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HARALD BOHR 
~ April 22, 1887-]January 22, 1951 


Born in Copenhagen, Denmark, lived, learned and taught there, 
and died there; but liked to visit neár and far. His father was Chris- 
tian Bohr, Professor of physiology at the medical school; his mother 
was Jewish, and he had to flee the country in 1943, going then to 

. Sweden for two years. During‘his last years he was Master of the one 
resident college in Copenhagen and he greatly enjoyed being sur- 
rounded by young people. Bohr was a very friendly person, kind and 
good-natured, chatty but not indiscreet, and he made and kept to 
his friends all his life. For all that, he was a shade melancholy, but 
this side of him was brightened by being married exceedingly happily. 
In his younger years he had been a football (or rather soccer) player 
of some renown, a rare enough occurrence among budding savants on 

.the Continent. In after-years he would trounce a ball if he saw one, 
but he did not look much of an athlete. : 

Bohr's fame is his almost periodic functions. He did the theory in 
his mid-thirties, and very little in other topics afterwards. He wrote 
afterwards many papers in his theory, though, and rather substantial 
ones too. But the vim of the first papers did not return, and by tow 

. Bohr lives forth as much in the work of others as in his own. Privately, 

. be gloried in the interest his theory has evoked and he would help to - 
propagate it. He loved to lecture, and he lectured extremely well. In 
an individual lecture, no matter how learned the audience, he would 
first recite the definition and basic properties and make introductory 
.comments; and he would do the same in print even when full refer- 
ences were included. ` 

Whether he had an i opinion as to future potentialities of the theory 
we do not know. Right now it is rather quiet about the theory, except 
for some distant rumbling in the field of automorphic functions, espe- 
cially of several variables, which might precipitate in a new shower of 
almost periodicity. However that may be, it may be said that Harald 
Bohr has had the good fortune of having a very distinctive theory of 
magnitude very clearly and originally attached to his name, and this, 
after all, is as much as a mathematician may expect to secure for 
himself in a lifetime. 

When Bohr was a student the study of mathematics at Copen- 
hagen was not organized, and Bohr learned in a somewhat haphazard 
way from persons like the geometer Zeuthen, the astronomer Thiele, 
and the analyst Niels Nielsen (cylinder functions) who made a fierce 
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play for mathematical rigor but not always very succesafully; but he 
could not learn from J. L. W. V. Jensen, probably the greatest of 
them all, because he was an electrical engineer by profession and a 
self-taught mathematician, and had no connection with academic 
life. The course fare was~ generously supplemented by reading in 
books such as the second edition of C. Jordan’s Cours d'analyse (of 
Jordan theorem fame) and the Zahklentheorte by Dirichlet and Dede- 
kind. 

Even before earning his masters degree in 1909 (the Ph.D. degree, 
-which was quite a serious affair, followed in 1910) Bohr was led to the 
study of the theory of summability, mainly of Dirichlet series, and he 
dwelt on this topic quite a number of years. Summability, even in its 
pre-Tauberian era, used to be an important topic of study which even 
algebraists of the stature of Frobenius and Schur would dignify with 
' their attention, and the reasons for this were manifold. First of all, 
to the uninitiated it exuded a certain mystique of esoterically con- 
juring up a limit where none had been before. In the second place 
(and this led to the most far-reaching consequences), Fejér had suc- 
‘ceeded in “summing” the Fourier series of a continuous function 
towards its value, where DuBois Reymond had distressingly shown 
that the partial sums themselves need not so converge. And finally, 
and this must have been decisive for Bohr for the time being, it held 
out some hope of “moving-in” on the zeta function in its critical 
strip (or at, least on L-series without a pole) where other means of 
intrusion had not been successful. This purpose proper was not to 
be attained, really, but a new view on summability did remain. 
Actually, Bobr’s contribution was eventually absorbed in M. Riesz’ 
more felicitous approach, and the resulting summability is named 
after Riesz, and not Bohr; but Bobr himself described his share in 
the theory in his article written jointly with H. Cramér, Dte neuere 
Entwicklung der analytischen Zahlentheorie in Encyklopidie der Math, 
Wiss. Bd. II-3, Heft. 6, pp. 722-849. 

We might mention that this early work of his ‘brought Bohr soon in 
contact with E. Landau, and he spent 1909-1910 in Göttingen, 
which place he used to revisit frequently. He also became a very 
close friend of Hardy's, and also knew Littlewood very well, and 
stayed at Oxford and Cambridge in 1913-1914; and finally he went for 
several months in 1914 to Lebesgue in Paris to study his measure 
from him first-hand. 

We think that the dominant interest of Harald Bohr was diophan- 
tine approximation and (equi-) distribution of numbers, but in a 
certain broad sense that would not lead him to a study of Wey! sums 
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‘and the Waring problem, say. Somehow, to Bohr, the entire theory 
of almost periodic functions was an emanation from these sources, and 
this reflects itself best in his own proof for his “completeness theorem” 
which is so unlike any given afterwards and, in a nontechnical sense, 
is the most arithmetical among them all. Bohr was also infatuated 
with the classical theorem of Kronecker itself, and he repeatedly 
would give a new proof for it, which after all was not such an urgent 
task when compared with all the new problems suggesting themselves. 
Also, several years before arriving at the new theory, and repeatedly 
afterward, Bohr studied the zeta function and related functions as 
regards average frequency with which values are attained in the 

. critical ‘strip. 

Bohr was the creator of the iit periodic functions, and he gave 
them such an appropriate name that no need arose for turning them 
into “fonctions bohriennes.” Actually Bohr had a forerunner im the 
person of P. Bohl, who came within sight of the theory but missed it, 
although he has to his credit at least one nontrivial theorem which 
Bohr could take over virtually without change. One might even 
claim that Lagrange had anticipated a part of the theory by his study 
of mean motion. But after all this is conceded, the fact remains that- 
almost periodic functions were Bohr’s in the same sense as Lie groups 
were Lie’s and in a stronger and much more significant sense than 
Banach spaces were Banach’s, say. Bohr’s high points of achievement 
consist of his having broken through towards a general definition for 
his functions such as he has found it, and of having then succeeded 
in proving his completeness theorem in his own fussy manner, such 
as he did; and as regarde the genesis of his definition it is worth look- 
ing up a little known paper of his in which a tentative version is 
sought after (Uber eine quasi-periodssche Eigenschaft Dirichletschen 
Reihen mit Anwendung auf die Dsrichletschen L-funktionen, Math.- 
Ann. vol. 85, pp. 115-122). Bohr's personal triumph in attaining these 
achievements must be assessed against the fact that Bohr had been an 
arithmetico-analyst only, and always remained one only, and that 
nevertheless the true orientation of his achievements was towards 
topology, general group theory, homogeneous spaces, and such like 
directions, all of which had been rather alien to most arithmetico- 
analysts of his generation. We might perhaps point out for what it is 
worth that Hardy and Landau, both very prolific writers and close 
friends to Bohr, never took up the new topic themselves, or as much 
as published a note about it. 

The brisk development of almost periodic fonitiods on groups, as 
initiated by von Neumann, has by the very rapidity of its progress 
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very quickly led to the sobering realization that after inherent com- ' 
pactifications have been introduced, the general theory is by actual 
scope, though not by initial intent, not larger than a theory of func- 
tions on compact groups only, or compact homogeneous spaces at 
best; and theories of functions on genuinely open groups are yet to 
be developed. In Euclidean space the current body of Fourier an- 
alysis including the theory of generalized Fourier integrals (alias 
“distributions tempérées”) is a partial answer to the problem, per- 
haps. But on open semi-simple group spaces, say, the developments 
are not yet foreseeable, unless the recent work of Gelfand and Neu- 
mark and others is an indication of thém. 

If we contemplate Bohr's work the thought suggests itself that 
some of what is best in algebra, group theory, and topology has 
been coming forth from the fullness and fertility of analysis and has 
been stimulated if not always brought to surface by analysts them- 
selves; and that perhaps analysis is the stuff of which our mathematics 
is made of, after all. 

: SALOMON BOCHNER 
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The kernel function and conformal mapping. By Stefan Bergman. 
(Mathematical Surveys, vol. 5.) American Mathematical Society, 
New York, 1950. 8+-160 pp. $4.00. 


Orthogonal functions and the kernel function have become funda- 
mental tools of the, modern theory of functions; they allow one to : 
consider the single-valued regular functions which are of integrable 
square over a given region as the elements of a Hilbert space” 

The starting point for this development was L. Bieberbach's mini- 
mum problem connected with the Riemann mapping problem (see 
Rend. Circ. Mat. Palermo vol. 38 (1914)). The first researches on 
orthogonal functions in the complex domain originated under the 
influence of the Berlin school (particularly Erhard Schmidt and L. 
Bieberbach). Stefan Bergman, himself a descendent of this school, 
has intensively developed the theory of orthogonal functions and 
their kernels with great thoroughnesa during many years. He has now 
produced a text which provides an introduction to this now extensive 
field. 

Chapter 1 begins with the following definition of the function 
class 2? on which the whole theory rests: f(s) is called of class 2? in 
the given schlicht bounded region B if (1) f(s) is regular and single- 
valued and 


(2) Fe) - {file [do < c. 


The orthonormal systems @¢,(s) are introduced in &, the Riesz- 
Fischer theorem is proved, and it is shown that there are cloeed 
orthonormal systems associated with B. i 


‘REDS py e (50) 


is called the kernel. It is defined everywhere in B and is independeit 
of the choice of the eg). 

In Chapter 2 it is first shown that the uniquely determined func- 
tion f(s) in B, with f(/ 1, t€B, and f/s|f(s)| de a minimum, is 
f(s) = K(s, D)/K(t, P). Then some cenia more general minimum 
problems are solved. 

Chapter 3 introduces an invariant metric with the aid of the kernel 
function. This is the Bergman metric, which is a true Riemannian 
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metric and indeed a Kahler metric. It has turned out to be superior 
in many ways to the metric of H. A. Schwarz, Pick, and Cara- 
. théodory. 

In Chapter 4 the author considers arbitrary classes of functions 
f= X. S|q|!< 0, where the f, form an orthonormal system. 
(The functions of these classes therefore represent a Hilbert space.) 
If thenthe kernel function _ 2 


ee aa EP, O = X405 

exists for arbitrary points P, Q of the fundamental region B,,most of 
the results of the first three chapters can be extended to these more 
general classes of functions. 

"There is evidently a close relationship between statements about 
analytic functions and about sets of points in Hilbert spaces. This is 
developed for Vitali's theorem in a posthumous paper of Otto Toeplitz. 
which appeared too láte to be taken account of in this book (see 
Comment. Math. Helv. vol. 23 (1949) pp. 222-242). 

Chapter 5 contains principally the important relatioriship among 
- the Green's function, the Neumann function, and the kernel func- : 
tion for the class of harmonic functions, 


kle, t) = (2x) [Ns $) — G(s, 0]. 


The next chapter uses these functions to establish the mappings 
of all ?-ply (p finite) connected regions on the various types of 
canonical slit regions. 

Chapter 7 takes up another orthogonalization (by integrals along 
the boundary). This yields a new kernel function Ka(s, F). In simply 

_ connected regions f 








(ee Dy K»(s, D 

: R(t, F) Kel, A 

The close connection between this kernel function K and the class 

of bounded. functions is studied. If f(s) is regular and single-valued 

in B and [fc] <1 there, then, for every t CB, |f] Sink, P. 
Chapter 8 is concerned with the dependence of.the functions 

K(s, t), G(s, t), and N(s, () on the region B. The variations of these 

functions are calculated when B is replaced by a somewhat larger 

region. Under certain assumptions, 


K(f K(e, DEG, Din-ds + o9 
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if the boundary b is displaced by an amount 5n =ep(s) in the direc- 
tion of the inner normal. Later the more general variational method 
of M. Schiffer and the numerous results obtained by means of it are 
discussed. 

While in the preceding chapters the existence of the Green's func- 
tion, the Neumann function, etc., is assumed (which is permissible 
since the proofs can be found in many places in the literature), this 
borrowing is now dispensed with and the slit mapping is carried 
through without this assumption. ' 

In Chapter 10 it is shown that the methods applied in the preced- 
ing chapters can also be applied to the solutions of partial differential 
equations of elliptic type. Here there are unexpected resulte from 
recent investigations of Bergman and of Bergman and Schiffer. The 
chapter ends with a treatment of the equation of elasticity, AA$ =0, 
` in order to show how the process must be modified for, equations of 
higher order. 

The final chapter is concerned with functions of two complex vari- 
ables and the analytic (pseudo-conformal) mappings generated by 
them. It is written for readers who are already familiar with the 
foundations of the theory of functions of several complex variables. 
First special regions (bicylinder, hypersphere, etc.) are treated; then 
the orthogonal functions are introduced for arbitrary schlicht 
bounded domains, and the mappings on representative regions: by 
means of minimal functions and.the invariant metric are set up. 
Finally the author discusses regions with distinguished boundary 
surfaces, the corresponding Bergman integral representations, and the 
*extended classes of functions." The choice of the topics in this 
chapter is perhaps somewhat too much oriented iu the recon of 
the author’s own extensive publications. 

However, the book as a whole gives a distinguished introduction 
to the theory of orthogonal functions with its abundance of new 
results. id 

H. BRHNKE 


Théorie des distributions. By Laurent Schwartz. (Publications de 
l'Institut de Mathématique de l'Université de Strasbourg, nos. 9 
and 10; Actualités Scientifiques et Industrielles, nos. 1091 and 
1122.) Vol. I, 1950, 148 pp. Vol. II, 1951, 169 pp. 

In Euclidean E, we consider a general function g(x) eo(xi, - - -,x1) 
which is defined and infinitely differentiable everywhere and is zero 
outside a bounded domain D=D,, and, as in a previous context, we 
call such a function a testing function. Next, if F= F(x) is a fixed 
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function in E, which at first is continuously differentiable of order 
not less than m, then, by partia] differentiation, we obtain, for 
k=1, for the integral i ; 





(1) ; f. d*F 3 
Pd dz* 1 
the value . l i 
2 d 
Q) cn» f prag 
— dx” 


and for general b we obtain for / 


Qr etmk ` 
3 f —————- do, 
( ) Pi omm ooh Or, . 


the value 
Í grit: +a 


C! —[tdc E —————— die 
( ) ( ) P "m SP 0*3, 


Now, for the computation of the integrals (2), (4) the function F 
need not be differentiable and this leads to defining the symbole (1), 
(3) for testing functions o (in terms of their values (2), (4)) even if 
the differentiation on F cannot be carried- out literally. Such gen- 
eralized integrals have been long in developing, and their systematic 
use was the very basis for the theory of generalized Fourier trans- 
forms as presented in the reviewer's book Fourtersche Integrals, 1932. 

Now, the author proceeds as follows. On the distributive space of 
testing functions lo introduce a limit topology by calling a sequence 
fo} convergent to e if the given functions all vanish outside a . 
joint bounded domain Do, and if we have, uniformly in En», 
grme ‘thy, gmt. Hako 


©) 


pre OMe, - ++ 09x, AMn ++ IM 


for all 51250, ---, 5420; and, more generally, call the sequence 
n-convergent if (5) holds for #:+ - - - --n, n. Obviously, (4) repre- 
sents for every continuous F a distributive functional on fo} which 
is continuous in this topology, and for given s even n-continuous; and 
the author establishes the following converse which is the actual con- 
tent of volume I. Given any continuous functional of this kind, then 
corresponding to any bounded D, there exist an F and a system {n;} 
such that for those testing functions which vanish outside Dy, the 


80 BOOK REVIEWS ; January 


functional can be represented by the integral (4), and is thus also 
*1-continuous in Do, for some finite ss. = 

In the first half of volume II this theorem is adapted to a Euclidean 
multi-torus, a testing function being any function 


(9 » p(x) = b» sy. ppf Uim ner) 
. which is infinitely differentiable, without its being required to vanish 


anywhere; it can also be characterized by the necessary and sufficient 
' condition that for every n 20 we have . 


Ga ` 9n 2Q(|r-9 — ‘ 
as |r| ©, wherer 2 (riH- - - +» +r)". Now, Nc DAE 
functions being introduced as before, the result is that any continu- 


ous functional is automatically n-continuous for some # = #0, and that 
the functional has the value 


8 2 ae R 

\ 
ie the “multiplier” 4,...,, is the value of the functional for the 
particular testing function p We may then also associate 
with the functional itself the unique expansion 


(9) 2. breo rar mte eran) 


and a sequence of multipliers will constitute such an expansion if and 
only if for some n; 0 we have E 

(10) keen 2 Or — s 

as [r] — œ. And finally it follows that the series (9) is convergent by 
arbitrary partial sums of itself in the (dual) topology of the space of . 
functionals. The author rather prides himself on this last statement, 


but within the given context if amounts only to stating that if (10) 
holds, then for someother exponent n =m we have |. 


y lend g o, 


“Tele: 


v 


as we indeed do have for m &n54-2, say. We might perhaps recall 
that in the Z,-theory, the multiple Fourier series likewise converges 
.by arbitrary partial sums in the dual topology there givén. 

The second half of volume II is given over to generalized Fourier 
integrals, and there the analysis had always been very much subtler, 
and has so remained. 

If f(x) in (—©, œ) is O(|x|-*) at infinity, say, then it has a 
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z 


transform . 
a) 7o o te = f menm 
from which it can be re-obtained as 

ec 7 fle) ~ f. " e'**g(a)da. 


uw 


If, now, for any 10, ga(a) denotes an nth indefinite integral of g(a), 
then we write for (12) 


-N 


a ala 
(13) f f DEO a. da, 


and in a suitable normalization we have 
vac d 
1 eed kl 
2nge(o) = f. O E T 
G^ 


: «(f f ye E 


Now, this expression may be calculatéd even if f(x) does not vanish ^ 
at infinity; it suffices that we have f(x) =O(|x fs for some finite }, 
and (14) may be then introduced, for n 14-2 at any rate. The result- 
ing function g«(a) will not be differentiable any more, but we never- 
the lese envisaged the relation (13) in a gymbolic fashion, and these 
were the generalized Fourier integrals in our book cited. Pey we 


(14) 





gave a first’ but different systematic version in an earlier paper,! and 


we also gave an application to almost periodic functions which ought 
to be generalized to several variables.? In these earlier papers we fol- 
lowed a lead of Norbert Wiener in considering functions which were 
locally Zs-integrable instead of .L,-integrable, and this made the 
theory so much more complicated than the one we arrived at even- 
tually in Fourtersche Integrale that we even did not.emphasize them 


1 Darstellung reellvariabler wnd cnalytischer FunhWonuen durch Verallgemeinerie 
Fourier- und Laplacs-Integrale, Math. Ann. vol. 97 (1927) pp. 635-662. 

3 Uber gewisse Differential- und allgemoinere Gleichungen, deren Lösungen fast- 
periodisch stad I, II, III, Math. Ann. vol. 102 (1929) pp. 489—504; vol. 103 (1930) pp. 
588—597; vol. 104 (1931) pp. 579-587.—For a later application of generalized Fourier 
integrals see also our paper jointly with R. P. Boas, Jr.: Closure theorems for trans- 
lations, Ann. of Math. (2) vol. 39 (1938) pp. 287—300. B 
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afterwards; but for the present-day re-study of the entire topic they 
may contain view points yet explorable. 

Now, turning again to our relation (13) we note that the author 
goes a step further than we did and he also differentiates the function 
f(x) itself symbolically, thus 


AO (enia EO ta 


dx? 








At first sight this still leaves the two sides unsymmetric in that, 
seemingly, on the right side the integrand is 
d^g«(a) 
da* 
with the unbalancing factor (fo)? in front. It turns out however that 
for a suitable G(a) and m this can be symbolically written as 
d*G(a) 
da* 
and in this way the author arrives at a, symmetric Fourier trans- 
formational reciprocity between symbols _ i 
d*F(z)  d"G(la) 
dx? do* 
as it were, the functions F(x), G(a) being arbitrary continuous func- 
tions in (— «, c) which are O(|x|*) and O(|a|*) at infinity, the 
indices p, m, q, n being unrestricted. 


The operational foundation for this reciprocation is as follows. If 
v(x) is a testing function as before, then its transform 


(ta)? 


(15) 





, 


(16) 








(17) NE = f 59cm 


, will not vanish outside a finite interval. But if we assume only that 
^^ g(x) is infinitely differentiable and that itself and each derivative is 
O(|x|-?) at infinity for every finite J, then its transform ¥(a) has 
the same property. Thus, the class of these functions is self-in- 
versible under Fourier transformation, and we shall call them sems- 
testing functions. Now (11) and (17) imply by “convolution” 


1 œ © 
(18) gS feas = f sakada 
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and this suggests that for a pair of reciprocal symbols (16) we ought 
to have the relation 











, * d?F(x) ' p° d*G(a) 
a9: zf. ye dee f IT acad 
This is indéed so, provided we interpret the symbol 
i 2 d»F(z) 
(20) f e(x)dz, 
—. dax? 


and also the right side in (19), in the following manner. In the space of 
semi-testing functions we introduce a topology which is based on the 
following limit concept: a sequence TA ped to 0 if for every 
PZz0,qz0 the sequence A 


dtp,(z) 
g? ———_— 
dxt 


is convergent to 0, as j— œ, uniformly in (— ©, œ). This topology is - 
different from the previous one even if applied to testing functions 
proper, and we now consider among the functionals originally given 
only such ones as are continuous with respect to the new topology of 
the testing functions as well. Such a functional can be extended to 
the’ semi-testing functions and remains continuous over them, and it 
is such a functional which can be represented in the form (20). 
These are the “distributions tempérées” of the author and they can 
be associated in pairs in such a manner that (19) shall hold for any 
pair of semi-testing functions themselves reciprocal, and two distribu- 
tions thus associated are Fourier transforms of one-another. 

The author does all this for several variables as well, the class of 
semi-testing functions being again self-inversive. We note however 
that the resulting self-inversiveness of the class of distributions, in- 
teresting as it is, is only the “dual” to the self-inversiveness of the 
semi-testing functions themselves, which latter self-inversiveness is a 
rather obvious phenomenon and, for instance, cannot compare in 
subtlety to the self-inversiveness of-the Plancherel transforms, say, 
where a natural norm is preserved as well. 

The author also gives an extension of the reviewer's theorem on 
positive definite functions ' 


` 


(21) P(x, tty zi) = f eiat: terad d T (ay, tg ar) 
J, ° 


for positive masses dT 2,0, from such ones for which the total mass is - 
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dT(a) < œ, 
J, 
to more general ones for which the total-mass is only “slowly” 
bounded, that is 


f dT (a) 4 

eee < oo 
nm Utat eta 
for some }. The transform P(x) is then not a function but a distribu- 
tion of the author's kind, and he adapts our necessary and sufficient 
condition of positive-definiteness to his distribution so as to secure 
again the representation (21). But we might state that, contrary to 
what the author seems to think, we ourselves gave the theorem not 
only for one variable in Fouriersche integrale, but also for several 
variables immediately afterwarde.? 

A dominant analytical tool in the work is a certain “smoothing” 
process (in French “régularisation”) which is used both to localize 
pieces of a spectrum or of a functional, and to approximate to a dis- 
tribution by a function. As an analytical tool it is older than some- 
times realized and it has been constantly used by us both for gen- 
eralized Fourier integrals and almost periodic functions; and the 
closely related "partition of unity," so-called, which is gaining in im- 
portance in the cohomology theory of differential forms was intro- 
duced for the first time for just euch a purpose in our note: Remark on 
the theorem of Green, Duke Math. J. vol. 3 (1937) pp. 333-338. And 
as regards the novelty of introducing “distributions” which are more 
general than Stieltjes integrals, say, we think that the credit for it 
ought to be assigned to Riemann who in his paper on trigonometric 
series interprets a series 


(22) 25 (Aa cos nz + ua sin sz), 
1 
with only 440, u.—0, as a symbol 
i d'F 
dz! 


where F(x) is defined as the uniformly convergent series 


* 3 Monotons Funktionen, Stelifesschs Integrals und harmonische Analyse, Math. 
Ann. vol. 108 (1933) pp. 378-410. 
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= cos mx sin sz 
=> cca : 
d 1 E B 
and then “convolves” the series (22) with that of a testing function in 
the appropriate manner. 

We have recounted all this with a view to suggesting that it would 
not be easy to decide what the general innovations in the present 
work are, analytical and even conceptual, and that it is in order to 
appraise the yalue of the book by its specific results, such.as we have 
extracted above; and of ‘euch let the author produce many more, by 
all means. " 

`~ S.-BOCHNER 
Tables relating to Mathieu functions. Characteristic values, coefficients, 
and joining factors. Prepared by the Computation-Laboratory of 
the National Applied Mathematics Laboratories, National Bureau 
of Standards. New York, Columbia University Press, 1951. 48 +278 
pp. $8.00. 


Since its Panaon (January 1938) the New York Unit of the 
Computation Laboratory of the National Applied Mathematics 
Laboratories, a division of the National Bureau of Standards—until 
July 1947 it was called the Mathematical Tables Project—has been 
very active in producing extensive and accurate numerical tables of 
important mathematical functions. Besides a series of tables of the 
elementary transcendents, they have published almost a dozen 
tables relating to the higher transcendents such as sine, cosine, 
and exponential integrals, probability functions, Bessel functions, 
Legendre functions. No matter how high-speed electronic calculating 
machinery may be further developed, applied mathematicians will 
always owe a great debt to these and other table-makers. ` 

This particularly holds for the fascinating tables under review. As 
Professor Erdélyi emphasizes in the foreword, the comparatively 
` slender numerical material.available for Mathieu functions shows 

the urgency of the task undertaken by the National Bureau of 
Standards. The more so, since several important problems of applied 
mathematics and theoretical physics involving Mathieu functions 
. have so far received only little attention because of lack of adequate 
numerical data. These problems. include all types of vibrational, 
wave and diffusion problems connected with ellipses or elliptic 
cylinders, as well as stability investigations of various mechanical 
systems, the theory of PONENT modulation, and loud-speaker 
theory. 
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Bessel functions and the like are rather elementary compared to 
Mathieu functions. The latter functions have no really simple repre- 
sentations such as power series with rational coefficients. On the 
other hand, a characteristic feature of Mathieu functions is that they 
are (in various ways) expansible into infinite series with a relatively 
simple three-term linear recurrence relation between successive co- 
efficients. It is this feature (which the Mathieu functions share with 
the spheroidal wave functions) which renders possible the numerical 
calculation of Mathieu functions by the method of continued frac- 
tions. This technique was introduced by E. L. Ince and later on re- 
fined -by others. 

An excellent introduction, covering all the important numerical 
aspects of Mathieu functions and giving a wealth of material not 

` easily to be found elsewhere, is presented by Gertrude Blanch of the 
Computation Laboratory. The standard form adopted for Mathieu's 
differential equation is (*) y” +(b—s cos? x)y —0. Only real values 
of the parameters b and s are considered. It is known that (*) poe- 
sesses periodic solutions of period x or 2x for the so-called character- 
istic values b be, or bo, which are functions of s. These solutions 
are even or odd in x. There are altogether four different types of 
‘periodic Mathieu function, viz (r =0, 1, 2, - - -) 


Sex(s, x) = > Den cos 2Àz [period x, b = bes (s) ], 
kal) 


Sexai(s, 2) = $ Desir cos (2k-+ 1)" [period 2x, b = bewy.(s)], 


Sos(s, 2) = Y, Don sin 2ha [period x, b = bos(s), r x 0], 
k-1 . 


Sosai(s, 2) = Dog” sin (2k +1) [period 2r, b = bomya(s)]. 
k-0 


The coefficients De and Do satisfy simple three-term recurrence rela- 
tions. The characteristic values form an unbounded countably in- 
finite set occurring in the order (s>0) bes«bo; «bei « bo « bes 
«boi€bei« ---. The periodic Mathieu functions are normalized by 
the conditions 


ad Se(s, 0): M ds : Lo 
("*) e(s, 0)'= 1, E oa) | = 


The coefficients De and Do are sufficient to characterize the com- 
plete solution of (*) for b be or bo. For details concerning the non- 
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periodic solutions corresponding to the characteristic values the 
reader should consult the introduction. The same holds for power 
“series and asymptotic expressions for the characteristic values, rela- 
tions between solutions corresponding to the parameters s and — s, 
differences in notation and normalization as compared to earlier 
work, etc. 

There is one obvious duadvanuped in adopting (*) as the standard 
Mathieu equation, so far as the characteristic values are concerned. 
It would have been more convenient to have a table of a=d—s/2, 
corresponding to McLachlan’s canonical form y/d-(a—2q cos 2x)y 
c0, s=4g. The normalization (**) seems the most satisfactory, in 


particular with a view to extension of (**) to functions of unrestricted. 


complex s. 
The characteristic values be,(s) are tabulated to eight decimals 
for the following values of r and s: 


r = 0, s = 0(0.2)20(0.5)37(1)100; r = 1, s = 0(0.2)15(0.5)50(1)100; 

r = 2, s = 0(0.2)40(0.5)77(1)100; r = 3, s = 0(0.2)13(0.5)56(1)100; 

r = 4(1)6, s = 0(0.5)100; r = 7(1)8, s= ee r = 9(1)15, 

s = 0(2)100. 

The characteristic values bo,(s) are tabulated to eight decimals for 

r = 1(1)4, s = 0(0.5)100; r = 5(1)7, s = 0(1)100; r = ROM. 

s = 0(2)100. 
In both cases modified second differences are given. Two graphs of 
the characteristic values are included (stability chart). For negative 
s the characteristic values follow from bes,( — s) =bes,(s) —s; bos ( >s) 
= bosr(s) —5; bexi( — 5)  bosea(s) — 5. 

The greater part of the tables under review is devoted to the 
coefficients De, and Do,, at an interval in s sufficiently small to 
yield a set of key values of the functions Se, and So, amenable to 


subtabulation. (The Mathieu functions themselves are not tabu- 
lated.) The coefficients De, of Se, are tabulated for 


r = 0, s = 0(0.2)8(0.5)20(1)100; r = 1, s = 0(0.5)20(1)40(2)100; 

r= 2, s = 0(0.2)8(0.5)15(1)40(2)100; r = 3, s = 0(0.2)20(1)40(2)100; 
r = 4, s = 0(1)60(2)100; r = 5, s = 0(1)100; r = 6(1)7, s = 0(2)100; 
r= 8 s = 0(4)68(2)100;7 = 9,5 = 0(4)100; r = 10, s = 0(5)100; 

r = 11(1)15, s = 0(10)100. 

The coefficients Do, of So, are tabulated for 


88 i BOOK REVIEWS Dannery © 


oro d, s = 0(0.5)10(1)40(2)100; r = 2, s = 0(1)40(2)100; 

_r = 3, s = 0(1)20(2)68(4)100; r = 4, s = 0(1)14(2)40(4)100; 
r = 5, s = 0(2)60(4)100;r = 6, s = 0(2)100;r = 7(1)9, s = 0(4)100; 
r= 10, s = 0(5)100; r = 11(1)15, s = 0(10)100. 


Most values are given to 9 or 10 decimals, though for the smaller 
values of k a constant number (9 or 10) of significant figures is pro 
vided so as to allow the complete solution of (*) to be calculated to a 
high degree of accuracy. The remaining tables contain joining factors 
and auxiliary functions, a description of which is beyond the scope of 
this review. J 
In conclusion, the reviewer thinks that the computation of the 
several Mathieu functions themselves would be very welcome. At 
least for the periodic Mathieu functions proper, this would not be too 
difficult for table-makers using high-speed electronic computers! 
A C. J. BOUWEAMP 


Dis swetdimenstonale Laplace-Transformation. Eine Einführung in 

thre Anwendung sur Lösung von Randwertproblemen nebst Tabellen 

_ von Korrespondensen. By D. Voelker and G. Doetsch. (Lehrbücher 

- und Monographien aus dem Gebiete der Exakten Wissenschaften, 

Mathematische Reihe, vol. 12.) Basel, BirkhBuaer, 1950. 259 pp. 
43 Swise fr. - 


The motivation of this book is described by the authors in the 
preface in the following words. “The classical one-dimenaional La- 
place transformation now belongs to the common beritage of mathe- 
maticians and technologists, and since the publication of the mono- 
graph Theorie und Anwendung der Laplace-Transformation, books 
have been written on it in almost all cultured languages. By contrast, 
-the two-dimensional (or double) Laplace transformation has been 
used only occasionally, in some memoirs. There is no systematic 
presentation of its theory and applications, or an elucidation of its 
distinctive features. Such a presentation is offered in this book which 
consists largely of unpublished material." (Reviewer's translation.) 

The emphatic reference to the senior author’s well known treatise 
should not mislead the reader into expecting the same sort of book 
here. On the one hand, the present book is based on Lebesgue's inte- 
gration theory while Riemann integrals were used in Doetsch’s 
book; and on the other hand, in contradistinction to the basic char- 
acter of the earlier work, the orientation of the book under review 

. is towards the applications, especially partial differential equations. 
This more practical orientation is shown by leaving aside basic ques- 
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tions of purely mathematical interest (for instance the highly com- 
‘plex behaviour of non-absolutely convergent double Laplace inte- 
grals). It is also shown by a mellower attitude towards the point of 
view of the engineer. On page 20 it is pointed out that even if one 
does not know Lebesgue's theory of integration, one can use with 
impunity theorems based on that theory as long as one follows the 
*rules of the game"; and readers of Doetsch's earlier work will be ' 
surprised to see that on page 51 the description of the formal process 
of solving boundary value problems by means of the double Laplace 
transformation is merely followed by the remark that a careful worker 
(reviewer's emphasis) will then find out under what conditions aud in 
which sense the formal solution actually solves the boundary value 
problem. The most conspicuous, and the most welcome, sign of this 
practical orientation is the collection of tables of operations and 
transform pairs which occupies almost one half of the book. 
The relation 


) (2049 -f eos 
‘ B P 0 
' ia indicated either as f(s) =2{ F(é)} or, more often, as f(s) e — o F(2) 
or F(#) o — e f(s). If necessary, the variables involved in the trans- 
formation are noted. Thus 


f(u, y) * — F(x, 9) 


means 
fry) = f eros 32 
0 
The double Laplace transform 


2) - f(s, 0) = [frome y)dxdy 


- is written aB 


f(s, 0) © = o F(s, y) 
, y 
or simply as f(u, v) e = o F(x, y). There are already several symbols 
for the Laplace transformation and the introduction of a new notation 
` ig not in itself desirable, yet in the present case it can be defended on 
the grounds of its being the only notation which lends itself con- 


7 
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veniently to an indication of the number and names of the variables 
involved in the transformation. 

The whole work is organized in two parts. Part I (137 pp.), on 
the theory and application to boundary value problems of the double 
Laplace transformation, is by both authors; Part II (107 pp.), con- 
taining the tables, is compiled by Voelker. 

In Chapter 1 of Part I first the basic properties of the Laplace 
transform (1) are recalled (§1). Then the double Laplace transform 
is introduced (in §2) as the absolutely convergent Lebesgue double 
integral (2). For this, there are dssociated abscissae of (absolute) 
convergence, with properties similar to the associated radii of con- 
vergence of double power series. By Fubini's theorem, the double 
Laplace transform is reduced to a succession of two Laplace trana- 
forms ($3), and it is shown (in $4) that in case either of the two 
parameters 4, v is fixed, the double Laplace transform is an analytic 
function of the other, regular in a half-plane which is determined by 
the associated abscissa of convergence. This leads to the expression 
of the double Laplace transform of x*y*F(x, »i in terms of f. Then 
follow the so-called rules ($$5-7). - 

Almost the whole of the remainder of Part I is devoted to partial 
differential equations. The domain is always the quadrant +20, yz 0 
which ariges in many problems, and especially naturally with para- 
bolic partial differential equations. From the work of $3 it follows 
that in principle all the work could be based on the (one-dimensional) 
Laplace transformation, and some of the problems presented here 
have previously been so handled; but the authors point out certain 
advantages of the double Laplace transformation. The general 
method is as'follows. First the double Laplace transformation is 
applied formally to obtain a tentative solution expressed in terms of 
the coefficients of the partial differential equation and certain bound- 
ary (and initial) values, and then an independent investigation is 
carried out to show under which conditions the formal result repre- 
sents an actual solution of the problem. 

Chapters 2-5 are concerned with partial differential equations in 
two independent variables. In Chapter 2, after some general remarks 
($8), the partial differential equation 


Fa + Fy + g = (z, y), «20,720, 
/ 
is discussed ($9) where ^ and q are constante, and p»:0. With the 
boundary values 


A 


F(z, 0) = A(z)o— ea(u), — F(0, y) = B(y)o — b) 
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the double Laplace transform of the solution is, 
i olu, 0) + palu) + b(v) l 
ut pod q 


From here on two cases must be distinguished. If p>0, the de- 
nominator in (3) is always positive for sufficiently large (positive) 
u and v, and the solution can be obtained, without any quantitative 
restrictions on the data, by means of the rules. On the other hand, 
if p «0 the condition "I 
(0 — b(— po g») + pal po — g) + (0) = 0 
must be satisfied identically in v to make (3) regular for all sufficiently . 
large s, v, and this condition imposes a quantitative restriction on the 
data. The situation is further elucidated by reference to the theory 
"of characteristics. As an application of the double Laplace trans- 
formation the work is not very impressive, for the solution can be 
obtained by elementary methods as easily as, if not more easily 
- than, by the double Laplace transformation. Yet the example is well 
chosen in that it aptly illustrates the general method, and also shows 
that in the application of the double Laplace transfórmation to 
boundary value problems one needs general operational rules, such 
as the interpretation of (4), even more than a large number of par- 
ticular transform pairs. 

In Chapter 3, $10 contains a similar discussion of the parabolic 
partial differential equation 

Fas — Fy + Bz, y) = 0. 

At first three boundary values, 


F(0,y)o — eb(), Fe(0, y)o—eb(),  F(x0)o-—e*a(w) 
\ 


(3) f(s, 0) = 


enter, and ! 
. c Alu) + ub) + bs) — $6 7). 


fv, 7) =: 1 
“u — y J 
The regularity of f demands. 
(5) — aa?!) + stitb(s) + bifo) — ds, v) = 0 


and thus sets up a compatibility condition. Various boundary value 
problems are discussed. Other partial differential equations in this 
chapter are: the wave equation ($11), Fa tpF+®(x, y)&0 ($12), 
the telegraphist's equation ($13), and Poisson's equation ($14). In 


92 BOOK REVIEWS i [January 


all these cases the authors discuss those boundary value problems 
which can be handled most conveniently by the operational calculus, 
rather than those which arise most naturally in physical problems. As 
is well known, the discrepancy is greatest in the case of elliptic 
equations. 

The general linear partial differential equation of order two (in 
two independent variables) with constant coefficients is discussed in 
Chapter 4. §15 correlates the double Laplace transform method with 
. Green's formula, $16 deduces compatibility conditions (whose num- 
ber depends on the coefficient matrix of the equation). In the remain- 
ing paragraphs ($517—20) the discussion of hyperbolic and parabolic 
equations is taken up in more detail. 

In Chapter 5 ($$21—24) the discussion ofthe um of partial 
differential equations with constant coefficients 


Fat pily + quP + quG = (s 3), 
Gat bi, + mF + quG = (ny) 


is s iei up. The number of compatibility conditions is 0, 1, 2 accord- 
ing as 0S fiS fs, 1 «0S P ba «CO. 

^ Chapter 6 is on partial differential equations in three independent 
variables. After a general introduction ($25), the partial differential 
equation 


(6) Fess — F; + Fa = 0, z&0,yg£00zssl 


is discussed ($26). The double Laplace transformation is applied with 
respect to x and y, and (6) is transformed into an ordinary differential 
equation which can be solved explicitly. The inverse transformation 
is considerably more difficult in this case. Three methods of it are 
illustrated in $$27-29. 

Part I concludes with Chapter 7 ($530, 31) on functional relations 
involving Bessel functions and Laguerre polynomials. A brief list of 
references is added. ` 

Although Part I is unlikely to become as basic as the senior author’s 
well known treatise on the Laplace integral, in its more restricted 
sphere it should prove useful. ] 

In the preface the authors explain that one-dimensional operational. 
calculus was for a long time handicapped by the absence of 'an ade- 
quate “dictionary.” In order to forestall a similar situation with re- 
gard to the double Laplace transformation, they provide extensive 
tables in Part II, by Voelker. 

Table, A contains the “grammar” or operational rules. 1. Funda- 
mental operations (64 entries). Beside the formulas for double La- 


i 
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place transforms of partial derivatives (general formulas, and ex- 
plicit relations up to order 4), there are other useful formulas of 
which a sample is 
(e+ X) Nome f f ox - 92. 

2. Double Laplace transforms obtained from Laplace transforms | 
(86 entries). Sample: | 
! z 
231 


3. Difference quotients of Laplace transforms (63 entries). 
Samples: : i 


v1¢(% + 71/3) e = e d(z) erfc where ¢$(#) oe (x). 


f AOAO, o (s y) where glu) « — o (2), 


$(u) — $((0? + a*)1) 
(n! at ads Mw ee at)’ 
4, More involved operations (134 entries). Sample: 


nis f " Jolaly? — E?) &(s + Dak. 


- (erm eue f, rocas - D) SF( dt 


5. Difference quotients of double Laplace transforms (41 entries). 
Sample: ‘ 


fée 2 — Fle v). 


Pd *-—Uv 


y,» 
mon frs - aan z 
ài 


6. Laplace transforms derived from double Laplace transforma (10 
entries). Sample: 


fiw, 0) e — 9 f F(x, 1)ds. 


Table B contains the “dictionary” or transform pairs. These are 
arranged according to the f(u, v). 1. Rational functions (177 entries). 
2. Irrational algebraic functions and powers with arbitrary index - 
(97 entries). 3. Logarithms (27 entries). 4. Exponential. functions 
(28 entries). 5. Hyperbolic functions (13 entries). 6. The exponential 
integral function and similar functions (11 entries). 7. Confluent 
hypergeometric functions (13 entries). 8. Other functions (10 entries). 

“Table C contains a list of notations for special functions (110 
entries). 
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These very detailed tables are likely to become an indispensable 
tool for the practical application of the double Laplace transforma- 
tion. 

The publishers must be congratulated on the excellent performance' 
of a typographical job (the tables) which presens considerable tech- 
nical and financial difficulties. 

A. ERDÉLYI 


^ 


Mathematische Grundlagenforschung. By Arnold Schmidt. (Enzyklo- 
p&die der Mathematischen Wissenschaften, Band I, Heft 1, Teil 
IL.) Leipzig, 1950. 48 pp. 


This article was originally written in 1939, but was revised in 
1948-49, so as to include reference to more recent contributions. It 
consists of an exposition of “those parts of foundation studies which 
are either directly concerned with the construction of mathematics, 
or in which the application of mathematical methods has proved 
fruitful" The author confines himself almost entirely to the founda- 
tions of arithmetic, and does not attempt to deal with such topics as 
set theory, group theory, or geometry, nor with the problems proper 
to mathematical logic itself. 

The article consiste of four parts: (A) Axtomatsk und allgemeine 
Beweistheorie; (B) Kodtfikation und Bewetstheorte der Zahlenlehr; (C) 
Die logische Begrundung der Mathematik; and (D) Intuitonistische 
Mathematik. 

In Part (A), the author explains what is meant by the formaliza- 
tion of a mathematical system, and introduces some metamathe- 
matical terms. He then shows (following Gödel) that every system 
which contains arithmetic also contains its own syntax in arithmetical 
form, and proceeds to sketch a proof of Gédel’s theorem (as strength- 
ened by Rosser): that a system which contains its own syntax in 
arithmetical form cannot be both consistent and complete. Among 
other results of a negative character mentioned here are a second 
theorem of Gödel, that a consistent system containing its own syntax 
in arithmetical form cannot be shown to be consistent by any proof 
which can be formalized within the system, and the theorem of 
Tarski that, in a system which contains its own syntax in arith- 
metical form, one cannot define truth for the system itself. 

Part (B) begins with a brief sketch of the theory of recursive func- 
tions. The result of Péter is cited, that one can keep on getting new 
recursive functions by increasing the number of variables in primitive 
recursions. Some of the various equivalent methods of defining gen- - 


‘ 
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eral recursive functions are indicated: the original method of^Her- 
brand and Gödel, Turing’s notion of computability, and Church’s 
notion of A-definability. The author mentions Bernays’ proof that 
every function whose values can be calculated in some consistent 
deductive calculus is general recuraive, and describes the normal - 
form of Kleene for general recursive functions. The relationship be- 
tween general recursive functions and decision methods is pointed 
out, and reference is made to Church’s proof that there is no decision 
method for the restricted predicate calculus; the more recent exten- 
sions of this result by Mostowski, Post, Julia Robinson, R. M. Robin- 
son, and Tarski are not mentioned, however, as they have appeared 
since Schmidt’s article. ` . 

"The remainder of this part is taken up with an exposition of con- 
sistency proofs of various fragments of arithmetic, Gentzen’s con- 
sistency proof of all of arithmetic using transfinite induction, and a | 
sketch of some unpublished transfinite proofs (due to Lorenzen and 
Schütte) of the consistency of part of analysis. 

Part (C), which ia very short, is devoted to a résumé of the theory 
of types, and of the attempt of Russell and Whitehead (following 
Frege) to construct arithmetic from logic alone. The author criticizes 
this attempt on the ground that Russell and Whitehead were unable 
-to prove certain theorems of arithmetic without using axioms which 
hardly seem tb be part of * pure logic” (the axiom of infinity and the 
axiom of choice). 

Part (D) is devoted to an expoeition of the intuitionistic mathe- 
matics of Brouwer and his followers. The philosophical background.of 
this movement is made clearer heré than in the usual presentations. 

J. €. C. McKinsgy 


Dirtchlet's principle, conformal mapping, and minimal surfaces. By 
R. Courant, With an appendix by M. Schiffer. (Pure and Applied 
Mathematics, vol. 3.) New York, Interscience, 1950. 144330 pp. 
$4.50. 


At the beginning of its history, Dirichlet’s principle was one of the 
occasions for the ascetic enterprise of revising and clarifying the 
foundations of the calculus of variations. In its latest stage it has 
proved'a powerful tool for the solution of one of the most interesting, 
difficult, and colorful problems, a solution which could be carried to a 
generality which, a quarter of a century ago, even the most fanciful 
optimism would hardly have dared to dream of. No other mathe- 
matician is more competent to write a presentation of this subject 
than is the author of the present book: His first steps in research 
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were still linked to the first part of the history of Dirichlet’s prin- 
ciple, and he has been one of the most RACER: promoters of the 
development during its latest stage. 

Naturally, the scope of the book is limited to Dirichlet’ 8 principle 
in two dimensions. The treatment mainly follows the author’s own 
papers and those of his school, including even the most recent re- 
sults. As the author stresses in the preface, his foremost aim has not 
been merely to *present the crystallized: product of his thoughts," 
but he is anxious also to shed light on the development of those 
thoughts from their very sources. So he does not spare heuristic 

. considerations, motivations of problems, reference to special ques- 
tions; also many open problems are pointed out. It is needlese to say 
how much this characteristic of the book is to the profit of every 
reader who is more interested in information than in austere beauty. 

In the reviewer's opinion, the geometric aspects of Plateau’s and 
vof Douglas's problems come off somewhat badly; it is to be regretted, 
e.g., that no systematic report on the author's interesting soapfilm 

' experiments has been included. 

An appendix, written by M. Schiffer, gives a good picture of the 
main ideas underlying the recent development of the theory of con- 
formal mapping. Conciseness is gained not by dropping the proofs 
but by selecting typical cases. 

In Chap. I, Dirichlet’s principle in its relations to boundary value 
problems of potential theory is motivated and stated; two proofs are 
developed in extenso. The simplest applications to counters mapping 
are made. 

Chap. II deals with an extension which is applicable to conformal 
mapping of domains of multiple (even of infinite) connectivity onto 
parallel slit domains. The variational problem and its solution are 
not restricted to genus zero; in the case of higher genus the result is 
a representation on a simple parallel slit domain, part of whose elits 
are ideally coordinated, thus becoming interior lines of a Riemannian 
domain. 

, Chap. III is concerned with Plateau's probier in its original form; 
To span a minimal surface (eventually with the additional condition 
that it be the surface of least area) into a closed Jordan curve in 
Euclidean m-space, m2 2. The solution is based on a variational prob- 
lem: To minimize the Dirichlet integral [fees (0+ E)dudr within a 
élass of vector functions [(&, v), each of which represents an ad- 
missible surface. The existence of a solution is proved, and after- 
wards it is identified as a minimal surface of least area. That itisa 
minimal surface may be proved, rather quickly, by the usé of exist- 
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ence theorems on conformal mapping, or, avoiding such theorems, 
by consideration of the “first variation of Dirichlet’s integral.” For 
the proof of the least area property, theorems on conformal mapping 
are indispensable. The first variation also yields an independent 
existence proof, by the method of “safe descent” (an analogue to 
“steepest descent" for functions of-a finite number of variables), 
whoee result, however, cannot be identified as a surface of least area 
or even as a surface with a relative minimum of area. 

Chap. FV is devoted to a generalization of Plateau’s problem which 
was first, and with great success, considered by J. Douglas and is, 
therefore, here called Douglas’s problem: Given any number of 
Jordan curves in Euclidian m-space; to find a minimal surface 
bounded by these curves with a prescribed Euler characteristic and 
with a prescribed character of orientability. Again the problem is 
replaced by a variational problem analogous to the former one; its 
main new feature is the variability also of the parameter domain 
within an appropriate class (e.g., all circular rings-with outer radius 1 
in the case of an orientable surface of genus 0 with two boundary 
curves). It is rather obvious that one cannot always expect a solution 
of'the problem, since among the limits obtainable from the class 
of admissible surfaces there are degenerate cases which are not 
admissible: surfaces with a smaller characteristic or consisting of 
several parts. So one of the main concerns of this chapter is the dis- 
cussion of conditions for the existence of a solution. 

In the foregoing the solutions of Plateau’s and of Douglas’ 8 prob: 
lems are always given by a vector function, harmonic in a certain 
plane parameter domain, giving a conformal map of the latter on the 
surface in m-space. In the case m —2, one finds a conformal tepre- 
sentation of the parameter domain onto the domain bounded by the 
given curves. So proofs are obtained for the existence of a conformal 
mapping of any multiply-connected domain of genus 0 onto an ap- 
propriate member of a certain class of normal domains, admitted as 
parameter domains. This method is developed in Chap. V. Of course, : 
this time the proof of the “minimal surface character,” i.e., of the 
property that the mapping is conformal, has to be based on the con- 
sideration of the first variation of Dirichlet's integral, avoiding all use 
of existence theorems on conformal mapping. Among the types of | 
normal domains there are very general ones, as yet not accessible to 
other methods. 

The last chapter is devoted to two different E whose treat- 
ment is naturally not as well rounded by far as that of the former 
ones; many attractive questions are still open. In the first problem, 


r 
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part of the boundary (eventually, with suitable other restrictions, 
the whole boundary) is left free on some manifold of less than m di- 
mensions. Only special types of this problem are considered. The 
second question is that of unstable minimal surfaces with prescribed 
boundary, which has been considered by Morse and Tompkins, and, 
with another approach, by Shiffman. The short exposition follows 
the latter author's lines. - 

Schiffer's appendix deals with such problems as: The relations be- 
tween Green's function of a multiply-connected domain, Neumann'a 
function, the harmonic measures of the boundary curves, certain spe- 
cial mapping functions, kernel functions, etc.; certain extremal prob- 
lems; the variation of Green's function considered as a function of the 
domain, with applications. 

Two bibliographies, one for the main part and one for íhe ap- 
pendix, are inserted. 

It may well be hoped that this lucid presentation of sets ob- 
tained up to now will prove a sound basis and a stimulus for further 

H. GRUNSEY 


Mathematische Grundlagen der höheren Geodäsie und Kartographie. 
Vol. I. Das Erdsphäroid und seine konformen Abbildungen. By R. 
König and K. H.-Weise. Berlin, Springer, 1951. 184-522 pp. 49.60 
DM. 

The mathematical theory of cartography and related problems in 
higher geodesy has provided frequent inspiration for basic etudies in 
geometry, function theory, and conformal transformation. Most 
mathematicians have been inclined however to dismiss the subject 
as a fairly elementary exercise in analysis and have left its problems 
to the geographers and map makers. A small group hàs nevertheless 
maintained a continuing interest in this field which was set on a 
sound mathematical basis by the early work of Lambert, Lagrange, 
and Gauss. 

The present work represents a significant contribution to the few 
outstanding works in this field. It stands along with the three major 
references: M. A. Tissot, Mémoire sur la représentation des surfaces 
géographiques et des projections des caries, Paris, 1881; L. Driencourt 
and J. Laborde, Trasté des projections des cartes géographiques, Paris, 
1932; and W. Jordan and O. Eggert, Handbuch der Vermessungs- 
kunde, 8th ed., Stuttgart, 1939-1941. These three together with the 
present treatment provide a comprehensive background and guide 
for research and application. 


- 


+ 
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The authors make their contribution primarily in establishing a 
more generalized mathematical basis for their subject. Rather than 
starting with the most familiar projections, they have started with: 
certain general analytical formulations from which the several pro- 
jections arise as specializations. The tone of the work is indicated by 
the fact that not a single world map appears while à great many: 
diagrams illustrating the pattern of various conformal transforma- 
tions are included. - 

This volume is the first of two with the second forthcoming. The 
first part as indicated by the subtitle is restricted to a closely co- 
ordinated, comprehensive study of the conformal mapping of the 
spheroid on the sphere and plane. Considerable emphasis is made 
of the use ọf complex variables to their fullest extent and on the char- 
acteristics of the projection in the large. The second volume is to be 
devoted largely to problems of higher geodesy such as the geodetic 
line and its conformal representation, and to the geodetic triangle. 

The first and third chapters are introductory. The earth as an 
ideal ellipsoid of revolution is described and its geometrical char- 
acteristics are catalogued. A number of analytical and series relations 
are listed for future reference. The third chapter reviews compactly 
the basic principles of conformal transformation between two planes 
by use of various complex variable transformations. 

In the second chapter there are described the so-called three funda- 
mental surface variables A= M, B, T, representing the complex ex- 
tension of the isometric latitude, the geographic latitude, the meridian 
arc length respectively. As complex variables they can be interpreted 
to give respectively the Mercator projection, the ellipsoidal trans- 
verse Mercator projection, and the Gauss-Kruger projection. The. 
analytical and geometrical relations between these three variables are 
considered in chapters four and five. Various analytical correlations 
are developed explicitly by methods from the complex function 
theory. The several pairs of coordinate transformations are examined 
in relation to behavior of coordinate net distortion, rotation, and 
curvature in the manner of conventional conformal transformation 
and differential geometry theory. 

Chapter six provides a description of the basic conformal projec- 
tions on a plane, sphere, and spheroid derived from the three funda- 
mental variables. Questions of scale variation and rotation, and series 
evaluation of projection coordinates are considered. The conformal 
projection on a sphere provides a convenient intermediate step for 
subsequent projection transformations. The projection from one 
spheroid to another is of concern in evaluatiug the effect of modifica- 
tion of the reference ellipsoid. 


; 


100 BOOK REVIEWS l January 


The application of exponential transformations to the three funda- 
mental variables is the subject of chapter seven. The complex variable: 
H-—« and its linear transformations determines the stereo- 
graphic projections. Similarly A = —«-?M provides the conic projec- 
tions. ` 

In chapter eight is outlined the method of conformal displacement 
on the spheroid from one reference point to arbitrarily selected 
alternative reference points. Chapter nine surveys briefly some of 
the more geographical aspects of the several types of projections and 
mentions briefly other than conformal types. The work is concluded 
with a chapter providing an extensive set of auxiliary formulae and 
analytical relations. 

This contribution represents an unusually cihautve treatment 
of a fairly practical application of differential geometry and con- 
formal transformation. The organization is good though over- 
burdened with multiplicity of formulas. This is somewhat mitigated 
by a formula summary at the end of each chapter. The important 
characteristics of conformal maps-are treated so as to provide an 
adequate basis for any further work. This volume and apparently the 
one to follow refers to the conformal projection almost exclusively. 
While this is of primary concern in higher geodesy it would seem 
appropriate in a basic treatise on cartography to give more than a 
cursory treatment to, equal-area and the several geometrically de- 
fined projections such as the polyconic. f 

. ; NEWMAN A. HALL 


BRIEF MENTION 


Problèmes de propagattons guidées des ondes tlectromagnétsques. 2d ed. 
By L. de Broglie. Paris, Gauthier-Villars, 1951. 841-118 pp. 1100 fr. 


This text is concerned with the classical phases of the theory of 
guided electromagnetic waves and as such does not discuss the de- 
velopments made in the United States and Great Britain during the 
past ten years. Chapter I summarizes the basic facts regarding Mar- 
well's equations. They are written in Cartesian as well as orthogonal 
curvilinear coordinates. Complex representation of the field quan-- 
tities and some of the useful potentials are discuesed. Attention 
is turned to wave guides in' Chapter II. For purposes of illustration 
four different cross sections are discussed: rectangular, circular, co- 
axial, and elliptic. The chapter cloees with a brief but inlormative 
section on methods of excitation as well as transient effects. Chapter 
III is concerned with. characteristic frequencies of electromagnetic 


- 
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cavities of several shapes: the parallelepiped, right circular cylinder, 
torus of rectangular and circular cross sections, and sphere. 

In Chapter IV, account is taken of logses in guides. First the effect 
of a nonperfect conductor’ is discussed with reference to the akin- 
effect. This leads to the study of attenuation losses which are dis- 
cussed for some special cases in an approximate and an exact fashion. 
Chapter V deals with a discussion of propagation in horns. Several 
geometries are considered, the right circular cone, biconical -horn, 
the sectoral horn and the parabolic mirror. For these geometries, 
the solution of Maxwell's equations are given in detail. The closing 
chapter deals with .Huyghens' principle and the diffraction of elec- 
tromagnetic waves at the opening of a guide or a horn. Kottler's 
representation for the electromagnetic field is given and the chapter 
closes with some specific applications. A good fraction of the refer- 
ences pertain to post-war contributions of the French school. 

` ALBERT E. HEINS 


Elements of the topology of plane sets of points. 2d ed. By M. H. A. 
Newman. Cambridge University Press, 1951. 8-+209 pp. 


This is a new edition of Newman's very useful and readable book 
, on the topology of the plane published in 1939 (see the review in 
Bull. Amer.. Math. Soc. vol. 45). The text has been revised exten- 
: sively and there are a number of changes in the choice and arrange- 
ment of topics. For example, the sections on the boundary elements 
of domains and on the connectivities of certain cloeed sets bave been 
replaced by a section on the orientation and intersection of plane 
curves. The first part of the book, dealing with the general topology 
of metric spaces, has been augmented by a section on complete spaces 
and by discussions of the properties of various vector spaces of in- 
finite dimension.-In the chapter on separation theorems the author 
has added a short proof of the implicit function theorem as an ap- 
plication of Brouwer's theorem on the invariance of regionality 
(established for arbitrary dimension despite the fact that the, book 
deals primarily with the plane). The proof of the so-called stronger 
form of Cauchy's integral theorem has been agreeably shortened. 
On the other hand the proof of the Jordan separation theorem—essen- 
tially that of Alexander—seems a trifle longer. Here:no doubt is a 
reflection of the author's purpose of presenting the proof of this 
famous theorem with such care as to make it accessible to mathe- 
,maticians generally, not merely to those who will read the book as an 
admirable introduction to a systematic training in topology. 
, - P. A. SMITH 
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Über Kurven und Flächen in Allgemeinen Räumen. By P. Finsler. 
. A reprint of the 1918 dissertation with a detailed bibliography by 
H. Schubert. Basel, Birkhäuser, 1951. 124-160 pp. 14.80 Swis fr. 


This unaltered photographic reproduction of Finsler’s thesis will 
be welcome to many mathematicians. For, as Ostrowski states in his 
preface, this is one of the few first works which have had a great and 
lasting influence, and, being a thesis, existed in only very few copies 
many of which are owned by Finsler’s friends. But the book will be 
more than a classic in a geometer's library. The reviewer concludes 
from his own sad experience that there must be many instances 
where apparently new results were found to be already in Finsler’s 
thesis after the latter finally became available through interlibrary 
loan. Moreover, there are many ideas which may facilitate later work. 
An example, where this could have, but did not, happen because the 
thesis was so inaccessible, is furnished by the expression (58), p. 59, 
for curvature, which can be applied without change to general metric 
spaces, and was later proved' by Haantjes to be essentially equivalent 
to Menger's curvature. In addition to the thesis the present edition 
contains a comprehenaive list of books and papers cóncerning Finsler 
spaces (until 1949) compiled by H. Schubert. It has a wide scope and 
comprises references to tensor calculus, ordinary and Riemannian 
geometry, the geometry of paths, the calculus of variations, spaces 
of infinite dimension, which are ordinarily not considered as con- 
tributions to Finsler spaces. This bibliography will prove very help- 
ful, provided the user is aware of the fact that it is not complete, 
even as to papers which contain results on Finsler spaces in the nar- 
Tow sense, - : 

H. BUSEMANN 


Integral transforms in mathematical physics. By C. J. Tranter. New 
York, Wiley, 1951. 104-118 pp. $1.50. 


A variety of linear integral transformations that are useful in solv- 
ing boundary value problems in differential equations is presented 
briefly here. In addition to the usual Laplace, Fourier, Mellin, and 
Hankel transformations, finite Fourier, Hankel, and Legendre trans- 
formations are considered. The inverses of those transforms are 
given, accompanied in most cases by formal derivations. Applica- 
tions of those transformations to the solution of boundary value 
problems in partial differential equations of physics or engineering 
are illustrated. Short chapters are included on numerical evaluation 
of integrals and on a combination of relaxation and transformation 
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methods. Each transformation reduces a characteristic differential 
form in the original function to an algebraic form in the transform. 
The algebraic form also involves characteristic boundary values of 
-the original function. Those characteristic forms and boundary values 
determine the types of boundary value problems that can be solved 
directly -by the particular transformation. They are indicated here, 
sometimes not explicitly, but they are not emphasized. In fact, at 
the beginning of the second chapter the author states that his ex- 
amples will serve as a guide in selecting appropriate transforms for the 
solution of boundary value problems. Some of the examples presented 
display no advantage in using the transformation that is being illus- 
trated, or in using any. transformation. The book gives some good 
indications of the importance of various integral transformations in 
the solution of boundary value problems; it could have presented a 
still more convincing case for such transformations. 
R. V. Caoran 


Atii del Terso Congresso dell Unione Matematica Italiana tenuto in 
Pisa net giorni 23-26 Settembre 1948. Rome, Edizioni Cremonese 
della Casa Editrice Perrella, 1951. 4+265 pp. 1600 lire. 


This volume contains lectures by Severi, Terracini, Martinelli, 
Cesari, Agostini, and Tolotti, and about 100 abstracts of papers pre- 
sented to the Congress. 


Opere. By Felice Casorati. Vol. 1. Rome, Edizioni Cremonese della 
Casa Editrice Perrella, 1951. 16-1-420 pp. 4000 lire. 


This volume, prepared by the Unione Matematica Italiana, con- 
tains a bibliography, a life by E. Bertini, two lectures, three papers 
on geodesy, and fourteen papers on the theory of functions of a 
complex variable. ~ 


Moderna teoria delle funsions di variabile reale. By G. Vitali and G. 
Sansone, 3d ed. Part 1, by Giuseppe Vitali. Aggregati, analisi delle 
funsiont, sniegrastone, dertoastone. Bologna, Zanichelli, 1951. 8+222 

pp. 3000 lire. ~- 
The first edition (1935) was reviewed in Bull. Amer. Math. Soc. 
vol. 42 (1936) p. 15. Little change has been made in the later editions, 


NOTES 


The editors of the Bulletin and the Proceedings wish to make 
grateful acknowledgment of the services rendered by the following 
persons who have refereed papers: R. P. Agnew, L. V. ors, A. A. 
Albert, Richard Arens, Reinhold Baer, E. G. Begle, J. H. Bell, R. E. 
Bellman, Stefan Bergman, Garrett Birkhoff, Salomon Bochner, T. A. 
Botts, A. T. Brauer, Richard Brauer, R. H. Breusch, R. H. Bruck, ` 
R. C. Buck, R. H. Cameron, Leonard Carlitz, R. E. Carr, Lamberto 
Cesari, Herman Chernoff, C. C. Chevalley, W. L. Chow, Sarvadaman 
' Chowla, K. L. Chung, R. V. Churchill, Paul Civin, A. H. Clifford, 
A. B. Coble, I. S. Cohen, L: W. Cohen, A. H. Copeland, Philip 
Davis, M. M. Day, J. A. Dieudonné, R. P. Dilworth, J. L. Doob, 
F. G. Dressel, R. J. Duffin, Nelson Dunford, Ben Dushnik, Aryeh 
Dvoretzky, W. F. Eberlein, L. P. Eisenhart, G. C. Evans, Herbert 
Federer, William Feller, Werner Fenchel, D. T. Finkbeiner, M. K. 
Fort, R. H. Fox, Bernard Friedman, K. O. Friedrichs, W. H. Fuchs, 
W. B. Fulks, R. E. Fullerton, P. R. Garabedian, A. M. Gleason, 
Oscar Goldman, H. H. Goldstine, Michael Golomb, R. A. Good, 
Marshall Hall, P. R. Halmos, Harish-Chandra, Philip Hartman, A. E. 
Heins, M. R. Hestenes, J.-D. Hill, Einar Hille, I. I. Hirschman, 
S. P. Hoffman, T. R. Hollcroft, Eberhard Hopf, A. S. Householder, 
C. C. Hsiung, Ralph Hull, G. A. Hunt, Witold Hurewicz, G. E. 
Hutchinson, D. H. Hyers, R. C. James, J. A. Jenkins, Roberta F. 
Johnson, Bjarni Jónsson, Mark Kac, Shizuo Kakutani, Irving Ka- 
plansky, P. W. Ketchum, Fred Kiokemeister, V. L. Klee, E. R. 
Kolchin, R. E. Langer, D. H. Lehmer, W.' W. Leutert, Norman 
Levinson, D. C. Lewis, Hans Lewy, B. W. Lindgreh, L. H. Loomis, 
E. R. Love, Charles Loewner, R. E. Lowney, N. H. McCoy, E. J. 
McShane, C. C. MacDuffee, G. W. Mackey, G. R. MacLane, Saun- 
ders MacLane, Wilhelm Magnus, Szolem Mandelbrojt, H. B. Mann, 
Morris Marden, M. H. Martin, F. I. Mautner, W. H. Mills, E. E. 
Moise, Deane Montgomery, A. P. Morse, Tadasi Nakayama, John 
Nash, Zeev Nehari, J. D. Novak, Yoshitomo Okada, Oystein Ore, 
O. G. Owens, George Piranian, Harry Pollard, C. R. Putnam, J. F. 
Randolph, Anatol' Rapoport, R. M. Redheffer, P. V. Reichelderfer, 
Eric Reissner, C. E. Rickert, Arthur Rosenthal, J. B. Rosser, Walter 
Rudin, R. D. Schafer, I. J. Schoenberg, W. T. Scott, I. E. Segal, Atle 
Selberg, H. N. Shapiro, M. F. Smiley, A. H. Smith; Frank Smithies, 
Andrew Sobczyk, M. H. Stone, Walter Strodt, D. J. Struik, J.-L. 
Synge, Otto Szász, Gabor Szegő, Alfred Taraki, A. H. Taub, Olga 
Taussky, J. M. Thomas, R. M. Thrall, F. G. Tricomi, C. A. Trues- 
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dell, A. W. Tucker, D. F. Votaw, R. J. Walker, J. L. Walsh, Morgan 
Ward; S. E. Warshawski, C. P. Wells, J. G. Wendel, Herman Weyl, 
Hassler Whitney, G. T. Whyburn, D. V. Widder, Norbert Wiener, 
Albert Wilansky, L. R. Wilcox, R. L. Wilder, V. M. Wolontis, Jacob 
Wolfowitz, Bertram Yood, L. C. Young, J. W. T. Youngs, Antoni 
Zygmund. 

The editors of the Transactions wish to acknowledge the services 
of the following persons, not members of the Editorial Committee, 
who have been consulted regarding papers submitted for publication: 
A. A. Albert, Warren Ambrose, Lipman Bers, R. P. Boas, H. W. 
Brinkmann, K. L. Chung, I. S. Cohen, J. A. Dieudonné, Orrin Frink, 
Hilda Geiringer, Franklin Haimo, Einar Hille, Vaclav- Hlavaty, 
Nathan Jacobson, Bjarni Jónsson, L. M. Kelly, M. S. Knebelman, 
M. M. Loàve, Kurt Mahler, Morris Marden, E. E. Moise, Tadasi 
Nakayama, Zeev Nehari, R. S. Phillips, C. E. Rickart, J. B. Rosser, 
Arthur Sard, A. C. Schaeffer, R. D. Schafer, I. J. Schoenberg, I. E. 
Segal, Abraham Seidenberg, Atle Selberg, Max Shiffman, M. F. 
Smiley, E. H. Spanier, Gabor Szegó, W. J. Thron, A. D. Wallace, 
J. L. Walsh, S. 'E. Warschawski, P. A. White, Aurel Wintner, Ber- 
tram Yood, H. J. Zassenhaus, Daniel Zelinsky, Antoni Zygmund. 

The attention of the members of the Society is called to the Group 
for Academic Freedom. This organization is composed of faculty 
members of the University of California who refused to-sign the 
special-oath required by the Board of Regents of the University and 
who are taking legal action against the Board. The cost of such legal 
action is heavy. Those who wish to help defray these expenses may 
send checks, payable to the Group for Academic Freedom, to us 
Group at the Shattuck Hotel, Berkeley, California. 

A new mathematical organization, the Tensor Society, has been 
formed at Hokkaido University. Membership is open to all interested 
persons. The Society's Journal (Tensor, New Series) will be published 
in two or three issues annually. Further information can be obtained 
from Professor H. V. Craig, Department of Applied Mathematics, 
University of Texas, Austin, Texas. f 

Professor Hans Freudenthal of Utrecht University has been elected 
to ordinary membership in the Netherlands Academy of Sciences. — . 

Professors Norbert Wiener, Solomon Lefschetz, and Garrett Birk- 
hoff have been awarded the degree of Doctor Honoris Causa by the 
National University of Mexico. 

Professor H. B. Curry of Pennsylvania State College bad the 
title Visiting Professor Honoraire conferred upon him by the Uni- 
versity of Louvain, Belgium. , 
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Professor W. R. Transue of Kenyon College i ia on leave of absence 
and is in Italy on a Fulbright grant. 

Dr. K. A. Hirsch of King's College, University of Durham, has 
been appointed a reader at Queen Mary College, University of Lon- 
don. 

Mr. D. M. Merriell of the University of Chicago has been ap- 
pointed to an assistant professorahip at Robert College, Istanbul, 
Turkey. 

7 Professor B. R. Seth of Hindu College has been appointed to a pro- 
fessorship at the Indian Institute of Technology, Kharagpur, West 


Dr. D. M. Adelman of the University of Connecticut has accepted 
a position as mathematician with the United States Naval Ordnance 
Test Station, Pasadena, California. : 

Dr. E. L. Arnoff of the California Institute of Technology has 
accepted a position as Aeronautical Research Scientist with the 
National Advisory Committee for Aeronautica. 

Dr. Miriam C. Ayer of Wellesley College has accepted a position 
with the Sandia Corporation, Albuquerque, New Mexico. 

Assistant Professor F ncn Bagemihl of the University of Roch- 
ester has resigned. 

Associate Professor D. H. Ballou of Middlebury College is on leave 
of absence and has been appointed to a visiting associate professor- 
ship at Yale University in the program of Internships in General 
Education sponsored by the Carnegie Foundation. 

Mr. J. R. Belford of Johns Hopkins University has accepted a posi- 
tion as design engineer with the International Busineas Machines 
Corporation, Endicott, New York. 

Mr. P. H. Berning of Johns Hopkins University has accepted a 
position as mathematician with the Bausch and Lomb Optical Com- 
pany, Rochester, New York. ` 

Professor B. A. Bernstein of the University of California has re- 
tired with the title emeritus. 

Professor Harry Birchenough of New York State College for Teach- 
ers has retired with the title emeritus. 

Dr. Jerome Blackman of Cornell University has accepted a posi- 
tion as associate research engineer with the York Company, York, 
Pennsylvania. 

Mr. Joseph Blum of the University of Virginia has accepted a posi- 
tion as analyst with the Armed Forces Security Agency, Washington, 
D. C. 

Dr. F. E. Bothwell of Northwestern University has accepted a posi- 
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tion as consultant with the United States Naval Ordnance Test Sta- 
tion, China Lake, California. - 

Assistant Professor N. A. Brigham of the University af Maryland 
has accepted a position as mathematician with the Applied Physics 
Laboratory, Johns Hopkins University, Silver Spring, Maryland. 

Mr. R. L. Broussard of Louisiana State University and Agricul- 
tural and Mechanical College has accepted a position as mathe- 
matician with the Douglas Aircraft Company, Inc., Santa Monica, 
California. . 

Dr. H. E. Campbell of the University of Pennsylvania has been 
appointed to an assistant professorship at Emory University. 

Associate Professor Virginia Carlton of Northwestern State College 
has been appointed to a professorship at Wesleyan College. 

Assistant Professor J. O. Chellevold of Lehigh University has been ` 
appointed to a professorship at Wartburg College. 

Professor J. A. Clarkson of Tufts College has accepted the position 
of Executive Secretary of the Division of Mathematics, which was 
recently established by the National Research Council. 

Professor Emeritus A. B. Coble of the University of, Illinois has 
been appointed to a visiting professorship at the University of North 
Carolina. , 

Mr. Paolo Comba of the California Institute of Technology has 
been appointed to an assistant professorship at the University of 
Hawaii. 

Professor N. A. Court of the University of Oklahoma has retired 
with the title emeritus. Í 

President H. N. Davis of Stevens Institute of "Technology , has re-: 
tired with the title president emeritus. ` 

Dr. R. F. Dressler of New York University has accepted a position 
as mathematics consultant with the National Bureau of Standarda, 
Washington, D. C. 

Dr. F. E. Ehlers of Oregon State College has ipd a position 
as aerodynamicist with the Boeing Aircraft Company, Seattle, Wash- 
ington. 

Mr. C. C. Elgot of Colombi University has accepted a Dua oH a8 
mathematician with the Naval Ordnance Laboratory, White Oak, 
Maryland. 

Assistant Profeseor E. S. Elyash of the University of Pittsburgh is 
on leave of absence and has been appointed to an assistant professor- 
ship at Louisiana State University. 

Mr. Trevor Evans of the University of Wisconsin has been ap- 
pointed to an assistant professorship at Emory University. 


\ 


Associate Professor Howard Eves'of Oregon State College has been ` 
appointed to a professorship at Champlain College. 

' Dr. R. S. Finn of Syracuse University has been appointed a mem- 
ber of the Institute for Advanced Study. 

Mr. Harold Forstat of Indiana University has accepted a position 
'as physicist at Camp Detrick, Frederick, Maryland. 

Dr. M. S. Friberg of the University of Minnesota has been ap- 
pointed to an assistant professorship at the New Mexico Institute of 
Mining and Technology. 

Mr. Seymour Ginsburg of the University of Michigan has been 
appointed to an assistant professorship at the University of Miami. 

Mrs. Ralph Grimble has accepted a position as statistician with 
North American Aviation, Inc., Columbus, Ohio. 

_ Dr. W. T. Guy, Jr. of California Institute of Technology ‘has been 
appointed to an assistant professorship óf applied mathematics and 
astronomy at the University of Texas. 

Assistant Professor S. W. Hahn of Wittenberg College has been ap- 
pointed to a professorship at Winthrop College. 

Dr. I. N. Herstein of Ohio State University has been appointed a 
research associate with the Cowles Commission, University of Chi- 

Mr. F. A. Hiersch has accepted a position as assistant chief engi- 
neer at the American Air Filter Company, the ai Nelson Divi- . 
sion, Moline, Illinois. f 

Associate Professor G. P. Hochschild of the University of Illinois 
is on leave of absence and has been appointed to a visiting associate 
professorship at Yale University. 

Dr. A. J. Hoffman of the Institute for Advanced Study. has ac- 
cepted a position as staff member in the division of applied mathe- 
mathematics, National Bureau of Standards, Washington, D. C. 

Dr. J. X. Jamrich of Northwestern University has been appointed 
Dean of Students at Coe College. 

Dr. Meyer Jerison of the University of Illinois has been appointed. 
to an assistant professorship at Purdue University. 

Associate Professor L. W. Johnson of Purdue University has been 
` „appointed to a professorship at Oklahoma Agricultural and Mechan- 
ical College. 

Mr. T. L. Jordan has been appointed to an associate professorship 
at Wofford College. l 

Mr. L. D. Kovach of Purdue University has accepted a position 
as research engineer at Douglas Aircràft Company, El Segundo, 
California. 
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Mr. R. J. Lambert of Iowa State College of Agriculture and 
Mechanic Arts has accepted a'position as mathematician with the 
Defense Department, Washington, D. C. 

Dr. B. W. Lindgren of Massachusetts Institute of Technology has 
accepted a position as mathematician with the Minneapolis Honey- 
well Regulator Company, Minneapolis, Minnesota. 

Professor J. J. Livers of Montana State College is on leave of ab- 
sence and has been appointed an educational consultant at Boeing 
Aircraft Company, Seattle, Washington. 

Mr. K. M. McMillin of the University ‘of Minnesota has been ap- 
pointed to an assistant professorship at the United States Air F orce 
Institute of Technology. 

Dr. A. V. Martin of San Jose State College has been EE toa - 
visiting assistant profegsorship at the University of California. 

Mr. J. E. Martin of the University of Pittsburgh has accepted a 
position as senior project analytical engineer, with the Chance Vought 
Aircraft, Dallas, Texas. 

Professor J. N. Michie has received the title ien emeritus 
from Texas Technological College. 

Mr. Benjamin Evans Mitchell of the University a Wiscousia has 
been appointed to an desistant professorship at Alabama Polytechnic 
Institute. i 

Mr. Don Mittleman of Columbia University has accepted a poai- 
tion as mathematician with the National Bureau of Standards, Wash- 
ington, D. C. 

Mr. O. B. Moan of Purdue University has accepted a position as 
quality control analyst with Julius Hymah and Company, Denver, . 
Colorado. 

Professor P. B. Norman of Wagner College has accepted a position 
as project engineer with the uad. Corporation, Carlstadt, 
New Jersey. 

Dr. Ilse L. Novak has been appointed a member of the Institute for 
. Advanced Study. 

Dr. Fritz Oberhettinger of the California listídie of Technology 
has been appointed to a professorship at American University. 

Miss Virginia A. Ohlson of Purdue University has accepted a posi- 
tion as mathematician with the Douglas Aircraft Corporation, Santa 
Monica, California. 

Mr. Philip Rabinowitz of the University of Pennsylvania has ac- 
cepted a position as mathematician with the National Bureau of 
Standards, Washington, D. C. 

Mr. B. A. Rattray of Princeton University bas been appointed a 
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sessional lecturer at McGill University. 

. Professor D. E. Richmond of Williams College is on leave of ab- 
sence and has been appointed a lecturer at Massachusetts Institute of 
_ Technology. 

Miss Jean E. Sammet of the University of Illinois has accepted a 
position as computer with the Metropolitan Life Insurance Com- 
pany, New York, New York. 

Mr. Judson Sanderson of the University of Michigan Research 
Center has been appointed to an assistant professorship at the United 
States Air Force Institute of Technology, Wright Field, Ohio. 

Assistant Professor R. H. Scherer of Macalester College has been 
appointed to an assistant professorship at Coe College. 

Mr. Stewart Schlesinger of Illinois Institute of Technology has ac- 
cepted a position as research agsistant at the Los Alamos Scientific 
Laboratory, Los Alamos, New Mexico. 

Professor I; J. Schoenberg of the University of Pennsylvania is on 
leave of absence at the Institute tor Numerical Analysis, Los Angeles, 
California. 

Mr. R. C: Seber.of Rockford Collège has been appointed to an 
assistant professorship at Wisconsin State College. 

Professor Max Shiffman of Stanford University has been appointed 
a member of the Institute for Advanced Study. ` 

Visiting Assistant Professor Edward Silverman of Kenyon College 
has accepted a position as staff member with the Sandia Corporation, 
Albuquerque, New Mexico. 

Dean T. M. Simpson of the University of Florida has retired. 

Mr. M. B. Sledd of Emory University has been appointed to an 
associate professorship at Georgia Institute of Technology. 

Mr. P. C. Sweetland of Michigan State College has been appointed 
to an assistant professorship of research at Pennsylvania State Col- 
lege. 
Mr. F. B. Thompeon of the University of California has accepted 
& position as mathematician with Rand Corporation. 

Dr. J. H. Wahab of the University of North Carolina has been ap- 
pointed to an assistant professorship at Georgia Institute of Tech- 
nology. : 

Dr. H. C. Wang of Louisiana State University has been appointed 
a member of the Institute for Advanced Study. 

Mr. H. S. Wolf of the University of Illinois has accepted a position 
as assistant statistician with the Employees Life Insurance Com- 
pany, Chicago, Illinois. . 

Associate Professor R. K. Zeigler of the University of California has 
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accepted a position as statistician with the U. S. Atomic Energy Com- 
mission, Oak Ridge, Tennessee. 

'The following promotions are announced: 

Joshua Barlaz, Rutgers University, to an associate professorship. 

A.-L. Blakers, Lehigh University, to an associate professorship. 

G. M. Bloom, Miami University, to an assistant professorship. 

R. C. Campbell, United States Naval Postgraduate School, Annapo- 
lis, Maryland, to an associate professorship. 

‘A. B. Carson, United States Air Force Institute of Technology, to 
a professorship. 

Nathaniel Coburn, University of Michigan, to an associate pro- 
fessorship. 

Esther Comegys, University of Maine, to an associate profeseor- 
ghip. 

Byron Cosby, State University of Iowa, to an associate professor- 
ship.. 

J. B. Diaz, Univeniey of Maryland, to an associate research pro- 
fessorship. 

James Dugundji, University of Southern California, to an associate 
professorship. l 

A. L. Foster, University of California, to a professorship. 

K. A. Fowler, University of Michigan, to an assistant professor- 
ship. 

D. B. Goodner, Florida State Baiyeony, to an associate profeseor- 
ship. 

H. G. Haefeli, Boston College, to a nde 

A. W. Jacobson, Wayne University, to an associate professorahip. 

R. B. Johnson, Clemson Agricultural College, to an assistant pro- 
feasorship. 

G. K. Kalisch, University of Minnesota, to an associate professor- 
ship. 

R. G. Langebartel, University of Illinois, to an assistant professor- 
ship. 

B. J. Lockhart, United States Naval Postgraduate School, Annap- 
olis, Maryland, to an associate professorship. . 

D. C. Morrow, Wayne University, to a profeasorship. 

E. A. Nordhaus, Michigan State College, to an associate professor- 
ship. 

Rufus Oldenburger, Woodward Governor Company, Rockford, 
Illinois, to Chief Mathematician. 

Daniel Orloff, Southern Illinois University, to an assistant profes- 
sorship. 
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Helen G. Russell, Wellesley College, to a professorship. 

C. L. Seebeck, Jr., University of Alabama, to a professorship. 

C. P. Wells, Michigan State College, to a professorship. 

The following appointments to instructorships are announced: 
Cornell University: Mr. D. E. van Tijn; University of Kansas: Mr. 
A. J. Zeichner; Lamar State College of Technology: Mr. E. B. West; 
University of Michigan: Mr. Raout Bott; Michigan State College: 
Mr. K. H. Carlson, Mr. J: G. Hocking; Ohio State University: Mr. 
R. F. Reeves; University of Saskatchewan: Dr. James Sanders; 
Seattle Pacific College: Miss Clarice MacDonald; Simmons College: 
Miss Edith Moss; Southern Illinois University: Mr. M. R. Kenner; 
University of Utah: E C. E. Burgess; Wayne University: Mr. M. T. 
Wechsler. 

Professor Emeritus Abraham Cohen of Johns Hopkins University 
died on April 25, 1951 at the age of eighty years. He had been a mem- 
ber of the Society for thirty-eight years. 

Dr. C. L. Poor of Columbia University died on September 27, 1951 
at the age of eighty-five years. He had been a member of the Society 
for thirty-eight years.  : 

Professor J. B. Rosenbach of the Carnegie Institute of Technology 
died on November 6, 1951 at the age of fifty-four years. He had been 
a'member of the Society for thirty-three years. 
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ERGODIC SETS 
JOHN C. OXTOBY | 


Introduction. Ergodic sets were introduced by Kryloff and 
Bogoliouboff in 1937 in connection with their study of compact dy- 
namical systems [16]. The purpose of this paper is to review some 
of the work that has since been done on the theory that centers around 
this notion, and to present a number of supplementary remarks, 
applications, and simplifications. For simplicity we shall confine at- 
tention to systems with a discrete time. Continuous flows present 
no difficulty, but the development of a corresponding theory for 
general transformation groups is still in an incomplete stage. An 
example due to Kolmogoroff (see [5]) shows that such an extension 
cannot be made without sacrificing either the invariance or the dis- 
jointness of ergodic sets. 

In §§1 and 2 we give a brief, but self-sufficient, development of the 
basic theorems of Kryloff and Bogoliouboff. In §3 we collect some 
auxiliary results for later use. In §4 a simple characterization of 
transitive points is obtained. In §5 the distinctive properties of some 
special types of systems and subsystems are discussed, and in §6 
these results are used to discover conditions under which the ergodic 
theorem holds uniformly. In $7 a generalization to noncompact 
systems is considered, and in §§8 and 9 some known representation 
theorems are obtained as an application of ergodic sets. In $10 
there is given an example of a minimal set that is not strictly ergodic, 
similar to one constructed by Markoff. 


1. Some corollaries of the ergodic theorem. We shall use the fol- 
lowing notations: If f(5) is a real-valued function on a set Q, and if 
T is a 1:1 transformation of Q onto itself, then 


1 + ] 
M(f, 2, N= A) - LAT’) (k= 1,2,-++) 


and 
M(f, $) = f*(p)- dm M(f, bh k) 
in case this limit exists. The characteristic function of a set E is 
An address delivered before the Washington meeting of the Society, October 27, 
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denoted by xy. The upper density of a set E of integers is defined 
by 8*(Z) -lim sups.. (1/k) 2 2-1 xa(n). 

Let T be a 1:1 measure preserving transformation of a measure 
space (Q, u) onto itself, and assume that u(Q)=1. The ergodic 
theorem states: 

(1.1) If JEL, them the sequence {fa(p)} converges a.e. to a limi 
function f* CL, such that f*(Tp) =f*(p) and [frdu= ffau. 

(1.2) If f CL, and f ts non-negaisve, then for almost all p either 
f*($) >0 or f(p) 70. 

Proor. Let x(f) be the characteristic function of the set on which 
f*(f) is either zero or undefined, and apply (1.1) to the function xf. 

A second corollary is the mean ergodic theorem: 

(1.3) If fEL,, 1€q« «, then f*CL, and ||f,—f*||,0 as k>a. 

Proor. For any bounded function f the conclusion follows im- 
mediately from (1.1). For any other f CL, it follows from the in- 
equality {fill llla (& — 1, 2, «+ - ) and the fact that bounded func- 
tions are dense in Le 

A less familiar corollary is the following: 

(1.4) If f€la then ihe limt functions f*(p) and ¢*(p) 
= lias (1/5) zl QuG*0) ftp (km1, 2, ru eem ) are defined a.e., 
and [d^du-0 as k>a. 

Proor. By (1.3), fj—f*C€IA4, hence (f,—f*)!CIL4. Since (p) 
= M((fy—f*)*, p), it follows from (1.1) that $*(5) is defined a.e. 
and that /ó*dy = f(f, —f*)!du. The last conclusion then follows from 
(1.3). 

A system (Q, T, u) (and the measure p) is called ergodic if Q can- 
not be split into two disjoint invariant measurable sets of positive 
measure. For such systems (1.1) implies that f* is constant a.e., 
and (1.4) can be strengthened as follows: 

(1.5) If the system (Q, T, u) ts ergodic, and tf f C I4, then as k— œ 
the sequence le» defined in (1.4) converges to 0 uniformly a.e., and 
for any a» 0 the sequence J*(p, a) sin: ACT) — [faul >a} like- 
wise converges to 0 uniformly a.e.; both sequences converge unsformly on 
^ set Q x points where f*(p)—[fdu and 4"(p)-—J[(y—f*) du 

=1,2,---), 

Proor. For an ergodic system, u((h) =1, and the first conclusion 
follows from (1.3). The second conclusion then follows from the 
inequality 

ast {n: | (7*9) — O) | > a} < og), 


which is implied by the definition of $*. 
This result shows that for ergodic systems the convergence of f, 
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to its constant limiting value f* is nearly uniform on almost every 
orbit, in the sense that if e>0 and k is sufficiently large, then for 
almost all p the mean square difference between fa(T™p) and f*(p) 
as n ranges over the positive integers is less than e, and for all n 
except a set of small upper density the absolute difference is less 
than e. 


2. The theory of Kryloff and Bogoliouboff. Assume; now that 
Q is a compact metric space and that T is a homeomorphism of Q 
onto itself. Denote by C(Q) the space of real-valued continuous func- 
tions f on Q, with the norm | | max IF). Any finite Borel 
measure u in Q determines a corresponding positive linear functional 
L(f) on C(Q), namely, 


L) = f fos Y ECW). 


The Riesz theorem [28; 12] asserts that, conversely, any positive 
linear functional on C(Q) corresponds in this way to one and only one 
finite Borel measure p in Q. Invariant measures correspond to in- 
variant functionals, and normalized measures to functionals for 
which L(1):-1. It will be seen that the theory of Kryloff and Bogo- 
liouboff is essentially a series of corollaries of this theorem and tbe 
ergodic theorem. 

(2.1) Any compad system (Q, T) admits at least one normalized 
snvariant Borel measure. If K ts a compact subset of Q, then ether 
u(K)>0 for some such measure u or else M(xx, p) 0 for every p $n Q. 

Proor. Choose any point f € 0 and determine (by a diagonal proc- 
ess) an increasing sequence of positive integers k; such that the limit 


L(f) = lim M(f, p, k) 


exists for a countable dense set of functions f in C(Q). Then the limit 
L(f) exists for every f€C(Q) and defines an invariant positive linear 
functional such that L(1) 21. Hence L(f) = ffdu for some normalized 
invariant Borel measure u. If K is.compact and M(xx, p) is not 
identically zero, the point p and the sequence { ki} can be so chosen 
that a lim supi.. M(xx, 5, k) >0. This implies that L(f) 2a when- 
ever f2xx, and therefore (K) za. 

A point p in Q is called quast-regular (bCQ) if the mean value 
M(f, p) is defined for every fEC(N). A Borel subset E of Q is said to 
have invariant measure one if (E) =1 for every normalized invariant 
Borel measure y. It follows from (2.1) that any such set is nonempty. 

(2.2) Q is a Borel set of invariant measure one. 
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Proor. In order that $ belong to Q it is sufficient that the limit 
M(f, p) exist for every f belonging to a countable dense subset of 
C(Q). For any fC C(Q) the set on which M(f, p) is defined is an Fr 
subset of Q [17, p. 274], and by (1.1) this set has invariant measure 
one. Because Q is a countable intersection of such sets, it has the 
same two properties. 

To each quasi-regular point p corresponds uniquely a normalized 
invariant Borel measure yu, in Q, such that 


MO, 9) = f fu, 


for every fEC(Q). A quasi-regular point f is called a potnt of density 
(pEQn) if uy(U)>0 for every open set U containing f. A quasi- 
regular point f is called franstitve (6CQr) if Hp is an ergodic meas- 
ure. A point p is called regular if it belongs to the set R= Qp(\0r. 

(2.3) Qp ts a Borel set of invariant measure one. ` 

Proor. Let {U;} be a countable base of open sets in Q, and for 
each ¢ let f* be a continuous function on Q such that f'(5) 0 on 
Q— U; and f'(p) >0 on U,. Then the set E; on which either M(f*, p) 
20 or f*(p) =0 is an Fe relative to the set on which M(f*, p) is de- 
fined, therefore an F,, in Q. By (1.2), E; has invariant measure one. 
Since Qo 2 Q^, E, the conclusion follows. This result can be 
u upon as a refinement of Poincaré’s recurrence theorem (cf. 

14]). 

(2.4) Qr is a Borel set of invariant measure one. 

PRoor. A quasi-regular point f is transitive if and only if for each 
f belonging to some countable dense subset D of C(Q), M(f, q) 
== ffdp, for all q except a set of u,- measure zero. Consequently, a point 
p is transitive if and only if EQ and 


f, O — O'da l) = 0 


for every JED. For any fc C(Q), fa(q) converges boundedly on Q to 
f*(g). Hence for any pEQ, 


f, - reas = m f oo — Po» 
1 t£ 
= lim tim — 5° (f(T*9) — fo) 
boo. 9 iml 


The subset of Q on which this iterated limit vanishes is an Fa set, 
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and (1.4) shows that it has invariant measure one. 

(2.5) R is a Borel set of invariant measure one. 

(2.6) For any bounded Borel measurable function f on Q, ffdu, ts a 
Borel measurable funciton of p on Q, and 


fi = f) 


for every finite invariant Borel measure n. 

Proor. For any positive number M, the class of Borel measur- 
able functions f on Q, bounded by M, for which the assertions of 
(2.6) are true is closed with respect to pointwise convergence, and 
includes all continuous functions f with ||f|| s M. 

The next two theorems follow from (2.5) and (2.6). 

(2.7) For any Borel set EC Q, u, (E) is Borel measurable on Q, and 
u(E) = fsu,(E)du(0) for every finite invariant Borel measure p, 

(2.8) A Borel set ECQ has invariant measure zero if and only if 
(E) =0 for every ergodic measure p. 

For any ergodic measure u, it follows from (1.1) that i, p for alj 
f except a set of u-measure zero. The set of all such quasi-regular 
points is called the quasi-ergodsc set [4] corresponding to u, and the 
part of this set contained in R is called the ergodic set corresponding 
to u. Each of these sets is invariant and F, (see (3.1)). Distinct 
ergodic measures correspond to disjoint quasi-ergodic sets. The 
ergodic sets (and the quasi-ergodic sets) stand in-1:1 correspondence 
with the totality of ergodic measures, and each ergodic measure 
vanishes outside the corresponding set. The ergodic and quasi- 
ergodic sets corresponding to a measure do not differ very essentially, 
since Q— R has invariant measure zero, but both notions are con- 
venient. It should be noted that the points of any ergodic set all have 
the same orbit closure, whereas the points of a quasi-ergodic set need 
not. The ergodic sets constitute a partition of R, the quasi-ergodic seta 
a partition of Qr. 


3. Some additional properties of the set Q. : 

(3.1) There exssts a Borel measurable function f(p) from Q to the unii 
interval such that f(p) =f(q) 4f and only tf u,— io. 

Proor. Let {f*} be a generating sequence in C(Q), that is, a se- 
quence that spans a linear manifold dense in C(Q), and assume 
further that IL] S1 for every +. In order that zp, =p, it is necessary 
and sufficient that M(f*, 5) = M(f*, q) for every t. For any pEQ the 
sequence { M(f*, p)} defines a point ó(p) of the Cartesian product of 
No intervals each equal to [—1, 1], and ¢ is of first Baire class on 
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Q. (It follows that each quasi-ergodic set is G; relative to Q, and 
therefore Fa in Q.) This product space can, in turn, be mapped onto 
[0, 1] by a 1:1 Borel measurable mapping [17, p. 358]. By composi- 
tion one obtains a function f(p) with the required properties. 

For any p CQ, the equation M(f, p) = ffdu, holds for every f c C(Q), 
by definition, We now show that it holds also for some other functions. 

(3.2) If PEQ, the equation M(f, p) = fdu, holds for any bounded 
Borel measurable function f whose upper and lower mii functions are 
equal almost everywhere (uy). In particular, u(E)  M(xs, p) for any 
Borel set E whose boundary has u,-measure sero. 

Proor. For any such f, and any e»0, there exist continuous 
functions f; and f, euch that f(b) SFW) Sfa(b) and fida, < Sfidi te 
and the conclusion follows immediately. 

The class of sets E for which u,(E) can be identified with 
M(xs, p) is somewhat more extensive than is indicated by (3.2), 
although simple examples show that it does not necessarily include 
all compact sets. In this connection the following result is useful. 
We denote by O*(p) the positive semi-orbit of p, that is, the set 
0*(p) -Uz {TY}. 

(3.3) For any compact set. K,CQ and any quast-regular poini p 
there exists a compact sei K such that KiXCKCK,UOt(p) and such 
that M(xx, b) ^n, (K) =u,(Ko). 

Proor. If p is periodic, we may take K= Ko. Otherwise, let Uy 
denote the 1/k-neighborhood of Ko, and for each positive integer 
k let f* be a continuous function such that f*(g) «1 on Ko, f*(qg) «0 
on Q— U,, and O Sf*(g) S1 on Q. Let ixi] be an increasing sequence 
of positive integers such that M(f*, b, n) » nu, (Ks) —1/k for all n> N. 
Put 


*o Niti 
K=K, UU (5 (r9})n Uy 
b= 


iml 


Since K has only a finite number of points outside U,, it follows that 
K is compact and that lim sup, M (xx, p, 5) Su, (Ko). If 0 «$3 Nay, 
then either f*(T*p) «0 or T*pEK, hence M(f*, p, n) S M(xx, p, n) 
for Ny«n&Nia, uy (Ko) -1/k « M(xx, p, n) for all n»N,, and 
therefore (Ko) - M(xx, f). The equation pp(Ko) =yu,(K) results 
from the assumption that p is nonperiodic. 

(3.4) If f 4s bounded and Borel measurable on Q, sf p ts quast-regular, 
and if for every e>0 there exists a Borel set E containing O*(p) such 
that u,(E) »1—e€ and such thai the contraction of f to E ts continuous, 
then [fduy 7^ M(f, p). 
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Proor. Let A be an upper bound of KOL on Q. Choose a compact 
set KCE with u,(Ko)>1—e (cf. [12, §43(3)]) and construct a 
compact set K with the properties stated in (3.3). Since KCE, 
the contraction of f to K is continuous and there exists a function 
g€C(Q) such that g =f on K and llel| SA. Since lf—g| S2ÁÀXa-x, we 


have 
| foe - | | f tius- fs. 


+| f ems - nn] 
et) — f) 
S 245,0 — K) + | f ets, — 9| 


+ 24- M (xa-x, b k). 


The last term is equal to 24 (1 — M(xx, p, k)) and therefore tends to 
2A (1—t,(K)) as ko. Hence the right member tends to a limit 
less than 44e, and the conclusion follows. For later reference ($7) ` 
we record the following corollary: 

(3.5) If f ts bounded and Borel measurable on Q, tf p is quasi- 
regular, and if there exists an invariant Borel set E containing p such 
that u,(E) -1 and such that the contraction of f to E ts continuous, 
then ffdup— M(f, p). 


4. Two characteristic properties of transitive points. For any 
$CO, for any fc C(Q), for any positive integer b, and for any a0, ° 
we may define 





E 1 -* 
é*(2) = lim — È (fl Tp) — O) 
ae f Ll 
and i 
Yl, a) = P[n: | (T9) — O)| > a}. 

(4.1) A quast-regular poini p is transitive if and only if ¢*(p) 0 
as k-+@ for every fEC(Q). Moreover, ¢*(p) tends to sero uniformly on 
any quast-ergodsc set. 

Proor. The first assertion was proved in the course of proving 
(2.4), the second follows from (1.5). 


From the defintions of ¢*(p) and ¥*(p, a) it is easy to verify the 
inequalities 
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a*^(5, a) S $*(p) S at + 2|/]|vo. a). 
Hence (4.1) implies the following theorem: 

(4.2) A quast-regular point p is iransttive sf and only sf y^ (p, a)-30 
as k— c, for every a>0 and for every fEC(Q). The convergence ts 
uniform on any quast-ergodic set. 

The obvious analogy of the conditions stated in (4.1) and (4.2) to 
mean convergence and convergence in measure suggests the follow- 
ing definitions: 

DEFINITION. A sequence [F.(n)] of functions of an integer n con- 
verges in the mean sf the limi F(n)=lim, Fln) exisis for every n, 
and ihe mean square dns 


x 


hm — 5 (Fal) — F(#))? 
Ye N zi 
extsts for every k and tends to sero as ko. 

DEFINITION. A sequence {F,(n)} of functions of an integer n con- 
verges in density if the lmi F(n)=lim, Fi(m) exists for every n, and 

fn: I0 — F9] »aj]0 Gs k— o, for every a0. 

(4.3) Im order that a point pEQ be transitive tt ts necessary that for 
every fEC(Q) the sequence fy(T"p), regarded as a sequence of functions 
of n, should converge in density and in the mean, and + is sufficseni 
that convergence in esiher sense should hold for a Remar one sequence of 
Junctions in C(Q). 

We remark that in general convergence in the mean and con- 
vergence in density are independent conditions, but that they are 
equivalent for any bounded convergent sequence such that the 
mean square difference exists for every k. 


5. Uniquely ergodic and strictly ergodic systems. We shall call a 
system (Q, T) uniquely ergodic if it has a unique normalized in- 
variant Borel measure, or equivalently, if it has only one ergodic 
set. Following Nemyckif and Stepanov [23], a system (Q, T) is 
called sirscily ergodic if Q consists of a single ergodic set. (Note that 
this usage differs slightly from that of Kryloff and Bogoliouboff [16].) 
Obviously any strictly ergodic system is uniquely ergodic, and any 
uniquely ergodic system is ergodic with respect to its unique measure. 

(5.1) If (Q, T) ts uniquely ergodic with measure u, then for any 
fEC(Q) the sequence {fs(p)} converges uniformly on Q to ffdp, as k— o. 

Proor. Suppose the conclusion false. Then for some gc C(Q) and 
some number axfgdu there exists a sequence [p;] CQ and a se- 
quence {&,} of positive integers such that b; and gs (p) >a. 
We may assume in addition that the lim, f,,(p;) exists for every f 


x 
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belonging to some countable dense set in C(Q). It follows that the 
limit L(f) = lim; fa,(p:) exists for every f€C(Q) and defines a positive 
linear functional on C(Q). By the Riesz theorem, L(f) = ffdr for some 
normalized Borel measure y, and » is invariant since L(fT) =L(f), 
hence x =p. In particular, taking f g, we find that L(g) = fgdu, and 
therefore a= fgdu, contrary to hypothesis. 

It follows that in a uniquely ergodic system Qr=Q =Q, Qp=R, 
and Q consists of a single quasi-ergodic set. In this case R is closed, 
since Q— Qp is the union of all open sets of meastire zero, and because 
R consists of a single ergodic set it follows that R is a minimal set 
[16]. (A nonempty compact set is called minimal if it is equal to the 
orbit closure of each of its points.) There can be no other minimal set, 
since (2.1) and (2.5) imply that R intersects every minimal set, 
hence: 

(5.2) A uniquely ergodic system has only one minimal set and only 
one ergodsc set and these sets coincide, both being equal to R. 

A number of partial converses of (5.1) can be stated. It is con- 
venient to formulate a chain of equivalent conditions. 

(5.3) Inacompact system (Q, T) the following conditions are pairwise 
equivalent: 

(i) (Q, T) ts uniquely ergodic, 

. (ii) for each fEC(Q), fa(p) converges uniformly on Q to a constant, 

(iii) for each fEC(Q) there ts a sequence {k,} of positive integers 
such that fy (p) converges pointwise on Q to a constant, 

(iv) Q contains only one minimal set, and for each fece» i the se- 

quence { Srl?) } converges untformly on Q, 

dx Ris a minimal se. 

Pnaoor. That (i) implies (ii), (iv), and (v) follows from (5.1) and 
(5.2). The implications (ii)->(iii)->(i) are obvious. Any compact in- 
variant set contains a minimal set, consequently if Q contains only 
one minimal set then every invariant continuous function is constant, 
hence (iv) implies (ii). That (v) implies (i) is shown by the following 
theorem. 

(5.4) A minimal set ts esther an ergodic sei or else tt contains at least 
one non quast-regular potni. 

Proor. Suppose that every point of a minimal set E is quasi- 
regular. For each f C C(Q) the limit function f* is defined at every 
point of E and constant on each orbit. Since the orbit of each point 
of E is dense in E, it follows that f* is either constant on E or else 
the contraction f*| Eis everywhere discontinuous. The latter alterna- 
tive cannot occur, since f*|E ia the limit of a convergent sequence 
of continuous functions on a compact set. Consequently f* is constant 
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on E and each point of E has the same corresponding measure py, 
equal to u, say. E contains at least one regular point fs, and the 
‘orbit of po is dense in E, therefore p is ergodic and positive for every 
open set that intersects E. Hence every point of E belongs to the 
ergodic set E, corresponding to u, and since Q—E is open and 
pu (11 — E) =0 it follows that E = E,. 

(5.5) In a compact system (Q, T) the following conditions on a point 
$CU are pairwise equivalent: 

(i) for each fEC(Q) the sequence f,(I*p) converges uniformly in n 
as k— o, 

(ii) for each f € C(Q) the functions fi(q) (k= E 2, ---)areequiumi- 
formly continuous on O(p) (=the orbit closure of 5. 

(iii) the subsystem (O(p), T) is uniquely ergodic. 

Proof. (i) implies that for all sufficiently large k, fa(q) is nearly 
constant on O(p), hence (i) implies (ii). (ii) implies that some sub- 
sequence {f,,(g)} converges uniformly on O(p) to a constant [9, 
p. 304], hence (ii) implies Gii. That (iii) implies (i) follows from 
(5.1). 

We shall call:a point p sértctly transitive if it satisfies condition (i) 
of (5.5). (4.2) shows that any such point is transitive, but the con- 
verse is not generally true (see §10 for a counterexample). Following 
Hedlund [15] a point p is called almost periodic if for every neighbor- 
hood U of p the set (n:T*pC U} is relatively dense. According to a 
theorem of Gottschalk [8], O(p) is a minimal set if and only if p is 
almost periodic. From this result, together with (5.2) and (5.5), it 
is easy to deduce the following theorem: 

(5.6) In a compact system (Q, T) the following conditions c on a poini 
PEQ are pairwise equivalent: 

(i) O(p) is an ergodic set, 

(ii) the subsystem (O(p), T) is strictly ergodic, 

(iii) P ts almost periodic and strictly transitive, 

(iv) p ts regular and siricily transitive, 

(v) P belongs to a closed ergodic set. 

A system (Q, T) is called unstformly-L-stable (“stable in the sense 
of Liapounov” [6]) if the powers of T are equiuniformly continuous 
on Q, that is, if for every e»0 there is a 8>0 such that d(p, q) «6 
implies d(7*p, T*q) <e for every integer s. 

(5.7) If a compact system ts unsformly-L-siable, then every point ts 
regular and strictly transiiive. 

Proor. From uniform-L-stability it follows that every point p 
satisfies (5.5) (ii), and that if qCÓO(f), then pCO(g). Consequently 
every point is strictly transitive and its orbit cloeure is a minimal set. 


126 J. C. OXTOBY ] [March 
' The conclusion then follows from (5.6), and has the following corol- 


(5.8) If a compact system (Q, T) ts untformiy-L-siable and has ai 
least one dense orbi, then the system is strictly ergodic. 

It is well known [13] that any system that fulfills the hypothesis 
of (5.8) is homeomorphic to a system (G, T), where G is a (mono- 
thetic) compact topological group and T is a translation of G by an 
element whose powers are dense in G. Hence a | proof of (5.8) can also 
be based on the uniqueness of Haar measure. 


6. Uniform ergodic limits. An important difference TS the 
Birkhoff ergodic theorem (1.1) and the mean ergodic theorem (1.3) 
is that the latter implies that for any f CL, the averages 


1 ms 
fe -—— E F(T) | (n > m) 
A — M oL. " 


converge (in L,) as » —m— œ, in other words, the sequence f,( T^) 
converges (in Le) uniformly $n n as &— c. On the other hand, (1.1) 
implies only that this sequence converges (a.e.) as k—>œ for any 
fixed value of n, and simple examples show that in general there ig 
no uniformity in s, even for strictly ergodic systems. (For example, let 
T be an irrational rotation of the circle, let U, be the union of the 
first 2**! images of some interval of length 4-*-!, and let f(p) be the 
characteristic function of the set U =U? U,. For every point p and 
positive integer k there is a positive integer s such that f,(7*p) «1, 
but for almost all p the lim, fi(p) - m(U) S1/2. Consequently the 
convergence of f,(7*) is nonuniform in s for almost all p.) Never- 
theless, it is reasonable to ask for what compact systems it can'be 
asserted that for any continuous function f the averages fa=(p) con- 
verge a.e. as 5 —5— œ. An answer to this question can be formu- 
lated as follows: 

(6.1) In any compact system (Q, T) with normalized invariant Borel 
measure u the following conditions are pairwise equivalent: 

(i) for each fEC(Q), {fam(b)} converges a.e. as n—m— o, 

(ii) almost aH points are sirtctly transitive, 

(iii) almost all points belong to closed ergodic sets. 

Proor. (i) implies that there is a set E with u(E) —1 such that 
for each pCE and for each f belonging to a countable dense subset 
of C(Q) the sequence fa(T*p) converges uniformly in # as k-+@. It 
. follows that the same conclusion holds for every fEC(Q), hence 
every point of E is strictly transitive, and (i) implies (i1). (ii) implies 
(iii) by (2.5) and (5.6). The reverse implications are obvious. 
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(6.2) In any compact system (Q, T) ihe following conditions are 
pairwise equivalent: 

(i) for any fEC(Q) and for any finite invarjant Borel measure y, 

fa (p) j converges a.e. as n —m— v, 

(ii) every ergodic set is closed, 

(iii) the famiy of minimal sets and the family of ergodic sets coincide. 

The following definition was introduced by Fomin [6]. 

DEFINITION. A compact system (Q, T) ts mean-L-stable (“stable in 
the mean $n the sense of Liapounov”) sf for every «>0 there isa 8>0 
such that d(p, q)<8 implies d(T*p, T™q) <e for a n except a set of 
upper density less than e. 

(6.3) If a compact system ts en dabis then for each f  C(Q) 
the sequence { AGQ)] ts equsunsformly continuous and uniformly con- 
vergent on Q, every ergodic set 4s closed, every quasi-ergodsc set ss closed, 
and every point is strictly transsitwe. 

Proor. The equiuniform continuity of the functions fs(p) 
(Aw 1, 2, *--) is an easy consequence of mean-L-stability. From 
(5.5) (ii) it follows that every point is strictly transitive, and the uni- 
form convergence of {f,(p)} then follows from equicontinuity and 
pointwise convergence. Consequently f*C C(Q) whenever fEC(Q), 
and therefore every quasi-ergodic set is closed. That every ergodic set 
is closed follows from (5.6) (iv). 

The next two theorems are corollaries of (6.3). 

(6.4) If a compact mean-L-stable system has at least one dense orbit, 
then $$ is uniquely ergodic. 
| as If a minimal sei is mean-L-stable, then $t 4s strictly ergodic (cf. 

6)). 

The last three results should be compared with (5.7) and (5.8). 
Trivial examples (e.g. a system consisting of two invariant points p 
and g and an orbit { Pa} such that ~,— and p_.—g) show that 
mean-L-stability is not a necessary condition for every ergodic set 
to be closed, and (same example with p=q) that the hypothesis of 
(6.4) does not imply the conclusion of (6.5). Interesting examples of 
minimal sets that are mean-L-stable but not uniformly-L-stable are 
provided by the Sturmian minimal sets studied by Hedlund [15]. 


7. Noncompact systems. If 7 is a homeomorphiam of a complete 
separable metric space Q, the system (Q, T) need not admit a finite 
invariant Borel measure. However, Fomin [4] has shown that in 
case such a measure exists, the main theorems of Kryloff and 
Bogoliouboff remain true provided certain definitions are appropri- 
ately generalized. (For a generalization in. another direction, see 
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[29].) In this section we shall show how the study of such systems 
can be reduced to that of compact systems. Át the same time a 
slightly greater degree of generality is attained, since it turns out to 
be unnecessary to postulate completeness. 

By a Borel system we shall mean a system (Q, T) where Q is a Borel 
subset of some complete separable metric space, and T is a homeo- 
morphism of Q onto itself. Two such systems (Q, T) and (t, T) 
are called homeomorphsc if there exists a homeomorphism of Q onto 
œ under which T corresponds to 7". (Q, T) is called a subsystem of 
(Q, T) in case Œ is a Borel subset of Q invariant under T. 

(7.1) Any Borel system (Q, T) ts homeomorphic io a subsystem of 
the compact system (Q*, S) where Q* 4s the Cartesian product of No 
2 nm and S 4s the shift transformation on Q*, i.e., Swn} 
— d.i. 

Proor. By Urysohn's theorem, we may assume that Q itself is a 
subset of the Hilbert cube. Then the correspondence p—+{7*p} de- 
fines a 1:1 bicontinuous mapping of Q onto a Borel subset Q of Q* 
under which T corresponds to S. 

It is clear that the invariant Borel measures of the system (Q, T) 
correspond to those of the system (Q*, S) for which 4(Q*— Q) «0. 
Consequently, a necessary and sufficient condition that (Q, T) 
admit no finite invariant Borel measure is that the set Q’ have in- 
variant measure zero. This will-be the case if and only if every com- 
pact subset of Q’ has invariant measure zero, and for this it is neces- 
sary and sufficient that M (xx, f^) =0 for every compact set K’CQ’ 
and for every p’€Q’, by (2.1) and (1.2). Hence we obtain the fol- 
lowing generalization of (2.1) (cf. [26]). 

(7.2) A necessary and sufficient condition that a Borel system (Q, T) 
admi no finie invariant Borel measure is that M(xx, p) —0 for every 
compact set K CQ and for every point pEQ. 

Let us now denote by C(Q) the space of all bounded real-valued 
continuous functions on Q, The definition of a quasi-regular point 
requires modification, since it is no longer true that M(f, p) can al- 
ways be represented as an integral. We follow Fomin [4] in adopting 
the following definition: 

DEFINITION. A point b C ts quast-regular with respect to the Boral 
system (Q, T) 4f 

(1) the mean value M(f, p) exists for each f C C(Q), and i 

(2) for every e>0 there is a compact set KCQ such that M(xx, p) 
>i-e 

It is clear that this definition is equivalent to that of Kryloff and 
Bogoliouboff (cf. $2) in case the gystem is compact. That it is an 
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appropriate generalization is shown by the following theorem. 

(7.3) If (X, T) ts a subsystem of a compaci system (Q*, T), then a 
point pC 4s quass-regular with respect to (Q', T) sf and only if p isa 
quass-regular point of (Q*, T) and n,(Q") 51. 

Proor. The necessity of both conditions is clear; that they are suffi- 
cient is shown by (3.3) and (3.5). 

It follows that with any quasi-regular point of the Borel system 
(Q, T) there is associated uniquely a normalized invariant Borel 
measure up such that ffdu,- M(f, p) for every fEC(Q), and that 
the quasi-regular points are the only points for which M(f, p) is 
defined on C(Q) and representable in this way. We remark that (2) 
cannot be weakened to the requirement that M(xx, p)>0 for some, 
compact set K, since it is possible for a quasi-regular point p in Q* 
to be such that 0<p,(Q’) <1. 

The set Q' of quasi-regular points of (Q*, T) for which u,((7) =1 
is a Borel subset of Q*, by (2.7), and therefore the set Q of quasi- 
regular points of (Q, T) is a Borel subset of Q. If E is any ergodic 
set of (Q*, T), with ergodic measure p, then either u( E( MY) =1 or 
Bu (ECM) =0; hence u(&Q' — Q^) =0. It follows from (2.8) that (' — Q 
has invariant measure zero, and therefore Q bas invariant measure 
one relative to (Q, T). Similar reasoning shows that if points of 
density, transitive points, and regular points are defined as in $2, 
then not only (2.2) but also (2.3), (2.4), and (2.5) hold for any Borel 
system. The remaining theorems of $2 then follow at once from the 
corresponding theorems for compact systems. It should be em- 
phasized, however, that all of these theorems are vacuous unless the 
Borel system admits at least one.finite invariant measure. 


8. Decomposttion into a direct sum of ergodic gystems. One of the 
most fruitful conceptions in ergodic theory has been the idea that 
any system can be regarded as a combination, in some sense, of 
ergodic systems. The first result of this sort was obtained by von 
Neumann [24]. For compact systems, the theory of Kryloff and 
Bogoliouboff gave a still more detailed analysis. Subsequently, 
Halmos, Ambrose, and Kakutani [10; 2] obtained von Neumann's 
theorem in a purely measure-theoretic form, with no explicit topo- 
logical assumptions. It was for this purpose that Halmos introduced 
the notion of a direct sum of measure spaces. More recently, the 
work of Dieudonné [3; 11], Nikodým [25], and Maharam [18] on 
Boolean o-algebras has led to a more precise version of the decom- 
position theorem for measure spaces, in which some of the direct 
summands are combined into a direct product. In this section and the 
next it will be shown how some of these decomposition theorems for 
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measure spaces can aleo be obtained from the ergodic set decomposi- 
tion. 

Let (Q, T) be a compact system, and let R be the set of regular 
points. Let f be à Borel measurable mapping of R into the unit 
interval, such that f(p)=f(g) if and only if u,=y, (cf. (3.1)), and 
let X denote the range of f. Let g bea 1:1 Borel measurable mapping 
of R onto the unit interval [17, p. 358]. Then the equations x —f(), 
yg(p) define a 1:1 Borel measurable mapping ¢ of R onto a Borel 
subset Y of the unit square, such that for each x € X the ergodic set 
f(x) is mapped onto the x-section Y, of Y. Let », denote the Borel 
measure in Y, corresponding to the ergodic measure in f-!(x). Let 
X be the Borel field consisting of all sets 4 CX such that f-1(A) is a 
Borel subset of R. Corresponding to any invariant Borel measure 
p in Q define »(A) 5uf-1(A), for every A CX. Then for any Borel 
set EC Y we have, by (2.7), 


u(@E) = f. us (6-E)da(b) 


- f ryan E-Y ray) da(g) = f » (E-Y )dr(a). 
E x 


Thus $ represents the measure space (R, p) as a direct sum of the 
measure spaces (Y,, »,) over (X, X, v). T corresponds to a Borel 
measurable transformation 7'—4$T749-' of Y that leaves invariant 
each x-section Y,, and on Y, is ergodic with respect to re Thus $ 
represents (R, T', u) as a direct sum of ergodic systems. It should be 
noted that the same decomposition serves for every finite invariant Borel 
measure u, the only variable term being the measure function r. 
Moreover, every finite measure » on X corresponds in this way to one 
and only one invariant measure u. For if E is any Borel subset of R, 
then u,(E) is measurable relative to f-!(X), hence »,(6(E)- Y.) is 
measurable X, and for any finite measure y on X the equation 


a(E) = [rom ane) 


defines a corresponding invariant Borel measure in R. A 1:1 cor- 
respondence is thus established between the invariant Borel measures 
u of the system (Q, T) and the finite measure functions » on the 
measurable space (X, X). 

This correspondence between p and v determines at the same time a 
correspondence between their completions u* and »*, and $ repre- 
sents (R, n") as a direct sum of the measure spaces (Y,, r) over 


z 
! 
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(X, »*), in the sense that if E is measurable u* then $(£) is measur- 
able vf for all x excépt a set of »*-measure zero, and rf(¢(E)- Y.) is 
a v*-measurable function of x whose integral is equal to p *(E). 

Now let T be any 1:1 measure-preserving transformation on a 
normal measure space (Q, m*). (A normal measure space is one that 
is isomorphic to the unit interval, cf. [13]. Two measure spaces are 
said to be isomorphic if there exists a 1:1 measure preserving trans- 
formation from almost all of one to almost all of the other. Two 
systems (Q, T, p) and (Q, T", u^) are isomorphic if T corresponds to 
T’ under some isomorphism.) We are seeking an isomorphic repre- - 
sentation of (Q, T, m*), hence we may assume from the outset that 
Q is the unit interval and that m* is Lebesgue measure. Moreover, 
up to isomorphism, T can be replaced by an equivalent 1:1 Borel 
measurable transformation. For each pCQ, the sequence of numbers 
{T*p} may be regarded as a point ¢1(p) of the No-dimensional cube 
O°, and then $1 is a 1:1 Borel measurable mapping of Q onto a Borel 
subset of Q” (cf. [17, pp. 290, 397]). Under 4, the transformation T 
corresponds to the shift transformation S, which is a homeomorphism 
on Q”, If u* denotes the completed Borel measure in Q° that cor- 
responds to m* under $,, then the system (Q, T, m") is isomorphic 
to (Q°, S, u*). We have already shown how the latter system can be 
represented as a direct sum of ergodic systems. In this way the fol- 
lowing theorem of Ambrose, Halmos, and Kakutani [2] is obtained 
as a consequence of the ergodic set decomposition. 

(8.1) Any normal system (Q, T, m*) ts isomorphic to a direct sum of 
ergodic systems. 

We remark that if T is a 1:1 Borel measurable transformation on 
a Borel subset Q of a complete separable metric space, the system 
(Q, T) can be mapped by a 1:1 Borel measurable mapping onto a 
. subsystem (Q’, 7") of a compact system by the device used in $7. 
The representation of a compact system described above yields a 
corresponding representation of (Q, T} as a direct sum of ergodic 
systems, simullaneously for every finie invariant Borel measure. In 
other words, the possibility of a universal decomposition into 
ergodic parts is not limited to compact systems, but extends to any 
system that is “Borel isomorphic” to a subsystem of a compact 
system. i 

It should also be remarked that the possibility of representing a 
normal system by an isomorphic continuous transformation is not 
limited to systems with a discrete, time; Ambrose and Kakutani 
[1] bave shown that any measurable flow in a normal measure space 
is isomorphic to a continuous flow. 
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9. Direct product representation. The following theorem is the 
principal special case of a theorem of Maharam [18, Theorem 6]. 
'The proof given here was suggested by a somewhat similar proof ob- 
tained by Kakutani. 

(9.1) If (Q, T, pis) dt E suem ck Hab UD gd SUA 
ergodic relative to m*, and (2) almost all points are nonperiodic, then 
(Q, T, m*) is isomorphic to a system (Q', T", my), where Q! ts the unit 
square with plane measure my, and T' is a transformation that leaves 
every x-section of Q invariant and on tt 4s ergodic with respect to linear 
measure. 

It should be remarked that both conditions (1) and (2) are ob- 
viously necessary, but that neither of them is seriously restrictive. 
Without them, it is not hard to see that the system can be decom- 
posed into a direct sum of systems all but one of which are compara- 
tively trivial, namely, either periodic or ergodic on an interval. The 
remaining summand, if present, is covered by the above theorem. 

In §8 it was shown that any normal system is isomorphic to a 
compact system (Q°, S, u*). Under the added hypotheses (1) and 
(2) each ergodic set of the latter system has »*-measure zero, and the 
set of periodic points has u*-measure zero. Hence (9.1) is a conse- 
quence of the following slightly more precise theorem. 

(9.2) If (Q, T, u) is a compact system with normalised invariant 
Borel measure u, and sf each ergodic set and the set P of periodic points 
has p-measure sero, then there exists a 1:1 Borel measurable mapping of 
almost all of R onto a Borel subset W of the unit square such that (i) 
n corresponds to plane Borel measure ma tn W, (ii) T corresponds to a 
transformation of W that leaves every x-section of W invarianti and on si 
ts ergodic with respect to linear Borel measure m, and (iii) m ts the only 
normalised invariant Borel measure on any x-section of W. 

Proor. We start with the direct sum representation already ob- 
tained in $8, but restrict @ to the set Rom R— P. Under present 
hypotheses the measures » and », vanish on every finite subset of X 
and Y, respectively. For any (x, y) C Y define 


F(x) = »(X- [0, z)) 
and 2 
G(z, y) = r(Y» [0, 1] X [0, 5). 


Then F(x) is a monotone increasing continuous function of x on X, 
and for each x€X, G(x, y) is a monotone increasing continuous 
function of y on Y,. Both functions are Borel measurable on, Y, the 
first because it is continuous, and the second because it corresponds 
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under $ to the Borel measurable function n,(g-[0, g(p))) on Re 
(cf. [17, p. 285]). Consequently the equations x’= F(x), y 2 G(x, y) 
define a Borel measurable mapping y of Y onto a subset Z of the unit 
square. y, is not necessarily 1:1, but we shall show that it can be 
made so by suitably contracting its domain. We first show that it 
preserves measure. 

Consider any rectangle J=[0, a)X[0, b), where 0«a«1 and 
0<b<1. Let a’=sup x: F(x) <a}, and for each xcX let b'(x) 
=" BUD {ys (x, y)cr, G(x, y) <b}. Then ¥~'J consists of all points 
(x, YEY such that OSx<a’ and OSy<b'(x). For any «CX, 
using the fact that each point has »,-measure zero, we have 
»,(Y.: [0, 1]x [0, b’(x))=b. Consequently. u(J71J) =fx.10,0')(% 
-[0, 1]X[0, 6’(x)))do(x) —b-r(X-[0, a^) -b:a—m(J). Let € be 
the class of Borel subsets E of the square such that u(J-1E) e ma(E). 
We have just shown that € contains all rectangles J, and since € 
contains proper differences, countable decreasing intersections, and 
countable disjoint unions of its members, it follows that € includes 
all Borel subsets of the square [12, §5(2), §6(3)]. 

Similarly, if x’ is any value for which x= F-!(x/) is single-valued, 
and if E, denotes the class of Borel subsets E of [x/] x [0, 1] such 
that »,(/-1E) =m(E), then €, includes all intervals {x’} x [0, b), 
0<b<1, and has closure properties similar to those of ©. It follows 
that »,(J-1E)  m(E) for every Borel subset E of Z,. 

Let Za be the set of all points of Z where y~} is multiple-valued. 
The monotoneity of F and G shows that for all but countably many 
values of x’, F-!(x) is a single x-section of Y, and that on any such 
x’-section of Z, Zo is at most countable. Since Zo is an analytic set 
[17, p. 402] it follows that mf(Z.)=0. Enclose Zo in a Borel set Bo ` 
with (Bo) *0, and choose B, so that every x'-section either con- 
tains Z» or has linear measure zero. (It follows that Bo includes all 
x’-sections Zw for which f-!(x is multiple-valued.) Put Y;= Y 
—V71(By) and Y? f1* .(7^)*Y,. Then Yi is a Borel subset of Y with 
B(Y3) =1, and y is a 1:1 Borel measurable mapping of Y, onto a Borel 
subset Z:=¥(¥3) of the unit square. Define 7" V7! on Za. 
Then the systems (Ys, T“, u) and (Zi, T”, m4) correspond under y, 
and likewise (( Y3),, 7", »,) and ((Z3)», T”, m) for every x for which 
(Yi), is nonempty. Moreover, m is the.only normalized invariant 
Borel measure in (Zi), since », is the only such measure in (Y3),. 
To complete the proof of (9.2) it suffices to follow y by a trivial 
1:1 Borel measurable transformation of the square that involves 
only the values of x’ on a nullset and maps Z4 onto a set W with 
the property that W, is nonempty for every x in 0Sx31. 
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10. The shift transformation on sequence space. Let X be the set 
of all mappings x(s) of the integers into the set {0,1}, and let T be 
the transformation that takes x(m) into x(n4-1). If we define d(x, y) 
=max (1/(|n| --1):x.»*y.] for any two points x»y, then X is a 
compact metric space and T is a homeomorphism. in this system it is 
easy to characterize points of the various kinds discussed in §§2 and 
5. For instance, a point x is quasi-regular if and only if each block of 
terms that appears in the sequence x(#) recurs with a definite limiting 
frequency; x is strictly transitive if and only if for each block B and 
e>0 there is a positive integer k such that in any sequence of k 
successive terms of x(n), B occurs with a frequency that differs. by 
less than ¢ from the frequency with which B occurs in any other 
sequence of & successive terms of x(n). On the basis of (4.3) it is easy 
to formulate similar characterizations of transitive pon and 
points of density. 

The almost periodic points of this system are the same.as recurrent 
sequences in the sense of Birkhoff (cf. [15]). A number of examples 
and classes of such sequences have been defined and studied by 
Morse [19], Morse and Hedlund [20; 21; 22], Garcia and Hedlund 
[7], and Robbins [27]. In most of these examples it is not hard to 
verify that the sequence defines a point that is not only almost 
periodic but also strictly transitive. Hence the orbit closure of such a 
' point is a minimal set on which T is strictly ergodic. However, it is 
also possible to exhibit a minimal set that is not strictly ergodic. The 
first such example was constructed by Markhoff (cf. [23, p. 533]). 
We shall give a similar example in the system (X, T). For this pur- 
pose it suffices to define a point x that is almost periodic but not quasi- 
regular (cf. (5.4)). 

Let {z} (#20) be a sequence of positive integers such that k; 
divides kı and such that Digi Aia/RiS1/12 (e.g. the sequence 
km2 HDA), Let n and m denote variable integers, and for each pos- 
itive integer + define 

E= U fa: |s mi| S kj. 
—c o 
Since E, includes all n with |n| <kia, and since kj— c, it is clear that 
for each integer s there is a least positive integer p = p(s) such that s 
belongs to E,- Define x(m)=0 or 1 according as () is even or odd. 
We shall show that this point x has the required properties. 

In the first place, each of the sets E; Fa, -+ +, E, is invariant 
"under translation by k,. Hence if p(s) = and men (mod &,) then 
p(m) =p. Consequently, if mmn (mod &,) and |a] Shyu, then 


N 
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p=p(n) St, k, divides k, mean (mod kp), pb(m) = p(n), and therefore 
x(m)=a(s). It follows that d(x, T*x)Si/(itk..) for all s 
£10 (mod -&,). This shows that x is almost periodic (in fact, regularly 
almost periodic, as defined in [7, p. 957 ]). 

Secondly, if 1 $j S5 the number of elements of E; in the interval 
' On Sk, is exactly (k;/kj) 2k; ,--1). Hence an upper bound to the 
number of elements of KiU EaU - + - UE; in the interval 0 «sx k; is 








i 3k 9 k 1 
>. f s 3h; X zi < 2^ ki. 
fl 1 - m Rh 4 


It follows that p(n) —$--1 for at least 3/4 of the numbers s in the 
interval 0 «s Sk. Consequently, 





aac a a des 
kc M kaa 2 ` ! p ` 


But x(#) =x(I*«), where x denotes the characteristic function of the 
set of points y X for which y(0)=1, and therefore M(x, x) is un- 
defined. Since x is a continuous function on X this shows that x is not 
quasi-regular. 
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CONCERNING APOSYNDETIC AND NON-APOSYNDETIC 
CONTINUA 


F. BURTON JONES 


Introduction. One might judge from the title that I am going to 
discuss continua. For is not a continuum either aposyndetic or non- 
aposyndetic? What I intend to do is to consider continua from a 
certain point of view, and from this point of view continua may be 
classified in a rough sort of way. This system of classification (and the 
basic concept upon which it rests) is only in its infancy. Here then 
is a report upon the beginning rather than the completion of an 
interesting and, I trust, useful field of study. 


? 
EXAMPLE 1 -— 


'To avoid any confusion, I shall confine this discussion to continua 
lying in a compact metric space which in most cases is the complex 
number sphere (or a topological 2-sphere, S*). Hence all continua 
are connected, closed, and compact sets. 

Consider the difference between the familiar concepts of a con- 
tinuum being connected im kleinen a4 a poini and a continuum being 
locally connected at a point.! A continuum M is locally connected at a 
point p of M provided that if R is a region containing p, there exists 
a connected open subset U of M such that RDUDp. The con- 
tinuum M is connected im kleinen at p provided that if R is a region 


An address delivered before the Summer Meeting of the Soclety at Boulder, 
Colorado, September 1, 1949, by invitation of the Committee to Select Hour Speakers 
for Summer and Annual Meetings; received by the editors December 8, 1951. 

1 For the definition of certain terms and phrases see [11]. Numbers in brackets 
refer to the bibliography at the end of this paper. 
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containing p, there exist a subcontinuum H of M and an open sub- 
set U of M such that R.OH OU f. Now as a potnt-wise property 
connectedness im kleinen is the weaker of the two. This may be 
geen in Example 1. In this example the plane continuum M consists 
of a simple infinity of contiguous and similar trapezoids (which 
form a sequence converging to p) together with a simple infinity 
of arca lying in the interior of each trapezoid as indicated. A little 
gtudy will show that M is connected im kleinen at the point p but M 
is not locally connected at p.* 


" 
vw 
^ 


M 
EXAMPLE 2 


In order to generalize the weaker of these two notions, I shall re- 
phrase the definition of connectedness im kleinen. Let M be a con- 
tinuum and let G denote the collection of all closed subsets of M. 
Then M is connected im kleinen at a point p of M provided that if K 
belongs to G and does not contain p, there exist a subcontinuum H 
of M and an open subset U of M such that M—K DH DU 5p. Now 
let G' be the subcollection of degenerate elements of G, and sub- 
stitute G” in the previous statement for G. Thus M is aposyndetsc at p 
provided that if b is a point of M distinct from f,-there exist a sub- 
continuum H of M and an open subset U of M such that M—k 
OHOUJOp. The term aposyndetic means bound-together-away- 
from. So for each point & in M —5, M is bound together at p away 
from k because the continuum Z lies in M — k and contains a (rela- 
tive) neighborhood of p. 

It may, be helpful to consider the following simple example in the 
plane (Example 2). In this example the continuum M consists of a 
simple closed curve together with a simple infinity of rectangles as 

3 An example of this nature has been given by Ayres in [1]. 

? Gk. apo =away from, syn = together, deo =tio bind. See [4]. 
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indicated, these rectangles forming a sequence which converges to 
the interval xys. This continuum M ts aposyndetic at x, and M is 
aposyndetic at y with respect to s but M is not aposyndetic at y with. 
respect to x because if U is an open subset of M containing y, any 
subcontinuum of M which contains U would have to contain x. 


Boundary point theorems. The usefulness of the property of.a con- 
tinuum being aposyndetic a£ a poini is illustrated by the following 
two theorems. f 


EXAMPLE 3 


THEOREM 1. In S! lei D be a complementary domain of a continuum 
M. Then S*—D is connected im kleinen at every point where M is 
aposyndetic.4 


A simple special case of Theorem 1 may serve to make the theorem 
clearer: If the continuum M does not separate S?, then M is con- 
nected im kleinen at exactly those points where M is aposyndetic. 
It does not follow that M is locally connected at these points. In 
Example 1, throw away every point to the left of a vertical line 
through p. The remaining points form a continuum (not separating 
S?) which is aposyndetic at p but which is not locally connected at p. 

However consider the following theorem: 


THEOREM 2 (BrnG). If a continuum M is not separated by any of tis 
subcontinua, then M ts locally connected ai every poini where M 4s 
aposyndetic [3]. 

Here is a test for local connectedness—at least in some cases. 


1 Theorem 1 is a corollary of Theorem 10 in [4]. A complementary domain of a- 
continunm is a component of its complement. The term domas will be used in general 
as equivalent to opes set and is not necessarily connected. 
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Return once more to a consideration of Theorem 1. Suppose that 
(in S?) D is a connected domain and M is the boundary of D. Is M 
connected im kleinen at every point where M is aposyndetic? No. 
For consider Example 3 in which M is the sum of a simple infinity of 
tangent ellipses as indicated together with their sequential limiting set 
sys. Even though M is aposyndetic at y, M is noi connected im 
kleinen at y. But M is not aposyndetic at y with respect to «+s. 
This observation may be formalized as followa: 


THEOREM 3. Suppose thai y ts a point of the boundary M of a con- 
nected domain in S3, Suppose further that if x and s are poinis of 
M — y there exist a subcontinuum H of M and an open subset U of M 
such that M — (x--s) 2H 2 U Dy. Then M ts connected $m kleinen at y. 


Continuous curves, aposyndetic continua. If a continuum were 
aposyndetic at each of its pointe, one would guess that it would in 
many respects resemble a continuous curve (this is, a continuum 
which is connected im kleinen at each of its points and, hence, locally 
connected). This is particularly true of topological properties in the 
large. For instance consider the Torhorst Theorem. 


TorHorst THEOREM. The boundary of a complementary domain of 
a continuous curve in S? is ttself a continuous curve [13]. 


The “continuous curve” in the hypothesis may be replaced by 
“aposyndetic continuum,” so that we have the following: 


Bounpary THEOREM (WiLDER-WHYBURN). The boundary of a 
complementary domain of an aposyndetic continuum in S? is a con- 
tinuous curve [4; 14; 17]. 


This, of course, follows immediately from Boundary Point Theorem 
1. Priority of discovery belongs to Wilder for the cyclic case [16]. 
G. T. Whyburn proved the theorem independently for the general 
non-cyclic case [14]. Wilder's argument with slight modifications 
was extended by Wilder to the general case—and to higher dimen- 
sions [17]. My work generalized the theorem to more abstract two- 
dimensional spaces and did away with some of the compactness re- 
quirements [4]. Wilder's and Whyburn’s arguments are quite 
analogous and depend upon a sort of mass behavior of the points. 
So it may be instructive to compare the various notions involved 
here as well as the terminology. 

Whyburn defined a continuum M to be semi-locally-conmected 
(s-l-c) at a point p provided that if U is an open subset of M con- 
taining f, there is an open subset V of M lying in U and containing 
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p such that M — U is covered by a finite number of components of 

M — V. Wilder used essentially the same idea. Wilder used the term ` 
almost 1-atoidable (i being associated with dimension). As a point- 

wise property these notions are not directly related to connected- 

ness im kleinen. For in Example 2, M is s-l-c at s where M is not 

connected im kleinen and M is connected im kleinen at x where M 
is not &-I-c. The situation will be a little clearer if the definition of 

s-I-c is rephrased as follows: the continuum M is s-l-c at a point 

x of M if M is aposyndetic at each point y of M —x with respect to x. 

So we have the following: 


EQUIVALENCE THEOREM. In order thai a continuum M be s-l-c 4 ts 
necessary and sufficient that M be aposyndetic [4]. 


As a point-wise property, the notion of semi-local-connectedness, 
while not yielding the boundary point theorem, is useful in another 
direction. 

ACCESSIBILITY THEOREM. If D is a complementary domain of a 
continuum M in S*, then the boundary B of D is accesssble from all sides 
from D at those points of B where M ts s-l-c.* 


So the notions of a continuum being aposyndetic at a point and a 
continuum being s-l-c at a point are sort of complementary notions 
distilled from the notion of a continuous curve. 

Now to return to the comparison of apoeyndetic continua with 
continuous curves. Whyburn’s main interest in aposyndetic continua 
was in connection with his cyclic element theory. In general, he has 
shown that for this theory aposyndetic continua (i.e., s-l-c continua) 
are just as satisfactory as continuous curves. In theorem after 
theorem in his book he has made this substitution [15]. 

A continuous curve in S? may be characterized by means of its 
complement [12]. There is an analogous theorem for aposyndetic 
continua. 


COMPLEMENT THEOREM. In order that a continuum M in S? be 
aposyndetic tt is necessary and sufficient that dis complement be non- 
folded [5]. ` 

To give you an intuitive idea of what it takes to make a domain 
folded in the eyes of a topologist consider Example 2 again. There 
exists in D an infinite sequence of crossed arc-segments (open arcs) 
A.+B, whose endpoints lie on the boundary of D such that the end- 


5 Neither B nor M is necessarily si at every point where B is accessible from all 
sides, 
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points of the B, converge to a point not in the continuum to which 
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ExAMPLE 4-1 


the A; converge. Consider Example 4. The shaded areas in Example 
4.1 form a folded domain, while in Example 4.2 they do not—the 
reason being that the latter may be straightened out (by stretching) 
without doing violence to the topology. 


ExAXPLE 5 


A cyclic’ aposyndetic continuum in S? may be characterized as a 
continuum each of whose complementary domains is simple (i.e., 
has a simple closed curve for a boundary) such that this collection 
of simple domains contains no folded subcollectson [5]. That is, the 
situation must be like Example 4.2, not Example 4.1. Wilder also has 
this theorem or something very analogous in his book [18]. 

. In connection with the term cyclic, it is fortunate that aposyndetic 
continua have another characteristic in common with continuous 
curves: ' 


* A continuum is said to be cyclic provided that no point of the continuum dis- 
connects it. m 


` 
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CurPOINT EQUIVALENCE THEOREM. In order that a point p of an 
aposyndetic continuum M be a separating poini of M 4i is necessary and 
sufficient that p be a weak cutpoint of M [14]. 


A point p is a separating poini (often called cutpoint) of a con- 
tinuum M provided that M — > is not connected. A point p is a weak 
cutpotnt (often called cutpoint) of a continuum M provided that 
M — > is not strongly connected (i.e., continuum-wise connected). For 
continua in general the two properties are not the same. Consider 
Example 5. (In this example, £f the circle were considered to be a 
point, M would be a simple closed curve.) If p is renfoved from M 
the remaining set is connected but not strongly connected. For 
aposyndetic-continua Whyburn (and I would guess Wilder also) 
showed that this cannot happen. 





M 
ExAMPLE 6 


There are, however, considerable differences between continuous 
curves and apoeyndetic continua. In Example 1, M is aposyndetic, 
at every point and connected im kleinen at p but is not locally con- 
nected at p. In fact a cyclic continuum may be aposyndetic and not 
be connected im kleinen at any point whatsoever. In Example 6 the 
continuum M consists of all circles centered on (1/2, 0) and passing 
through a point of the Cantor discontinuum (on the interval from 0 
to 1 on the x-axis) together with the bridging arcs as indicated each 
of which is to be considered to be a point. Since these bridging arcs 
alternate their position between the vertical and horizontal (as the 
size of the gap bridged decreases) it is clear that M is not connected 
im kleinen at any point of M. A little examination, however 
shows that M ts aposyndetic at every point of M. 
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Classification of continua. With the meaning of aposyndetic well in 
mind but before proceeding further we shall try to get a view of all 
continua in the light of this notion. If a person were to start to classify 
continua he would most certainly want the well-behaved continua 
(like arcs, simple closed curves, and continuous curves in general) at 
rele te eae 


to any other point 
(1ndecomposable) 


















totally non- aposyndetle aposyndetic 
(not aposyndetic a (semi- local y-coñnected) 
any point (freely decomposable) 


Spectrum 


one end of the classification and the ill-behaved or psychopathic 
continua (like indecomposable continua) at the other. Imagine all 
continua spread out in a sort of spectrum with the bad ones on the 
left and the good ones on the right. This is illustrated in the figure. 
An indecomposable continuum is one which is not the sum of two 
proper subcontinua. One of the simplest examples of such a con- 
tinuum is the one indicated in Example 7 [8]. This continuum con- 
sists of a countable infinity of collections of semi-circles, the first 


EXAMPLE 7 


such collection being concentric at (1/2, 0) on the X-axis and using 
up all of the points of the Cantor discontinuum as endpoints of its 
elements, the second such collection being concentric at (5/6, 0) and 
using up all of the points of the right-hand half of the Cantor set as 
endpoints of its elements, etc., as indicated. Notice that in this 
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example no point is a separating point but every point is a weak 
cutpoint. 


Fundamental cutpoint theorems. In the left-hand half of the 
spectrum the weak cutpoint notion is of considerable importance. 
Actually we have two fundamental theorems. 


THEOREM 1. A totally non-aposyndetic continuum contains a weak 
cutpoint [6]. (A totally non-aposyndetic continuum is one which is not 
aposyndetic at any one of tts points.) — 


» 
ExAMPLE 8 - 


One is the largest number of weak cutpoints that a totally non- 
aposyndetic continuum must necessarily contain. For a simple case, 
consider again Example 5, and replace the ray (which starts at p and 
is wrapped back and forth around the circle) by a bundle of rays 
(with a Cantor set cross-section) all of which start at p. A little 
examining will show that this continuum is totally non-aposyndetic. 
Nevertheless, it has so separating point and fp is its only weak cut- 
point. 


THEOREM 2. A totally non-sems-locally-connected continuum pos- 
sesses a dense set of weak cutpoints [6]. 


Theorem 2 might lead one to suspect that a totally non-semi- 
locally-connected continuum is more non-aposyndetic than a totally 
non-aposyndetic continuum. This is not the case, for such a con- 
tinuum need not be totally non-aposyndetic, in fact, such a con- 
tinuum may be locally connected at one of its points. Consider 
Example 8. The continuum indicated in this example consists of 
vertical unit intervals erected at each point of the Cantor discon- 
tinuum on the interval from 0 to 1 of the X-axis (in the plane) to- 
gether with the branching structure emanating from the point p. This 
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branching structure consists of & bundle of rays (with a Cantor set 
cross-section) emanating from f and separating into equal branches 
at the places indicated in the figure. The continuum thus obtained is 
totally non-semi-locally-connected, each of its points is a weak cut- 
point, but it is locally connected at p. 

Using these two theorems, one obtains a rather interesting theorem 
about continua which have no weak cutpoints. 


THEOREM 3. A continuum which contains no weak cutpoint is botk 
aposyndetsc and s-l-c at all points of a dense inner limiting subset 
(Grset). 


M 
ExaurLE 9 


In spite of this theorem and Wilder's terminology (avoidability) 
a continuum containing no weak cutpoint may be composed largely 
of points at which it is neither aposyndetic nor &-]-c. To give a strik- 
ingly good example would take up too much space but the following 
example will suffice. In Example 9 the continuum M consists of a 
rectangle (in the plane) together with the vertical intervals spanning 
the rectangle at the points of the Cantor discontinuum on its base 
plus infinitely many U-shaped arcs based alternately on the top and 
bottom sides of the rectangle as indicated. The continuum M is cyclic 
but fails to be aposyndetic or semi-locally-connected at each non- 
endpoint of each of the vertical intervals. 

I suspect these cutpoint theorems of having many applications. I 
want to mention one. Bing showed that if a nondegenerate con- 
tinuum is cut (in the weak sense) by no one point but £s cut by each 
pair of its points, then it is a simple closed curve. Using the first 
Fundamental Cutpoint Theorem he knew that the continuum had to 
be aposyndetic at a point and this gave him just enough of a hold' on 
the problem to complete the proof [3]. - 


Topological products. With the discussion and examples up to this 


" 
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point in mind, it would not be unreasonable to suspect that the 
topological product of two nondegenerate continua (it contains no 
weak cutpoint) should be aposyndetic. While this is not self-evident 
in the case of indecomposable continua, we do have the following: 


Propuct THEOREM (WHYBURN-JONES). If H and K are nonde- 
generate continua their Cartesian product H X K 4s aposyndetic [6; 14]. 


Whyburn first discovered this theorem but required ome of the 
continua to be aposyndetic. There being s0 many products these days, 
it may be well to point out that the plane is the Cartesian product 
of the X- and Y-axis. An annulus is the product of an arc with a circle. 
So a totally non-aposyndetic continuum must be a kind of thin 
continuum: that is, it cannot be a topological produt and it must 
contain a weak cutpoint. 


Spectrum analysis. Looking at the spectrum of continua (see the 
figure) let us examine continua of various kinds and various proper- 
ties of continua. Consider first arc-wise connectedness. Using the 
various examples that I have given, it is easy to see that arc-wise 
connected continua lie in every part of the spectrum except in the 
indecomposable end. So there is a problem,of possibly expanding 
that portion of the spectrum where they must be arc-wise connected. 
Let us say that a continuum M is G-aposyndetic if G is a family of 
sets and for each point p of M and each element g of G lying in M 
but not containing f, there exist a subcontinuum H of M and an 
open subset U of M such that M—g. 2H DU D>. Roughly, M is 
bound together at each of its points away from each element of G. 
If G is the collection of all closed sets, a continuum is G-aposyndetic 
if and only if it is locally connected and such continua are known to 
be arc-wise connected. If G is the collection of degenerate sets, a 
continuum is G-aposyndetic if and only if it is aposyndetic and even 
in the plane such a continuum may be far from being arc-wise con- 
nected. Whyburn pointed this out with a different (and simpler) 
example [14] but the reader may see this by looking at Example 6. 

Now consider continua in a given 2-sphere, S?, and suppose that 
we let Gi be the family of all continua in S*. Let G3 be the family of 
all continua in S? that are G;-apoeyndetic. In general, for each posi- 
tive integer, $, let Gau be the family of all continua in S? which are 
G,aposyndetic. For each $»1, each' element of G; is aposyndetic. 
Those continua in Gi do not have to be arc-wise connected. Those in 
G3 must al be arc-wise connected. When I first discovered this, I 
thought that perhaps here was an extension of the arc-wise connected- 
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ness theorem. But no—the elements of G4 are continuous curvesl 
What is the nature of the elements of G;? While they are all aposyn- 
detic, they are mot all arc-wise connected. Consider Example 10.' 





ExauptE 10 


, Start with a square (in the plane) plys its interior. Using the method 
of Yoneyama [19] construct an indecomposable continuum by 
digging a canal (i.e., removing a connected open set) into this square 
that winds back and forth within the square so as to come arbitrarily 
close to every point of what is left by a sufficiently devious path. 
Then add to this continuum infinitely many open curves which have 
been drawn into the entire length of the canal and which have been 
bridged with arcs as indicated, the distance between such bridges being 
roughly equal to the width of the canal at the point of the bridge. 
Call this continuum M. To get from the open curve part of M to the 
indécomposable part of M with an arc (or continuous curve) one 
either has to oscillate too much because of the staggered nature of 
the bridges or go too far down the canal (its entire length in fact) 

- in trying to reduce the distance between bridges. Therefore the 
elements of G3 (continuous curves) lying in the continuum M must 
lie wholly within its indecomposable (Yoneyama) subcontinuum or 
entirely outside of this subcontinuum. With this in mind one can 
see that M is G;aposyndetic but not arc-wise connected. A simpler 
example than Example 10 will not suffice because from the Wilder- 
Whyburn Boundary Theorem those elements of Gy possible in a given 
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Graposyndetic continuum will consist, in addition to degenerate and 
possibly other sets, of the boundaries of its complementary domains. 
For instance in Example 6, M (which is not arc-wise connected) ig 
not Gyaposyndetic. 

- Now, how about the elements of G4? Are tie all arc-wise con- 
nected? By elementary (and facetious) induction, when ¢ is odd the 
elements of G; do not have to be arc-wise connected, and when ¢ is 
even the elements of G; are arc-wise connected. So the only problem 
here is in the limit: Does Limy.., Gay = Lima... Gta? And are the 
elements of the limit collection arc-wise connected? As a matter of 
fact my knowledge does not extend to G, but perhaps this view of the 
problem will tempt someone else to investigate G,, $73. 

Thus for arc-wise connectedness, looking at the spectrum and 
attempting to further refine its structure has not yet proved fruitful 
(except to learn that aposyndetic continua in S? do have to comain 
arcs and that elements of G; are continuous curves). 

Now consider irreducible continua. Whyburn showed that those 
which are aposyndetic must be arcs [14]. If they are non-aposyridetic, 
they may be scattered anywhere in that portion of the spectrum. 

Consider a continuum M which is topologically equivalent to each of 
tis nondegenerate subcontinua. If M is aposyndetic, it is an arc because 
it is irreducible between some pair of its points. If M is non-aposyn- 
detic it may lie at the other end of the spectrum (as shown by 
Moise's example of a pseudo-arc) [9]. But must it? This question, 
perhaps not quite in this form, has been unanswered for a long time, 
and I suspect that a good many more division lines will have to be 
added to the spectrum before an answer can be obtained. 

‘Consider a homogeneous continuum M in S*. If M is aposyndetic, 
it must be a simple closed curve [7]. If M is not aposyndetic (and 
such continua do exist [2; 10]), two cases arise: (1) If M does not 
separate 5S?, M is indecomposable;! (2) if M does separate S*, I would 
guess it may exist outside of the indecomposable end of the spectrum 
but I am not quite satisfied about this. 

The number of problems that this scheme of spectrum analysis calls 
to mind, even for continua in the plane, is immense. I shall mention 
two more: 

1. What does it take to push a totally uon sposyndetie continuum 
into the indecomposable end of the spectrum? 

2. Is there a continuum at the extreme left end of the spectrum 
which if used as a “point” would decompose S? into itself? From an 


1 The proof of this will appear elsewhere. 
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esthetic point of view, the answer to this question should be yes, in 
order that the spectrum return to its starting point.* 

I have not touched upon dimension theory at.all. I would like to 
point out that one cannot raise the dimension of a Knaster continuum 
(and keep it a Knaster continuum) by means of Cartesian producte 
for then they become aposyndetic.* 

As I indicated in the introduction, we have here only a beginning of 
a classification of continua by means of their aposyndetic propertiee. 
I have indicated one way, but not a very fruitful way, of refining 
this classification. And I have indicated in a rough sort of way how 
this crude classification may be used not only to suggest new prob- 
lems about continua but also to view the class of continua as a 
whole. I hope that this discussion will challenge others to work on , 
these problems, but the research worker who expects to lead a life 
of ease should stay out of the left end of the spectrum. 
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THE NOVEMBER MEETING IN NORMAN 


The four hundred seventy-fifth meeting of the American Mathe- , 
matical Society, was held at the University of Oklahoma on Friday 
and Saturday, November 23-24, 1951. There were about 50 registra- 
tions including the following 29 members of the Society: 

R. V. Andree, Arthur Bernhart, J. C. Brixey, Y. W. Chen, L. A. Colquitt, N. A. 
Court, G. M. Ewing, Casper Goffman, I. E. Glover, A. A. Grau, E. V. Greer, O. H. 
Hamilton, J. O. Hassler, W. N. Huff, L. W. Johnson, A. E. Laberre, G. Q. LaFon, 
H. W. Linscheid, Dora McFarland, B. L. Mackin, W. C. Orthwein, C. J. Pipes, E. H. 
Rothe, G. W. Smith, R. G. Smith, O. S. Spears, C. E. Springer, E. B. Stouffer, J. 
W. T. Youngs. 


By invitation of the Committee to Select Hour Speakers for West- 
ern Sectional Meetings, Professor E. H. Rothe of the University of 
Michigan delivered an address entitled Gradient mappings at 2:00 
P.M. on Friday. Dean E. B. Stouffer presided at the session. 

Sessions for the presentation of contributed papers were held at 
3:30 p.m. on Friday and 10:00 A.M. on Saturday. Presiding officers 
at these sessions were Professors C. E. Springer and O. H. Hamilton. 

'The Society was entertained by President and Mrs. Cross of the 
University of Oklahoma at a tea in their residence on Friday after- 
noon. That same evening there was a dinner in the Union for the 
Society and its guests. 

'The meeting was characterized by a pleasant air of informality, 
together with active participation in the discussions following the 
papers by a large percentage of the audience. 

The Society is indebted to the Committee on Local Arrangements 
for a well planned meeting, and for the obvious pains which were 
taken to look after the physical comfort of the visitors. 


ALGEBRA AND THEORY OF NUMBERS 
106. D. W. Dubois: Partly ordered fields. Preliminary report. 


A commutative field K is called a partly ordered field if a relation “x is positive” 
(abbreviated “x 70?) is defined for at least one x CC K such that if a and b are positive, 
so are a+b, ab, and ab^. One defines a «0, x» y, x <y as usual. One shows that every 
partly ordered field is a partly ordered set containing tbe rational field in its natural 
order and that every field of characteristic zero can be partly ordered. The partial 
order of K is said to be Archimedean if for every xCX there is an integer sC-K with 
# >x. Examples are given of both Archimedean and non-Archimedean partly ordered 
fields which are not simply ordered by the partial orderings. The following results are 
proved for an arbitrary partly ordered field K: (1) K contains a subfield D already 
ordered by the partial order of K, and D contains every other such subfield. D con- 
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sists of Dedekind cuts on the rational subfield. (2) There is a real-valued norm n(x) 
on K; the completion of K by fundamental sequences yields a real Banach algebra. 
(3) If K is an algebraic number field, K can be Archimedean partly ordered if and 
only if K is formally real. (Received October 9, 1951.) 


ANALYSIS 


107. Y. W. Chen: Os hodograph transformations of partial differ- 
enital equaitons with three independent variables. 

A system of three quasi-linear partial differential equations (1): Ay: 01,/8r, 0, 
By, Ouz/dx,—0, and C4-09,/0x, m0 is considered for three functions w,(zi, x» a); 
$91, 2, 3. The coefficients Au, Bu, and Cu are functions of (s) and do not depend 
on (x). By means of the hodograph transformations nine functions p, (s:, 94, %3) are 
introduced with s as independent variables. They satisfy the following system (2) 
of nine equations: (2.1) Au(w)-fu(w) -0, Bulu)’ tulu) 70, Cuo(s)ru(w) -0, (2.2) 
Opu/O9 -Ht / 093 -O[3;/093 70, m1, 2, 3, (2.3) Es (08/014 — Oba /091) +6 (06/09 
indices (a, B, 7), (7, k, D) are cyclic permutations of (1, 2, 3). It is shown that systems 
(1) and (2) are equivalent for initial values problems. System (2) is also applied to 
study series expansions of three-dimensional steady subsonic flows. (Received October 
11, 1951.) 


s 


108. E. V. Greer: Certain relations between functions. 


A real function g(x) on [0, 1] will be called related to f(x) in the Sake-Sierpinski 
sense if foc every «>0 the inequality | f(x) — g(z)| <e holds on a set of exterior measure 
1. It will be called related to f(x) in the Blumberg sense if f(x) fully approaches g(x) 
almost everywhere. It is shown that a measurable g(x) is related to f(x) in the Saks- 
Sierpinski sense if and only if it is related to f(x) in the Blumberg sense: This fact is 
used to prove the following generalization of the fundamental theorem of the integral 
calculus: If f(z) is a bounded, single-valued function defined on [0, 1], then the 
derivative of the upper Lebesgue integral of f(x) is related to f(x) in the Sak» 
Sierpinski sense, In connection with these ideas, the following analogue of a theorem 
of Saks and Sierpinski is proved for planar transformations: If f(s) is an arbitrary 
single-valued transformation of the closed unit square into the euclidean plane, then 
there is a single-valued transformation g(s) of Baire class 2 at most which is related 
to f(z) in the Saks-Sierpinski sense. (Received October 2, 1951.) 


109. W. N. Huff and. E. D. Rainville: On the Sheffer A-type of 
Polynomials generated by pf (æi). 

The Sheffer A-type of the polynomial set {a(z) } defined by fhe (0 = ot, sole) 
was discussed In a previous paper by Huff. The main result of the present paper is a 
necessary and sufficient condition that {¥.(x)} be of Sheffer A-type k: that f(x) be 
a hypergeometric function with no numerator parameters, with $ denominator param- - 
eters, and with argument a constant multiple of zt. (Received September 24, 1951.) 


1104. T. S. Motzkin and W. R. Wasow: On the approximate solution 
of linear eliptic differential equations by difference equations with 


| postive coefficients. 


154 . AMERICAN MATHEMATICAL SOCIETY [March 


Let L[v]* 277, , Ba(z)01w/0x:8xy-- 27; , a (x)0w/0z,—c(x)w be an elliptic dif- 
ferential expression. Here x denotes the vector with components zi, xs, * - * , Ta. The 
finite difference expression Li[v]w 5°”, c (x, k)u(xdmu, - - «xe mo) — (x) in 
a square lattice of mesh length & is called formally analogous to L[w] if the beginning 
of Taylor's expansion of L4[s] about the point x is proportional to L[u]. The study 
of the relation between the solutions of boundary value problems in a bounded do- 
main B belonging to formally analogous differential and difference expressions ‘is 
greatly simplified if all c,(x, k) are non-negative for x in B. It is shown that, for #>1, 
this condition cannot be satisfied if the set of integers mu is to be the same for all 
elliptic differential expressions. This is true even for the subcláss of expressions L[w] 
whose coefficients are bounded in absolute value by a given number M, for all x in B. 
However, if the further restriction is imposed that Det (8a(x)] is to exceed in B 
a positive, otherwise arbitrary, number, then a set of integers wie, Independent of 
L [x], exists for which the c(x, A) can be chosen positive in B. (Received August 17, 
1951.) 


111. C. J. Pipes: Generalizations of a theorem of Sierpinski and Zyg- 
mund on continuous functions. 


Consider an abstract set property r defined by the following postulates. r is a set 
property such that: (1) every subset, including the empty set, of a set that has the 
property also has the property, (2) the union of a finite or denumerable number of 
sets that have the property also has the property, (3) every set consisting of a single 
point has the property, and (4) the continuum does not have the property. Then, for 
any set property x, if continuity is generalized to -continuity by considering as neg- 
ligible those sets that satisfy the property, the following result may be obtained: 
there is a real function that is not x-continuous on any set, relative to the set, not” 
satisfying the property x. Án analogous result may be obtained if continuity is 
generalized by considering as negligible all sets of exterior metric density zero at a 
point. (Received October 10, 1951.) 


APPLIED MATHEMATICS 


1121. Abolghassem Ghaffari: A new approximaiton method for com- 
pressible subsonic flow. 


Tha flies E T abet do odas apeeretastoa tte 
velocity potential $ and stream function y for compressible flow. If 1 is the value of 
r-w y. (where w is the fluid speed and t5, is the maximum fluid speed) in the main 
stream, the Mach number in the main stream is given by Mi» ri/(1—71). Hence the 
effects of compressibility will diminish as M; and rı tend to zero. Therefore, to pass 
from a compressible flow to a corresponding incompressible flow, we put r=q'n 
(where g is the velocity in incompressible flow) in the expreesions of and y, and 
then let rı approach zero. The simplified form of hodograph equations are (1) Pay /ar 
= 54/86, Qà$/ór —8y/00, where P—-2r(1—7)?, Q-2r(1—79*[1— (28-1) ]*1; 
B=(7—1)7; T is adiabatic index. The corresponding limiting form of (1) is (2) 
gio /dq= —89/80, ga¥/8q—=¢/36. One of the elementary solutions of (2) ia (3) 
p= Cag” cos (mote), y= — Cag" sin (m8--«), where Ca, « are constants and e 
is any nonzero number. It is found that the corresponding elementary solutions of 
(3) for $20 are (4) ym — Cose (r)/$u(n) sin. (motea), $m (P/m)óp/ór; and for 
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m= —5 <0 are (S) y= — Cay a (7) / b e (ri) ein (—89--€ 4), $m — (P/)8p/8r, where 
yca(r) = [~-r] [12-0 (7) ], and X is independent of r, t, being the value of 
T at the sonic speed. It is shown that in the subsonic range when m>0 the two 
functions ýs and $s are both positive monotonically increasing functions of r. (Re- 
cetved September 20, 1951.) 


1135. Abolghassem Ghaffari: Asymptotic behaviour of compressible 
subsonic flow. 

Let y and $ denote the stream function and the velocity potential of a com- 
pressible flow and let r=t*/t#?, and 8 be the hodograph variables, where w is the fluid 
speed and tx, is the maximum fluid speed. Chaplygin's formal solution (1) & — B6 

CAL ede) sin (w6--«), $= —Bé(r) — onı Ampu cos (mó--«) are exact, 
but they are quite unsuitable for numerical calculations. The author endeavors to 
determine the asymptotic expansions of v and ¢ for large values of m. Considering 
the simplified form of hodograph equations and setting Ya =exp (/fadr) where fa(r) 
is an unknown function, one finds that (2) yw~k(r) exp [wmg(r)—mg(r)], 
bakir) exp [mg(r)—mg(r:)], where blr) e (1—r) Da1 —(28-+1)r] 44, glr) 
-[nQ0-30-:25)-5[1—(284-1)r]V1r, ri being the value of r in the main’ 
stream. Taking into account (2), the formal solutions (1) become (3) y 
er) Er 4e exp [mt(r)-mt(r)] sin (Ota), dr-a) 2. Aa exp [me(s) 
—mgír) | cos (s9--«4.). Now let t, — c, then g(r) — g(r) 1/2 log r/n; therefore, the 
final expressions of y and œ for small r approach (4) y~ J., As (/t)* sin (0+ en), 
o~— LT As (e/t)* cos (M-i), where m is the fluid speed in the main stream. 
As we are dealing with subsonic flow in which 03r rir, the series (3) and (4) 
are absolutely and uniformly convergent. (Received September 20, 1951.) 


GEOMETRY 
114. N. A. Court: Isogonal points for a tetrahedron. 


Let (M), (M) be the pedal tetrahedrons for tetrahedron (T) «ABCD of the points 
M, M' isogonal for (T), (£) the common pedal sphere of M, M’ for (T), and (4), 
(B), (C), (D), the spheres orthogonal to (L) and having for centers the vertices of 
(T). The following are some of the results obtained. a. The polar planes of M for 
the four epheres (A), - - * , (D) coincide with the faces of the tetrahedron (M; b. 


The lines joining M to the vertices of (T) meet the respective faces of (M) in four ` 


points forming a tetrahedron which is affine to the analogous tetrahedron obtained 
. for the point M'; c. The projections of the vertices of the two tetrahedrons (M), (M") 
upon the line MM” are two tetrads of points having the same biratio (that is, an- 
harmonic ratio). The value of this biratio is equal to the biratio of the pencil of planes 
Mil’ (ABCD). (Received October 8, 1951.) 


TOPOLOGY 
115. Arthur Bernhart: Seven-rings in minimal five-color maps. 


The simultaneous system of linear homogeneous equations in twice 91 unknowns, 
together with inequalities derived from the minimal nature of the map, are solved. 
Over 150 solutions have been obtained. Unless there are topological conditions 
stronger than these colorability requirements, an indirect proof of the 4-color theorem 
seems unlikely. (Recetved October 9, 1951.) 


^ 
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116. G. M. Ewing and W. R. Utz: Continuous solutions of the 
functional equation f*(x) =f(x). 

Let fz) denote f iterated # times. The authors find all continuous real functions 
defined on the real axis such that for an integer #22 the stated equation is satisfied. 
(Received November 23, 1951.) 

J. W. T. Younes, 


Associate Secretary 


THE ANNUAL MEETING OF THE' SOCIETY 


The fifty-eighth Annual Meeting of the American Mathematical 
Society was held at Brown University, Providence, Rhode Island, 
Wednesday through Friday, December 26-28, 1951, in conjunction 
with the annual meeting of the Mathematical Association of America. 

The registered attendance at the meeting exceeded 525 and in- 
cluded the following 424 members of the Society. . 


CR, Adams R: B. Adame; Joso Ademi Chahin, Shinde! Agios, R. P. Agnew, 
L. V. Ahlfors, M. I. Aisen, E. J. Akutowicz, R. G. Albert, R. W. Allen, C. B. Allen- 
doerfer, Warren Ambrose, R. D. Anderson, Joseph Andrushkiw, R. C. Archibald, 
H. E. Arnold, L. G. Arnold, Nachman Aronszajn, Maurice Auslander, W. E. Barnes, 
R B. Barrar, Iacopo Barsotti, A. F. Bartholomay, R. G. Bartle, G. E. Bates, J. D. 
Baum, W. R. Baum, H. P. Beard, Ralph Bentley, E. G. Begle, R. E. Bellman, A. A. 
Bennett, Stefan Bergman, H. G. Bergmann, S. D. Bernardi, Lipman Bers, E. W. 
Beth, Kurt Bing, Garrett Birkhoff, D. W. Blackett, Jerome Blackman, A. L. Blakers, 
A. A. Blank, J. H. Blau, I. E. Block, H. W. Bode, Volodymyr Bohun-Chudyniv, 
Raoul Bott, S. G. Bourne, J. W. Bower, H. E. Bowie, Laura Brant, R. H. Breusch, 
H. W. Brinkmann, F. E. Browder, A. R. Brown, Bailey Brown, H. D. Brunk, G. S. 
Bruton, D. A. Buchsbaum, J. A. Bullard, R. S. Burington, L. J. Burton, Jewell H. 
Bushey, E. A. Cameron, M. E. Carlen, L. V. Carlton, Evelyn Carroll-Ruak, W. B. 
Carver, Lamberto Cesari, R. E. Chamberlin, Sarvadaman Chowla, K. L. Chung, 
R A. Clark, A. B. Clarke, G. R. Clements, E. A. Coddington, L. W. Cohen, Harvey 
Cohn, Nancy Cole, A. H. Copeland, A. H. Copeland, Jr., Richard Courant, R. R. 
Coveyou, J. B. Crabtree, H. F. Cullen, Frederic Cunningham, J. M. Danskin, Norman 
Davids, ‘Robert Davies, M. D. Davis, Philip Davis, R- B. Davis, W. M. Davis, 
C. R. DePrima, R. J. De Vogelaere, A. H. Diamond, J. B. Diaz, G. P. Dinneen, 
W. F. Donoghue, J. L. Doob, H. L. Dorwart, Jim Douglas, Avron Douglis, Melvin 
Dresher, F. G. Dressel, G. R. Dubé, Nelson Dunford, Albert Edrei, Samuel Eilenberg, 
B. J..Eisenstadt, Joanne Elliott, E. S. Elyash, L. N. Enequist, Carl Engelman, Ben- 
jamin Epstein, D. H. Erkiletian, Trevor Evdna, M. I. Fauth, Herbert Federer, W. E. 
Ferguson, A. D. Fialkow, F. A. Ficken, R S. Finn, C. D. Firestone, L. R. Ford, 
Tomlinson Fort, G. A. Foyle, J. S. Frame, F. N. Frenkiel, Bernard Friedman, H. D. 
Friedman, Orrin Frink, F. B. Fuller, R. E. Fullerton, J. W. Gaddum, I. S. G4, 
A. S. Galbraith, David Gale, H. M. Gehman, B. R. Gelbaum, H. H. Germond, Irving 
Gerst, Murray Gerstenhabér, J. H. Giese, J. B. Giever, S. A. Gilbert, W. M. Gilbert, 
R. E. Gilman, R. D. Glauz, A. M. Gleason, Kurt Gódel, H. E. Goheen, Samuel Gold- 
berg, Oscar Goldman, W. O. Gordon, Daniel Gorenstein, W. H. Gottschalk, Arthur 
Grad, J. W. Green, L. W. Green, T. Na E- Greville, Emil Groeswald, V. B. Haas, 
Franklin Haimo, P. C. Hammer, E. E. Hammond, G. H. Handelman, Frank Harary, . 
W. L. Hart, F. S. Hawthorne, E. V. Haynesworth, G. A. Hedlund, A. E. Heins, M. H. 
Heins, Melvin Henriksen, Manuel Herschdorfer, Aaron Herschfeld, I. R. Herahner, 
Fritz Herzog, F. B. Hildebrand, T. H. Hildebrandt, Einar Hille, W. M. Hirsch, G. P. 
Hochschild, S. P. Hoffmaa, D. L. Holl, L. A, Hostinsky, E. M. Hove, A. A. Howard, 
A. S. Howard, J. L. Howell, C. C. Hsiung, M. G. Humphreys, Witold Hurewicz, W. A. 
Hurwitz, L. C. Hutchinson, Shikao Ikehara, B. M. Ingersoll, H. G. Jacob, A. R. 
Jacoby, R. C. James, R. N. Johanson, L. W. Johnson, R. E. Johnson, R. F. Johnson, 
B. W. Jones, F. B. Jones, Bjarni Jónseon, R. V. Kadison, Shizuo Kakutani, G. K. 
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Kalisch, L. H. Kanter, Irving Kaplansky, S. N. Karp, R E. Keirstead, M. E. Kellar, 
D. E. Kibbey, J. F. Kiefer, H. S. Kieval, J. R. Kinney, V. L. Klee, S. C. Kleene, J. S. 
Klein, J. R. Kline, Morris Kline, E. R. Kolchin, Marc Krasner, Wouter van der 


P. D. Lar, E. H. Lee, B. A. Lengyel, Benjamin Lepeon, F. W. Light, C. C. Lin, 
B. W. Lindgren, S. I. Lipsey, W. G. Lister, L. H. Loomis, Lee Larch, Eugene Lukacs, 
R. C. Lyndon, V. O. McBrien, N. H. McCoy, L. A. MacColl, R. W. MacDowell, 


D. F. Mela, Karl Menger, E. A. Michael, W. H. Mills, Don Mittleman, E. E. Moise, 
Deane Montgomery, T. W. Moore, R. K. Morley, G. D. Mostow, T. S. Motzkin, 
W. L. Murdock, G. G. Murray, E. D. Nering, P. P. Nesbeda, John von Neumann, 
C. V. Newson, E. N. Nilson, I. L. Novak, C. O. Oakley, G. G. O'Brien, L. F. Ollmann, 
Alex Orden, Oystein Ore, E. F. O'Shea, J. C. Oxtoby, D. K. Pease, W. H. Pell, J. L. 
Penez, A. J. Penico, P. M. Pepper, I. E. Perlin, H. P. Pettit, C. R. Phelps, H. L. 
Platzer, J. C. Polley, William Prager, Walter Prenowitz, G. B. Price, M. H. Protter, 
Tibor Radó, J. F. Randolph, G. E. Raynor, C. J. Rees, M. S. Rees, Eric Reissner, 
Helene Reschovsty, C. N. Reynolds, Harris Rice, H. G. Rice, D. E. Richmond, 
C. E. Rickart, C. de B. Robinson, S. L. Robinson, G. B. Robison, W. L. Root, 
ICH. Roee, Alex Rosenberg, P. C. Rosenbloom, Maxwell Rosenlicht, Arthur Rosen- 
thal, J. C. Rothe, H. L. Royden, Herbert Ruderfer, Walter Rudin, Charles Saltzer, 
James Sanders, Arthur Sard, Leo Sario, S. S. Saslaw, J. A. Schatz, F. J. Scheid, M. A. 
Scheier, E. V. Schenkman, E. C. Schlesinger, E. R. Schneckenburger, I. J. Schoen- 
berg, A. L. Schurrer, Abraham Schwartz, B. L. Schwartz, C. H. W. Sedgewick, 
I. E. Segal, Esther Seiden, Seymour Sherman, Harold Shulman, I. M. Singer, 
Maurice Sion, M. L. Slater, E. C. Smith, P. A. Smith, Andrew Sobcryk, E. S. 
Sokolnikoff, J. J. Sopka, Joseph Spear, D. E. Spencer, C. J. Standish, M. E. Stark, 
P. Starke, J. R. K. Stauffer, N. E. Steenrod, S. K. B. Stein, R. L. Sternberg, 
. M. Stewart, R. W. Stokes, D. J. Struik, J. S. Stubbe, R. L. Swain, Otto Szász, 
Gabor Szeg0, R. C. Taliaferro, J. T. Tate, Olga Taussky, J. J. Taylor, W. C. Taylor, 
B. Thomas, J. M. Thomas, G. L. Thompson, D. L. Thomsen, R. M. Thrall, 

. J. Thron, D. E. van Tijn, John Todd, M. M. Torrey, J. I. Tracey, A. W. Tucker, 
ME E. P. Vance, H. E. Vansant, A. H. Van Tuyl, M. F. Vaudreuil, 
H. Wagner, R. W. Wagner, S. E. Walkley, J. L. Walsh, H. C. Wang, 
. Warner, S: E. Warechawaki, M. T. Wechsler, J. V. Wehausen, Herachel Weil, 
. Weinberger, M. J. Weise, B. A. Welch, David Wellinger, John Wermer, G. N. 
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The twenty-fifth Josiah Willard Gibbs Lecture, entitled Some basic 
theorems on the foundations of mathematics and thoir philosophical im- 
plications, was delivered by Professor Kurt Gödel of the Institute for 
Advanced Study on Wednesday evening, December 26. Professor 
John von Neumann, President of the eee Mathematical 
Society, presided. 

Two addresses were presented at the invitation of the Committee 
to Select Hour Speakers for Annual and Summer Meetings. On 
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Thursday afternoon, December 27, Professor Shizuo Kakutani of 
Yale University spoke on Brownian motion. Professor J. L. Doob pre- 
sided. On Friday afternoon, December 28, Professor G. P. Hochschild 
of the University of Illinois and Yale University spoke on Cohomology 
15 algebraic number fields. Professor Saunders MacLane, President of 
the Mathematical Association of America, presided. 

'The annual Business Meeting and Election of Officers was held at 
3:15 P.M., Friday, December 28, with President John von Neumann 
in the chair. Details of the proceedings are reported below. 

The members of the Society had the opportunity of visiting the 
new offices of the Society in the building at 80 Waterman Street, 
Providence. 

'The members of the Society and the Association were entertained 
at tea by the ladies of the Department of Mathematics, of the 
Graduate Division of Applied Mathematics, and the Department of 
the History of Mathematics on Wednesday afternoon, December 26. 

On Thursday afternoon, December 27, there was a conducted tour 
of Pendleton House, a museum maintained by the Rhode Island 
School of Design. In the evening a film program was presented in 
the Faunce House Theatre. 

The dinner for members of the Society, the Association, and their 
guests was held in the University Refectory on Friday evening, 
December 28. Professor C. R. Adams, toastmaster, introduced Dr. 
Henry Wriston, President of Brown University, who welcomed the 
organizations and made an address. He was followed by Professor 
John von Neumann, President of the American Mathematical 
Society, and Professor Jewell H. Bushey, Vice President of the 
Mathematical Association of America. The toastmaster recognized 
Professor C. B. Allendoerfer of the University of Washington who 
introduced a resolution expressing the appreciation and thanks of the 
Society and Association to Brown University, the Committee on 
Arrangements, and all who had helped in making the meetings suc- 
cessful and enjoyable. This resolution was adopted by a rising vote. 

The Annual Business Meeting of the Society was held on Friday 
afternoon, December 28, 1951. The Secretary reported on the affairs 
of the Society. 

The Preaident announced that the Frank Nelson Cole Prize in the 
Theory of Numbers had been awarded “to Paul Erde, for his many 
papers in the Theory of Numbers, and in particular for his paper 
On a new method in elementary number theory which leads to an els- 
mentary proof of the prime number theorem, Proceedings of the Na- 
tional Academy, vol. 35, pp. 374-385, July 1949, in which he makes 
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important contributions to the new elementary theory of primes 
inaugurated by A. Selberg.” 
At the annual election, in which 639 votes were cast, the following 
officers were elected. 
President Eled, Professor G. T. Whyburn. 
Vice Presidents, Professors Richard Brauer and Deane Mont- 
gomery. f 
Associate Secretaries, Professors J. W. Green, W. M. Whyburn, 
and J. W. T. Youngs. 
Member of the Editorial Committee of the Proceedings, Professor G. A. 
Hedlund. 
Member of the Edstorial Commiites of the Transactions, Professor 
Saunders MacLane. 
Member of the Editorial Committee of the Colloquium Publications, 
. "Professor Einar Hille. 
Member of the Editorial Committee of Mathematical Reviews, Pro- 
fessor Hassler Whitney. 
Member of ihe Editorial Committes of Mathematical Surveys, Pro- 
fessor R. J. Walker. 
Members-at-large of ihe Council, Professors L. V. Ahlfors, C. B. 
Allendoerfer, R. H. Bing, E. R. Lorch, and J. C. Oxtoby. 
Members of ihe Board of Trustees, Professors Einar Hille'and P. A. 
Smith. 
The Council met on Thursday evening, December 27, 1951. 
The Secretary announced the election of the following twenty-three 
persons to ordinary membership in the Society. ° 
Miss Lenora Yates Amos, Jarvis Christian College, Hawkins, Texas; 
Mr. Randall Murray Conkling, Assistant, University of Florida; 
Mr. John Edward Dutt, Columbia University; 
Mr. Franz Edelman, Research Engineer, R.C.A. Victor Division, ' Indianapolis, 
Indiana; 
Mr. Irving Leonard Glicksberg, Asistant Mathematician, Rand Corporation, Santa 
Monica, California; 
Mr. Harold A. Goldberger, Brown Univeraity; 
Mr. Louls Grossberg, Computer, New York University; 
Mr. Isidore Heller, Research Associate, George Washington University; 
Mr. Chaim Semuel Honig, Assistant, University of S&o Paulo, S&o Paulo, Brazil; 
Assistant Professor Chen-Jung Hsu, Mathematical Institute, National Tafwan Uni- 
versity, Taipei, Formosa; 
Mr. Martin Morris Lipschutz, Evans Signal Laboratory, Belmar, New Jersey; 
Mr. Geoffrey Stuart Stephen Ludford, University of Maryland; 
Mr. LeRoy Frederick Meyers, Stanford University; 
Mr. John David Neff, Purdue University; 
Mr. Wallace Eldon Parr, Naval Ordnance Laboratory, White Oek, Maryland; 
Mr. Robert Benedict Reisel, Northwestern University; 
. Mr. Wimberly C. Royster, University of Kentucky; 
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Mr. Douglas Howerth Shaffer, Carnegie Institute of Technology; 

Associate Professor Jesse William Smith, Department of Physics, Roosevelt College 
of Chicago, Chicago, Illinois; 

Mr. William Cady Stone, Union College, Schenectady, New York; 

Mr. Nick Hampton Vaughan, Mathematician, Indianapolis Naval Ordnance Plant, 
Indianapolis, Indiana; a 

Mr. Robert Weinstock, Stanford University; 

Mr. Emmet Finlay Whittlesey, Bates College. 


It was reported that the following ten persons had been elected to 
membership on nomination of institutional members as indicated: 
Lehigh University: Mr. Robert A. Chisholm Lane. 
University of Maryland: Miss Ruth Margaret Davis and Mr. Donald Greenspan. 
Michigan State College: Mr. Dale Marsh Mesner, Mr. Edward Stafford Northam, * 

and Mr. James Henry Powell : 
University of Minnesota: Mr. Robert Edwin Zink. 


Oregon State College: Mr. Verner Emil Hoggatt, Jr. 
Swarthmore College: Mr. Louis Marshall Winer. 
Wellesley College: Mise Jacqueline Pascal Evans. 


The Secretary announced that the following had been admitted to 
the Society in accordance with reciprocity agreements with various, 
mathematical organizations: London Mathematical Society: Al- 
bert Edrei, Assistant Professor, University of Colorado, and Jobn 
Arthur Jacobs, Associate Professor, University of Toronto; Mate- 
matisk Forening, Copenhagen: Dr. Thøger S. V. Bang, Amanuensis, 
Copenhagen University; Unione Matematica Italiana: Dr.. Luigi 
Gatteschi, Visiting Research Associate, Stanford University; Wis- 
kundig Genootschap te Amsterdam: Evert Willen Beth,’ Professor, 
University of California, Berkeley. 

The Alabama Polytechnic Institute, Auburn, Alabama; Florida 
State University, Tallahassee, Florida; The University of, Missis- 
_sippi, Oxford, Mississippi; and tlie State College of Washington, Pull- 
man, Washington, were elected to institutional membership. 

The Secretary is pleased to report at this time that the ordinary 
membership of the Society is now 4458, including 353 nominees of 
institutional members and 44 life members. There are also 111 
institutional members. The total attendance at all meetings in 1951 
was 2165; the number of papers read was 636; there were 19 hour 
addresses, 1 Gibbs Lecture, 4 Colloquium Lectures, and 15 papers at 
the Applied Mathematics Symposium. 'The number of members d 
tending at least one meeting was 1377. 

The following appointments by the President were reported: as a 
committee to determine the facts concerning the loyalty oath re- 
quirements at the Oklahoma Agricultural and Mechanical College 
and the University of Oklahoma and their effects on mathematics 
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and mathematicians: W. E. Duren, Chairman, G. M. Ewing, and 
J-F. Randolph; as a member of the Committee on Printing Contracts 
for the period 1952-1954: Professor J. R. Kline (committee now 
consists of Professors C. J. Rees, Chairman, R. A. Johnson, J. R. 
Kline, and H. M. MacNeille, ex-officio); as a member of the Com- 
mittee on Places of Meetings for the period 1952-1954: Professor 
M. F. Smiley (committee now consists of Professor J. M. Thomas, 
Chairman, Orrin Frink, and M. F. Smiley); as members of the 
Committee on Applied Mathematics (for a period of three years be- 
ginning January 1, 1952): Professore F. J. Murray and Eric Reisaner 
(committee now consists of Professors M. H. Martin, Chairman, 
R. V. Churchill, K. O. Friedrichs, John von Neumann, F. J. Murray, 
and Eric Reissner); as tellers for the 1951 annual election: Professors 
A. A. Bennett and Rohn Truell; as a member of the Committee to 
Select Hour Speakers for Summer and Annual Meetings for the 
period.1952-1953: Professor Tibor Radó (committee now consists of 
Profeseors E. G. Begle, Chairman, Deane Montgomery, and Tibor 
Radó); as a Committee to Select Hour Speakers for Eastern Sec- 
tional Meetings for the period 1952-1953: Professor R. D. Schafer 
(committee now consists of Professors L. W. Cohen, Chairman, M. H. 
Heins, and R. D. Schafer); as a Committee to Select Hour Speak- 
era for Southeastern Sectional Meetings for the period 1952-1953: 
Professor Wallace Givens (committee now consists of Professora 
W. M. Whyburn, Chairman, B. J. Pettis, and Wallace Givens); as a 
Committee to Select Hour Speakers for Far Western Sectional Meet- 
ings for the period 1952-1953: Professor R. P. Dilworth (committee 
now consists of Professors W. T. Puckett, Chairman, A. P. Morse, 
and R. P. Dilworth); as Editor of Volume V of the Proceedings of 
the Symposium on Applied Mathematics: Professor A. E. Heins. 

In an appendix to this report are excerpts from the report of the 
Treasurer for the fiscal year 1951 as verified by the auditors. A copy 
of the complete report will be sent, on request, to any member of the 
Society. 

The Secretary reported that the Board of Trustees had appointed 
Dr. H. M. MacNeille (Chairman), Professor E. G. Begle, Professor 
Jekuthiel Ginsburg, and Dean A. E. Meder, Jr., a committee to 
advise the Council and the Board of Trustees concerning the problem 
of exchanges of the Society’s publications. The Board of Trustees also 
called to the attention of the Council the fact that its action on Sep- 
tember 4 in Minneapolis in placing the Executive Editor of Mathe- 
matical Reviews in charge of exchanges was in violation of Section 3 
of Article 1 of the by-laws of the Society. - 
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The Secretary reported that tlie following had accepted invita- 
tions to deliver addresees: Professor Alexander Weinstein at the 
meeting in New York City, February 23, 1952; Professors E. R. 
Kolchin and Marston Morse at the meeting in New York City on 
April 25-26, 1952; Professor S. M. Ulam at the meeting in Chicago 
, on April 25-26, 1952; and Professor I. J. Schoenberg at the meeting 
in Fresno on May 3, 1952. 

The Council voted to approve the following dates of meetings of the 
Society in 1952: October 25, 1952, at Yale University; November 29, 
1952, at the University of Southern California. 

After reviewing its actions concerning the University of California, 
the Council voted to request the President to appoint a committee of 
five to consider problems of controversial questions both as to pro- 

_cedures of the Council and as to the membership of the Society. 

The Bulletin Editorial Committee reported that the journal used 
520 of the 600 pages authorized in 1951, but that there had been a 
large influx of manuscripts of invited addresses at the end of 1951. 
The Council voted to recommend to the Board of Trustees that a 
total of 680 pages be authorized for the 1952 Bulletin. 

The Transactions and Memoirs Editorial Committee reported that 
the Transactions published just a few pages less than the 1100 pages 
authorized for 1951, The interval between receipt of manuscripts 
and publications is approximately nine months. The Council voted 
to recommend to the Board of Trustees that 1100 pages be published 
in the Transactions for 1952. 

The Mathematical Reviews Editorial Conine reported that 
892 pages had been published in 1951. The subscription list .as of 
November 1951 was 2125. 

The Proceedings Editorial Committee reported that the interval 
between receipt of manuscripts and publication is now approximately 


one year. The Council voted to recommend to the Board of Trustees `, 


that 1000 pages be authorized for the 1952 Proceedings. Professors 
Bjarni Jónsson and A. E. Taylor were reported as new Assistant | 
Editors for the Proceedings. 

The Colloquium Editorial Committee recommended that Professor 
Antoni Zygmund be invited to deliver the Colloquium Lectures at the 
1953 summer meeting. The. Council voted to approve this recommen- 
dation. : ` 

The Council voted to invite Professor Marston Morse to deliver 
the Josiah Willard Gibbes Lecture at the annual meeting in 1952. 

The Council voted to direct its Secretary to obtain, as a condition 
of holding a meeting, assurances that at any event scheduled in the 
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program there will be no discrimination as to race, clon religion, or 
nationality, and that when accommodations and other facilities are 
provided these shall be provided to all attending the meeting. 


The following resolution was read: 


It is with great regret that the Council of the American Mathematical Society finds 
that the tranafer of the office from New York to Providence involves the loss to the 
Soclety of the services of Miss Evelyn Hull. For seventeen years she has served the 
Society as Chief Clerk of the New York Office. In this capacity she has done ex- 
traordinary work in all branches of the Society's activity. Her work for the Librarian, 
for the Secretary, and for the Treasurer has been an invaluable aid in the per- 
formance of the duties of their poeitions; without her efficient and willing attention 
to details, no one of these officers could have performed the functions of his office 
in addition to his full-time academic duties. Her negotiations with the publishers of 
our journals and books have been carried on with great skill and never failing courtesy. 
She has given freely of her time and energy, devoting to the work of the Society many 
evening and week-end hours. She has won the respect and high regard of all with 
whom she was associated in the work of American mathematics. 

The Council of the Society hereby expresses to Mise Hull its deep sense of lose 
over her resignation and its wholehearted appreciation for her work for the advance- 
ment of mathematics. The Council wishes her every success and happiness in her 
future career. 


The Council unanimously voted to adopt this resolution. 

Presiding officers at the sessions for contributed papers were Pro- 
fessor Gabor Szegó, Dr. R. S. Burington, Professors Morris Marden, 
J. S! Frame, Einar Hille, Samuel Eilenberg, W. A. Hurwitz, G. H. 
Handleman, F. J. Randolph, R. E. Johnson; C. E. Rickart, J. L. 
Walsh, J. W. Green. ; 

Abstracts of the papers read follow. Those having the letter “t” 
after their numbers were read by title. Paper number 128 was pre- 
sented by Professor Copeland, 131 by Dr. Harary, 150 by Dr. Klee, 
152 by Professor Edrei, 157 by Professor Marden, 164 by Dr. Lind- 
gren, 166 by Dr. Danskin, 185 and 186 by Profeseor Schoenberg, 205 
by Mr. Rosenfeld, 206 by Professor Walsh, 209 by Professor Clark, 
211 by Professor Diaz, 212 by Dr. Gerst, 232 by Dr. Hammer, 234 
by Dr. Sobczyk. t 

Professor Finzi and Mr. Ankeny were introduced by Professor I. E. 
Segal, Professor Hopkins by Professor Rohn Truell, Miss Schuepbach 
by Professor Sarvadaman Chowla, Dr. Peters by Professor J. R. 
Kline, and Mr. Kokoris by Professor A. A. Albert. 


ALGEBRA AND THEORY OF NUMBERS 


‘117. N.C. Ankeny: Euclidean igors in Abelian extensions of the 
rationals. 


TEE dixi ac ELE coe PASE RE ET E id 
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Le. which have Euclidean algorithm, which are quadratic, cubic which are not totally 


real, or totally imaginary quartic extensions of the rationals. H. Heilbronn extended 
this to normal cubic fields. These results are generalized to Abelian extensions of the 
rationals and to certain types of normal extensions of the rationals. Also analogous 
ponit con é:obtainėd i ground felda other thaq fheara tionale arp taker: (Received 
November 13, 1951.) E 


118. H. W. Becker: Words isomorphic with compositions. 


These are subeets of rhyme schemes and permutations of s letters enumerated 
by c&*-2*7 (except com1). Most of the breakdowns c, (1—1, m—1), Com, OF 
(n, 2s). Two of them involve the Fibonacci series with initial entries ¢e=1, €; 0 
whose generating function is yom 1/(1 —49) = (1 —2)/(1—1— 73). Lf m is the number of 
rhyme scheme singletons, Capi "Ou m lr Cu im Caml Cn Li 26 Pd Cu m 
which has the generating function yw » 1/(1 —1c., =) =y, +1. If m is the position of 
the last singleton, then Cum =¢s-0‘Ge-1. Interpreting these rhyme schemes as prod- 
ucts, the eum of all c,41 such products is Wie $; gin, my, I A Here ** 
denotes transformation of all letters ad, b—c, etc., and * a selective multiplication 
in which kh multiplies only those terms of Y, whose alphabetically last factors are 
powers of k or A—1. There is a subset of the exponential polynomial Y, of E. T. Bell 
(Ann. of Math. vol. 35 (1934) pp. 258-277) in whoee metrical interpretation there 
remains an unsolved problem: to find the number of w line stanzas wherein each line 
of m syllables is balanced by at least one other line of the same length. The inverse 
lexicon theorem, for finding the word of given rank, employs binary digits. A word of 
odd rank ends with a couplet. (Recetved November 13, 1951.) 


119. Volodymyr Bohun-Chudyniv: On a method and general scheme 
for solution of the Euler problem. 


We consider a problem Euler proposed in a letter to Lagrange (L. Euler, Opera 
Postkuma, Acad. Petrop. 1862, vol. I, p. 576). The scheme for solution offered in this 
paper depends on the product of four quaternions: (set 27 pis) ba (x + Mm = da) 
TAL Lp Aaenisi Oot Lpa rit ka Oi 2o od S) m Ada Lpa Vr 
a1, 2. The quantities sought are the Ah. AZ, 2 mate 2; vin 2, 3, 4). By suitable 
choices of the z,, x/ , y,, y? (0,1, 2, 3) and ke, kd two solution schemes due to Euler 
(Comm. Arith. I, pp. 427-443, Acad. Petrop. 1849), one due to C. Avery (Math. 
Miscellany, New York, p. 101, 1839), two due to G. K. Perkins (ibid. pp. 102-105) 
are obtained as well asa scheme previously given by the author (V. Chudyniv-Bohun, 
Solution for Euler's problem, Ukrainian Free Acad. of Sela Regensburg, 1947). 
(Received November 13, 1951.) 


120. Samuel Bourne: On ihe homomorphism theorem for semirings. 


A semiring is a system consisting of a set 5 together with two binary operations, 
called addition and multiplication, which forms a semigroup relative to addition, a 
semigroup relative to multiplication, and in which the right and left distributive laws 
hold. A semiring S is said to be semi-isomorphic to the semiring 5", if S is homomorphic 
^ to S' and the kernel of this homomorphism is (0). If tha semiring S is homomorphic to 
ths semiring S', then the difference semiring S—I is semi-isomorphic to S", where I 
is the ideal of clemenis mapped onto 0’. The correspondence s—+s’, where s! is the image 
of an element of the coset s, is a semi-isomorphism of S=S—J into S’. This cor- 
respondence is certainly a homomorphism, for if s= (sı, sy * - * ), then s-i = ntis 
i and 4 in I, and (n44) «3l = (ati) 78. 3H-L955 4f and Hsr follow from 


r 
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coset addition and multiplication. If 3—0, then 5-151455, f; and & in J, and 
si 9 sp =0’. Thus s; and s are contained in J. This implies that the kernel of the 
homomorphism s—s is U and this homomorphism is a semi-isomorphiam. A previous 
result of the author (Proc. Nat. Acad. Sci. U.S.A. vol. 37 (1951) p. 164) is the converse 
of this theorem. (Received November 2, 1951.) 


121% Leonard Carlitz: Congruences for the coeficients of hyper- 
eliptic functions. II. 


We use the notation of the abstract of the first part of this paper (Bull. Amer. 
Math. Soc. Abstract 58-1-37). The main new result is the following. Put (x/g(x))^ 
= Doe BO) z*/mL Then 27, , (—1) GC, BO), yO (mod p), where 22; 
* margre(p, A), sm [223(r4-1)] x and 1 3X «X. In particular this result holds for 
the Bernoulli numbers of higher order as well as for the coefficients in (x/en x), where 
an x is the Jacobi elliptic function. (Received October 31, 1951.) 


1221. Leonard Carlitz: Some congruences for the Bernoulli numbers. 


The following theorem is proved. Let (p—1)pC1|b, c=(p—1)x>re; then 
B (B* —1)' m0 (mod p+), where kma forrgp—lorr=p—1,¢>1;h4—2 forr=p—1, 
6*1; h=least integer zz (re+1)/p for rzz p. A similar result is proved for e*(c* — 1)", 
where c, — (1/m) (Ba --1/p —1) for p—1|m. (Received November 13, 1951.) 


1231. Leonard Carlitz: Some theorems on the Schur derivative. 


Schur (Preuss. Akad. Wiss. Sitzungsber. (1933) pp. 145-151) defined the deriva- 
tive of a sequence {an} by means of Ade = (agi —a4) /p**; higher derivatives are 
defined in the obvious way. He proved that if pfa, then the derivatives Atar", - 
Arar” are allintegral, while A*g7" has the denominator f. A. Breuecqeveenodies daca 
of these resulta, M. Zorn proved Schur’s results by p-adic methods (Ann. of Math. (2) 
vol. 38 (1937) pp. 451-464) and Indeed found the residue of AX. (mod $*), where 
Xam (277 —1)/f7H, zw 1 (mod $). In the present paper a simple elementary proof 
is given of Zorn’s results as well as a number of similar results. For example, the 
residue of Ara** is determined. In addition several generalizations of Schur's theorem 
are proved, one being a generalization to algebraic numbers. Finally some applica- 
tions are indicated to the Euler and Bernoulli numbers; for example, A'E% is 
integral for p >2, r «p, r ám, (Received October 31, 1951.) 


1241. K. T. Chen: Iterated integrals of paths and exponential map- 
pings. 


In a euclidean space E with coordinates (zu * - + , x4), all piecewise smooth 
paths initiating from the origin form a semigroup @ Introduce a'! and the 
ache a aC Q; Soup C Qua OG from AD Let a be! 

by [nQ) *--,2«()), 0StS1. Define Io. (a) JU? e foden) - 
ri soe Then In... Baami) = In... (81), a P, Ea Coanequentiy 
Iq... (a) is defined for æ taken as an element of G. Let X1, - - - , Xa be nonabelian 
indeterminates. The exponential mapping t i a ioaomorplan with 46) 
ML ya(a), yea) = ee rs ee I. Let G: consist of all a&G 
with pila) = -** yy (a) ted $«d. Then Gi/Gay, d&l, is 
$i scd dn Ou I icti 
a subgroup H in G. H iaa free product Ri* --- See ra qu Hired 
group of the reals. For aC- R, 6(a) —1--aX;-4- (aX.)3/21-- - - - . Moreover (Mesa 
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= [1] (Ham HG), and each Hz/He,, is also a vector space over the reals. There is a 
free group FCG. By using results of Magnus and Witt, Fy= Fí \Gy is identified with 
the dth lower central commutator subgroup of F. (Received November 13, 1951.) 


125. Sarvadaman Chowla: The rational points on a cubic Curve. 


This peper contains remarks on the problem of determining the “rank” of a given 
cubic curve (see A. Weil, Bull. Soc. Math. France vol. 54 (1930) p. 182). (Received 
November 13, 1951.) 


1264. Eckford Cohen: Rings of arühmeiic functions. 


An arithmetic function f relative to a positive integer r and a field F of character- 
istic 0 is a singie-valued function such that f(a)C- F if a is an Integer and f(d) —f(a^) 
if ama’ (mod r). Under ordinary addition and Cauchy multiplication the set of all 
such functions forms a commutative algebra over F. Structure properties of this alge- 
bra are determined and a principle relating to additive representations Ís deduced. 
Corresponding results for GF[p*, x] are also obtained. (Received November 14, 1951.) 


127%. Harvey Cohn: Some remarks on fields of small discriminant. 
Preliminary report. 

It has been conjectured that for totally real fields of degree # = (p —1)/2 (p prime), 
the field of smallest discriminant is R(cos 2x/5). This is known to be true for s =2, 3. 
It is bere shown that the conjecture is false for s=6 and # 18, the counterexamples 
being R(coe 2«/7, 5!/*) and R((6—6 cos 2x/19)u*) R((T--2(7 --2 5494949), (Re 
ceived October 10, 1951.) 


128. A. H. Copeland and Frank Harary: The extenston of an 
arbitrary Boolean algebra to an implicaiive Boolean algebra. 


An implicative Boolean algebra is one which contains an implication or condi- 
tlonal which is appropriate to the theory of probability. The conditional has been de- 
fined as an inverse of a cross product operation which is associative, noncommuta- 
tive, distributive with respect to the binary Boolean operations, satisfies left cancella- 
tion, and has the unit element as its unit. It is known that not all Boolean algebras 
are implicative, in fact it is shown here that any implicative Boolean algebra is atom- 
less. The question then arises whether there is an essential restriction imposed by 
introducing such a conditional into an arbitrary Boolean algebra. The question is 
answered in the negative by the fact that the Boolean algebra can be enlarged so 
as to include the additional elements produced by the operations of the croes product 
and the conditional. To accomplish the extension, the Stone representation is modi- 
fied to one in which all nonzero elements have the same cardinality. The cross 
product operation and its inverse are then defined in terms of mappings with respect 
to the points of the representation space. These mappings produce the desired new 
elements. (Received November 13, 1951.) 


129. Trevor Evans: Embedding theorems for multsplicative systems 
and projective geometries. ; 

The following theorems are proved. Any countable loop (quasigroup, groupoid) 
can be embedded in a loop (quasigroup, groupoid) generated by one element. Any 
countable semigroup can be embedded in a semigroup generated by two elements. Any 
finitely generated projective plane can be embedded in a projective plene generated 


- 
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by four points. These results correspond to recent theorems for groups, Graham 
Higman, B. H. Neumann, and Hanna Neumann, Embedding theorems for groups, 
J. London Math. Soc. vol. 24 (1949) pp. 247-254, and for nonaseociative algebras, 
A. I. Zukov, Reduced systems of defining relakons in won-associatioe algebras, Mat. 
Sbornik N.S. vol. 27 (1950) pp. 267—280. For all such theorems the author has the 
following interpretation, which, for simplicity, is stated for the semigroup case. Let 
F be the free semigroup on two generators. A suitable free subsemigroup on a count- 
able set of generators is chosen and on these generators are imposed the defining 
relations of the semigroup to be embedded. Then these relations considered as rela- 
tions in F do not imply any new relations in the subsemigroup and so F with these 
relations added is the required containing semigroup. (Received November 13, 
1951.) 


130. Franklin Haimo: The FC-chain of a group. Preliminary report. 


Let G be a group and let subgroups H(*) be defined, #=0, 1, 2, - - - , where H(0) 
= (e) and if H(s) is defined then H(¢+-1) is the complete inverse image of that sub- 
group in G/H($) which consists of the elements with only a finite number of conju- 
gates..(See Baer, Duke Math. J. vol. 15 (1948) pp. 1021-1032.) The E(s) turn out to 
be an ascending chain of strictly characteristic subgroups. A recent result due to 
B. H. Neumann (Proc. London, Math. Soc. (3) vol. 1 (1951) pp. 178-187) is extended 


to this chain. Questions involving nilpotency are also discussed. (Received November 
13, 1951.) 


131. Frank Harary and G. E. Uhlenbeck: On some generalisations 
of rooted trees. 


The problem of counting linear graphs satisfying certain conditions has come up 
in certain problems in statistical mechanics, especially connected to the theory of 
condensation. The appropriate kind of graph is a “generalized Husimi tree.” A partial 
solution of this problem has been secured. A Husimi tree of type m1, "3 is a connected 
linear graph with m segments (cycles of length 2), » triangles (cycles of length 3), 
and no other cycles, in which two different cycles have at most one common point. 
Husimi trees of type #2, 51, * - - , s, are defined similarly. A rooted Husimi tree is 
one in which there is a preferred point. If H(s, w;) is the number of different rooted 
Husimi trees of type 2, #3 and h(x, y) = 2 agi E (na, m)x%y™, then an explicit func- 
tional equation for h(x, y) has been found. An analogous functional equation has also 
been obtained for rooted Husimi trees of type m2, fa, - - - , t4. The methods used are 
due to Pólya, Acta Math. vol. 68 (1937) pp. 145—254. A Cayley tree is a linear graph 
with no cycles. A Cayley tree with s points is said to have r roots, if r of the points 
are distinguished from the remaining points and also from each other. Functional 
equations for these multiply rooted Cayley trees have been found which are gen- 
eralizations of Cayley's equation for the number of singly rooted trees. (Received 
November 13, 1951.) 3 


132. Melvin Henriksen: On the free ideals of the ring of entire func- 
tions. Preliminary report. 


Let R denote the ring of entire functions. An ideal of R is called fired if all the 
functions in it vanish at at least one common point. Otherwise it is called free. The 
maximal free ideals and their residue clase fields have previously been investigaged 
by the author. (See Bull. Amer. Math. Soc. Abstract 51-4-325.—The contents of 
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that abstract will appear in a subsequent issue of the Pacific Journal of Mathe- 
matica.) Further properties of free ideals are obtained. In particular it is shown 
that if f is any function with simple zeros only in a maximal free ideal M, then M 
contains uncountably many proper divisors of f with simple zeros only. The principal 
tools used are the two-valued measure functions of S. Ulam (Fund. Math. vol. 14 
(1929) pp. 231—233) and A. Tarski (Fund. Math. vol. 15 (1930) pp. 42-50). Sis 
November 15, 1951.) : 


133. B. W. Jones: Automorphs of RREN matrices. j 


The following theorem is proved: If S is an automorph of a nonsingular sym- 
metric matrix A such that the matrices S—I and S+Z are both singular and have 
ranks whose sum is not greater than s, the order of A, then S= F and, if r is the 
rank of S—J, there is an s by r matrix U of rank r such that UT A U is nonsingular and 
S-I—2U(U*AU)UTA. This theorem holds in any field in which 20. For any 
$8 by r matrix U for which UT AU is nonsingular, an S defined as above is an auto- 
morph. (Received November 13, 1951.) j 


134. Irving Kaplansky: Representations of separable algebras. 


The author presents two results, the first of which is a new proof of a theorem of 
Johnson and Kiokemeister (Trans. Amer. Math. Soc. vol. 62 (1947) pp. 404430), 
while the second is the Hilbert space analogue. (1) Let A be the ring of all linear 
transformations on a vector space of countable dimension. Then any representation of 
A ona vector space of countable dimension is faithful, a direct sum of irreducible repre- 
sentations, and continuous in the weak topology. (2) Let B be the algebra of all 
bounded operators on a separable Hilbert space. Then any *-representation of A ona 
separable Hilbert space is faithful, a direct sum of irreducible representations, and 
continuous in the etrongest topology. (Received November 7, 1951.) 


135! L. A. Kakoris: New results on power-associative algebras. 


We call a commutative algebra A over F power-aseoclative if the algebra K[x] 
generated by every x of Ax is associative for every scalar extension X of F. With 
this definition the known structure theory for commutative power-aseociative alge- 
bras of characteristic prime to 30 ‘(eee A. A. Albert, A theory of power-associative 
commutahes algebras, Trans. Amer. Math. Soc. voL 69 (1950) pp. 503—527) is ex- 
tended to include the cases of algebras of characteristic 3 and 5. Proofs of the results 
require the associativity of fourth and fifth powers in the case of characteristic 3 and 
the associativity of fourth and sixth powers in case the characteristic is 5. Albert’s 
results indicated the poesibility of the existence of simple commutative power-asso- 
ciative algebras of degree two not Jordan algebras. We construct two types of such 
algebras. The algebras have characteristic p. One of them has dimension 4p and is 
stable. The other has dimension 3p and provides the first known example of a simple 
nonstable commutative power-associative algebra. (Received December 24, 1951.) 


136. W. G. Lister: A structure theory of Lie triple systems. 


In a recent paper (Trans. Amer. Math. Soc. vol. 70 (1951) pp. 141-169) Jacobson 
has characterized subspaces of Lie algebras closed under triple products, called them 
Lie triple systems, and shown that every Jordan algebra can be regarded as a Lie 
triple system. In the present paper a structure theory similar to that of Lie algebras 
is developed for Lie triple systems. A radical is defined, the relations between it and 
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the radical of an enveloping Lie algebra given, and the existence of a Levi decompoei- 
tion is established. The class of simple Lie triple systems is shown to determine in the 
usual way all semi-simple systems, and the simple systems are classified. Finally, 
results similar to those of Jacobson for Lie algebras (Proceedings of the American 
Mathematical Society vok 2 (1951) pp. 105-113) on the complete reducibility of Lie 
triple systems of linear transformations ere obtained. (Recetved November 13, 1951.) 


137. W. H. Mills: On the nonisomorphism of certain holomorphs. 


Let G be a finite abelian group, H the holomorph of G, and N an arbitrary group 
with holomorph isomorphic to H. Write G as the direct product of its Sylow sub- 
groups: Ge PiX PX --- XP, Then N can be written as a direct product N=Ji 
XJAX - - XJ, where the holomorphs of P, and J, are isomorphic. It is shown that 
a finite abelian group P, of prime power order and a group that is not abelian cannot 
have isomorphic holomorphs. Hence N is abelian. In a previous paper (Multiple kolo- 
morphs of finitely generated abelian groups, Trans. Amer. Math. Soc. vol. 71 (1951) 
pp. 379-392) it was shown that two finitely generated abelian groups have iso- 
morphic holomorphs if and only if they are isomorphic. It follows that N is iso- 
morphic to G. Thus a finite abelian group and an arbitrary group have isomorphic 
holomorphs if and only if they are isomorphic. (Received October 25, 1951.) 


138. P. M. Pepper: An expected value of the number of patrs d twin 
primes Sx. 

For a given integer &, at least one of the integers 64 +1 is composite if and only 
if there exist a prime p25 satisfying p?S64+-1, an integer b z [(p*1-1)/6], and a unit 
c= +1, such that k=bp+e[(p+1)/6]. This characterization describes a generalized 
sieve of Eratosthenes, G, which screens from the clase of all positive integers precisely 
those integers k for which both of the numbers 6’+1 are primes 25. A study of 
sieves formed by superposing several general periodic sieves having relatively prime 
minimal periods leads to a generalization of the Euler ¢ function, which (a), under 
suitable specialization, shows that the Euler ¢ function has a much broader scope of 
applicability than is usually attributed to it, and (b) leads to certain invariants of 
composite sieves which implement the definition of a probability function by means 
of which is derived an expected value E(x)=3+ 2°77 D.P,tPa(x—p2)/6 for the 
number P. prime pairs sx wherein p, is the ith prime 25, D, = G4. 52/6 P; 
com —(2/p,)), and m is the greatest integer for which a ax. Moreover, 

)- Bei Pu, whereas, for any real N, there exist infinitely many values 
$ for which pui— pi>N. Finally, EWL 2f=—2, whence E(x) >pa—2 for xb. 
teni December 26, 1951.) 


139. H. J. Reiter: Investigations $n harmonic analysts. I. A general- 
tsatton of Weener's theorem. 

Let G be a locally compact abelian group, with a denumerable fundamental sys- 
tem of neighborhoods of the identity, and let G be the dual group. Let I be a closed 
ideal in Z! and Ê; the set of elements of C, where all Fourier transforms of functions 
in I are zero. The following is proved: Let k(x) be in L! and 2, the eet o£ zeros of its 
Fourier transform. If (i) 22, and (ii) the Intersection of the frontiers of 2; and 
2, is dewumerabls, then k(x) belongs to I. The proof is based on the theorem of 
Plancherel-Weil and the theory of bounded linear functionals on L!; it is connected 

. with that given by S. Mandelbrojt and S. Agmon (Une généralisaon du théoréme 
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tauberien de Wiener, Acta Math. Szeged. vol. 12 (1950) part B, pp. 167-176) in the 
case of the group of the real numbers. (Received November 13, 1951.) 


1401. H. J. Reiter: Investigations in harmonic analysts. II. On func- 
tions orthogonal to closed ideals tn L1. 


Let G, I, 2; be defined as in part I. A bounded, measurable function ¢ is called 
orthogonal to I if ff(zy)e(y)dy =0 for all f(x) in I. The following results are proved: 
Let ¢ be orthogonal to I. If 2, is finite, $.is a linear combination, with constant 
coefficients, of characters of G. If 2; is discrete, any uniformly continuous ¢ is almost 
periodic; moreover, any œ has a “Fourier series." The uniqueness theorem and 
*Bessel's inequality" hold. *Parseval's equality" is proved under certain restrictions 
on the “density” of Z2;. Lf G is the group of real numbers and 2; is discrete, any ¢ is 
the limit (almost everywhere) of uniformly bounded trigonometric polynomials. If 
the distance between any two elements of 2; is larger than some positive constant 
(or if Z is the union of a finite number of sets satisfying that condition), then any $ 
is almost periodic B? (Besicovitch). The proofs are based mainly on the results in 
part I. (Received November 13, 1951.) 


1411. H. J. Reiter: Investigations tn harmonic analysts. III. Closed 
1deals in L and their om omor EMITE: 


Let G be a locally up. For any function f(x) in L! the follow- 
ing is proved: inf /|f(z) oe lee Mf(zy4) | dx | /f(z)dx|, where N ranges over all posi- 
tive integers, An Me * > >, Aw range over all complex numbers satisfying 57" =O, 
andy, myst, ss tier tie Eats OG: This leads to the proof of the following 
theorem: Let I be any closed ideal in L!. Any continuous homomorphiam of I upon 
C, the field of complex numbers, is given by a Fourier transform; moreover, the iso- 
morphism I/IsaC is isometric (Te is the kernel of the given homomorphism and the 
Banach algebra I/I, is normed in the usual way). Another result is the following: 
It G is a homomorphic image of G, then the L'-algebra on G is a homomorphic image 
of the L-algebra on G and the isomorphism L(G)/ Inc L(G) is isometric. The proofs 
are based on the Hahn-Banach theorem (complex case) and several lemmas, e.g.: If 
Jf(z)dz—0, then the integral equation /f(xy)$(x)dz —1 (for all y in G) has no 
bounded, measurable solution ¢. (Received November 13, 1951.) 


142. G. de B. Robinson: On a conjecture by J. H. Chung. 


The modular representation theory of the symmetric group is far more explicit 
than in the general case as a result of its relationship with the Young diagrams. 
Recently (Canadian Journal of Mathematics vol 3 (1951) pp. 309-327), J. H. 
Chung conjectured that the number of ordinary (modular) irreducible representations 
of S, belonging to a given p-block is independent of the core, and is determined only 
by the weight of the block for a given prime p. A proof of this statement can be given 
which utilizes the notion of sstegration (Robinson, Canadian Journal of Mathematics 
vol. 2 (1950) pp. 334-343; Murnaghan, Proc. Nat. Acad. Scl. U.S.A. vol. 37 (1951) 
pp. 55-58) as applied to the star diagram (Proc. Nat. Acad. Sci. U.S.A. vol. 37 
(1951) pp. 694—696). (Received November 13, 1951.) 


143. Eugene Schenkman: On infintie Lie algebras. 
The object of this paper is to etudy Lie algebras whose underlying vector spaces 


+ 
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need not be finite-dimensional. We assume, however, that the Lie algebra L under 
consideration has a nilpotent ideal M (ie. M*-—0 for some &) such that (a) L/M is 
finite-dimensional and (b) if M" stands for [M, M], then M/M" is a direct sum of 
ideals Pane of L/ M' each of dimension less than j. Our results are then as follows: 
(1) an extension of Engel's theorem is true, namely, that L is nilpotent if all its ele- 
ments are nilpotent. (2) L is nilpotent if each of its maximal subalgebras is an ideal 
or equivalently if the meet of all the maximal subalgebras contains L'/«[L, L]. (3) 
An extension of the tower theorem is valid as follows: Let L have zero center and let 
Z be the center of L* «(V Lt, Let D, be any algebra of the tower of derivation alge- 
bras L= Do Di, © ++, Dy * - - of L, then Duys is isomorphic to a subalgebra of D(L”) 
the algebra of derivations of L*. Our result (2) is analogous to a result of Hirsch for 
infinite solvable groupe in Proc. London Math. Soc. vol. 49 (1945) and (3) is an 
oe oFOut easier rege in Amer. J. Math. vol. 73 (1951), (Received December 
26, 1951.) 


1444. Dorothy Schuepbach: Integer solutions of y*=(x+a)(x+5) 
- (Fc). 


Nagel! and Delaunay have found that all of the integer solutions of (1) y1«z?--17 
are (x, y) =(—2, £3), (—1, +4), (2, +5), (4, £9), (8, £23), (43, +282), (52, +375), 
(5234, +378,661). Hence, there are 16 Solutions in integers. The author has found 
an equation of the type mentioned in the title, namely (2) y1« (x--9) (x —3) (x —6) 
which has at least 19 solutions in integers. They are: (x, y)=(—9, 0), (—6, +18), 
(—3, +18), (1, +10), (3, 0), (6, 0), (7, +8), (9, £18), (21, +90), (51, +360), (153, 
+1890). Mordell has shown that (2) has a finite number of solutions in integers. 
(Received November 13, 1951.) 


145+. Alfred Tarski: On representable relaison algebras. Preliminary 
report. 


Lyndon showed (Ann. of Math. vol. 51 (1950) pp. 707—729) that the class R of all 
relation algebras which are representable, i.e., isomorphic to proper relation alge- 
bras, cannot be axiomatically characterized by means of any—finite or infinite— 
system of algebraic identities. He raised the problem whether this clase can be char- 
acterized by means of any system of arithmetical axioms, i.e., statements formalized 
within the lower predicate calculus; in other words, whether R is an arithmetical class 
or an intersection of arithmetical clasees (cf. Bull. Amer. Math. Soc. Abetract 
55-1-74). The solution is negative. This is an obvious consequence of the following 
resulta: (1) Let K be any class of algebras which is an intersection of arithmetical 
classes. If every finite set of elements of a given algebra A can be (lsomorphically) 
imbedded in an algebra belonging to K, then v itself can be imbedded in an algebra 
belonging to K. (II) There is a non-representable relation algebra all finitely-gen- 
erated subelgebras of which are representable. (III) Every subalgebra of a repre- 
sentable relation algebra is representable. (I) is a somewhat stronger formulation of a 
result contained in the Princeton University doctoral dissertation of Henkin (1947); 
` CI) was found by Lyndon (op. cit.); (III) is obvious. (Received November 14, 1951.) 


1464. N: A. Wiegmann: Pasrs of normal matrices with property L. 


A generalization of a theorem (due to Motzkin and Taussky) concerning pairs 
of hermitian matrices with property L is obtained. The theorem states that if two 
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AS EPET E T cue ee ener a eee eee diede 
on a theorem in the earlier paper, and on the fact that if a normal matrix has its 
characteristic roots down the main diagonal, then it must be in diagonal form. 
(Received October 29, 1951.) 


“147, Daniel Zelinsky: Operator-compact groups. Preliminary report. 


_ The concept of linear compactness for topological vector spaces [Lefschetz, 

Algebraic topology, p. 78] can be genéralized to a'concept of operator-compactness 
-for groupe with operators. Theorems analogous to the standard elementary theorems 
for compact spaces can be proved. These ideas are applied to prove a conjecture of 
the author's [Duke Math. J. vol. 18 (1951) p. 440]. In terms of these same ideas, a 
sufficient condition is given for the poesibility of raising infinite collections of orthog- 
onal idempotents from a ring modulo its radical to the ring itself. An example is 
given to show that some condition like operator-compactnese is needed and that 
Wedderburn’s theorem A »S-+WN is not always extendible to infinite-dimensional 
algebras. (Received Nove 13, 1951.) 


148. J. L. Zemmer: Ordered algebras which contain divisors of sero. 
Preliminary report. 


Using the definition of ordered ring given by G. Birkhoff (Lattice theory, rev. ed., 
Amer. Math. Soc. Colloquium Publications, vol. 25, New York, 1948) one can con- 
struct ordered rings containing proper divisors of zero. In this paper orderéd linear 
algebras are investigated. The main results are concerned with irreducible algebras 
of finite dimension which are neither nilpotent nor fields. Using & result of A. A. 
Albert (Os ordered algebras, Bull. Amer. Math. Soc. vol. 46 (1940) pp. 521—522) and 
the Wedderburn principal theorem it is shown that if such an algebra A is ordered 
then (i) A = B--eNe-- U, where B is a subfield of A, e the identity of B, N the radical 
of A, and U ja either the set of all x<CA such that ex «0 or the set of all CC A such 
that xe» 0, (ii) one, but not both, of the subalgebras eNe, U may be zero, (iii) if 
6U p50 (Uey&0) then e is a left (right) identity for U, (tv) U has either a right or a left 
basis over B, (v) ¿Ne has both a right and a left basis over B, (vi) if x, y, s are non- 
zero elements of B, «Ne, U respectively, then |x| >]y| » |], (vii) if the base field is 
a subfield of the real field then the elements of B commute with those of eNe. (Received 
November 13, 1951.) 


ANALYSIS 


149. Shmuel Agmon: Complex variable Taubertans. Preliminary re- 
port. 

Let f(s) = f, dalu) with a(x) f converge for Re (s) 50. Su that f(s) has 
3*0 as its only singularity on the imaginary axis. Let $(x) — 2,a4x* be a Taylor 
series converging for |x| «1 and having x1 as its only singularity on 'the unit 
circle. Suppose, furthermore, that f(s) -é(4 *) is regular at s=0. Then, if the a,'s 
satisfy a very general regularity condition, ' the following holds: a(x) = mJ agu a 
-Fo(aqq). In the above the condition that the origin is the only singularity of f(s) on 
the imaginary axis can be replaced by: s=0 is the dominant singularity on the imagi- 
nary axis in a certain sense. The condition on a(s) to be increasing can also be re- 
laxed. The general result contains Ikehara's Tauberian as a very perticular case. 
(Received November 9, 1951.) 


s 
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150. R. D. Anderson and V. L. Klee: Convex functions and upper 
semi-continuous collections. 


A real-valued function f is called convex if its domain D; is an open convex subset 
of E* and f(ix-E(1—05) Siz) +(1—Hf(y) whenever 03:131 and {z, yC. A 
C-collection is an upper semicontinuous collection of compact convex sets in K*. A 
theorem is proved concerning the dimensionality of certain subsets of C-collections, 
and with a result of Wilder [Bull. Amer. Math. Soc. Abstract 54-11-551] it shows 
that wo open set in E* cas be filled by a nontrioial continuous C-collection. With each 
positive convex f there is associated a C-collection which is used to prove “smooth- 
ness” theorems for f. For each 1C Dy there is a unique linear manifold L,—+* maximal 
relative to having f| Dj \L differentiable at x. (The dimension of L,is b if and only if 
the hyperplanes supporting f at (x, f(x)) have s —& “degrees of freedom.") It is proved 
that if 0 Sk Su and Sy is the set of all xC- Dy for which dim L, 3 k, then Sy ts the nnion 
of countably many closed seis af finite k-dimensional Hausdorff measure. (Carathéodory 
[p. 83 in Blaschke’s Xreis wad Kugel] and Reldemeister [Math. Ann. vol. 83 (1921) 
pp. 116-118] showed that if s —2 and k=1, then Sa has zero 2-dimensional measure.) 
Also included are some remarks on antipodal points of convex bodies. (Received 
November 13, 1951.) 


151. Joseph Andrushkiw: The reality interval of a polynomial. 


Let f(s) be a polynomial with real coefficients. The problem is: To find necessary 
and sufficient conditions that all the zeros of F(s) ={(s)-+2s*"!, x »40, be real. Without 
loss of generality let f(s) -1-L-ais-I- - - - +a,s*. Denoting by fi(s) and Fi(s) the re- 
ciprocal polynomials of f(s) and F(s) respectively, one obtains the equivalent prob- 
lem: To find necessary and sufficient conditions that Fi(s) = sf:(s)-++2, x»«0, have all 
its zeros real. They are: 1. The derivative (xfi(s)) must have all its zeros real. 2. 
Maximum minimorum of sfi(s), N, must be not greater than the minimum maxi- 
morum of sfi(s), P, and, if (sfi(s))' has some multiple reros ru T% * + * , Te also 3. 
nfir)-nfir)- --- —rnfi(r). For any z»40 of the open interval (—P, —N), 
which is termed “the reality interval of f(s),” the polynomial F(s) has all it» zeros 
real and distinct. If x —P or x= —N, F(s) has some multiple zeros, These condi- 
tions are satisfied if f(s) has all its zeros real and distinct. In this case N«0, P»0 
and it can be shown that — N is the smallest positive and —P the absolutely smallest 
negative zero of the discriminant of F(s). (Received November 6, 1951.) 


,152. R. J. Arma and Albert Edrei: On the Padé table and continued 
fraction associated with certain mermorphic functions. 

The Padé table of the exponential function has been thoroughly investigated; its 
convergence properties are remarkably simple but it does not seem to have been 
noticed that other functions display a similar behaviour. The authors show that this 
is the case for functions of the form $(s) - [I], ((1--a4)/(1—5)] [as 2:0, 5 z:0, 
2 (a+6,) < +% ]. For functions of the more general form f(s) exp (ys) 4(s) [v 2:0], 
their assertions are slightly leas precise but of the same general . Ther 
methods also yield information on the asymptotic behaviour of the elements ks 
[which are necessarily positive] and h of the continued fraction associated with 
f(s) [Perron, Die Lekre von den Keitenbrüchen, p. 322]. For instance, in the special 
case y=0, they show that: 2,l, converges; b —0; (Mks - - - ha)? = 0(1/n). (Received 
November 8, 1951.) 
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153. Nachman Aronazajn: Reproducing kernels in Banach spaces. 


Until now reproducing kernels were considered only for functional Hilbert spaces. 
An attempt is made here to extend this concept to Banach spaces. (Received Novem- 
ber 23, 1951.) 


154. R. G. Bartle: Singular points of functional equations. Prelim- 
inary report. 

Let € and Q be real or complex Banach spaces and 9 be a continuous function on 
a neighborhood of the origin In XX) to X. If (0, 0) =0 and If the partial differential 
4,2 (0, 0; dx) has a continuous inverse, Hildebrandt and Graves have shown that the 
equation &(z, y) =0 can be solved explicitly for x in a neighborhood of the origin in 
P. The author studies the case that &(x, y) has the form x — K (zx) -FF(z, y) where K * 
is a completely continuous linear transformation and F satisfies a Lipechitz-type 
condition assuring that it contains no linear terms in x. The Banach space problem 
is reduced to a system of implicit equations in y and s scalar variables, where x is the 
number of linearly independent elgenfunctions of K corresponding to the eigenvalue 1. . 
This is similar to some recent work of J. Cronin. With the additional hypothesis that 
F can be written in a finite Taylor expansion with remainder and that »- 1, it is 
possible to examine the existence, uniqueness, and reality of the solutions. This gen- 
eralizes and extends some work of Erhard Schmidt and L. Lichtenstein on nonlinear 
integral equations. (Received November 13, 1951.) 


155. Lipman Bers: Mildly nonlinear partial difference equaitons of 
eliptic type. 


Let F(x, y, s, p, q) be a smooth function, | Fp], | f| S4<-+, F,z0, and set 
Je] = heat by, — F(x, Y, $, be: by). A difference operator Fa is obtained by replacing 
the partial derivatives in d by differences. It is ahown that the first boundary value 
problem for the equation £°,[¢]=0 has a unique solution, that this solution can be 
obtained by a Liebmann Iteration method, and that it approximates the solution of 
the boundary value problem for J^ [e] «0. These results are extended to the operator 
Lela, »)6--2B(z, burt Ciz, er — F(z, Y, $, de, $r), AC- B0. (Re- 
ceived August 23, 1951.) ` 


156:. R. P. Boas: Growth of analytic functions along a line. Pre- 
liminary report. 


If (X.] is an increasing sequence of positive numbers of unit density, |A.—s| - 
Sols). We may characterize the distribution of the sequence more precisely by re- 
quiring that |.—»| Sen) with a given es). It is shown that if f(s) is regular and 
Ri ee {log [SOn] ]/49.2 < ©, 
then lim sups.» {log|f(x)| | /«(x) « provided that X, 4. 12:50, log x= o(e(x)), 
f^i? «(t)dt converges, and elt) satisfies some monotonicity and regularity conditions 
(for example, e(t)—, 0<a<1). This result is intermediate between the cases 
lim sup X,' log |/(,)| < © (V. Bernstein) and fa) bounded (Duffin and Schaeffer), 
neither of which is included. Some applications will be given later. (Received Novem- 
ber 9, 1951.) 


157. F. F. Bonsall and Morris Marden: Zeros of rational functions 
with self-inversive polynomial factors. i 


176 AMERICAN MATHEMATICAL SOCIETY - [March 


The authors prove the following theorem concerning the rational function ¢4(s) 
= (fgh) / FGH) where f, g, k, F, G, H are polynomials of degrees m, s, p, M, N, P 
respectively. Let C denote the unit circle |s| —1; let y and T be the circles of radii r 
and R tangent internally to C at a point t, and let 8 and A be the circles of radii s 
and S tangent externally to C at r. Let f and F each have its zeros symmetric in C; 
let all the zeros of g lie inside y, those of k outside 8, those of G outside T, and those 
of H inside A. Let m+(x/r) — (p/s) > M--(N/R) —(P/S). Then $'(f) =0 if and only 
if f is a multiple zero of ¢(s). The inequality may be replaced by an equality in certain 
cases. The use of this theorem and continuity leads to the following result. Let the 
above f and F have respectively q and Q zeros inside C and let all the zeros of g lie in- 
side C and all thoee of G outside C. Let F have no multiple zeros and FG no zeros 
common with fg. Then, if M--N«m-L-» and QSa-+gq, the derivative of ¢(s) 
= (fg) /(FG) has exactly m+# —q--Q—1 zeros inside or on C. When # = M - Q0, 
this result reduces to a theorem due to A. Cohn. (Received November 13, 1951.) 


158%. F. E. Browder: On the existence, uniqueness, and multiplicity 
of solutions of nonlinear functional equations. I. 

Let X, Y be Banach spaces, Tia mapping of X into Y such that T=J+C+S 
where J is an isometry of X with Y, C completely Continuous, and S satisfies a 
Lipschitz condition with constant lese than one. Suppose that T is locally one-to-one 
and satisfies the following generalized a priori bound: For every pair X Ja in Y 
there exists a constant N such that if Tx iyi -(1—2)y» for any t 03:231, then 
|||] 5N. Then T is a homeomorphism of X onto Y. More generally if T is a local 
homeomorphism of the connected topological space X into a locally convex linear 
metric space and if the inverse image of every line segment in the image space is 
compact, then T is a homeomorphism onto. The a priori bound of the first result may 
be replaced by a local a priori inequality. These results are & generalization of local 
results obtained by Schauder to theorems in-the large. (Received November 13, 
1951.) i , 


159%. F. E. Browder: On the existence, uniqueness, and muliiplicity 
of solutions of nonlinear functional equations. II. 


Let X, Y be Banach spaces, T a mapping of X into Y satisfying the conditions of 
I including the a priori bound except that T' need be no longer locally one-to-one. 
Let R be the set of points in X in some neighborhood of which T is locally one-to-one, 
S=Y—T(X—R). Suppose that T(R) — T(X —R) is nonempty and either (a) R is 
connected or (b) S is connected. Then T'is onto and a finite covering mapping of 
` R(\T-1(S) onto S. In particular the hypotheses on R, S are satisfied i^ X —R is 
compact, dim (X) = œ. Analogous results can be formulated for locally convex linear 
metric spaces as in I. These theorems are applied to obtain results on the multiplicity 
of solutions of functional equations when local uniqueness is no longer present. (Re- 
ceived November 13, 1951.) 


160. F. E. Browder: On the existence, uniqueness, and multiplicity 
of solutions of nonlinear functional equations. III.. The generalized 
Dirichlet problem. 

Let fei, 3, +++, a; B; O8/Odn, +++, 0/0; 048/851, O's/Adrddy «+ +, O4x/36%) 
be the general nonlinear elliptic partial differential operator of the second order on a 
domain D of E». Using the theorems of I and II, results are established on the exist- 
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ence, uniqueness, and multiplicity of solutions of the first boundary value problem 
for f=0. Assumptions are made on a priori bounds for the Holder norms of second 
derivatives of solutions as well as on the local uniqueness of solutions. Theorems on the 
actual multiplicity of solutions are established in cases for which ramification may 
- occur. The assumed a priori bounds are shown to hold for sólutions of a general class 
of quasi-linear equations in the plane including the homogeneous quasi-linear equa- 
tions treated by Leray and Schauder. (Received November 13, 1951.) 


161. F. E. Browder: The Dirichlet problem for self-adjoini linear 
ellipiic equations of arbitrary even order with variable. coefficients. 

Let L be a eelf-adjcint linear ellipti¢ partial differential operator of order 2m, 
21, on a bounded domain D in E*. By the Dirichlet problem for L on D is meant the 
following: Given g= C*(D), all of whose ssth derivatives are square-integrable of D, 
to find s€ C™(D), a solution of the equation Ls =0, such that the derivatives of g —« 
of order less than m tend to zero in a suitable generalized sense on the boundary of D. 
It is shown that if L satisfies a certain positive definiteness condition and if the coeffi- 
cients of the differential operators in L of order j have continuous derivatives up to 
orders 2m-+-j-+-2, then the Dirichlet problem always has a solution and the solution is 
unique. The clase of equations considered includes as a special case the equations with 
constant coefficients treated by L. G&rding. The methods used in the proof are an 
extension of the method of orthogonal projection as applied by Vischik and Gárding. 
(Received November 13, 1951.) / 


1621. F. E. Browder: Weak and strong solutions of linear elispiic 
equaitons with variable coefficients. 

Let L be a linear elliptic differential operator defined on an arbitrary domain D 
in E*. The function s J3(D) is said to be a weak solution of the equation Lø mQ if 
fox) Z(f(x))dx=0 for all fC C (D) (2m the order of L) such that f vanishes out- 
side a compact subset of D and L is the adjoint differential operator of L. It is shown 
that if the coefficients of the jth differential operators in L have continuous partial 
derivatives of all orders up to j7-+2m+2, then every weak solution s of Lu=0 is 
equal almost everywhere to a strong solution s£ C™(D). This result is a generaliza- 
tion of the corresponding theorem for thé case of constant coefficients proved by L. 
Gárding and L. Schwartx. Extensive use is made of the results of F. John on the funda- 
mental solution of equations with analytic coefficients. (Received November 13, 1951.) 


163. H. D. Brunk: A convergence property of certain ERNITS 
of the inter polatory cardinal series. 


The cardinal series as an interpolatory function may readily be generalized to - 


give a function which assumes given values at equally spaced points on a line, and 
which satisfies one of a wide class of partial differential equations. The role of the 
Fourier transform of the cardinal series in obtaining conditions for approximation to 
a solution of the partial differential equation coinciding with a given function on a 
line is studied, and applications are made to special partial differential equations. 
"(Received November 14, 1951.) . 

164. R. H. Cameron, B. W. Lindgren, and W. T. Martin: Linear- 
ization of certain nonlinear functional equations. 

Relating to papers of Cameron and Martin (Trans. Amer. Math. Soc. vol. 66 
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(1949) pp. 253-283, and Ann. of Math. vol. 51 (1950) pp. 385-392) the present 
theorem shows that a minimizing process involving solutions of linear algebraic equa- 
tions yields approximate solution of the equation y(i) =x(} --A (|t), where A(x] £) is 
in general a nonlinear functional satisfying certain smoothness conditions. These 
approximations can be made arbitrarily close to the true solution in the L;(C) sense. 
(Received September 27, 1951.) 


165. Lamberto Cesari: Os the characterisation of Fréchet surfaces of 
finite Lebesgue area. 


Let SC. E; be any continuous Fréchet surface, T: z= T(w), w*- Q, any representa- 
ton of S (Q simple Jordan region of the w-plane), L(S) the Lebesgue area of S, 
Ti, Ts, T3 the three plane mapping projections of T on the coordinate planes En, En, 
Ea, W(T,) the total variation and N(x, y; Ta), (x, y)C- Es, the characteristic function 
of Ta s™ 1, 2, 3, [S] the set of the points of S, C the boundary curve of S, R the set 
| of the coordinate axes X, Y, Z. The inequality (A) W(T) 3L(S) 3W(T: + W(Ts) 
+W(T;), s™ 1, 2, 3, was proved by the author first with elementary methods for regu- 
lar surfaces with | [5]| =0 (Mem. Acad. Italia vol. 12 (1941) pp. 1305-1397), then for 
all surfaces S (Annali della Scuola Normale Superiore di Pisa vol. 2 (1942p) p. 10-11, 
253-294, 1-42) by using a lemma of combinatorial topology (L. Cesari, Rend. Ist. 
Lomb. vol, 75 (1941) pp. 267-291; S. Eilenberg, Bull. Amer. Math. Soc. vol. 53 (1947) 
pp. 1192-1195. The author has given now a new proof of (A) based on the following 
lemma: Let I, be the set of points (x, y)C Es such that N(x, y; T.) 0 and such that 
the components of T71(x, y) are continua of constancy for T. If CR «0, if (0, OGL, 
and (0, 0) is a point of density for I, s —1, 2, 3, then C is nullhomotop in E, — R. This 
lemma can be proved in an elementary way. (Received November 13, 1951.) 


166. J. M. Danskin and Leonard Gillman: Explicst solution of a 
game over function space. 


à Eee EOI a A stai r A 
payof x(x, »5)—/.Q.0)4Q.(0) where Q,()mexp [—/rs()t()dr] and Qs) 
«exp [—/, x(r)g(r)dr], £ and + being fixed rud strictly positive, 
summable functions of f. The z-strategies are chosen from the space X of measurable 
functions satisfying for a given positive X the conditions (a) OSx(/) 31 and (b) 
fe x(t)di &X. The y-etrategies are chosen from the space 2^ of measurable functions 
satisfying for a given positive Y the conditions (c) 03»(/) $1 and (d) fe s(0dt 
SY. They first prove the existence of, and then obtain an explicit formula for, a 
(unique) saddle-point—i.e., a pair (xs, ye) with x4C—X and Y&T satisfying the con- 
ios (e) (xs, y) zv (xe, Y0) B(x, yo) for all XX and YEY. (Received November 8, 


167. Melvin Dresher: Moment spaas and inequalities. 


An integral inequality is interpreted geometrically as a condition that a given 
point lie in a space defined by the convex hull of a given curve. By characterizing the 
boundaries of various dimensions, integral inequalities are derived from the require- 
ment that points of the space lie within elements of the boundaries. The Holder, 
Minkowski, and Jensen inequalities are examples of the application of “lower bound- 
aries” of a 3-dimensional general moment space. Using higher-dimensional moment 
spaces, addition inequalities are obtained, such as [/,(f--g)*de/ f, (f - pde ] uo? 
Side fena] foeni ards Mo where p21, 1>r>0, f and g are 
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continuous functions, and ¢ is a distribution function over the interval (0, 1). The 
*upper boundaries" of the space yield such inequalities as'the following closure of 
the Liapounoff inequality (1—5*)(1— ferde) S(1—r)(1— Jardo) where a>b>c 
and ¢ satisfies the equation (1—/5)(1— fyrdo) - (1 —) (1 — fdo). (Received 
November 13, 1951.) i 


168. Joanne Elliott: Ona class of sniegral equations. 


The author discusses the integral equation g(x)=P.V. «^if jf(0)(t—x)-3dt 
4A, Df()di, where g and & are given functions and f is unknown. The first 
integral is taken in the sense of a Cauchy principal value, and b may be infinite. It is 
shown that if the equation is modified formally by introducing a suitable weight 
function, it may be reduced in a natural way to a Fredholm equation. If b is finite, 
the transformation Tg(z)=—P.V. sifi rG OAO —a) d: maps the 
Hilbert space of functions which are square integrable with respect to w/(f) 
m (b — i) b-i)! isometrically onto the Hilbert space of functions square integrable 
with respect to 1/te(x). With the ald of this transformation and expansions in Jacobi 
polynomials the desired reduction is obtained. In the case b= œ, the weight func- 
tion is identically 1, the transformation Tg becomes the Hilbert transform of g, and 
the polynomial expansions are replaced by the Fourier transform in I4(— ©, +). 
(Received November 5, 1951.) 


169;. William Feller: On positivity preserving semigroups of trans- 
formations on C|ri, ri]. 


The purpose of the paper is to characterize differential operators which genera 
positivity preserving semigroups on C[n, rs]. It is shown that such an operator coin-. 
cides (in a certain sense) almost everywhere with a(x)d*/dx*+-b(x)d/dx+c(x), but 
on an exceptional set the operator may be of quite different form. The theorem serves 
to characterize the parabolic differential equation and represents a new justification 
of the Fokker-Planck equation. [The paper is to appear in Annales Soc. Polonaise 
Mathématiques. ] (Received November 13, 1951.) 


170;. William Feller: The parabolic differenisal equation and the 
assoctated semigroups of transformations. 


It is shown that an operator 9 can give rise to infinitely many semigroups of 
transformations in the same Banach space X. Each infinitesimal generator, is a con- 
traction of @ to a set Z dense in €. For a given 4 one can derive all sets Z leading 
to continuous semigroups. This theory leads to an algebrization of the initial value 
problem for differential equations and to a definition of boundary conditions in terms 
of functional analysis. For the parabolic equation s= (x) with $«aoc(x)d!/dx! 
-Fb(x)d/dx--c(x) in C[n, ra] (— © Sri «n ©) nas. conditions are given for unique- 
nese (*natural boundaries") and the totality of all poesible homogeneous boundary 
conditions are derived in all other cases. They involve global functionals and differ- 
ential operators of second order. In each case the true adjoint is derived in the conju- 
gate space. In special cases this leads to the classical “adjoint equation” w= $*(s) 
with %* «d|ad/dx —b]/dx-I-c, but in general this differential equation is replaced 
by & more general functional equation. All poesible boundary conditions are again 
derived and they are found to be of quite different a form for & and 9*. The theory 
applies without distinction to so-called singular equations and answers several out- 
standing problems of diffusion theory. (Received November 13, 1951.) 
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1711. D. T. Finkbeiner: On linear closures of convex sets. Preliminary 
report. ^ 


This note investigates the relation between two notions of linear closure for con- 
vex sets in a linear space 2 for which no topology is assumed. Definition 1 (Berg- 
Nikodým). A convex set A is linearly closed if and only if each line of 8 intersects A 
in a set which is closed in the natural topology of the line. The Hwear closure (cl A) 
of A is the intersection of all linearly closed sets containing A. Definition 2 (Klee). 
"The weak linear closure (lin A) of A is the set of all points x such that [y, x)CA for 
some y=y(x)CA. Theorem. AC-lin AClin(lin AJC - + -Clin? AC +- - Cel A, and 
if equality holds somewhere in the chain, it holds thereafter. Corollary. A is linearly 
closed if and only if A is weakly linearly closed. Theorem. The following are equivalent: 
(1) 2 is finite-dimensional, (2) lin A =lin? A for every convex AC, (3) lin A =c] A 
for every convex AC, (4) lin hull (A, B) — hull (lin A, lin B) for all convex A, BCS, 
(5) lin (A+B) - lin A-+lin B for all convex A, BC. Klee proved (Duke Math. J. 
vol, 18, pp. 443-466) the equivalence of (1) and (2). (Received November 13, 1951.) 


172. R. E. Fullerton: On the subdivision of surfaces into pieces with 
reciifiable boundaries. 


Let S be a nondegenerate Fréchet surface of finite Lebesgue area defined over a 
closed 2-cell. By utilizing a recent result of Cesari [Bull. Amer. Math. Soc. Abstract 
57-3-188] it is shown that there exists a representation T of S defined over a unit 
square Q with the following property. There exists a nested sequence of partitions 
{Py} of Q into rectangles Ry such that (i) the ratios of the shorter to the longer 
sides of the Ry, are bounded away from zero, (ii) for each «>0 there exists a b, such 
that the mesh of the partition P, is less than «for k 2; ke, (iii) T(R) isa rectifiable con- 
tinuous curve for each Ris (Received November 13, 1951.) 


173. I. S. Gál: On the resonance-method and tis application to the 
principle of uniform boundedness. 


À great many results in various fields of analysis can be obtained from the well 
known principle of uniform boundedness of linear operations in Banach spaces. 
The usual proofs of these results are besed on a powerful method due to H. Lebesgue 
(resonance-method) [Annales de Toulouse (3) vol. 1 (1909) p. 25], which can also be 
used to prove theorems which do not follow from the principle of uniform bounded- 
ness. This fact suggests the application of the resonance-method directly to the se- 

quence of linear operations instead of using the category principle. This gives the fol- 
lowing result: An operation s(x) defined over a Banach-space E to a normed vector- 
space E' is called bounded if ||x(x)]| 3 Milai], homogeneous if rif wo «|| luo] for 

every xC- E and à real. Thus the norm of the operation x(x) can be defined as |w| 

nip «cll. A sequence of bounded, homogeneous operations u(x); 
“n=l, 2,---,is said to be asymptotically subadditive, if me | steal 
toe la) uniformly in x, YCE and if infre (|jwe(--5)] Else Gol -lao 
-o(|u.|) for every fixed x€-E, but not necessarily uniformly in x€- E. Uring the 
method of resonance one obtains the following: If the sequence {#a(x)}, #=1, 2, 
is asymptotically subadditive (hence E is supposed complete) and if lim supa. PAT 
< for every x€- E, then the sequence of norms || is bounded. (Received Novem- 
ber 13, 1951.) 


174. H. H. Germond: Properties of trinomial coeffictents. 
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Certain trinomial coefficients are analogous to Bessel functions and satisfy cor- 
responding recurrence relationships, difference equations, expansions, and summa- 
tions. (Received November 13, 1951.) 


175. Samuel Goldberg: A singular diffusion equation. 


The Fokker-Planck partial differential equation #:= (as)ss — (b«),, 0 «x «1, 170, 
for a probebility density function #=s(t, x) is studied, where a-x(1—z), b= g 
—(a--B)x, a and B are positive constants. This equation arises in the study of the 
diffusion of a gene through a population undergoing random Mendelian mating in 
the presence of reversible mutation (S. Wright, Staststical genetics in relation to evolu- 
hon, Paris, 1939). Using a separation of variables technique, explicit solutions as 
infinite series of Jacobi polynomials are obtained corresponding to the usual condi- 
tions that the boundary be an absorbing or reflecting barrier. If a and 8 are both 
greater than one, the solution obtained is unique. Let L(t) and R(t) be the accumu- 
lated mass, at time t, at the boundaries x =0 and x= 1, respectively. Boundary condi- 
tions, developed by W. Feller, relating these functions to the density «(/, x) are ap- 
plied and corresponding solutions obtained. In the case where a or B is less than one, 
it is shown that the stationary solutions may have a positive accumulation of mass at 
the boundaries. (Received November 13, 1951.) 


176. J. W. Green: On the level surfaces of potentials of masses with 
fixed center of gravity. 

Admissible distributions are those distributions of positive mass which lie in the 
cloeed unit sphere about the origin in three dimensions, have total mass 1, and have 
their centers of gravity at the origin. Át a point P at distance a greater than 1 from 
the origin, the potential &(P) of an admissible distribution satisfies the inequality 
1/(1--a9) ^ 3«(P) 3a/(a*—1). If a level surface, inii has minimum and maximum 
distances r and R, respectively, from the origin, where r>1, then Ràa(rt-1)1 
"Fr (r12-5)1*. These bounds are sharp and are attained by the distribution consisting 
of{diametrically oppoeed equal point masses on the surface of the sphere. The proofs 
depend only on the decreasing and convex nature of the function 1/r, and so analogous 
bounds exist for the potential based on any decreasing convex function; for example, 
the logarithmic potential. (Recetved November 7, 1951.) 


177t. C. A. Hayes: Differentiation with respect to d-pseudo-sirong 
blankets and related problems. 


In his paper, A theory of cowering and differentiation, Trans. Amer. Math. Soc. 
vol. 55 (1944) pp. 205-235, A. P. Morse considered the class of ¢-strong blankets, 
whose covering families are disjointed, and showed, among other things, that these 
blankets may be used for the purpose of differentiating any given member of his class 
U with respect to ¢. In the present paper we prove that these differentiability prop- 
erties still hold for a weaker class of blankets, called ¢-pseudo-strong, whose covering 
families are allowed to overlap somewhat, the measure of the overlapping being ex- 
preseed by a certain integral. That Morse's ¢-strong blankets form a proper subclass 
of these blankets is shown by a concrete example. A further example is constructed 
to show that the condition on the overlapping cannot be relaxed much further without 
a serious loss in differentiability properties. (Received December 4, 1951.) 


178. R. V. Kadison: A generalised Schwars inequality and algebraic 
tnvartants for operator algebras. 


va 
f 
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The pure state space of a C*-algebra together with its set of representing functions 
on this space is shown to be a complete set of algebraic invariants for the Jordan 
algebra of self-adjoint elements in the C*-algebra (Jordan C*-algebra). The principal 
tool is a generalized Schwarz inequality which states: if ¢ is a linear order-preserving 
map of one C*-algebra into another then ¢(A%) &24(4)' for A self-adjoint. It follows 
that a linear isomorphism between two C*-algebras which preserves the identity and, 
together with its Inverse, preserves order, is a C*-(Jordan) isomorphism. It is then 
shown that an isometry between two Jordan C*-algebras deviates from a C*-iso- 
morphism at most by multiplication with a self-adjoint unitary in the center of the 
image algebra. The function representation of a C*-algebra on its pure state space 
yields a function algebra under pointwise multiplication if and only if the representa- 
tion is an algebraic isomorphism with all continuous functions on the space of pure 
states. It is proved that a linear map of one C*-algebra into another which preserves 
the identity operator and preserves absolute values (of self-adjoint operators) is a 
C*- (Jordan) homomorphism. Extensions to the non-unit situation are treated. (Re- 
ceived September 25, 1951.) . t 


1791. M. S. Klamkin: On the real and imaginary parts of a positive 
_ real function. 


Bode has shown that if Z(p) is a positive real function having no poles on the 
imaginary axis, and if R(w) and X(w) are the attenuation and phase characteristics 
respectively (i.e., Z2(#0) =R(w)+4X(w)), then R(w)—R( ©) or R(w)—R(0) can be 
expressed as a function of the phase characteristic X (ew) provided that R( ©) or R(0) 
exist. These results are extended such that R(w)—R(m,) is expreseed as a function 
of X(w) but subject to the condition that | Z(¢a)/to*|—0 as |w| — 0. This latter 
result includes both of Bode's results. R(m) —R(«) is obtained by setting wy © 
provided that | X (mà /wo| —0 as | ws] — 0. R(t) — R(0) is obtained by setting tre 0 
provided that |ee«X (129) | —^O as |ve| —0. The expression for R(:w) —R(ws) is estab- 
lished by evaluating a certain line integral along a suitable contour. (Received Novem- 
ber 13, 1951.) 


180. P. D. Lax: Operator theoretic ireatment of hyperbolic equations. 
Preliminary report. 


According to a theorem of Hille-Yoalda the operator equation dU/di - AU has a 
solution tending to I as £0 if and only if || —4)7| $1/+0(1/ for large real 
positive X. This is applied to the mixed initial-boundary value problem for second order 
hyperbolic equations su * a, (x) teiej +b, (x) ui - c() I -d(x) 7 Mu-EFdui €, wi pre- 
scribed at £0 in D, #=0 for all ¢ on the boundary of D. The equation is reduced to 
first order by introducing w,—9; the metric || [u; s]||*— fa. 2isuj -I- frt is chosen and 
the Hille-Yosida condition is verified. The solution thus constructed is twice differ- 
entiable provided the coefficients of M and the initial data have enough derivatives. 
Mixed initlal-boundary problems for hyperbolic systems are also handled; the oper- 
ators A that figure here have no finite spectrum. (Received August 27, 1951.) 

181:. Walter Leighton: On self-adjoint differential equations of sec- 
ond order. 

Tb pipe Gon ala cae dr ora esting’ with cha ba Mao n 


of the differential equation (1): [r(x)y’]/-+-p(x)y —0. Typical results are a generaliza-' 
tion of the Sturm separation theorem and the following: Let r(x) m1 and suppose 
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(z) =x*p(x) —1/4 is a continuous positive monotone function of x on the interval 
a@4x<0©. Then a necessary condition that solutions of (1) be oscillatory on this 
interval is that f. x-1g(x)dx — ©. (Received December 5, 1951.) 


182. Benjamin Lepson: Note on non-monotone Dirichlet series. 


Let {A} be a sequence of non-negative real numbers. Consider the series (1) 
or, 097 9, where x is a complex variable and {a} a sequence of complex numbers. 
The set E of points in the plane at which (1) converges is investigated, and the fol- 
lowing theorem is proved: Ths necessary and sufficient condition om the sequnoce {da} 
tn order that E be a half-plane (or the whole piane or the empty set) plus a portion of tts 
boundary for every sequence {an} is that Yoo, |e 2 —ee2| «o for all positive a. 
Let D be the interior of E. The determination of D is sufficient for many purposes. It 
is conjectured that D £s choays a kalf-plans (in the above sense). (Received November 
13, 1951.) 


183. Lee Lorch: Asymptotic expressions for some integrals which in- 
clude certain Lebesgue and Fejér constants. 


All integrals in this abetract are definite integrals over the interval 
(0, «/2). Asymptotic expressions are found for the following integrals: L(x, r} 
= (2/x)f|sin. (2e+1)¢|"/ein tdt, Lale, r) -(2/x)/ coest|sin. (x--1)1]'/sin tdt, and - 
Ly(x,r) = (2/2)f exp (—2x nin? f) | sin (xein 274-1 | r/ein tdt,r z 1. For r= 1, these are the 
‘respective (extended) Lebesgue constants arising in the theory of Fourler series from 
summation by ordinary convergence, Euler's (E, 1)-means, and Borel's exponential 
method. For r=2, they are the respective (extended) “Fejér constants,” which play . 
the same role in the divergence theory of Fourier series as do the Lebeague constants. 
It is shown that L(x, r) * (2/sz)m. log xt+a+O(i/x), La(z, r) - (1/x)m, log x-Fà 
-FO(1/xi*) = Lp(z, r), as x becomes infinite, where »—(2/x)/ sin" tdt - (1/x) 
: [1(r/24-1/2) ]*/T (r4-1), and a, 5 are certain (rather complicated) constants. 
(Received November 13, 1951.) 


184s. G. G. Lorentz: Hahn-Banach theorem for semi-groups and 
multiply subaddstive functions. 

Let S be a semi-group with commutztive and associative addition and with a set 
of real numbers a as operators. For any xeCS and any real as, q(x.) Sae p(x), 
there is a linear functional on S with f(xo) =as, q(x) &f(x) S p(x). Here p is subadditive, 
g superadditive, q(x-l-y) &(x) -a(9) &p(x4-»), and p, q are homogeneous. Necessary 
and sufficient conditions for set-functions $(s), ¥(¢) are obtained under which (s) 
is the least upper and (e) is the greatest lower bound of (e) for a class of additive 
set-functions ¢. Special cases are results of the author on multiply subadditive set- 
functions. Another application concerns the existence of positive functionals on S 
invariant under a semi-group of linear operators which leave invariant a cofinal 
sub-semigroup SeC.S (this contains a theorem of Krein and Rutman). (Received 
November 7, 1951.) f 


185. T. S. Motzkin and I. J. Schoenberg: On lineal entire functions 
of n complex variables. , 
A polynomial P(m, - ++, Za) with real or complex coefficients is called baeal if it 


splits into a product of linear functions of the variables in the complex field of 
coefficients. A lineal polynomial P(s,---,53) is called really kinosal, or posisely 
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Kixeal, provided the coefficients of its linear factors are all real, or all real and non- 
negative, respectively. A sequence of entire functions [fi(zi, - - + , Sa) } is said to con- 
verge regularly to a function f(s, - - - , ža), provided the ae a holds uni- 
formly in every bounded portion of space. We denote by L(9, L^, L”, the three 
Classes of entire functions f(s, - * * , Ba) which ere regular limits of-a sequence of 
polynomials { Pa(s, - * , sx) } whose elements are all lineal, really lineal, or positively 
lineal, respectively. For 5 «1 the class L comprises all entire functions f(s), while 
the classes L®, L Ly have been determined by Laguerre and Pólya [Pélya, Rendiconti 
di Palermo vol. 36 OP 1-17]. In this paper a complete characterization of the 
lineal classes L™, L^, L” is obtained for every *2&1, in terms of their Weierstrass 
product representations. "(Received November 13, 1951.) 


186. T. S. Motzkin and I. J. dd On quadral entire func- 
tions of n complex variables. 


Following an oral suggestion of E. G. Straus, the problems treated in the preceding 
abstract are generalized as follows. A polynomial P(s:, - - * , sa) is called quadral if it 
splits into a product of quadratic (or linear) functions in the complex field of coeffi- 
cients. Similarly a quadral polynomial P(s:, - - * , £,) is called really quadral, or post- 
isely quadral, provided the coefficients of its quadratic factors are all real, or all real 
and non-negative, respectively. Let Q9, Q^, Q% denote the classes of entire func- 
tions f(m, * - - , S&a) which are regular limits of polynomials which themselves are 
quadral, really quadral, or positively quadral, respectively. These quadral classes 
are here determined for all s —1, 2, - - - . Similar results are obtained for cuba] and 
generally for N-al functions. (Received November 13, 1951.) 


1871. E. J. Moulton: Characterisation of the solutions of certain dif- 
ferential equations. 

For an ordinary differential equation of the first order it is sometimes possible to 
determine the general features of the solution curves without an integration or 
numerical calculations. This paper discusses available methods, with illustrations in 
the solution of one type of differential equation: y =A exp Q(z, y), where Q(x, y) is 
quadratic in (x, y). (Received November 15, 1951.) 


188. Jacqueline L. Penez: Approximation by boundary values of 
analytic functions. Preliminary report. 


Let D be a finite domain of the s-plane bounded by »-simple analytic curves C. Let 
L,(C) be the class of all complex-valued functions f defined on C which have a finite 
Lebesgue integral, (Ifl fe|f(s)| 7| ds| where P» 1. The problem considered is to 
minimize (fol f(s) —g(s)| "| ds| )!/* where f is a given function in L,(C), and g ranges 
through the boundary functions on C, of functions analytic in D, which are in Ly(C). 
F. Riesz, Kakeya, Doob, Golusin, P. R. Garabedian, Schiffer, Spitrbart, MacIntyre, 
and Rogosinski (unpublished) are among those who have considered problems of this 
type. The author shows that there exists a function, ge, uniquely determined, neglect- 
ing sets of measure zero, which minimizes the above integral. The difference, f — ge 
is called a minimal function. A characterization formula for a minimal function is 
obtained. Results of J. L. Doob for the case where f is a rational function and D isa 
simply-connected domain have been generalized in part. Also, this extremal problem 
is shown to be related to the problem of maximizing Izd) where L(f) = fof(s)«(s)ds, 
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J is in L,(C) and is the boundary function of an analytic function in D and Ii, s, 
c is in L,(C), and P--q— pg. (Received November 8, 1951.) 


189. G. O. Peters: Binomial expansion of negative factortals. 


The conditions for the binomial expansion, (a-+b)"= D; , „Gah, x real, to 
hold are well known: Defining the factorials of x by the relations x9 =x(x—1)- 
(x—5-F-1) and x —1/(x--1) (x-2) + ++ (e+) = 1/(x-I-8) 9, we can readily show, 
by induction ar by use of Newton’s interpolation TOM, that the binomial expan- 
gion (a+b) = 243 a Ga )b0 holds for &—0, 1, 2, - - -. The author Boves that 
the binomial expansion (a+b) = 23 Ca Co 9o, x91, 2, 3,*-*, holds 
provided the real part of a+b is greater than s—2, ie. '[a4-b] »^—2. (Received 
November 14, 1951.) 


190. M. H. Protter: Uniqueness of the problem of Tricoms. 


Let K(y) be a monotone increasing function with one continuous derivative; 
suppose K (0) —0. Consider the equation (*) K(y) Us - Uy, —-0. Let D, be the domain 
bounded by a rectifiable arc a lying in the upper half of the xy-plane with end points 
on the z-axis at (a, 0) and (b, 0), and the segment of the x-axis from a to b. Let 8 and 
y be the characteristic curves of (*) emanating from (d, 0) and (b, 0) respectively 
which meet’ at the point ((a-+b)/2, c). Let Ds be the domain bounded by $, y and 
the segment of the x-axis from a to b. Suppose values are prescribed along the arcs a 
and £. Then it is shown that there is at most one solution of (*) in the domain D =D, 
+D, assuming the prescribed values on a and £. (Received September 25, 1951.) 


1911. E. D. Rainville: Generating functions for Bessel and related 
polynomials. 

Krall and Frink (Trans. Amer. Math. Soc. vol. 65 (1949) pp. 100—115) studied 
generalized Besse! polynomials in some: detail. Their work was without benefit of 
generating functions, except in the special case of the simple Bessel polynomials, 
Burchnall (Canadian Journal of Mathematics vol. 3 (1951) pp. 62-68) obtained a 
generating function for generalized Bessel polynomials. This paper obtains two gen- 
eralized hypergeometric generating functions which contain as special cases two 
generating functions, one of them Burchuall’s, for the generalized Besse! polynomials. 
The methods used are distinct from Burchnall’s method. (Received November 13, 
1951.) 


192. P. C. Rosenbloom: A sufficient condition for untform convexity. 


A sufficient condition for uniform convexity is obtained in terms of the second 
differential of the norm of a Banach space. This yields a simple proof of the uniform 
convexity of the Ly spaces for 1 <p 32. A simple proof of Clarkson's inequalities for 
2&p-«-F is also given. A different proof of the uniform convexity of these spaces, 
which overlaps in generality with the present ones, but which gives the best possible 
estimates for the quantities involved, was found by Beurling (unpublished work) in 
1947. (Received November 16, 1951.) 


193. H. L. Royden: The tnterpolatson problem for schischi functions. 


Let so 5, ^: +, Sa be #+1 points in the interior of the circle js| «1. The in- 
terpolation problem for schlicht functions is the problem of determining the poesible 
sets of values ws, ws, - - - , t», which can be taken at S, S, - - - , s, by a function f(s) 
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which is regular and schlicht in the circle |s| <1 and normalized by f(sy) =0, f(x) =1. 
By minimizing the maximum modulus of the functions taking a given a set of values, 
it is ahown that whenever such a set of values is taken by a schlicht function, this set 
of values is also taken by a schlicht function satisfying a hyperelliptic differential 
equation. In the particular case « — 2, the region of variability of t$ is a region whose 
image in the elliptic modular plane is a circle. The parameters of the circle can be er- 
pressed in terms of certain complete hyperelliptic integrals involving the points ze n, 
and s» These resulta hold true if the problem is refined by considering the different 
homotopy classes to which the functions f(s) may belong. (In fact for & 2 the dif- 
ferent fundamental regions in the elliptic modular plane correspond to the different 
homotopy classes of the function f(s).) (Received November 5, 1951.) 


194. Walter Rudin: L*-approximation by partial sums of orthogonal 
developments. . 

Let [|f] = ( /;f*)dz] V. For any set {¢.}, orthonormal on [0, 1], pat saf; 2) 
- a UPEN Let V(f) be the total variation of f on [0, 1], and put N(f) 
=Lu.b. iv (0)/x—D| (03z31, Ox:31). Define welub. |f -sa / VO, 
X, -Lu.b. [|f —s.]|/N(f), the Lu.b. being taken over all nonconstant fCL*. The main 
result of the paper is Theorem I: There exist abeolute positive constants A and B 
such that p, 42^? and A,7.Bx^1 for every complete orthonormal set (4,]. The 
proof of Theorem I yields Theorem II: For every orthonormal set {¢s}, the sequences 
{ Vien) }, (N(&2] are unbounded. If the functions are arranged so that { V(¢.)} ia 
nondecreasing, then V($.) » Cu*. If (N($.)] is nondecreasing, then N($.) » Dn. 
Here C and D are abeolute poeitive constants. In all the above cases, consideration of 
the trigonometrir set shows that the orders of magnitude obtained for the lower 
bounds cannot be improved. (Recerved November 13, 1951.) 


195. Charles Saltzer: Ring conjugaie functions. 


If f(s) is a function which is single-valued and analytic in the region A « | s| <1, 
and f(s) =m- on |s| =A and f(s) 7344-9 on |s| 71 where #1, v1, 1s, and » are 
real functions, then m and s% are said to be the inner and outer Villat A-ring conjugates 
of x; and w, Since there is no loss of generality, the case where «; is a constant is 
considered and representations of the -ring conjugates are discussed. It is shown 
that if the conjugate of s4 exists in the usual sense, then the X-ring conjugate also 

and more generally, if the partial sums of the Fourier series of the conjugate 
(in the usual sense) of #3 are bounded, then the Fourier series of the A-ring conjugate 
of #: converges and represents s4. In addition, inequalities comparing the integral 
means of s and m with the integral mean of s4 are derived together with approxima- 
ton theorems. Applications of these results to certain conformal mapping problems 
are given. (Received November 13, 1951.) 


196. James Sanders: Uniqueness theorems for some classes of fourth- 
order partial differential equations. 

The system of equations (1) .C(w)-((s(/r0))9). - ((&()/10))99), 7 
—(k/t(y))bm (D LO) = (r/o) e+ (r/)05) y= — (o) (3) $e roe (4) L'A) 
=((1/or)de)et((1/or)dy)y=0, where or >0 and & is a constant, is considered. Thi 
system is a generalization of the equations for the displacements in the theory of 
elasticity. If kys —1, (4) is a consequence of (1), (2), (3). If w and v are given on the 
boundary C of a domain D, then the solution of the system is shown to be unique 
provided k» —1. The method used consists of applying Green's theorem to 
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fou. (x)dzdy and fpe" (s)d(z)dy. The method can be extended to equations in » 
variables. If k= —1, uniqueness is shown by proving that fp(1/re)étdxdy =0.'In the 
case k= —1, the above system is equivalent to the fourth-order equation L% [ov (y) ] 
=, and so it has been proved that the solution of the boundary-value problem 
lrL] = g(x, y) in D, =f (s), 99/00 = g(s) on C, is unique. Finally a direct proof 

the uniqueness of the boundary-value problem L[f(s, y)L(y)l-5s(z, y) in D, 
ym f(s), p/n = g(s) on C, is given. Here, L(w) = (ei(z, y)9s)s-- (ex(x, Y)*y) y, $1010 
and f(x, y) »0 in D. The method used here consists of applying Green's theorem to 
SAL, 3) L(y) dxdy. All domains considered in the above theorems are bounded. 
(Received November 13, 1951.) 


197. Arthur Sard: Remainders as integrals of partial derivatives. 


The kernel theorem of an earlier paper (Acta Math. vol. 84 (1951) pp. 319- 
346) is applied to a number of perticular functionals. The variety of integral 
formulas possible in each case is indicated. A lemma is established which simplifies 
the calculation of kernels. Among the functionals studied is Rf=xf(0, 0) 
—SfPsys1 f(x, y)dzdy. Kernels k, k* exist such that Rf=/"fue(x, O)k*(x)dx 
T/fastzifui, k(x, 3)dxdy-J-f'.fax(0, y)k*ly)dy whenever f is a function with 
partial derivatives f(x, 0), Jin, y), fex(0, y) that are continuous in x, (x, y), 9, 
respectively. The kernels b, k* are given explicitly. (Received November 9, 1951.) 


198. Leo Sario: On the consiruction of mappings onto slits domains. 


The mapping of a planar Riemann surface R-onto a horirontal slits domain, the 
existence of which follows by Dirichlet’s principle, can be performed in a purely 
constructive way by the use of the linear operator method. Take the initial function 
s: Re (1/s) in a parameter disc Sy sm0 in'S;=R—S, The condition /d3 0 is then 
fulfilled. There is a normal linear operator Ly in S=Se+Si, associating with any 
harmonic function » on 1 R—S a harmonic function # = Læ on S such that # =y 
on 1, Di[u] — ftyre d — min. This function can be directly constructed, using an 
exhaustion of Sı. The corresponding principal function f» characterized by $4—5 
= Lo(po—5) in 5, is the real part of the desired mapping function. The vanishing of 
the total area of the slits is implied by D, [v] = /m d. For simply-connected surfaces 
with an arbitrary boundary, this provides a new proof of the Riemann mapping theo- 
rem. (Received November 13, 1951.) 


1991. Seymour Sherman: On a conjecture of Kakutani concerning 
doubly-stochastic mairsces. 


A doubly-stochastic (d.s.) matrix is a real #X# matrix P = (p,) such that pu z 0, 
isiíxmisiz-c.bo =1, 15an, and ? du 1, 13j3». Introduce a partial order 
among d.s. matrices (henceforth designated by P’s with superscripts) by defining 
P< P3 to mean there exists a d.s. matrix P? such that P!» P*P, Introduce a partial 
order among real vectors a = (a1, * - + , a4) of real s-dimensional space E by defining 
aX b to mean for each real convex ¢, Xela) S Belh). It is known that for each 
real s-vectoc a, P< P—P!g« Pis, Kakutani has raised the following conjecture: 
If, for each real s-vectoc a, P!a-& Pia, then P'« P*, This conjecture is settled in the 
affirmative. (Recetved November 5, 1951.) 


200%. Seymour Sherman: On a paper by B. O. Koopman concerning 
a probabilistic generalisation of mairic Banach algebras. 
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In a recent note Koopman [A probabilistic generalisation of matric Banach algebras, 
Proceedings of the American Mathematical Society vol. 2 (1951) pp. 404-413], whose 
notation and definitions are followed here, showed that a certain set of functions 
e(x, E) with appropriate operations and norm constitute a Banach algebra. Addi- 
tional information as well as motivation for his theorem and a simplification of his 
proof is provided by observing with Yosida and Kakutani [Operator-theoretical treat- 
meni of Marhkoff's process and mean ergodic theorem, Ann. of Math. vol. 42 (1941) pp. ' 
188-228]: THEOREM. Let (M*) be the d space of bounded complex-valued 
measurable functions on X with ur -Süpecr (fel ]. Then each ¢(x, E) repre- 
sents a bounded linear operator (M*)—(M*) given by Tyf=g where g(y)- 
= [roly, dx)f(x), i.e., for fixed y integrate f with respect to the measure $(y, E). In 
this representation the bound and algebraic operations involving operators go into 
Koopman's norm and operations. From the theorem above and the well known 
fact that complete algebras of bounded linear operators on a Banach space when 
normed by bound form Banach algebras, Koopman’s result follows. (Received No- 
vember 5, 1951.) 


201. Seymour Sherman: Os a theorem of Hardy, Littlewood, Pélya, 
and Blackwell. 


Let Um {u} be a real vector space. Let a(b) be a measure on U with a finite 
spectrum, SO (s|13isx] (Sm (w|1aij3m]). Define d<a to mean for each 
real convex ¢| $ L. oael) z 25, b(w) p(w). Define b< to mean b(w)w 
= Dos puat), where £20, 2^, paalt) mb(w), and 2^, pj, 71. From the defini- 
tion of convex function and the properties of pi it follows immediately that b< 3 
->b< 0. This note is devoted to the proof of: THEOREM. b< 10b ma. (Received 
November 5, 1951.) 


202. M. L. Slater: On a duality property. Preliminary report. 


Let a(x) and B(x) be fixed functions C: C[0, 1]. Let F be the set of non-negative 
f&c'[0, 1] which satisfy —f'(x) &a(x) for all xC[0, 1]. Let G be the set of non- 
negative g— C'[0, 1] which satisfy (x) 28(«) for all <€ [0, 1] and also (0) me) =0. 
The pair (a, 8) will be said to have property I if Fis nonvoid and Supe r /yfade <= 
(a, B) will be said to have property II if G is nonvoid and Inf,ce f;fadxz — œ. 
Theorem: (a, B) has property I if and only if 3t has property VI. Furthermore, 4f (a, B) 
kas either property, then Supser/,fodx=Infcof,gadx. This theorem is an analogue 
of a discrete problem solved by Gale, Kuhn, and Tucker (Linear programming and 
the theory of games, Cowles Commission Monograph no. 13). Cf. also Hardy, Little- 
wood, and Pólya, Inequalsiies, Theorem 399. Remark: In the definition of property 
I, *F is nonvoid" may be deleted since F is never empty. To conform with further 
problems now under study, the phrase has been retained. (Received November 13, 
1951.) 


203i. R. L. Sternberg: Non-oscillaiion theorems for systems of difer- 
ential equations. x 

Consider the system of differential equations (*) [R(z)y --Q(x)y- e (X)u]' 

— [Q*(2y --P&)y--0* ()n] =0, &(x)y' 6(x)y=0 with R, Q, P given sX» matrices, 
$, 0 given m X» matrices, 0 Zw <», y, u vectors, R, P symmetric, R, Q, ¢ of class C’ 
and P, 8 of class C, and with R satisfying the strengthened Clebsch condition and, 
finally, with a suitable (n-]-w)-rowed square matrix in R and 4 nonsingular on [a, œ). 
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Call (*) non-oecillatory if xj, % large and y(n) =0 =y(z,) imply ym0 on [x ni]. 
The reduced form of (*) is [G(x)w' J-w*(x)»]' + F()w =0, v (z)u' =0 where u is related 
to y by a nonsingular transformation. If r*Gr zz v"v when yx =0 and if there exists 
a symmetric constant matrix H such that, for large x, | «*[/24F(t)dt — H]w| «32/2, 
then (*) is non-oecillatory. If m=0, «*Gs S3*», and y*Fy20, then (*) is non-oecil- 
latory if and only if [ox F(x)dx exists for 0 &r «1 and there exists an s X & symmetric 
matrix W of class C' satisfying W(x) = , WG) W(ndi-4- f. F()dt for large x. 
These and other results which are analogues of theorems of E. Hille and A. Wintner 

' for a single differential equation are proved in the paper using a theorem from the 
calculus of variations of W. T. Reid. (Received November 7, 1951.) 


204, Otto Szász: On the product of two summability methods. 


We denote by T1: T3 the iteration product of two summability methods 7 and Ts, 
that is, the transform Tı of the transform 73 of a sequence (or a function). It is 
clear that summability 7; always implies summability 71: 73, when 7| is regular; 
however the relationship of the methods 7; and Tı- Ti is quite complicated. We have 
shown in a previous paper that T, implies T\- 71 in the following cases for Tı and 
Ts respectively: (1) Abel and Cesaro, (2) Borel and Cesaro, (3) Borel and Euler. We 
now show that the same is true for the following more general methods: (a) Abel 
and Hausdorff, (b) Borel and Hausdorff, (c) Abel and the circle method. Obviously 
(a) and (b) include the previous results (1), (2), and (3), as Cesàro and Euler are 
special Hausdorff means. (Received November 9, 1951.) 


205. J. L. Walsh and L. Rosenfeld: On the boundary behavior of a 
conformal map. Preliminary report. 


Carathéodory's theory of conformal mapping of variable regions is applied to the 
study of a conformal map in the vicinity of a zero angle of the boundary. A function 
$(w), not necessarily single-valued, is said to possess property B at «1 if uniformly 
in every interval I: | U| 3 Us, we have lims.:-$[U¢(«)+#]/¢(«) =1. This condition 
is weaker than the requirement for an L-tangent and is sufficient for many applica- 
tions. If a region Re contains the interval 0 3:e «1 and if its boundary near w= 1 
consists of two parts respectively represented by functions which possess property B 
at «-1, then most of the well known (Ostrowski, Warschawski) results concerning 
the map of Rw» onto a half-plane can be established. The analogue of property B is 
sufficient to obtain most of the known results on the mapping of an infinite strip. 
(Received December 21, 1951.) 


206. J. L. Walsh and D. M. Young: An upper bound for ihe moduli 
of continuity of harmonic functions. 


Let G denote a closed simply-connected region with interior R whoee boundary S 
is a closed Jordan curve with the following property: there exist constants r>0 and 
A z 0 such that for every point P of S there exists a circular sector with vertex at P 
with radius r and included angle A containing no point of R. Let #(z, y) be harmonic 
in R, continuous in G, and with modulus of continuity w(8) on S. If 8/D 
& (r/D)**9!*, then the modulus of continuity of «(x, y) in G satisfies the inequality 
e*(3) So [D(5/D)***5]|--(8/x) M(8/D)***»9 where B-Max (Qx—4; x) M is 
the oscillation of &(x, y) on 5, and D is any poeitive constant. The proof is based on 
inequalities for the harmonic measure of the bounding radii of a circular sector at 
interior points near the vertex of the sector. The result is used in connection with the 
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determination of upper bounds for the error in the solution of the Dirichlet problem 
by finite differences for rectangles and for regions consisting of overlapping rectangles 
(see On the accuracy of the numerical solution of tke Dirichlet problem by finite differences, 
Bull. Amer. Math. Soc. Abstract 57-6-500). (Received November 13, 1951.) 


207: H. F. Weinberger: An optimum problem in the method of Wein- 
stein. 

The method of Weinstein gives upper bounds for the eigenvalues of the projection 
L/ into a subspace @ of a completely continuous positive symmetric operator L in a 
Hilbert space ©. These bounds are the eigenvalues of the projections of L into a 
subspace GO {fu - - , fm} of finite index m. They can be explicitly computed in 
terms of the eigenvalues and eigenvectors of L. The vectors p, are restricted to lie in 
the space GOO, but are otherwise arbitrary. The problem is to determine the best 
(lowest) upper bound which can be obtained for the bth eigenvalue X4 of L’ by an 
appropriate choice of the vectors fi, ps, * + * , Pm, the index k being fixed. It is shown 
that there is always a choice of the vectors p; ao that the upper bound for M is either 
M itself or Aay, the (s-]-1)st eigenvalue of L. It is also shown that this is the best 
upper bound which can be'obtalned whan s vectors pra used: (Received November 
13, 1951.) 


208. Albert Wilansky: On the convergence fields of rotv-finite and 
row-infinite reversible matrices. 


Erdée and Piranian (Proceedings of the American Mathematical Society (1950)) 
displayed a row-infinite regular matrix with no stronger normal matrix. In this paper 
the nonexistence of a reversible such matrix is shown. They also showed a row-finite 
regular matrix with no stronger row-infinite matrix. In this paper it is shown that to 
each row-finite reversible matrix corresponds an equipotent consistent row-infinite 
matrix. It is known (Banach: Théorie des opérations linéaires, p. 50) that the inverse 
transformation to a reversible matrix A is given by a sequence and a matrix. It is 
pointed out here that the sequence vanishes if A is row-finite. A non-reversible matrix 
with a two-sided inverse is shown. (Received November 7, 1951.) 


APPLIED MATHEMATICS 


209. R. A. Clark and Eric Reissner: A problem of finite bending of 
torotdal shells. 

The nonlinear differential equations of finite axi-symmetrical bending of thin shells 
of revolution as given recently [E. Reissner, Proceedings of Symposia in Applied 
Mathematics, vol. 3, 1950, pp. 27-52] are considered for a toroidal shell with circular 
cross section of radius b, with constant wall thickness k and radius a of the center line 
of the torus. It is shown that when 5b/a«&1 and for edge loading in the direction 
of the axis of revolution these differential equations may be reduced, if terms up 
to the second degree are retained, to the following form: f" -+ (u sin x)g -u[O(cos x 
+ sin z) fg cos x]; t" — (a sin x)g= —2 yf cos x. The constant parameter Q is 

to the external load and p= (12(1 —»*))¥b*/ck. A representative set of 

boundary Kb: f(x x/2) - g(Ex/2) =0. When p= O(1) integration is possible 
by developing the solutions in powers of „Q. The range of applicability of the 
. linearized theory is given by the condition uQ«&1. When 47251 a method of asymptotic 
integration is used which extends to the nonlinear range earlier results of the linear 


/ 


1953] ANNUAL MEETING OF THE SOCIETY l 191 


theory [R. A. Clark, Journal of Mathematicsand Physics voL 29 (1950) pp. 146-178]. 
The range of applicability of the linearized theory is now given by the condition 
p'^9«1. (Received November 13, 1951.) 


210. R. J. De Vogelaere: On tke symmetric periodic orbits in the 
cosmic rays problem. 


The movement in the meridian plane following the particle in the cosmic rays 
problem leads to a system of two differential equations of second order, depending on 
a parameter yı which is nonintegrable and symmetric with respect to the z-axis. 
It is shown here how the notion of surface of section can be used to find, for a given 
value of y, all symmetric periodic orbits, proving that this problem is equivalent to 
finding the intersections of some lines £4, Ca, - - - , £4, +++, of a new diagram (x, z), 
with 4 «0. As application, the line £4 was calculated for the case yı «0.97, using inte- 
gtations of Stbrmer and an equivalent number of integrations that were performed 
to complete the line. From thoee calculations and from some properties of the (x, +) 
diagram, new symmetric periodic orbits were found; one of them has only two points 
on the x-axis and two symmetric double points (in which it differs from the oval); 
ten others have on the x-axis, besides the two points where they are perpendicular to 
this axis, one other double point. Conjectures are made on the form of the C; line for 
values of yı different from 0.97. (Received November 8, 1951.) 


211. J. B. Diaz and M. H. Martin: Riemann’s method and the prob- 
lem of Cauchy. II. The wave equation in n dimensions. 


Riemann's tothod fae tha aclution of Cauca peoblam fora linear end order 
partial differential equation L(x) =0, x (x, y), employs the well known Lagrange's 
differential identity in order to obtain a line integral = f { B(x, v)dx —A(w, v)dy] 
vanishing on closed paths whenever s and v are solutions of L(x) =0 and of its adjoint 
equation, respectively. Recently, one of the authors (Bull. Amer. Math. Soc. vol. 57 
(1951) pp. 238-249) modified Riemann's method by using a different line integral 
vanishing on closed paths (whenever w and v are solutions of L(w)«*0 and of an 

*associate" equation M(s) —0, this last equation replacing the adjoint equation in 
Riemann's method) and employing a differential identity other than Lagrange's. 
This modification permitted the extension of Riemann's method to the Cauchy prob- 
lem (data given on £*0) for the equation $,,--Xy, 94-70, the line integral h 
being replaced by a surface integral J, which vanishes on closed surfaces. The authors 
now extend this method to the Cauchy problem (data given on ¢=0) for the wave 
equation Sss ties, t * ^ Heo — 1070, #22, using an integral J, vanishing 
on cloeed x-dimensional surfaces. The present method employs differential identities 
other than Lagrange's and treats simultaneously, » even and s odd. (Received 
October 25, 1951.) 


212. A. D. Fialkow and Irving Gerst: Transfer functions of net- 
works without muiual reactance. I. 


The networks under consideration contain resistance, capacitance, and (self) in- 
ductance, but no mutual inductance. The following conditions are necessary and 
sufficient that a real rational function A (p) given in simplest form by A (p) - XN/D 
eK (pe Hupi «++ ba)/(pm- bpm +++ tba) be the transfer function of a 
passive three terminal network of the above kind: (1) The reros of D are anywhere 
in the left half-plane or on the imginary axis with the origin excluded. (2) At pure 
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imaginary zeros of D, A(p) has a simple pole with pure imaginary residue. (3) The 
zeros of N may not be posltive real but are otherwise arbitrary. (4) m zz». (5) The 
number K satisfies the inequalities O«K <K+ẹ where Ke is the least of the three 
quantities K,, b, /a,, 1 if m= and.of the first two quantities if m s. If Key Ka, then 
K may equal Ke Here Ku is the least positive value of K (if it exists) for which the 
equation D—KN-=0 has a positive multiple root. A synthesis procedure is given 
which depends in part on methods used in an earlier paper on networks containing 
only two kinds of elements. (To appear in Quarterly of Applied Mathematics.) 
(Received November 13, 1951.) 


2131. A. D. Fialkow and Irving Gerst: Transfer functions of net- 
works without mutual reactance. II. 


In the case of a passive four terminal network of the above type, the necessary 
. and sufficient conditions that A(p) be a transfer function are identical with those 
stated in the preceding abetract except that condition (3) is lacking (i.e., the zeroe of 
N are arbitrary) and condition (5) must be modified to read: (5^ The number X 
satisfies the inequalities — K4 «X «X, where X, is the least of the three quantities 
| Ka], | 57a. , 1 if m —», and of the first two quantities if m>». If Keys | Ka] then K 
may actually equal +Ke. Here K, is that real value of K of smallest abeolute value 
(if it exists) for which the equation D — K N —0 has a positive multiple root. An algo- 
rithm for the synthesis of the network corresponding to A(p) is given. (Received 
November 13, 1951.) 


214. F. A. Ficken: Uniqueness theorems for certain parabolic prob- 
lems. 


On the domain D (03231, 038), let the problem P consist of the differential 
equation ww» —x,- N(x, t, €, we), the boundary conditions w—asu,*- me(w) +fo(é) 
(x=0) and s,--ariw,-(x)--fi(/) (x-1), and the data w(x, 0+) —g(x); here the 
constants a, (1*0, 1) are 20, the functions f, are continuous, N and m, have con- 
tinuous derivatives, and N, and N,, are bounded uniformly in #. Let the class S” 
consist of functions &(x, tł) defined on D so that #, H, «,, and «4, are continuous 
for #>0, |u] and |x] are uniformly bounded, and #(x, 0+) =#(x, 0). If # and v solve 
P, set w=p—y, let » be a real constant, and set [(#) =67 *! (aeos -a:m-- f wd). 
An elementary argument, based on showing that {$0 for sufficiently large u, proves 
that P can have at moet one solution in S’ if either a4»0 or (09-0 and) so(«) does 
not decrease with w and either a1» 0 or (a1-0 and) #:ı(#) does not increase with x. 
A second theorem gives similar sufficient conditions for uniqueness of the solution of a 
more special problem in a larger clase of functions. The second theorem applies to a 
nonlinear diffusion problem of some practical interest. (Received November 5, 1951.) 


215. H. E. Goheen: On certain boundary value problems for ordinary 
dafferenisal equations. 


The author uses the method developed in Bull. Amer. Math. Soc. Abstract 57-3- 
215 for the most general linear two-point boundary value problem for the equation 
there discussed. A similar technique is applied to simplify H. Weyl's solution of the 
problem of Blasius in his paper, in Proc. Nat. Acad. Sci. U.S.A., Concerning the dif- 
ferential equations of some boundary layer problems, vol. 27 (1941) pp. arr (Re- 
ceived November 9, 1951.) 
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216. F. B. Hildebrand: On the convergence of numerical solutions of 
the heat-flow equation. 

The problem #æ(x, f) = (x, t), #(0, 4) -x(1, £f) =O, w(x, 0) = f(x) is replaced by 
the problem in which the difference equation [«(x--he, i) — 2u(x, t) J- (x — As, 1) ]/he® 
-[v(z, :--À)—w(x)]/h| is to be satisfied over the net £m ™ mihe /M 
(mm 1,2,-++, M—1), y, 75, (n—0,1,2, - - - ), and where «(0, sk.) —x(1, nk) -0 
(»—1,2, +--+) and &(má,, 0) =f (mha) (m= 1, 2,  --, M—1). If f(x) is continuous in 
(0, 1) except for a finite number of finite jumpe, and is of bounded variation in (0, 1), 
it is proved that the solution of the approximate problem converges to that of the 
exact problem as b, and k, tend to zero for any fixed k,/k,3 «1/2. The convergence is 
uniform over (0 8x21, t&t) for any 440. (Received November 13, 1951.) 


217. H. G. Hopkins: The bending of an elastic plate supported on an 
elastic foundation. 


Hankel transforms are used to solve the general problem of an infinite elastic 
plate, supported on an elastic foundation, and subjected,to an arbitrarily prescribed 
distribution of pressure, the displacements and stresees being rero at infinity. The 
problem is statical; thin isotropic plate theory is used, and it is assumed that at any 
point the foundation exerts a normal stress only, proportional to the local normal 
displacement, on the plate. The solution of the general problem is new; it is special- 
ized to the problem in which there is a uniform pressure distribution over a circular 
area (which includes, as a limiting case, a concentrated load), and simple formulas 
are found for the displacements and stresses of most practical importance. (Received 
November 5, 1951.) 


2181. Edward Kasner and John De Cicco: Potential theory $n space 
of n dimensions. 

Potential theory is extended to a Euclidean space of » dimensions by means of 
the following adoption of Newton's Law of Universal Gravitation. The magnitude of 
the force of attraction between two particles ia directly proportional to the product of 
the masses and inversely proportional to the (s—1)th power of the distance between 
them. For s — 3, this reduces to Newton's well known inverse square law, and for # —2, 
this leads to the theory of the logarithmic potential. The force of attraction F upon a 
particle P exerted by a material Riemannian manifold Vx of N dimensions where 
1aNz», with a continuous density function u, is obtained. The field of force is 
conservative and its potential U is evaluated. As this field is solenoidal, it is found 
that U is a harmonic function. Applications are given to hyperspheres of N dimen- 
sions. When N =y, the well known theorems concerning the force exerted by a homo- 
geneous material spherical surface or volume are extended to s dimensions. However, 
when 1 à N <s, the situation becomes complicated and the discussion involves hyper- 
geometric functions. (Received December 6, 1951.) 


219. E. H. Lee: An unloading wave problem in dynamic plastictty. 


The question of the relation between elastic-plastic theory and plastic-rigid theory 
cannot at present be treated in general. The discussion of specific solutions therefore 
must be used to assess the validity of a plastic-rigid model of an actual material. 
Such a solution is presented and discussed. A uniformly stretching rod is considered 
to fracture at the section x 0, at the time #=0. The stress there is instantaneously 
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reduced from the yield stress to xero. An unloading wave of stress discontinuity 
travels from the section with elastic wave velocity cs causing the cessation of plastic 
flow behind it. It is absorbed at xa, and the subsequent plastic-elastic boundary 
moves with constant velocities through regions of length a, with velocity magnitudes 
Ce/8, &—3, 5, 7,+-+. The corresponding plastic-rigid analysis smooths out this 
polygonal plastic-unloeding boundary into a parabola in the x, ¢ plane through the 
vertices of the polygon. The conditions under which the plastic-rigid analysis pro- 
vides a good approximation to the elastic-plastic solution are discussed in terms 
of strain magnitudes and energy magnitudes. (Received November 9, 1951.) 


220. C. C. Lin: Instabihity of the boundary layer over curved surfaces. 
Preliminary report. 


A study is made of the instability of the boundary layer at the wall of a circular 
pipe produced by the combined effect of an axial flow and the rotation of the pipe 
about its axis. This includes the usual theories for boundary layers over straight 
and curved walls. It is ahown that the combined effect of axial flow and rotation 
produces a new kind of instability not caused by either one separately. The investi- 
gation is carried out for the inviscid case, as this is usually found to be indicative 
for disturbances of the cellular type found in the present analysis. The general dis- 
cussion of the eigenvalue problems is based on oecillation theorems, and some simple | 
examples are given for illustration. (Received November 13, 1951.) 


221. G. G. O'Brien: Theorems on stabslity and convergence in numer- 
ical solutions of partial differential equations. 

The use of numerical methods in the solution of partial differential equations has 
increased noticeably during and since world war II. The undertaking of such solutions 
has become feasible due to the availability of modern, high-speed, electronic comput- 
ing machines. However, there is a great need for developing the mathematical theory 
related to these numerical solutions, In this paper a study is made relative to stability 
and convergence of the one-dimensional heat flow problem with given boundary 
conditions. In one section the initial temperature is taken to be constant everywhere 
except at the end points, where there is a discontinuity. In another section the initial 
conditions are more general. In both cases it is shown that if a suitable difference 
equation with satisfactory auxiliary conditions is used to approximate the differential 
equation with its auxiliary conditions, that choosing the ratio within a certain range 
of values was sufficient to insure convergence of the difference solution to that of the 
differential equation. On the other hand an unstable choice of the ratio would lead 
to & lack of convergence of the difference solution to that of the differential equation 
for that particular solution. (Received October 26, 1951.) 


2221. L. E. Payne and Alexander Weinstein: Capacity, viriual mass 
and generalised symmeirisation, 

Let B be a body of revolution in s-dimenaional space. Its capacity C(s], virtual 
mass M(x], and volume V{#} are defined as generalizations of the classical defi- 
nitions of C{3}, 4 {3}, and V{3}. Let xy be the meridian plane of B, x being the 
axis of symmetry. A line z constant, y z0, cuts the boundary of the meridian section 
of B in m points yi(x) 29&(3) > --- 23«(x) 20. Consider y,(z) defined by f(x) 
= DT, iG) q»0. The meridian section of a new body B, bounded by the 
curve 9,(x), is said to be obtained by a generalized symmetrization Se The following 
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results are obtained. (1) Mx] rv») ata — 1) 18/241) C(w-F2]. (2) Cl} 
decreases under S, a, Sao: ++, Si. (3) M{n#} decreases under S, i, Se, and Sey. 
“hese ceci cereis the (Gliowing Leanne extabluhet te sc RI Od C{n]} 
and Mx] decrease under Sa. (See G. Pólya and G. Szego, Isoperimeiric inequalities 
in matkemahcal physics, Princeton University Press, 1951. P. R. Garabedian and 
D. C.'Spencer, Extremal methods in cavitakional flows, Report No. 3, Office of Naval 
Research, 1951.) (Received November 26, 1951.) 


223. W. H. Pell: Limit design of plates: The upper bound for the 
safeiy factor. 


Following methods initiated by W. Prager and the author (Lésnii design of plates, 
forthcoming in the Proceedings of the First National Congress of Applied Mechanics, 
Chicago, Ill, June 11-16, 1951), limit design of a thin plate, simply supported, under 
uniform transverse pressure, made of perfectly plastic material obeying the Prandtl- 
Reuss strese-strain law, is discussed. Methods for determining upper and lower bounds 
of the safety factor are given. The upper bound is given in terms of a kinematically 
admissible rate of ‘deflection w= m(x, xa). If (x1, zs) is smooth, the internal rate of 
energy dissipation, E, is represented by a double integral impossible of evaluation, in 
general. If discontinuities in dw/éx: and 8te/8x, are allowed along curves, E is modi- 
fied by the adjunction of line integrals along the curves of discontinuity. If w is ` poly- 
hedral, and convex on the side opposite that of loading, then E == S'o (ðw/ðn)ds, 
where (C) is the curve bounding the plate, and » the external normal thereto. Con- 
trary to expectation, it is not possible to calculate E for a smooth w surface as the 
limit of E for a polyhedral approximation to w when the approximating surface 
tends to the smooth surface as a limit. (Received November 13, 1951.) 


224. Eric Reissner: A problem of finite bending of circular ring plates. 


Differential equations obtained recently (E. Reisener, Proceedings of Sympoeia in 
Applied Mathematics, vol. 1, 1949, pp. 213-219) are applied to the problem of finite 
beniling by transverse edge forces of circular ring plates. If b is the width of the 
plate and a the radius of the inner edge, then within the range of applicability of 
linearized theory this plate problem can be treated by beam theory for sufficiently 
small values of b/a. It is shown here that this is no longer the case in the nonlinear 
range. The problem is governed by two parameters $4 and js where œs is the average 
slope of the deflected plate according to linear theory and p= (12(1 —»1)) 353/83 where 
7 is Poiseon's ratio and k is the thickness of the plate. The condition for beam theory 
to be applicable is found to be uó«&1. When ¢o=O(1), nonlinear plate theory must 
be used. When upi, a boundary layer phenomenon is found. The boundary layer 
equations are f” = —1-+fg, g= —271f with the boundary conditions f(0) =£(0) =0, 
P(o)-£'(») =0. (Received November 9, 1951.) 


225t. James Sanders: Some axtally-symmetric problems in hydro- 
dynamics and the theory of elasticity. 


A number of general methods of constructing solutions of (1) AcAed =0 are given 
(Aut = tee Ey, -+ (#/¥)y). The case = —1 occurs in the theory of the slow axially- 
symmetric flow of a viscous fluid while the case »=1 occurs in the theory of the 
axially-symmetric deformation of an elastic body. It is first shown that if Ago =0, 
then AsisAeisom0. Next, if A4AQ(9) 70, then Asistaia((1/y)¢y) —0. Finally, if 
A.(4)=0, Aa(B) = 0, then (2) ¢=z4+B is a solution of (1). In fact, every solution ' 

Z 
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of (1) in a simply-connected domain is of the form (2). This last fact leads to a method 
of “correspondence” for solving boundary-value problems connected with (1), similar 
to the correspondence method proposed by Bers and Gelbart (Quarterly of Applied 
Mathematics vol. 1 (1943) no.'2) for solving equations of the second order. If a 
boundary-value problem has been solved for the biharmonic equation AAw™0, then 
a slightly different boundary-value problem can be solved for equation (1) by this 
method. (Received November 13, 1951.) 


2261. Seymour Sherman: Stabilsty of flow in a bipropellant rocket 
motor. 


In a recent paper by Gunder and Friant, Stability of flow in a rocket motor, Journal 
of Applied Mechanics vol. 17 (1950) pp. 327-333, a mathematical model is proposed 
for examining the stability of flow in a bipropellant rocket motor. The stability com- 
putations following from this model involve constructing a Cauchy-Nyquist diagram. 
The ideas of Ansoff and Krumhanal, A general stability criterion for linear oscillaieng 
systems with constant time lag, Quarterly of Applied Mathematics vol. 6 (1948) pp. 
337-341, heretofore applied to other stability phenomena involving time lag, are ex- 
tended so as to simplify the Gunder-Friant calculations. In particular, one can avoid 
the construction of a Cauchy-Nyquist diagram. (Received November 6, 1951.) 


- 227. Domina E. Spencer: TEM wates metric coefficients, and the 
scalar quast-poteniial. 

À rigorous proof is given that a TEM-wave is poesible for any waveguide consist- 
ing of a pair of metal cylindera which conform to coordinate surfaces #!= const. of 
any cylindrical coordinate system. The E-vector is always in the w!-direction and its 
magnitude is simply Ei» (Fi(w!) /(qu)U3)ev*e-9 "5, The H-vector is always in the 
x*-direction and its magnitude is Hy E;(«/«)!*. It is rigorously shown that, while 
a ecalar potential cannot be used to describe the electric field in a TEM-wave, a scalar 
quasi-potential can always be introduced such that B= —(1/[(w!, w*, s?, i))Vẹ*. 
This contribution gives a comprehensive view of TEM waves and the various wave- 
guides that may be used. (Received November 5, 1951.) 


GEOMETRY 
228i. D. O. Ellis: On metric representations of groups. 


Any finite or countable group is (isomorphic to) a group of motions on the metric 
Baire space formed on the elements of the group. (Received November 5, 1951.) 


229. Arrigo Finzi: On Liouvilie's theorem concerning conformal trans- 
formaisons. 


According to Liouville's theorem a conformal transformation of the s-dimensional 
space (#23) transforms spheres into spheres. The usual demonstration requires 
the existence of the derivatives of the first three orders; on the other hand the defini- 
tion of the conformal transformations requires only the existence of the first deriva- 
tives. Is it poesible to demonstrate the theorem under these more general conditions? 
Basically, it should be necessary to demonstrate, for this purpoee, that a transforma- 
tion which transforms infinitesimal spheres into infiniteaimal spheres and leaves in- 
finitesimal angles invariant transforms every sphere into a sphere. The following 
proposition (which here is given for #3) could perhaps lead to a demonstration of 
the theorem. Let us consider a system of six spheres. Let us suppose each of the six 
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spheres to be externally tangent to four of the others and all the six spheres to be 
externally tangent to & seventh sphere. Then the six spheres are internally tangent 
to an eighth sphere. Note that the proposition given above can be generalised to 
every 522. There is no corresponding proposition for » «2. (Received November 
13, 1951.) 


230. J. W. Gaddum: Metric methods in differential geometry. 


Let A be an arc (homeomorph of a segment) in euclidean three-dimensional space. 
Define K (pi, px, b») = [—D (u bs, H1) 9/(Pida tabs Pips), and, if no triple of py, Pu fs, 
pris linear, define T(r, fy Pa, Pd) m1841) Du du b» Pd) |Y? [DOn bu P) D Pr, Pu, Pa) 
-D(ti, pr, POD(b fu p), where D is the Cayley determinant of the points 
f+ ++, Pa For a point p of A, let K(p) mlim,,, K (fi, Py fa) and T(p)=lim,.., 
T(fi, fs, f», £4), if these limits exist. These are the metric curvature (Menger) and 
the metric torsion (Blumenthal). If both are different from zero, A is called bi-regular. 
Using a theorem of Pauc it is shown that A is rectifiable. A metric proof is given of the 
first fundamental theorem of curve theory, stated as follows: If the points of two 
bi-regular arcs of E can be put into a one-to-one correspondence in such a way that 
arc length, curvature, and torsion are preserved, then the arcs are congruent. Using 
a result in the Missouri dissertation of J. W. Sawyer it is proved that a bi-regular arc 
possesses a moving trihedral at each point and that the Frenet-Serret formulas hold. 
(Received November 13, 1951.) 


2314. P. C. Hammer: Associated convex bodies. 


This paper gives an extension to x dimensions of some results previously obtained 
by the author for the plane. Let C be a clósed bounded convex body. Let Ci(r) be 
the convex body obtained from C by a similarity with ratio r>0 and center point b 
on the boundary of C. Define associated bodies C(r) as the intersection of all G(r) 
for ri31 and C(r) as the union of all G(r) for r>1. Then the family of nonvacuous 
C(r) are convex sets the boundaries of which simply cover the space. Furthermore, 
for r «1, C(r) is the set of points dividing chords of C in a maximum ratio at moet r. 
For r>1, C(r) is the minimal convex body such that points of C divide chords in 
a maximum ratio no greater than r/(2r —1). For the ratio in which a point divides a 
chord through it take the ratio of the larger or equal part to the whole chord. For 
r41 let B — C(r). Then if the convex body B(r/(2r —1)) —- C and C(r) is the smallest 
body for which this is true, C is said to be reducible to C(r). For every convex 
body C without a center point there exists a unique body C(r.), r. 31, to which C is 
reducible. In à sense this body may be considered the "center" of C. (Recelved 
October 31, 1951.) 


232. P. C. Hammer and Andrew Sobczyk: Symmeirisation of con- 
vex regions. 

For a convex region C in s»-dimensional linear space Ea, a convex region C is de- 
fined as the limiting region, as r— «, of the similar regions with ratio 1/r to the 
exterior associated regions with respect to an #—k dimensional linear subspace 
Eu» C(Es a). (See anóther abstract entitled, Convex regions associated su subspaces.) 
Sections of the region C in flats x, , parallel to E, are symmetric; the-region C ob- : 
tained by translating each +,4 to center the symmetric section of C in a comple- 
mentary subspace E, to E, is also convex (and symmetric in sections parallel to 
Ena). In the case &=0, C(E, 4) is the region obtained by centering translated 
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diameters of C on a single point. This region is called the symemetroid of C. In case 
* 2, the has the same circumference as C. The process of constructing 
the region C with respect to E, 4 and Fa is a generalization of Stelner's symmetrixza- 
tion, with which it coincides when k= (x —1). (Received November 9, 1951.) 


2331, Andrew Sobczyk and P. C. Hammer: Adjoint symmeirisaion 
of convex regions. 


If H(x) is the support function for a convex region C in a linear space L (Bonnesen- 
Fenchel, Theorie der kowvexen Kérper, pp. 23-25), the adjoint region C* in the con- 
jugate space L* is the set of # for which H(x) $1. It is shown that the region D* in 
L* defined by K(x) 31, where K(u) = [H(u) 4-H(—w) ]/2, is the adjoint region of a 
symmetric region D, obtained from C by centering the midpoints of any subfamily of 
diameters of C which has the property that the extended diameters simply cover the 
exterior of C. In particular, if C is a constant diameter region, D* and D are spheres. 
Various methods of symmetrization are introduced, for example that corresponding to 
J(x)-sup [H(x), H(—«)], and their adjoint methods are determined. (Received 
October 31, 1951.) i : 


234. ‘Andrew Sobczyk and P. C. Hammer: Convex regions associated 
in subspaces. b 

The union Cx of the translates of a convex set C according to a convex aet K, 
and the set of positions p-+s of a point p fixed in an arbitrary set D, when all trans- 
lations D+s with (D--z) C C are allowed, are convex sets. In particular, the interior 
and exterior aseociated regions of Hammer (Proceedings of the American Mathe- 
matical Society (1951)) are similar respectively to the intersection and to the union 
of the same set of translates. For a convex region C in »-dimensional linear space Ea, 
interior and exterior associated regions with respect to any (s —b)-dimensional linear 
subspace E,., are, similarly defined in terms of sections and translates; it is shown 
that the exterior region is always convex, and by examples that for k>0 the interior 
region need not be convex. Let x, denote a flat parallel to Ry» Then any function 
y” =t(x’), defined on the projection P(C) parallel to E, 4 o£ C onto, with range 
in E, 1, defines a set of translations of the sections Cv, 4; it is shown that the set T 
of t for which the correspondingly sliced and reassembled region is convex is a convex 
set in the linear space of continuous functions on P(C) to Ew» (Received November 9, 
1951.) 


LOGIC AND FOUNDATIONS 


235. S. C. Kleene: Fintte axtomatisability in the predicate calculus 
using addstsonal predicate symbols. : 

Let the formulas constructible in the logical symbolism of the (first order) predi- 
cate calculus with a finite list Py, - - - , P, of predicate symbols be called P-formudas. 
Let a class C of P-formulas be called fisitely axtomaHachle im the predicate calculus 
using additional predicate symbols, if there is a formal system S, having as its formulas 
those constructible in the symbolism of the predicate calculus using besides Pi, * ++, 
P, a finite list QŒ, - * - , Q of additional predicate symbols, and as its postulates 
thoee of the predicate calculus and a finite class of non-logical axioms, such that in Sa 
P-formula is provable if and only if it belongs to C. Sufficient (and obviously neces- 
sary) conditions for this are that (1) C be recursively enumerable and (2) C be closed 
under deduction in the predicate calculus. The result holds for both the classical and 
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the intuitionistic versions of the predicate calculus; and also when instead of predicate 
symbols only also individual and function symbols (finitely many) are allowed in 
the construction of P-formulas. (Received November 9, 1951.) 


2364. H. G. Rice: Classes of recursively enumerable sets and ther 
decision problems. 


Tia partial recnimive functions off one vatlabla- dus be generated in aayviemade 
manner which recursively enumerates them. The set enumerated by a partial recur- 
sive function f(x) is defined as the set {f(0), (1), * - - ] up to the least argument, 
if any, for which f(x) is not defined. Classes whose members are recursively enumer- 
able sets of non-negative integers are considered, and the decision problem for them 
is shown to be negative, in the following sense. For a class A, we let 04 be the set of 
all partial recursive functions enumerating sets of A. Then no such 64 is a recursive 
set. There are classes for which 6,4 is recursively enumerable, and a (possibly exhaus- 
tive) method for generating them is displayed. Among the methods used in reaching 
the main result are diagonal constructions and transformations by recursive func- 
tions of the partial recursive functions into themselves such that every class has a 
unique transform. (Received November 9, 1951.) 


237. H. G. Rice: Recursively enumerable and recursive orders. Pre- 
liminary report. 


We consider sequences (without repetitions) of non-negative integers. Equivalence 
Classes are defined by the following relation: two sequences are equivalent if the same 
permutation of their terms arranges each in order of size. A sequence containing all ' 
non-negative integers is distinguished as the principal sequence of its class. We call 
an order (an equivalence class) recursively enumerable (r.e.) if at least one of its se- 
quences is produced by a recursive function, recursive if its principal sequence is so 
produced. (The algebra of infinite sets permits an analogous development.) With 
iteration of permutations as the operation, the group of permutations on the non- 
negative integers is obtained. The recursive orders form a subgroup. The inverse of 
ar.e. but not recursive order is not r.e. A recursive set cannot be recursively enu- 
merated in a r.e. but not recursive order. All the recursive enumerations of a r.e. set 
are obtained by applying all recursive permutations to a given recursive enumera- 
tion. Among the problems mentioned is whether or not the class of r.e. but not re- 
cursive orders forms a single left coset of the subgroup of recursive orders. This, if 
true, implies that there is only one degree of undecidability relative to general re- 
ducibility (Post, Bull. Amer. Math. Soc. vol. 50 (1944) p. 311). (Received November 
9, 1951.) 


STATISTICS AND PROBABILITY 
238. K. L. Chung: Contributions to the theory of Markov chains. 


Ina denumerable Markov chain with stationary transition probabilities the prob-* 
ability, starting from 4, of hitting j before k is studied. In a positive class the mean 
first passage times (mfpt), starting from 4, to the “union” and the “intersection” of j 
and & are defined. Relations between these quantities and the aforesaid probabilities 
are obtained. In particular Doblin’s ratio ergodic thearem and central limit theorem 
are made more precise and recent interesting results due to T. E. Harris (unpublished) 
are proved. For the mfpt’s extended to a finite number of states a Poincaré-like 
formula is obtained. Another simple result expresses the mfpt’s directly in terms of 
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the transition probabilities as follows: 7 (P$ —Pa)*(*a-—mu)/ma. (Re- 
ceived October 24, 1951.) 


2239. Jim Douglas: Two equivalence methods for sequences of random 
variables. 

Two methods of generalizing Khintchine equivalence for sequences of random 
variables are given. Let [xi] and {y} be sequences of independent random vari- 
ables, and let {Fi(é)} and (G4(/)] be the corresponding sequences of distribution 
functions. Let &=Lu.b. | Fa) — GH]. If 27, , & « © and {x} satisfies a sufi- 
cient condition of Brunk (Duke Math. J. vol. 15 (1948) pp. 181-195) for the strong 
law of large numbers, {yı} satisfies the strong law. Applications are made for inde- 
pendent variables to the convergence of series, the central limit law, and the gen- 
eralized law of the iterated logarithm. The second method utilizes a quasi-metric of 
Kakutani (Ann. of Math. vol. 49 (1948) pp. 215-224). Let m and u be the measures 
generated on an infinite product space of real lines by (dependent) {xs} and {ys}, 
respectively. Let «(9 and »™ be the measures generated by (xeu, tay, c^ ] and 
fons, tere -© }. If lim sup p(s, 409) 1, » and u are equal on the class of all 
measurable sets which are (s-++1, »-4-2, - - - )-cylinder sets for every x». Hence, the 
sequences of random variables obey or disobey together the strong law of large 
numbers, etc. Brunk (Proceedings of the American Mathematical Society vol. 1 (1950) 
pp. 409-414) previously considered the second method. The two methods are inde- 
pendent, (Received November 5, 1951.) 


240. W. M. Hirsch: On the maximum cumulative sum of independent 
random variables. Preliminary report. 


Let Xi, Xy,- ++ be a sequence of independent random variables with mean 0. 
Put S,m Xi-EXs- ++ - +Xa, S - mang, ss, and St=maxigsgs | 5]. In 1944 W. 
Feller called attention to the desirability of studying the random variables 5, and 
St. Since then counterparts of the Berry-Esseen theorem and of Feller's generalized 
law of the iterated logarithm have been obtained by K. L. Chung for S$. Theorems 
like these referring to 5, are considered here. The results are as follows: If a, is an 

, arbitrary sequence of positive numbers, and T, -max (|X,|*|13; x] /min (X?|1 
Sjn} satisfies a mild regularity condition, then P(S. «a.s.] wm (2/x) 12 fene hdi 
+0(s,"), where st - var (Sx) and @>0 depends on the order of magnitude of Ta. A 
similar result referring to the “truncated” probability, P{5.<aste; Sa>—sa}, in 
also obtained. With the aid of these estimates it is shown that if (£) 1 © is arbitrary, 
then the ility, P{S.<s./¥(s2) i.o.], is equal to zero or one according as the 
series 2 ,, , [¥(2*) |" is convergent or divergent. (Received November 5, 1951.) 


241. Eugene Lukacs: Am essential property of the Fourier trans- 
forms of dtsirtbutton functions. 


Three important theorems are valid for Fourier transforms of distribution func- 
tions, the uniquenese theorem, the convolution theorem, and the continuity theorem. 
These theorems make Fourier transforms an important tool in the theory of prob- 
ability. The question is investigated whether any other integral transforms applicable 
to distribution functions have these properties. It is shown that the uniqueness 
theorem and the convolution theorem—without using the continuity theorem—de- 
termine the kernel. The kernel is given by K(s, t) -e*409 where A(s) is a real-valued 
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function which assumes all values of a set which is dense between — o and +œ. 
(Received October 1, 1951.) 


242. Herechel Weil: On a combination of correlated random variables. 


The probability density p(r) of r = (<*-+-y")/1 is obtained when x and y are random 
variables satisfying a general two-dimensional Gaussian distribution. The result is 
given in the form of a constant times r exp (—ar") f(r, uu) where f is a series of products 
of Bessel functions whose arguments are functions of r and the moments m; of the 
distribution of x and y and a is a function of the moments. For the special case of 
zero means, ue" ua 0, and for the case of a common variance ue= us combined 
with a zero correlation uis 0, the series f reduces to a Bessel function of zero order. 
The latter special case has been worked out previously and applied to various physical 
problems such as the study of noise and signal in a linear detector and to the problem 
of random aiming errors, although the restrictions on the moments are not always 
valid in these applications. Except in the special cases, the integrals involved in ob- 
taining the moments of p(r) by direct integration of r*p(r) seem prohibitively difficult, 
but the even order moments may be obtained by direct differentiation of the gen- 
erating function for the probability distribution of r* which is obtainable in closed 
form. (Received November 19, 1951.) 


TOPOLOGY 


243. R. D. Anderson: Continuous collections of continuous curves 
tn the plane. Preliminary report. 


Let G denote a continuous collection of mutually exclusive compact continuous 
curves in the plane. If the elements of G are all nondegenerate and G* is compact 
and connected, then G with respect to its elements as points is a hereditary continu- 
ous curve such that the closure of the set of emanation points of G is totally discon- 
nected in G. If J is such a hereditary continuous curve which is also a subset of the 
plane, then there exists a collection G all of whose elements are arcs such that G is 
homeomorphic to J. If a collection G fills up the plane, then either all of the elements 
of G are degenerate or at most one element of G is degenerate and in the latter case 
G is a ray. If a collection G all of whose elements are nondegenerate fills up a 2-cell, 
then G is an arc. (Received November 13, 1951.) 


2444. B. J. Ball: Concerning continuous and equicontinuous collec- 
tions of arcs. 


It is proved that if G is a continuous and equicontinuous collection of mutually 
exclusive arcs in the plane and G*, the sum of the arcs of G, is closed and compact, 
then there exists a reversibly continuous transformation of the plane into itself which 
carries every arc of G into a straight line interval. Furthermore, if G* is connected, it 
is either a simple closed curve plus its interlor or the sum of two mutually exclusive 
simple closed curves and the connected domain bounded by them. (Received Decem- 
ber 10, 1951.) 


245. A. F. Bartholomay: On type-invariance and h-reiraction. I. 

A transitive (Borsuk) class Rk of mappings is introduced; viz., continuous map- 
pings on a separable, metric space which have right homotopic inverses. A stratifica- 
tion of type-invariance called RA-type-invariance is then obtained. In an attempt to 
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relate this notion to retraction theory, the author defines “k-retraction”: Given a map- 
ping p:A_)B, where BCA (separable, metric space) and p| Bevidentity of B, then B 
is called an “h-retract” of A and p is an “k-retraction.” The following theorem (and 
its converse) is established: If B is komotopically equivalent to an h-retraci of A, there 
exists an rh-continuous mapping of A onto B. Corollary: Type-tavariance of h-retracts 
CRittype-invariance. The following definitions are then introduced: (1) Spaces A, B 
will be called “Rk-equivalent” if and only if RA (A) — 9th (B), where Rk (A) is the 
class of all spaces obtained as ranges of all elements of t using A as domain. (2) Sets 
for which %th-equivalence is identical with homotopic equivalence are called “Rb 
determinable.” The relation of this latter notion to Borsuk's notion of *8t-determin- 
ability” is then discussed. A study of &&k-determinability of spaces is planned for the 
next pert. (Received November 7, 1951.) 


, 246. W. R. Baum: Characterisation of a factor-group of the n-dimen- 
stonal homology group. 


H. Hopf has shown that the w-dimensional homology group JC*(K) of a con- 
nected complex X contains a subgroup P*(K) of homology clasees represented by the. 
n-cyclea which are (simplicial) images of s-dimensional *handle-manifolds" and that 
the factor-group JC*(K)/ P*(K) is isomorphic to the factor-group of two subgroups of 
of the Hurewicz homotopy group v4.4 (K*71) of the (w —1)-akeleton K*7 of K. (Cf. H. 
Hopf, Comment. Math. Helv. vol. 17 (1945) pp. 307-326.) The group JC*(K)/ PK) 
can, on the other hand, be characterized by the group gr (K) of the reduced (u —1)- 
dimensional nulispherods which are nullhomotopic in K in the ordinary sense of 
homotopy: JC*(K)/ PHK) aüz (K). The group Qp '(K) is a subgroup of the group 
Q*(K) of the reduced (»—1)-nullspherods. (Cf. Bull. Amer. Math. Soc. Ab- 
stract 57-3-200.) This fact and an earlier result about Q*"(K) (contained in the 
mentioned abstract) allow furthermore an interpretation of the Hopfian group A*"1(K) 
(cf. H. Hopf, loc. cit.) by such reduced (» — 1)-nullspherods which can not be deformed 
on K into a point in the sense of ordinary homotopy; one shows that: A*"!(K) 
ox 0*7 (K)/07 (K). (Received November 13, 1951.) 


247. A. L. Blakers: Obstruction theorems for pairs. 


- Let A= (4r, 34), B= (Er, $5], C= (C*, &c] be Mayer cochain complexes. (See 
J. L. Kelley and Everett Pitcher, Ann. of Math. vol. 48 (1947) p. 686.) Assume given 
cochain transformations «:A-+C, 8:B—C. We define a new cochain complex K 
-[X*, dx} as follows: Kr» ((a*, &)1aar- 85], and drla", b) = (4a', Snir). We 
readily verify that 3g(K"). K, and that drôr &0. Some special cases are considered 
and some relations shown between the cohomology groups of K and those of 4, B, and 
C. In particularly, consider the following extension problem: (L; Le M) is a simplicial 
triad; Le/ AM = Mo. Assume that we are given a mapping f: (Le My)—(X, A), where 
X and A are arcwise connected. Consider the problem of extending the mapping f 
to à map f':(L, M)->(X, A). If Are (T (M, Me v4(4)), B'- CL, Ds, v 3(X), 

Cre (9 (M, Ma x. 1(X)) and a, B are the cochain transformations induced by the 
natural homomorphism of x;1(4)—x:.1(X), and the inclusion mapping (M, Mi) 
—(L, Le) respectively, then it is shown that the obstructions to the extension of f 
lie in the groups Z*(K) as defined above, and that the usual obstruction theorems 
hold. Similar constructions may be defined to take care of obstruction problems for 
more complex systems. (Received November 6, 1951.) 


248i. Raoul Bott: A note on Whitney's dualsty theorem. 
The join operation between sphere bundles B and B’, originally introduced by 
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Whitney and modified by Wu, is extended to apply to general bundles, yielding a 
bundle BAB’ over the product of the respective base spaces. The basic lemma of the 
“paper shows that the bundle space and projection of BAB’ can be defined in the 
large in terms of the mapping cylinders of the projections of B and B’. It then follows 
practically from the definition of the objects involved that the homotopy clasees of 
partial croes sections in B and B' are paired to the homotopy classes of partial cross 
sections in BAB’, and that the induced pairing of obstructions to extending these 
croes sections is the cross product pairing of cohomology classes under a natural 
pairing of the local coefficient groupe. This result, which generalizes the first formula 
of Whitney's duality theorem, is then shown to imply the whole duality theorem 
(which applies only to sphere bundles) by two different methods. One of these con- 
sists of the observation that the Whitney theorem-now is a rewriting of the Cartan 
expansion of the Steenrod squares of cross products, due to the recent results of 
Thom and Wu. (Received November 13, 1951.) 


249. Raoul Bott: Periodic tnvolutions and the Steenrod squares. I. 


In this paper it is shown by a refinement of the P. A. Smith and M. Richardson 
theory of “periodic involutions" and "symmetric product" that: (1) Every periodic 
' involution #:X-+K of a finite complex K onto itself, which is of prime period p and 
satisfies a certain axiom of “separation,” induces dimension raising homomorphisms 
97: H'(L) —H***(L) in the cohomology groupe mod p of L, where L is the fixed point 
set of t (2) A an class of involutions, which includes the cyclic permutations Tip) 
of KO - KX EX - » XE (P terms), satisfies the axiom of separation. In a subsequent 
paper tlie gay will be idaufined us the “reduced Ath powers” of Steenrod. (Received 
November 13, 1951.) 


2501. F. E. Browder: Local homeomorphisms and covering mappings. 


Let f be a local homeomorphism of the topological space X into the connected 
space Y. Suppose that one of the following three conditions holds: (a) Y is locally 
connected and has a denumerable basis of neighborhoods at each point: (b) Y is 
locally connected, X is paracompact; (c) Y is locally pathwise connected and semi- 
locally simply connected. Then f is a covering mapping of X onto Y if and only if for 
each point of Y there exists a neighborhood V such that f is a closed mapping of 
each component of f-1(V) into V. In particular if f is a cloeed mapping, then f is a 
covering mapping and, if (a) holds, a finite covering mapping. (Received November 
13, 1951.) 


251t. Bailey Brown: On tmbedding tn product spaces. 


All speces considered are topological. A space R is homeomorphic to a subspace 
of the product of a family of spaces Ra indexed by a set H if and only if there exists 
a family of mape fa: R—R. such that (1) the collection (f, (Ua); Us open in Ri, 
EH} is a subbase for the open sets of R, and (2) if aysb in R, then fi(a) s4fa(b) for 
some k. This is used to characterize to within homeomorphiam: trivial spaces as sub- 
spaces of products of two-element trivial spaces, T espaces as subspaces of products 
of two-element Sierpinski spaces, zero-dimensional spaces (T with a subbese of open 
and closed sets) as subspaces of products of two-element discrete spaces. Moreover, 
every space R can be topologically imbedded in the product of its quotient Trspace 
and the trivial space whose elements are the elements of R. It follows that every 
space can be topologically imbedded in a product of two-element spaces which have 
the trivial or the Sierpinski topology. (Received November 5, 1951.) : 


t 
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2521. M. L. Curtis: Deformasion-free continua. 


Let M be a continuum separating S*, and let A be a domain of S*— M. M is said 
to be deformation free into 4 if there exists a deformation k: MxI—4À such that A(x, i) 
CA for 170. It is known that in this case there is only one other domain B of 5* — M, 
both 4 and B are ulc* (rationals) and M is an (» —1)-gcm. This same result is ob- 
tained in this paper when M is imbedded in an LC™! s-gcm S with $1(S) =0. Vari- 
ous consequences of M being deformation free into A are obtained (M now in S"). 
For example, 4 must be an ANR (although M need not be). If & is monotone open 
then A must be ULC!, and if & is light open then A must be almost ULC! in a certain 
sense. Necessary and sufficient conditions that A be ULC* are given in terms of 
deformation-free maps. Examples of a 3-gcm which is not 1-Ic over the integers 
and an LC? 3-gcm which is not a manifold are given. This paper contains the results 
on homotopy-regular convergence reported on previously (Bull. Amer. Math. Soc. 
Abstract 57-1-49). (Received November 13, 1951.) 


253t. Mary-Elizabeth Hamstrom: Concerning continuous collec- 
tions of continuous curves. 


Let G be a continuous collection of mutually exclusive continuous curves filling up 
a compact metric continuum M such that G is an arc with respect to its elements. It 
is shown that if G has a nondegenerate element, then M is not irreducible. This is 
an extension of a result of E. E. Moise (A theorem on monotone inisrior transforma- 
tions, Bull. Amer. Math. Soc. vol: 55 (1949) pp. 810-811). It is also shown that under 
the same conditions, if M is a subset of the plane it is a domain plus its boundary 
and if furthermore M is a continuous curve, then it is a simple closed curve plus its 
interior. (Received December 18, 1951.) 


2541. S. T. Hu. Cohomology relations in principal fiber spaces. 


If X is a compact metrizable principal fiber space over B with projection p: X—B 
and a compact zero-dimensional structural group G, then the homomorphism p*: H(B) 
—H(X) of the Cech cohomology rings with real coefficients induced by the projec- 
tion p:X-+B maps H(B) isomorphically onto the invariant subring Hs(X) of H(X). 
Hence, up to an isomorphism, H(B) is completely determined by H(X) and the opera- 
tions of G on H(X). It follows also that E (B) is isomorphic with H(X) if and only if G 
operates trivially on H(X). If, for a given integer »20, the dimension of the Cech 
cohomology group H*(X) with real coefficients is finite, then G operates on the real 
vector space H*(X) by means of a natural linear representation. For each £C-G, 
let x*(g) denote the character of the linear transformation determined by g in this 
linear representation. Then the dimension ~*(B) of the Cech cohomology group 
H*(B) is also finite and is given by the formula f^(B) = fox" (g)dg. Since every prin- 
cipal fiber bundle is a principal fiber space in the sense of Bourbaki, the foregoing 
formula generalizes a similar formula of Beno Eckmann on regular covering poly- 
hedra. (Received November 2, 1951.) 


255t. V. L. Klee: Convex bodies and periodic homeomorphisms in 
Hilbert space. 

This paper contains work described in two earlier abstracts (Bull. Amer. Math. 
Soc. Abstract 564-339 and A proof that Hulbert space is homeomorphic with tts sohd 
sphere, Proceedings of the International Congress of Mathematicians, Cambridge, 
1950), and also establishes some previously unannounced results concerning periodic 
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homeomorphiams of Hilbert space H. Suppose s 22. Then: (1) If X 4s a finite polytope 
in H, H admits a homeomorphism of period n with fixed-point sei X; (2) If Y is arela- 
tively open subset of X, H admits a komoomorphism of period n whose set of fixed points ts 
homeomorphic with Y; (3) For each d 0, H admits a homeomorphism of period n whose 
fixed-point set is { {| [xl aa]. Also included is an extension to H of the *nearest-point" 
characterization of comvex sets (Jessen, Matematiak Tiddskrift (1940) pp. 66-70) 

and an extension to more general spaces of Keller’s results (Math. Ann. vol. 105 
(1931) pp. 748—758) on compact convex subsets of H. (Received November 13, 1951.) 


2564. V. L. Klee: Invariant metrics in groups (solution of a problem 
of Banach). 


By use of Sierpinski’s theorem [Fund. Math. vol. 11 (1928) pp. 203-205] that a 
topologically complete metric space is an absolute G; set (relative to metric spaces), 
the following is proved: If G ts a group with iwo-sidod suvariant metric p such that the 
space (G, p) ts topologically complete, then G ts complete under p. In conjunction with 
the theorem of Kakutani [Proc. Imp. Acad. Japan vol. 12 (1936) pp. 82-84] and G. 
Birkhoff [Compositio Math. vol. 3 (1936) pp. 427-430] on the existence of Invariant 
metrics, this result guarantees a complete invariant metric (compatible with the 
topology) for every first countable abelian Hausdorff group which is topologically 
complete. As applied to linear metric spaces, this answers affirmatively a question of 
Banach [TMoris des opérations linéaires, p. 232]. Also included is a characterization 
of those groups with associated topology which admit a left-invariant metric, and of 
thoee which admit a two-sided invariant metric, thus sharpening slightly the result 
of Kakutani and Birkhoff. (Received November 13, 1951.) 


257t. E. E. Moise: Affine structures in 3-mansfolds. III. Tubular 
neighborhoods of linear graphs. 


Let L be a polyhedral linear graph in Euclidean 3-epace E? with vertices o and 
edges «. Let T be a sum of closed spheres U, with centers at v and closed solid cylinders 
C, with axes e. T is a tubular neighborhood of L if, v and s being the end points’ 
of e, C, — (Up XJ Uw) is connected and intersects no U, or Cy, & ydo. If K, K'C E? are 
homeomorphic, then D(X, K^) is the greatest lower bound of the numbers «for which 
there is a homeomorphism f, throwing K onto X", such that for each CX the 
distance from p to f(p) is less than « Theorem. If f is a homeomorphism throwing a 
neighborhood U of L into E?*, and «0, then for every sufficiently small tubular 
neighborhood T of L, lying in U, there is a homeomorphism f', throwing T onto a 
polyhedron XC E, such that (1) K is a neighborhood of f(L) in Æ’, (2) the U,'s 
used in defining T' are thrown by f' onto polyhedra of diameter lese than « and (3) 
D(K, f(T)) <« Forthcoming in Annals of Mathematics. (Received November 13, 
1951.) 


258t, E. E. Moise: Affine siructures in 3-manifolds. IV. Piecewise 
linear approximations of homeomorphisms. 


A separable metric space is a 3-manifold with boundary if each of its points has a 
closed neighborhood homeomorphic to a 3-cell. If K is a (locally finite simplicial) 
complex, then a homeomorphiam f throwing X into Euclidean 3-space E? is piecewise - 
linear if there is a simplicial subdivision G of K such that f is linear over every cell 
of G. Theorem. Let K be a finite simplicial complex which (considered as a space) is a 
3-manifold with boundary, let f be a homeomorphism throwing X into E?, and let « 
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be a positive number. Then there is a piecewise linear homeomorphism f, 

K into Æ, stich that for each point p of K, the distance from f(p) to f'(p) is lese than e 
This is the solution, for #=3, of a problem of J. W. Alexander (Some problems in 
topology, Verhandlungen des Internationalen Mathematiker Kongresses, Zürich, 1932, 
1932, vol. 1, pp. 249—257). Forthcoming in Annals of Mathematics. (Received Novem- 
ber 13, 1951.) 


259. E. E. Moise: A fine structures in 3-manifolds. V. The triangula- 
tion theorem and Haupivermutung. 


A 3-manifold is a separable metric space each of whoee points has an open neigh- 
borhood homeomorphic to Euclidean 3-space E*. A space is triangulable if it is homeo- 
morphic to a (locally finite simplicia!) complex. Two complexes K, and K; are isomor- 
phic if there 1s a one-to-one correspondence between the simplices of Ki and those 
of Ks, preserving incidence relations, Ki and K4 are combinatorially equivalent if 
there are simplicial subdivisions Xi and K4 of X; and K, respectively, such that KY 
- and Ki are isomorphic. Theorem. Every 3-manifold is triangulable. This is the solution 
(for *=3) of a problem of H. Poincaré. Theorem. If the complexes X; and K, are 
homeomorphic 3-manifolds; then they are combinatorially equivalent. This is the 
case n=3 of the Haupteermuiung of Steinitz. It implies that every combinatorial 
invariant of a triangulated 3-manifold is a topological invariant. Reidemedster’s tor- 
sion invarlant, which is sufficient to classify the 3-dimensional lens spaces combina- 
torially, is therefore also sufficient to classify these spaces topologically. (Reide- 
meister, Homotopicringe und Lénsenrüume, Abh. Math. Sem. Hamburgischen Univ. 
vol. 11 (1935) pp. 102-109.) Forthcoming in Annals of Mathematics. (Received 
November 13, 1951.) 


260t. E. E. Moise: On the nonseparation of the Antoine set by 2- 
spheres. 


L. Antoine (Sur la possibiki4 d endre Fhoméomorphisms do deux figures à leur 
voisinage, C. R. Acad. Sci. Paris vol. 171 (1920) pp. 661—663) has described a 0-di- 
mensional compact set A in 3-space, such that the complement of A is not simply 
connected. It was asserted by Antoine, with extremely brief indications of proof, 
that any 2-sphere which separates two points of A from one another in 3-space must 
intersect A. In the present note, a detailed argument for Antoine's statement is. 
given, using Vietoris linking theory. This property of the set A is used to give an 
example of two 2-spheres in 3-space which cannot be separated by any third 2-sphere, 
polyhedral or not. (Received November 13, 1951.) ; 


261. G. D. Mostow: On the topology of homogeneous spaces. II. 


Let G be a simply connected solvable Lie group, and S a closed subgroup of G. 
. Let N be the connected subgroup determined by the maximum nilpotent ideal of the 
Lie algebra of G. Then either S is in a Cartan subgroup of G or SN is closed. It fol- 
lows that a homogeneous space arising from a solvable Lle group is the direct product 
of a euclidean space and a fibre bundle which has a toroid as base and a nilmanifold 
as fibre (Le., homogeneous space of a nilpotent group; cf. Malcev, Izvestiya Akademii 
Nauk SSSR. Ser. Mat. (1949), Amer. Math. Soc. Translation No. 39). Necessary 
and sufficient conditions on the fundamental group of G/S in order that the bundle 
above admit a continuous cross-section are given. If G/S is compact and its funda- 
mental group is abelian, then G/S is homeomorphic to a toroid. (Received November 
13, 1951.) 
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262. O. M. Nikodým: Universal locally convex linear topological 
spaces. 

Locally convex linear topological spaces whose vectors are some real-valued func- 
tions M(U, a) of two varlables are constructed, into which vast classes of locally 
convex linear topological spaces L can be isomorphically embedded with preservation 
of Hyer's peeudonorm. These applications transform the convergence of directed-set- 
sequences in L into a generalized uniform convergence. This paper constitutes part 
of the work done by the author for the A.E.C. under a nonclaseified project. (Re- 
ceived November 13, 1951.) 


263. C. N. Reynolds: The present status of the P color problem. 


Traditionally, the reductions of the four color problem have been part o synthetic 
geometry. Their implications, on the other hand, have been developed by afithmetic 
and algebraic inequalities. This paper generalires the algebraic formulae, proves the 
generalizations by algebra, and shows that they lead to this proposition: A map which 
is irreducible with respect to the four color problem must contain a denumberably 
infinite set of regions. If, by definition, irreducible maps are restricted to mapa with 
a finite set of regions, this “solves” the “four color problem.” (Received November 13, 

1951.) 


2641. S. K. B. Stein: Homology of the symmetric product. 


Let X be a topological ‘space. The symmetric product of X is obtained from the 
cartesian product X XX by identifying the points (x, x’) and (x', x). Now assume 
that X is trlangulable. P. A. Smith (Proceedings of the Academy of Science (1933)) 
obtains the mod 2 homology of the symmetric product from that of X. Moees Richard- 
son (Duke Math. J. (1935)) obtains the homology mod f^ where p is a prime other 
than 2. His proof for the case 5 2 seems to contain errors. In the present paper the 
author computes the homology over the integers. The method is a generalization of 
DECEPTI e n a GE and Sete med d HORE de SU 
(Received December 6, 1951.) 


265. H. C. Wang: One-dimensional Lefschetz group of locally com- 
pact homogeneous spaces. 

Let X be a locally compact, noncompact space, and X' & X -+I be its one-point 
compactification. Following H. Cartan, by Lefachetz group L,(X) of X we mean the 
Cech homology group H-(X") of the compact space X". The following is proved: 
Theorem. Let X be a connected, locally compact, separable metric space admitting 
a transitive group of isometries (in particular, X is a connected, locally compact 
group satisfying the first countability axiom). If X is noncompact and locally con- 
nected, the 1-dimensional Lefschetz group Li(X) of X is either 0 or isomorphic with 
the coefficient group. (Recelved November 13, 1951.) 


266. M. T. Wechsler: A characterisation of certain topological spaces 
by means of their groups of homeomorphisms. 

A topological space F is s-homogeneous if for every pair of s-tuples (Ts, * * > , Ta) 
and (Jı, * * , Ja), where the x, and y, are points of F and z, »4x, and yoráy, for $»j, 
there exists a homeomorphism g of F onto F such that g(x) =y, $—1,- «s. Fis 
said to be «homogeneous if it Is s-homogeneous for each s». Let F be the clase of all 
spaces F with the property that F is «homogeneous, nondiscrete, and that there 
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exists at least two open sets of F which are nonempty and disjoint. Note that the 
class of all manifolds of dimension two or greater is a subclass of ^. Let G(F) be the 
group of all homeomorphisms of F onto itself and give G(F) the point-open topology. 
The result of this paper is that if F and F' are two spaces belonging to the class ¥ 
and if there exists a mapping of G(F) onto G(F) which is both an isomorphism and a 
homeomorphism, then the spaces F and # are homeomorphic. (Received November 
16, 1951.) 


267. G. W. Whitehead: Fibre spaces and the Etlenberg homology 
groups. 

Let X be a O-connected, locally equi-connected space. Then for any integer a, 
there exists a fibre space 7, over X such that (1) T, is s-connected; (2) the fibre 
map of Ta on X induces isomorphisms onto: r, (Ta) © x,(X) for $g s-F-1. The space Ta 
is constructed as follows: let X * ).X be a space such that s,(X*) =0 for i>, while 
the inclusion map of X into X* induces isomorphisms onto: s, (X) = x, (X*) for $ iw. 
Then 7, is the space of all paths in X* starting at a fixed point x«— X and ending 
in X. As an application it is shown that if X is a connected space and S,(X) is the 
subcomplex of the total singular complex consisting of all singular simplexes whose 
*-ekeletons are mapped into xq then H,(S.(X), SL (X)) e Haan a(X), 9) for 
q 32x. (Received October 29, 1951.) 


L. W. COHEN, 
Associate Secretary 
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APPENDIX 
EXCERPTS FROM REPORT OF TREASURER 


To THE BoARD oF TRUSTEES OF THE 
AMERICAN MATHEMATICAL SOCIETY: 


Gentlemen: 


I have the honor to submit herewith the report of the Treasurer 
for the fiscal year ended November 30, 1950, as is customary in two 
parts, (1) exhibits and schedules, and (2) a discussion and commen- 
tary. * ~ 

On November 30, 1950, the market value of securities held for in- 
vested funds exceeded book value (normally cost) by $45,008, while 
the market value of securities held for current funds was less than 
book value by $444.00. 

It has been our policy in recent years to keep current funds only in 
Government securities, as in all probability the Society will be ob- 
liged either to liquidate many of these securities or to incur bank 
loans secured by pledging these assets as collateral. Liquidity and 
safety have been our sole objectives in the investment of these funds. 

On the other hand, in dealing with invested funds, which may be 
thought of with reasonable accuracy to be the permanent funds of the 
Society, we have sought a diversified portfolio of high grade securities 
yielding as liberal a return as is consistent with sound investment 
policy. Our return this year on these funds has been 5.47%, computed 
on average book value of investments. 

‘The sale of the Library placed $66,000 in the hands of the Trustees. l 
It was decided to set aside $50,000 as a fund to be known as the 
“Library Proceeds Fund,” and securities were purchased to imple- 
ment this decision of the Board. The income from these investments 
should cover the rent on the new headquarters building in Provi- 
dence. E . 

The balance of $16,000 was made available for current use in re- 
conditioning and furnishing the headquarters building, and in meet- 
ing expenses incurred in moving from New York to Providence. The 
Board voted that the sum should be amortized over five years and 
repayments added to the Library Proceeds Fund until this Fund 
should have been built up to the sum of $66,000. Interest will be 
charged on the unamortized balance. 

Following is a summary of the changes in the security holdings 
made during the year, including the securities purchased with the 
monies placed in the Library Proceeds Fund. 
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Acquired 


$5,000 American duces and Telegraph Co. Deb 38s 1973 
5,000 Consolidated Edison Co. of New York 1st Ref Ser G 31s 
1981 
3,000 Oregon Washington RR and Navigation Co. Ref A 3s 
1960 ' 
9,000 United Gas Corp. 1st Mtg and Coll Trust 3$ 1971 
2,500 United States Treasury 21s 1962-1959 
50 shares American Tobacco Co. Cum 6% 
100 shares Ingersoll Rand Co. Common 
25 shares Northern States Power Co. of Minnesota Cra. 
$3.60 
100 shares Phillips Petroleum Co. Common 
100 shares Westinghouse Electric Common 
5 shares Standard Oil Co. of New Jersey 


Acquired as result of stock splits 


100 shares Continental Oil Co. 
50 shares Texas Company 
2 shares Standard Oil Co. of New Jersey 


Sold 


25 rights American Telephone and Telegraph Co. 
100 rights Consumers Power Co. 
30/40 share Standard Oil of New Jersey 


It will be noted that, in accordance with a recommendation made 
- by the Treasurer in the Annual Report for 1950 and subsequently 
approved by the Board, the Proceedings and the Transactions have 
been set up as publication funds, rather than being treated as general 
membership activities. The deficits incurred in the publication of 
these journals have thus been made startlingly apparent. A reserve 
to cover the deficit has been set up in anticipation of an appropria- 
tion from surplus by the Board at the annual rapeting to cover these 
deficits—approximately $23,000. 

The increase in dues, both individual and institutional, was of sub- 
stantial help in meeting the obligations of the Society, having pro- 
duced about $12,000. 

As a matter of record, it should be noted that the Society accepted 
Federal Social Security benefits for its staff as of January 1, 1951, 
in accordance with an Act of Congress offering this opportunity to 
scientific and educational organizations hitherto excluded from these 
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benefits. The cost to the Society in the resulting taxes was just under 
$750.00. 

Fortunately for the Society, a substantial balance remains in the 
International Congress account, for the Proceedings of the Congress 
have not yet been published. The fact that these funds have been held 
in the treasury pending the receipt of bills for printing and distribut- 
ing the Proceedings has enabled us to avoid throughout the entire 
year bank borrowing to obtain current cash. 

The Society has about one more year during which it can continue 
to conduct its extensive program of publication on ite present scale 
without securing new sources of income. If additional income of 
$15,000 to $25,000 per year cannot be obtained, publication of our 
journals will then have to be curtailed. Our reserves, built up when 
the volume of publication was abnormally low, will have been ex- 
hausted by what is evidently not a temporarily abnormally high vol- 
ume, but a pew expanded normal level. 

In addition, every economy in operation must be sought and em- 
braced. The move to Providence will help. Our unified operations 
can be conducted at less expense than was the case when our offices 
were dispersed. It may be necessary for us to allow some of our older 
publications to go out of print, or to adopt a policy of maintaining 
files of back numbers for only a limited period of years. 

Above all, the Society must be sure that any new activities under- 
taken are fully supported by clearly foreseeable income before being 
begun. 

The Treasurer believes that the basic financial policies of the 
Society are soundly conceived and wisely executed, and in particular, 
holds that the action of the Board in authorizing unbalanced budgets 
during the postwar years, was necessary to the welfare of American 
mathematics and the furtherance of the objectives of the Society. 
But the time has now come when we must return, not later than fiscal 
1953, to a strictly balanced budget and engage only in enterprises we 
can currently support. 

Reference has already been made to the increased dues authorized 
by the membership, effective in 1951. The members, with commenda- 
ble realism, began the program of finding increased income with 
themselves. The universities, as institutional members, have also 
recognized the reality of increased costs and assumed their share of 
the burden. Thus individual mathematicians and institutions of 
higher learning have assumed and are carrying at least as much of 
the responsibility as can rightfully be expected of them. If American 
mathematical research is not to be hampered and, indeed, curtailed 
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at a time when its importance to Government and industry is greater 
than ever, Government and industry must accept also their rightful 
share of its support.. 

In doing this, such agencies and corporations should recognize the 
importance of the claims of the American Mathematical Society, at 
once the voice of the mathematicians themselves, the principal agency 
of research publication in America, and the one organization in the 
Country whose principal purpose—indeed, whose sole purpose—is 
the furtherance of mathematical research. It is believed that contribu- 
tions to the work of the American Mathematical Society will be more 
effective in securing the desired result than would similar contribu- 


tions made in any other way. 
. Respectfully submitted, 
ALBERT E. MEDER, JR. 
Treasurer 
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BALANCE SHEET 
Asseis 
. November 30, November 30, 
; 1951 1950 
Current FUNDS ; 
Cash s idee eec Dukes teles s A VR ERES $ 39,634.51 $ 33,332.51 
Account Receivable (United States Government). 3,137.82 5,842.66 
Investments. ..........eessseese eese ids 67,329.31 67,328.66 
$110,101.64 $106,503.83 
INVESTED FUNDS 
Cash E E A IRIS Maoia e a EE $ 1,427.00 $ 629.83 
Investments...........l.eeseeeeee eene 244,972.71 194,242.32 
- $246,399.71 $194,872.15 
TOTAL AssETB. ........ MOM RN $356,501.35 $301,375.98 
Liabilities 
CURRENT FUNDS 
Publications. ..... 0.0 c eee cece cece e nee ai $ 5,667.37 $ 26,348.27 
International Congress... .......... esses. l... — 41,992.58 — 45,531.48 
Policy Committee............ ccc cece e eee eee 778 30 648.55) 
Prize Funds and Other Special Funds Accumulated 
Income... oss seu pete reiner e duis 4,846.02 3,524.71 
Sinking Fund. ...... Wer VA E Y ae es ' 54.04 
Profit on Sales of Securities. ..............suuu. 2,049.85 2,049.85 
Miscellaneous (credit)......... Nero onera 2,033.45 1,644.02 
Surplus and Reserves ............... ever 46,655.93 28,000.01 
Account Payable (United States Government) ... 28.95 
Office Transfer Fund. ........slu eese esee. _ 6,549.19 
$110,101.64 $106,503.83 
" a DE \ 
INVESTED FUNDS: 
Endowment Fund Principal................... $ 71,000.00 $ 71,000.00 
Library Proceeds Fund. ...........seeeeeeess. 50,000.00 
Prize Funds and Other Special Funds........... 33,683.22 33,683.22 
Life Membership and Subscription Reserve...... 4,162.64 2,635.08 
Mathematical Reviews...........0.ceeee seen 65,000.00 65,000.00 
Reserve for Investment Losses. ............... 4,385.89 4,385.89 
Profit on Sales of Securities.............uuuuuu. 18,167.96 18,167.96 
$246,399.71 $194,872.15 
TOTAL LIABILITIES. 2.0.2... cece eee nn $356,501.35 $301,375.98 
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GENERAL RECEIPTS AND DISBURSEMENTS 


GENERAL RECEIPTS: 
Dues from Ordinary Memberships................ $45,677.64 
Dues from Contributing Memberships. .... RE 776.75 
Dues from Institutional Memberships ............ 14,323.46 
Publication Charges from Non-Member Institutions. 213.75 
Initiadon Fees... pce Aevi d bomen 799.62 
Income from 
Henderson Estate ............... $ 6,850.00 
Current Funds Investments. ... .. 1,509.60 
Invested Funds. ......... ....... 5,321.96 13,681.56 
Miscellaneous ] 
Donations «Loo ope vedo rumes 357.90 
Meeting Fees. ..........uuusluuuu. 516.00 873.90 
TOTAL GENERAL RECEIPTS... eee cece cece nett ee eeeees 
GENERAL DISBURSEMENTS 
Secretaries and Executive Director............... ‘$27,396.78 
Trea Stee sid ecko ici ose eeCOR ode RE Sie ape ee 7,859.00 
IAbrBHBno oes dics eee a rex ed LUST Leelee 1,056.81 
Policy Committee. ........ llle cence eens 785.03 
Furniture and Fixtures, N. Y.............Luuuuse 2,198.56 
Rents: od Manor tre weve onan aioe 8 UU 1,021.20 
Headquarters Utilities. 0.0... 0... cc ccc cece renee 113.94 
Miscellaneous. ..... ccce nnn 1,796.75 
TOTAL GENERAL DISBURSEMENTS ...... eee nn 
Excess or GENERAL REcEIPTS OVER GENERAL DISBURSEMENTS..... 
ANALYSIS OF SURPLUS 
SURPLUS AT DECEMBER 1, 1950... 1... ccc cece eee e ee eee eens 
Additions Deductions 
Excess of General Receipts over Gen- 
eral Disbursements (see above)... $34,118.61 
Bulletin. oorr eri EE UE YS 3,262.66 $13,431.63 
Appropriations: 
Accumulated Income—Reilly.... 2,300.00 
Mathematical Reviews.......... $00.00 
American Journal.............. 2,091.16 
Canadian Journal. ............. 1,000.00 
Pacific Journal................. 1,300.00 
Annals... een 1,175:00 
Miscellaneous..... 06.0... eese 374.47 1,902.03 
$40,055.74 $21,399.82 
Net Additions... 00... ccc cece cece c neces enn 
Surplus before Resecves...... ccc cece cece cece eee e eee ene 
Reserves for Proceedings and Transactions Deficit.............. 
SunPLuS, November 30, 1951........... ccc eee cece eee eee ne 


$76,346.68 
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ÉLIE CARTAN AND HIS MATHEMATICAL WORK 
SHIING-SHEN CHERN AND CLAUDE CHEVALLEY 


After a long illness Élie Cartan died on May 6, 1951, in Paris. 
His death came at a time when his reputation and the influence of 
his ideas were in full ascent. Undoubtedly one of the greatest mathe- 
maticians of this century, his career was characterized by a' rare 
harmony of genius and modesty. 

Elie Cartan was born on April 9, 1869 in Dolomieu (Isère), a 
village in the south of France. His father was a blacksmith. Cartan'a 
elementary education was made possible by one of the state stipends 
for gifted children. In 1888 he entered the “Ecole Normale Su- 
périeure,” where he learned higher mathematics from such masters 
as Tannery, Picard, Darboux, and Hermite. His research work 
started with his famous thesis on continuous groups, a subject sug- 
> gested to him by his fellow student Tresse, recently returned from 
studying with Sophus Lie in Leipzig. Cartan's first teaching position 
was at Montpellier, where he was *maitre de conférences"; he then 
went successively to Lyon, to Nancy, and finally in 1909 to Paris. 
He was made a professor at the Sorbonne in 1912. The report on his 
work which was the basis for this promotion was written by Poincaré;! 
this was one of the circumstances in his career of which he seemed to 
have been genuinely proud. He remained at the Sorbonne until his 
retirement in 1940. 

Cartan was an excellent teacher; his lectures were gratifying intel- 
lectual experiences, which left the student with a generally mistaken 
idea that he had grasped all there was on the subject. It is therefore 
the more surprising that for a long time his ideas did not exert the 
influence they so richly deserved to have on young mathematicians. 
This was perhaps partly due to Cartan's extreme modesty. Unlike 
Poincaré, he did not try to avoid having students work under his 
direction. However, he had'too much of a sense of humor to organize 
around himself the kind of enthusiastic fanaticism which helps to 
form a mathematical school. On the other hand, the bulk of the 
mathematical research which was accomplished at the beginning of 
this century in France centered around the theory of analytic func- 
tions; this subject, made glamorous by the achievement represented 


1 This report was in pert published in Acta Math, vol. 38 (1921) pp. 137-145. It 
should be of considerable historic interest to have now a complete version of this 
report. E 
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by Picard’s theorem, offered many not too difficult problems for a 
young mathematician to tackle. In the minds of inexperienced begin- 
ners in mathematics, Cartan’s teaching, mostly on geometry, was 
sometimes very wrongly mistaken for a remnant of the earlier 
Darboux tradition of rather hollow geometric elegance. When, largely 
under the influence of A. Weil, a breeze of fresh air from the outside 
came to blow on French mathematics, it was a great temptation to . 

concentrate entirely on the then ultra-modern fields of topology or . 
modern algebra, and the ideas of Cartan once more, though for other 
reasons, partially failed to attract the amount of attention which was 
their due. This regrettable situation was partly corrected when 
Cartan’s work was taken (at the suggestion of A. Weil) in 1936 to be. 
the central theme of the seminar of mathematics organized by Julia. 
In 1939, at the celebration of Cartan’s scientific jubilee, J. Dieudonné 
could rightly say to him: “... vous êtes un “jeune,” et vous com- 
prenez les jeunes"—it was then beginning to be true that the young 
understood Cartan. 

In foreign countries, particularly in Germany, his recognition as a 
great mathematician came earlier. It was perhaps H. Weyl’s funda- 
mental papers on group representations published around 1925 
that established Cartan's reputation among mathematicians not in 
his own field. Meanwhile, the development of abstract algebra 
naturally helped to attract attention to his work on Lie algebra. 
However, the reception of his contributions to differential geometry 
was varied. This was partly due to his approach which, though lead- 
ing more to the heart of the problem, was unconventional, and partly 
due to inadequate exposition. Thus Weyl, in reviewing one of 
Cartan's books [41],! wrote in 1938:* “Cartan is undoubtedly the 


greatest living master in differential geometry. ... I must admit 
that I found the book, like most of Cartan's papers, hard 
reading. . . ." This sentiment was shared by many geometers. 


Cartan was elected to the French Academy in 1931. In his later 
years he received several other honors. Thus he was a foreign mem- 
ber of the National Academy of Sciences, U.S.A., and a foreign Fel- 
low of the Royal Society. In 1936 he was awarded an honorary degree 
by Harvard University. 

Closely interwoven with Cartan's life as a scientist and teacher 
has been his family life, which was filled with an atmosphere of 
happiness and serenity. He had four children, three sons, Henri, Jean, 


* Numbers in brackets refer to the bibliography at the end of the paper. 
3 Bull. Amer. Math. Soc. vol. 44 (1938) p. 601. 


n 


1952] ÉLIE CARTAN AND HIS MATHEMATICAL WORK 219 


and Louis, and a daughter, Hélène. Jean Cartan oriented himself 
towards music, and already appeared to be one of the most gifted 
composers of his generation when he was cruelly taken by death. 
Louis Cartan wag a physicist; arrested by the Germans at the be- 
ginning of the Résistance, he was murdered by them after a long: 
period of detention. There is no need to say here that Henri Cartan 
followed in the footsteps of his father to become a mathematician. 
Cartan’s mathematical work can be roughly classified under three 


' main headings: group theory, systems of differential equations, and 


x 


geometry. These themes are, however, constantly interwoven with 
each other in his work. Almost everything Cartan did is more or less 
connected with the theory of Lie groups. 

S. Lie introduced the groups which were named after him as. 
groups of transformations, i.e., as systems of analytic transforma- 
tions on # variables such that the product of any two transforma- 
tions of the system still belongs to the system and each trans- 
formation of the system has an inverse in the system. The idea of 
considering the abstract group which underlies a given group of 
transformations came only later; it is more or less implicit in Killing’s 
work and appears quite explicitly already in the first paper by 
Cartan. Whereas, for Lie, the problem of classification consisted in 
finding all possible transformation groups on a given number of 
variables—a far too difficult problem in the present stage of mathe- 
matics as soon as the number of variables is not very smalt—for 
Killing and Cartan, the problem was to find all possible abstract 
structures of continuous groups; and their combined efforts solved 
the problem completely for simple groups. Once the structures of all 
simple groups were known, it became possible to look for all possible 
realizations of any one of these structures by transformations of a 
specified nature, and, in particular, for their realizations as groups 
of linear transformations. This is the problem of the determination of 
the representations of a given group; it was solved completely by 
Cartan for simple groups. The solution led in particular to the dis- 


. covery, as early as 1913, of the spinors, which were to be re-dis- 


covered later in a special case by the physicists. 

Cartan also investigated the infinite Lie groupe, i.e., the groups of 
transformations whose operations depend not on a finite number of 
continuous parameters, but on arbitrary functions. In that case, 
one does not have the notion of the abstract underlying group. Cartan 
and Vessiot found, at about the same time and independently of each 
other, a substitute for this notion of the abstract group which con- 
sists in defining when two infinite Lie groupe are to be considered as 


` 


x 
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isomorphic. Cartan then proceeded to classify all possible types of 
non-isomorphic infinite Lie groups. 

Cartan paid also much attention to the study of topological prop- 
erties of groups considered in the large. He showed how many of 
these topological problems may be reduced to purely algebraic 
questions; by so doing, he discovered the very remarkable fact that 
many properties of the group in the large may be read from the in- 
finitesimal structure of the group, i.e., are already determined when 
eome arbitrarily small piece of the group is given. His work along 
these lines resembles that of the paleontologist reconstructing the 
shape of a prehistoric animal from the peculiarities of some small 
bone. 

The idea of studying the abstract structure of mathematical ob- 

“jects which, hides itself beneath the analytical clothing under which 
they appear at first was also the mainspring of Cartan's theory of 
ifferential systems. He insisted on having a theory of differential 
equations which is invariant under arbitrary changes of variables. 
Only in this way can the theory uncover the specific. properties of the 
objects one studies by means of the differential equations they 
satisfy, in contradistinction to what depende only on the particular 
representation of these objects by numbers or sets of numbers. 
In order to achieve such an invariant theory, Cartan made a sys- 
tematic use of the notion of the exterior differential of a differential 
'form, a notion which he helped to create and which has just the re- 
quired property of being invariant with respect to any change of 
variables. 

Raised in the French geometrical tradition, Cartan had a constant 
interest in differential geometry. He had the unusual combination of a 
vast knowledge of Lie groups, a theory of differential systems whose 
invariant character was particularly suited for geometrical investiga- 
tions, and, moet important of all, a remarkable geometrical intuition. 
As a result, he was able to see the geometrical content of very compli- 
cated calculations, and even to substitute geometrical arguments for 
some of the computations. The latter practice has often been baffling 
to his readers. But it is an art whose presence is usually identical 
with the vigor of a geometrical thinker. m 

In the 1920's the general theory of relativity gave a new impulse to 
differential geometry. This gave rise to a feveriah search of spaces 
with a suitable local structure. The most notable example of such a. 
local structure is a Riemann metric. It can be generalized in various 
ways, by modifying the form of the integral which defines the arc 
length in Riemannian geometry (Finsler geometry), by studying 
only those properties pertaining to the geodesics or paths (geometry 


x 
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of paths of Eisenhart, Veblen, and T. Y. Thomas), by studying the 
properties of a family of Riemann metrics whose fundamental forms 
differ from each other by a common factor (conformal geometry), etc. - 
While in all these directions the definition of a parallel displacement 
is considered to be the major concern, the approach of Cartan to 
these problems is most original and satisfactory. Again the notion of 
group plays the central rôle. Roughly speaking, a generalized space ` 
(espace généralisé) in the sense of Cartan is a space of tangent spaces 
such that two infinitely near tangent spaces are related by an in- 
finitesimal transformation of a given Lie group. Such a structure is 
known as a connection. The tangent spaces may not be the spaces of 
tangent vectors. This generality, which is absolutely necessary, gave 
rise to misinterpretation among differential geometers. As we shall 
show below, it is now possible to express these concepts in a more 
satisfactory, way, by making use of the modern notion of fiber 
bundles. 

We can perhaps conclude from the above brief description that 
Cartan’s mathematical work, unlike that of Poincaré or Hadamard, 
centers around a few major concepts. This is partly due to the 
richness of the field, in which his pioneering work has opened 
avenues where much further development is undoubtedly possible. 
While many of Cartan's ideas have received clarification in recent 
-years, the difficulties of conceiving the proper concepts at the early - 
stage of development can hardly be overestimated. Thus in writing 
on the psychology of mathematical thinking, Hadamard had to ad- 
mit “the insuperable difficulty in mastering more than a rather ele- 
mentary and superficial knowledge of Lie groups."* Thanks to the 
development of modern mathematics, such difficulties are now eased. 

Besides several books Cartan published about 200 mathematical 
papers. It is earnestly to be hoped that the publication of his col- 
lected works may be initiated in the near future. Not only do they 
fully deserve to find their place on the bookshelves of our libraries 
. at the side of those of other great mathematicians of the past, but 
they will be, for a long time to come, a most indispensable tool for all 
those who will attempt to proceed further in the same directions. 

We now proceed to give a more detailed review of some of the 
most important of Cartan’s mathematical contributions. 


I. Group THEORY 
Cartan’s papers on group-theory fall into two categories, dis- 
tinguished from each other both by the nature of the questions 


* J. Hadamard, The psychology of invention in the mathemakcal field, Princeton, 
1945, p. 115. 
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treated and by the time at which they were written. The papers of 
the first cycle are purely-algebraic in character; they are more con- 
cerned with what are now called Lie algebras than with group theory 
proper. In his thesis [3], Cartan gives the complete classification of 
all simple Lie algebras over the field of complex numbers. They fall 
into four general classes (which are the Lie algebras of the uni- 
modular groups, of the orthogonal groups in even or odd numbers of 
variables, and af the symplectic groups) and a system of five “excep- 
tional” algebras, of dimensions 14, 52, 78, 133, and 248. Killing had 
already discovered the fact that, outside the four general classes, 
there can exist only these five exceptional Lie algebras; but his proofs 
were incorrect at several important points, and, as to the exceptional 
algebras, it is not clear from his paper whether he ever proved that 
they actually existed. Moreover, in his work, the algebra of dimen- 
sion 52 appears under two different forms, whose equivalence he did 
not recognize. Cartan gave rigorous proofs that the classification 
into four general classes and five exceptional algebras is complete, 
and constructed explicitly the exceptional algebras. 

Let g be any Lie algebra; to every element X of g there is asso- 
ciated a linear transformation, the adjoint ad X of X, operating on 
the space g, which transforms any element Y of g into [X, Y]. Be- 
cause of the relation [X, X]=0, this linear transformation always 
admits 0 as a characteristic root; thoee elements X of g for which 0 
is a characteristic root of least possible multiplicity of ad X are 
called regular elements. Let H be a regular element; then those ele- 
ments of g which are mapped into 0 by powers of ad H are seen to 
form a certain subalgebra § of g, and this subalgebra is always nil- 
potent (which means that, in the adjoint representation of such an 
algebra, every element has 0 as its only characteristic roots). A sub- 
algebra such as § has been called a Cartan subalgebra of g. It is a 
kind of inner care of the algebra g, and many properties of the big 
algebra g are reflected in properties of this subalgebra §. In the case 
where g is semi-simple, f is always abelian (which means, for a Lie 
algebra, that [X, Y] is always 0 for any X and Y in the algebra). 
Moreover, g has a base which is composed of elements which 'are 
eigenvectors simultaneously for all adjoint operations of elements of 
h. The factors by which these elements are multiplied when bracketed 
with elements of f are called the roots of the Lie algebra; it is the 
study of the properties of these roots which leads to the classification 
of simple Lie algebras. In establishing these properties, Cartan made 
a systematic use of the “fundamental quadratic form” of g, whose 
value at an element X is the trace of the square of ad X (if g is 
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semi-simple, or more generally if it coincides with its derived algebra, 
then the trace of ad X itself is always zero). One of the moet im- ` 
portant results of Cartan's thesis is that a necessary and sufficient 
condition for g to be semi-simple is that its fundamental quadratic 
form be nondegenerate (i.e. that its rank be equal to the dimension 
of g). Incidentally, Cartan also applied similar methods to the study 
of systems of hypercomplex numbers (cf. [4]) and obtained in this 
manner the main structure theorems for associative algebras over the 
fields of real and of complex numbers; however, these results were 
superseded by the work of Wedderburn, which applies to algebras 
over arbitrary basic fields. By studying those algebras which have ` 
only one integrable (or, as we say now, solvable) ideal, Cartan also 

laid the foundations in his thesis for his subsequent study of linear 

representations of simple Lie algebras; in particular, he determined, 

for each class of simple groups, the linear representation of smallest 

possible degree. 

The general theory of linear representations is the object of the 
paper [5]. As above let g be any semi-simple Lie algebra over the field 
of complex numbers (any algebraically closed field of characteristic 0 
would do just as well); a linear representation of g is a law which 
assigns to every X in g a linear transformation p(X) on some finite- 
dimensional space; p(X) depends linearly on X, and is such that 
e([X, ¥])=p(X)p(¥)—p(¥)p(X) for any X and Y in g. Let b bea 
Cartan subalgebra of g. Then it turns out that the matrices which 
represent the elements of 5 may all be reduced simultaneously to the 
diagonal form; the diagonal coefficients which occur in these matrices, 
considered as linear functions of the element which is represented, are 
called the wetghts of the representation. The roots of g are the weights 
of a particular linear representation, viz. the adjoint representation. 
Cartan proved that all relations between weights of one or several 
representations are consequences of certain linear relations with 
rational coefficients between these weights, a fact which can now be 
explained in two different manners: it reflects the properties of 
characters of compact abelian groups, and also the properties of alge- 
‘-braic groups of linear transformations. Cartan then introduces an 
order relation in the system of all weights and roots, and proves that 
any irreducible representation is uniquely determined by its highest 
weight for this order relation. The problem of finding all irreducible 
linear representations of g is thereby reduced to that of finding all 
possible highest weights of representations. The sum: of the highest 
weights of two irreducible representations is again the highest weight 
of an irreducible representation, which is contained in the tensor 
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product (or rather, sum, if we speak of representations of Lie algebras 
and not of groups) of the two given representations. If r is the rank 
of the Lie algebra g (i.e. the dimension of any Cartan subalgebra of 
8), Cartan established that all possible highest weights of irreducible 
representations may be written as linear combinations with nón- 
negative integral coefficients of r particular linear functions which 
' depend only on the structure of g and the order relation in the sys- 
tem of roots. Considering one by one the various types of simple 
Lie algebras, he established that every one of these r basic functions 
is the highest weight of some irreducible representation; this led to 
& complete classification of all irreducible linear representations of 
simple Lie algebras. This theory of linear representations was later 
completed in an important point by H. Weyl, who established by 
transcendental methods that every' representation of a semi-simple 
Lie algebra is completely reducible, and who expressed the degree of 
an irreducible representation in terms of its highest-weight. It has 
also recently become possible to give a direct proof of the existence 
of irreducible representations corresponding to the possible highest 
weights predicted by Cartan’s theory, a proof which applies not only 
to simple but also to semi-simple algebras (Lie algebras behave dif- 
ferently from associative algebras in this respect that algebras which 
are not simple may have faithful irreducible representations; this 
happens for instance for the Lie algebra of the orthogonal group in 4 
variables). In the process of classifying all possible linear representa- 
tions, Cartan discovered the spin representations of the orthogonal 
Lie algebras, which later played such an important réle in physics. 
In a book published later (Legons sur la théorte des spineurs, Hermann, 
Paris, 1938), Cartan developed the theory of spinors from a geo- 
metric point of view. 

In [6] Cartan classifies all aimple Lie algebras over the field of real 
numbers instead of that of complex numbers. The method is to 
study the "complexification* of the Lie algebra under consideration; 
this complexification is either simple or the sum of two simple Lie 
algebras, and there is defined in it an operation of passing to the 
imaginary conjugate which admits the elements of the given aimple 
‘Lie algebra as fixed elements. Starting with a suitable complex 
algebra, Cartan determines all possible operations of conjugation in 
it and arrives in this manner at a complete classification of simple 
real Lie algebras (the method was later simplified by himself and by 
others, making use of the compact real forms and replacing the 
determination of all possible conjugations by that of all classes of 
involutive automorphisms of the compact form). 
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It turned out that, but for one exception, the structure of a simple .. 


real Lie algebra is characterized by that of its complexification and by 
its character, i.e., by the index of inertia of its fundamental quadratic 
form. Cartan noticed that, for every complex form, there is a unique 
real form whose fundamental quadratic form is negative definite; 
this real form is the Lie algebra of a compact Lie group. This fact 
was to play a very important róle in the subsequent theory of Lie 
groups, because it establishes a one-to-one correspondence between 
semi-simple connected complex Lie groupe and compact semi-simple 
Lie groups. While the former are more readily amenable to an alge- 
braic study, because of the algebraically closed character of the basic 
field, the latter lend themselves more easily to study by trans- 
cendental methods because the volume of the whole group (in the 
sense of Haar measure) is finite. 

The last paper of the first cycle is [7] in which Cartan determined 
all real linear representations of simple real Lie algebras. 

The work of Cartan’s second group-theoretic period is concerned 
with the-groupa themselves, and not with their Lie algebras, and in 
general with the global aspect of the group. This period opens with a 
paper [8] which contains a study of group manifolds from a local 
differentia] geometric point of view. A group G may operate on itself” 
in three different ways: by the left translations, by the right trans- 
lations, and by transformation (we call here transformation a map- 
ping (5571, where s is a fixed element of the group). In relation to 
this, Cartan shows that there are three affine connections which are — 
, intrinsically defined on G. Two of these connections (those which cor- 
respond to the left and right translations) are without curvature but 
in general have torsion; the third one has no torsion but has in , 
general a curvature. The geodesic lines.are the same for all three 
connections: they are the cosets with respect to the one-parameter 
subgroups. Cartan determines also the totally geodesic varieties on 
G (varieties such that any geodesic which is tangent to it is entirely 
contained in it); they are of two different kinds. The varieties of 
the first kind are the subgroups of G and their cosets, The varieties 
of the second kind are determined by what have since been called the 
Lie triple systema contained in the Lie algebra g of G, i.e., the linear 
subspaces of g which, together with three elements X, Y, and Z, 
contain the element [[X, Y], Z]. 

After the paper we have just mentioned, Cartan’s interest orients 
itself very definitely towards the topological study of Lie groups in 
the large. ^ 

This period begins around 1925, at the time when H. Weyl had 
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just published his fundamental papers on the theory of compact Lie 
groups. It is difficult to appreciate to what extent Cartan was in- 
fluenced by Weyl’s methods and results; at any rate his book Leçons 
sur la Géoméirie des espaces de Riemann shows clearly that, even 
before Weyl's paper, Cartan was already getting more and more 
interested in topological questions. Whereas Weyl's line of attack 
was, if we may say so, brutally global, depending essentially on the 
method of integration on the whole group, the work of Cartan puts 
the emphasis on the connection between the local and the global. This 
essential difference has a great bearing on the nature of the results 
it is possible to expect from these two methods. Weyl's methods are 
not bound to the differentiable structure of the group under con- 
sideration; as soon as the possibility of integrating on any locally 
compact group was established Weyl's results could be extended to 
all compact topological groups. However, the assumption of com- 
pactness is essential (it insures the convergence of the integrals on 
the group), and Weyl's methods give nothing on noncompact groups, 
whereas those of Cartan, applied in the domain of Lie groupe, have 
led to a very complete knowledge of the topology of these groups, 
whether compact or not. i 

In his paper [9] Cartan studies the topology of compact semi- 
simple Lie groups and of their complexifications. Let G be a compact 
semi-simple Lie group, g the Lie algebra of G, and § a Cartan sub- - 
algebra of g. Cartan establishes that every element of G belongs to 
a one-parameter subgroup (at least), and that every infinitesimal 
transformation may be transformed by an operation of the adjoint 
group into an element of §. Every element H of f gives rise to a one- 
parameter subgroup with a definite parameter on it; let us denote 
by exp H the point of parameter 1 on this subgroup. Then every ele- 
ment of G is conjugate to some element of the form exp H; the next 
question is to find out under which condition two elements exp H 
and exp H” of this form are conjugate to each other. Cartan shows 
that a necessary and sufficient condition for this to happen is that 
H’ can be transformed into H by an operation of a certain discon- 
tinuous group S operating on the space f. This group admits a funda- 
mental domain which is a polyhedron P with a finite number of 
vertices. The points of P, with suitable identification of faces, will rep- 
resent in a one-to-one manner the classes of conjugate elements of G. 
The inner points of P correspond to the regular elements of the 
group, i.e., to those elements which may be represented in the form 
exp H, where H is a regular element of §. It follows that any closed 
path in G which does not meet the set of singular (i.e., not regular) 


1952] ÉLIE CARTAN AND HIS MATHEMATICAL WORK 227 


elements will be represented by a continuous path in P, not neces- 
sarily closed. Now, it turns out that the singular elements of G form 
a set of dimension at least 3 less than the dimension of the whole 
group; as a consequence they may-be entirely disregarded in the 
determination of the fundamental group. This allows one to proceed 
to the’ determination of this fundamental group x by the mere 
consideration of the polyhedron P itself; the order of x is the number 
of vertices H of P such that exp H is the unit element of G. From this 
follows Weyl's theorem to the effect that the fundamental group of 
a compact semi-eimple Lie group is finite. This implies that, if the 
fundamental quadratic form of a Lie group G is definite negative, 
then not only does there exists at least one compact group which 
is locally isomorphic with G, but G itself is compact. Moreover 
Cartan's methods allow one to determine, for every semi-simple in- 
finitesimal structure with a negative definite fundamental quad- 
ratic form, the number of times that the simply-connected group 
with this structure covers the adjoint group, and to study the various 
types of closed one-parameter groups (or geodesics) in the space of a 
compact group. The last part of the paper, devoted to the study of 
simple complex groups, is a prelude to the future theory of non- 
compact simple groups; it is proved in particular that, for any simple 
Lie algebra over the complex numbers, there always exists a simply- 
connected compléx linear group having this Lie algebra. 

After the determination of the fundamental group was accom- 
plished, the next step was to determine the higher-dimensional Betti 
numbers of compact Lie groups. The method of accomplishing this 
was indicated in Cartan's paper [11]. Cartan considers a homo- 
geneous space E whose group of transformations G is compact; the 
space may then be considered to be the space of cosets of G modulo 
some'closed subgroup g. Let us say that two exact differential forms 
are equivalent when their difference is the differential of a form of 
degree ? — 1, and let b, be the maximal number of forms of degree p 
no linear combination of which is equivalent to 0. It was conjectured, 
but not yet proved at the time, that b, is equal to the pth Betti 
number of the space E (this was established soon afterwards by de 
Rham). Let w be any exact form of degree p. Any operation s of the 
group G transforms into a new exact form sw, which Cartan proves to 
be equivalent to w. He then constructs the average of the form sw, s 
running over all elements of the group G; this new form is still exact, 
is equivalent to w, and is furthermore invariant under the group G. 
Moreover, Cartan proves by a similar argument that, if w is invariant 
and equivalent to 0, then w is the differential of a form which is it- 


228 ELIE CARTAN AND HIS MATHEMATICAL WORK [March 


| self invariant. These theorems reduce the determination of the num- 
ber b, to that of the integral invariants of the space E. Cartan then 
shows that the latter problem may be reduced to a purely algebraic 
problem depending only on the Lie algebra of the group G and the 
subalgebra corresponding to the subgroup g (this, at any rate, in 
the case where the group g is connected). This algebraic problem 
has been solved since for/the case where E is either the group G 
itself or a symmetric Riemann space with G as its group of isometric 
transformations. 

We now come to the results obtained by Cartan in the study of 
Lie groups which are not compact. The proof he gave of the converse 
of Lie's third theorem (i.e., every Lie algebra over the field of real 
numbers is the Lie algebra of some group) implied that every simply- 
connected Lie group is topologically the product of a Euclidean space 
by the space of a simply connected semi-simple group. The problem 
was therefore reduced to the special case in which the group G under 
consideration is semi-simple. Let then g be its Lie algebra, and let g’ 
be the complexification of g. Since g’ is semi-simple, it has a compact 
real form g,; i.e., it may be considered as the complexification of a 
Lie algebra ge which is the algebra of a compact semi-simple group. 
Cartan proves (in his paper [10]) that there exista an involutory 
automorphism a of g. such that g is spanned by those elements of ge 
which are invariant under a and by the products by $ of those ele- : 
ments of ge which are changed into their opposites. by a. The sub- 

. algebra gg. is the Lie algebra of a maximal compact'subgroup g 
of G. Cartan then considers the space R whose points are the conju- 
gates of g in G; the essential fact is that the existence of the auto- 
morphism a implies that R is a symmetric Riemannian space, having 
the adjoint group T of G as its group of isometries (more precisely, 
T is the component of the identity in the group of isometries of R). 
This opened the way to the application of the theory of symmetric 
Riemannian spaces which Cartan had already developed for its own 
merits (cf. the part of this article which is concerned with the 
geometric aspects of Cartan's work). Assume that G is I itself. 
Then every operation of G may be decomposed uniquely into a 
rotation around the origin (the origin in R being the point which 
represents the group g itself) and a transvection. The transvections 
are the operations of G which result from the integration of those 
infinitesimal transformations which are changed into their negatives 
by the operation a. They form a subvariety of G, homeomorphic to 
R, and it turns out that this variety has the topological structure of a 
Euclidean space. This establishes that the adjoint group of any con- 
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nected semi-simple Lie group is topologically the product of the 
space of a compact group by a Euclidean space. Moreover, making 
. use of the fact that any compact group of jgometric transformations 
of the space R admits a fixed point, Cartan proves that every com- 
pact subgroup of G is conjugate to a subgroup of g. These resulta 
relative to the adjoint groups may be extended without any difficulty 
to the simply-connected groups with the same infinitesimal struc- 
ture; they are also true for all intermediary groups, as follows from 
the recent work of Iwasawa. 


II. SYSTEMS OF DIFFERENTIAL EQUATIONS 


The principal paper of Cartan on the theory of differential systema 
is [15]. The reader will find a very clear exposition of the theory of 
Pfaffian systems in Cartan's book: Les systèmes différenisels extérieurs 
et leurs applications géométriques, Paris, Hermann, 1945. 

A Pfaffian system is a system consisting of a certain number of 
equations of the form Aidxid- : * - +A,dx,=0, where 41, °°, A. 
are functions of xi, © - - , £a, and possibly of certain equations of the 
form F(x, - - * , x,) 90. A parametric r-dimensional manifold, given 
by xem filh, h) (13135) isa solution of the system if the 
equations of the system become identically satisfied when one re- 
places the variables x and their differentials by their expressions in 
terms of the variables ¢ and their differentials. 

It is first necessary to indicate how any system of differential equa- 
tions may be reduced to a Pfaffian system. If the system contains 
equations of order higher than one, we may firat reduce it to the 
order one by introducing new unknown functions which represent 
certain derivatives of the original ones. This being done, we oe 
a system of equations of the form Filzi, * - - , Xa; $5 * - c, By 
0z,/0x,, >: + ) 0 where the s’s are the unknown and the x’s the i NN 
dependent variables. If we set 02,/0x, ™ t,,, the original system of par- 
tial differential equations may be replaced by the Pfaffian system 
composed of the equations F,(x; s; t) 0, ds, — J, «dx, * 0. The solu- 
tions of the original system correspond to those solutions of the 
Pfafhan system which are manifolds of dimension r on which the 
variables x1, - > - , x, are independent. 

The essential originality of Cartan consists in having introduced, 
besides the Pfaffian forms, the exterior differential forms of higher 
degree. The algebra of exterior forms had been developed by Grass- 
mann for geometric purposes; before it could be used in the theory 
of differential systems, it was necessary to introduce the operation 
of exterior differentiation. Án exterior differential form is an expres- 
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sion of the form 2,44... d£n- -dæ where the coefficients 
A,,..-¢, are functions of the variables x; such expressions may be 
multiplied with each other with the convention that dv,dx;= —dx, dx; 
(im particular, (dx,)?=0). The exterior differential of the form writ- 
ten above is J dAn... dxi, - + + dx, where it is understood that the 
differentials dAj,,...4, are expressed as linear combinations of 
dxi, * * <, d£n. The fundamental property of the operation of dif- 
ferentiation is that it is invariant with respect to any change of vari- 
ables. Now, let us consider any Pfaffian system o,=0,---,o,™0, 
F,=0,:-+-, Fo20, where Fi,---, Fa are functions and w, +--+, œa 
Pfaffian forms; then we see immediately that any solution of the 
system will also be a solution of the BAROR obtained by adjoining to 
the original one the equations dF, =0,---,dF,y=0, da,=0, ; 
du, 50. More generally, let J be the a áct of differential iae 
containing Fi, - - -, Fac ` , w and such that, whenever w and 
w are in J, then paca js in’ L ibe product of w by an arbitrary dif- 
ferential form is in J, and dw is in I; I is called the differential ideal 
generated by Fi,--:, Fa, O% **', an. Then any solution of the 
original system will be a solution of the system obtained by equating 
to 0 all forms in 7. The operation of adjoining to a system the exterior 
differentials of its forms is an invariant counterpart of the method of 
obtaining conditions of compatibility by writing that certain higher 
derivatives which may be computed in two different ways by means 
of the equations of the system have the same value. 

By a contact element E, of dimension f in the Cartesian n-space 
R” is meant a pair (M, P) formed by a point M of R” and a f-dimen- 
sional linear subspace P of R* going through M. It is sometimes 
necessary to generalize this notion to the case of an arbitrary #-di- 
mensional manifold V inatead of R*; M is then any point of V, and 
P any p-dimensional vector subspace of the n-dimensional tangent 
vector space to V at M. The totality of all p-dimensional contact 
elements of a given manifold V is itself a manifold Vi, the so-called 
first prolonged manifold of V. If x, - - - , x, are local coordinates at 
the origin of the contact element (M, P), P may be represented para- 
metrically by equations of the form dx,;=L,(n, - +--+, v,), where the 
Lrs are linear forms in p parameters tj, * - >, v,. Let w be a differ- 
ential form; if we substitute the coordinates of the origin of a con- 
tact element E, for the variables Xi, © ° 5, % in the coefficients of 
w, and the linear forms L; for the differentials dx; which occur in w, 
we obtain an exterior form in the variables v. If this form is 0, then 
we say that w is 0 at E,. If we are given a differential ideal J of dif- 
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ferential forms, and if every form of T'is 0 at E,, then we say that E, 
is an integral elemeni of I. 

Let W be a p-dimensional submanifold of V. If M is a point of 
W, we may represent W locally around M by equations of the form 
x=f,(ti, < © - , up), the u,’s being parameters. The contact element 
. (M, P) formed by M. and by the -dimensional tangent space P 
to W at N is called the tangential element of W at M; the space P 
may be represented by the equations dx, df; the dus taking the 
place of the parameters v, considered above. A solution (or integral 
manifold) of the system obtained by equating to 0 the forms of a 
differential ideal Z is a manifold W whose tangential contact ele- 
ments are integral elements of J. The problem of looking for such 
solutions may be decomposed into two parts: the determination of 
all integral elements, which is an algebraic problem, and the de- 
termination of the ways of grouping these integral elements together 
in such a way that they may be the tangential elements of some 
manifold. E 

~The ideal 7 may contain forms of degree 0, i.e., functions of the 
variables. Assume that these functions, equated to 0, represent an 
irreducible analytic manifold Vy. Assume that any point of V, is the 
origin of «^ integral elements of dimension 1. There may be points 
of V which are the origins of more than «c^ integral elements of 
dimension 1, but they form lower-dimensional submanifolds of V. A 
point of V which does not lie on any one of these submanifolds is 
called an ordinary point. The smallest manifold (in the space of 
integral elements of dimension 1) which contains the integral elements 
whose origins are ordinary points is called the manifold of ‘general 
integral elements of dimension 1; the origin of a general integral 
element is not necessarily ordinary. Assume now that any general 
integral element of dimension 1 is contained in œ% integral elements 
of dimension 2; then those integral elements of dimension 1 which are 
not contained in more than œ% integral elements of dimension 2 
are called ordinary; proceeding as above, we define the notion of a 
general integral element of dimension 2. We may continue in the same 
manner, and define inductively the integers rj fs: : -,fr,. Fora | 
certain dimension #, the r,41 will be 0, which means that not every 
general integral element of dimension s will be contained: in an 
integral element of dimension n+1. The number s is called the 
genus of the system, and the system is said to be $5 involution for 
every dimension not greater than s. A f-dimensional general integral 
element E, is called regular if there exists a chain EC FAC, +- 
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CECE, where, for each $« p, E; is an ordinary general integral 
element of dimension 4. A p-dimensional general solution of I is a 
f-dimensional manifold whose tangential contact elements are gen- 
eral integral elements of I, at least one of these integral elements 
being regular. In this manner, Cartan succeeded for the first time in 
giving a precise definition of the notion of the general solution of 
any differential system. The existence theorem for general solutions 
states that any regular p-dimensional integral element E, is a tan- 
gential contact element of some manifold which is a solution of J. 
More precisely, if E, ; is a regular element of dimension p—1 con- 
tained in E, and is a tangential element of a (p—1)-dimensional 
integral manifold V?~! of I, then V*-! is contained in at least one 
integral manifold V* tangent to E,. This general theorem allowed 
Cartan to determine exactly the degree of indetermination of the 
general solution (i.e. on how many arbitrary constants, arbitrary 
functions of 1, 2, - - - arguments, it depends). Its application is 
however limited to the consideration of analytic differential systems 
and to the determination of analytic solutions. 

The next step was to try to determine the singular solutions of the 
system, i.e. the solutions which are not in the general solution (for 
instance, for a differential equation in the plane, the envelope of the 
general solutions). Here the idea of Cartan was to construct from 
the given differential system new systems which are obtained from 
it by a method of prolongation, in such a manner that any singular 
solution of the original system should become a general solution of 
one of these new systems. The method consists, generally speaking, 
in adjoining new unknowns which are the coordinates of integral 
elements which are not general, and constructing a prtors the finite 
and differential equations these new unknowns must satisfy. How- 
ever, an exact description of the method would be a little too long 
to be given here. In every concrete case in which it was applied, 
Cartan's method led to the complete determination of all singular 
solutions. But a general proof that it always does so is still missing; 
this is a theme of research which would richly deserve to attract the 
attention of ambitious young mathematicians. 

One of the main applications of Cartan's theory of systems of dif- 
ferential equations is his theory of infinite groups of transformations 
(cf. [165 17; 18; 19]). We touch here a branch of mathematics which 
is very rich in results but which very badly needs clarification of its 
foundations. For the infinite Lie groups, in spite of their name, are 
probably ho groups at all, in the precise sense the word has received 
in modern algebra; what they really are is not clear yet. Lie defined 
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them as follows: he considers a set of, analytic transformations 
xe F(t, +++, xa) on s variables which is closed with respect to 
the ordinary operations of forming the product of two transforma- 
tions and taking the inverse of a transformation of the set, and 
which has furthermore the property of being compoeéd of all trans- 
formations of the form indicated above for which the functions Fy 
satisfy a certain system of partial differential equations. The hitch is 
` of course that nothing is said about the domains in which the trans- 
formations are to be defined and invertible, and that this domain 
may apparently vary from one transformation to another. Cartan 
establishes that any Lie group, whether finite or infinite, may be 
defined (after possible adjunction of new variables, which transform 
in a suitable way when the original variables are transformed by an 
operation of the group) to be the group of all transformations which 
leave invariant a certain number of functions and Pfaffian forms. A 
simple but not typical example is the group of transformations;of the 
form x’ = F(x), y’=G(y) on two variables x and y (where F and G are 
arbitrary analytic functions). It may be considered to be the group 
which leaves invariant the two Pfaffian forma «dx and ody, where u 
and v are new variables, which are transformed as follows: we have 
w e u(dF/dx)-!, v'—v(dG/dx)-. Having written a group in the form 
we have just indicated, Cartan was able to extend to infinite groups. 
the structure theory which Lie had developed for finite groups. As- 
sume that we have a group G which is defined by the conditions that 
some of the variables, say Xren -*-,x,, are invariant and that 
some Pfaffian forms ah, -+ +, o, are invariant, the w,’s containing 
only the differentials of the variables xı, ° - , x, but their coefficients 
involving possibly certain other variables 4. Then we may write 


do = 9 cuo gos + D> lino fu 


where the y,'s are certain linear combinations of the differentials of' 
the auxiliary variables 4. Cartan shows that it is always possible to 
assume that the coefficients Cu», di depend only on the invariants 
Xrti t 0 +, Xa (if the group may. be put into a form where it is transi- 
tive, which always happens for finite-dimensional groups, then the 
cqy 8 and a«q'8 are constants). These coefficients define the structure 
of the group. Just as in the case of finite-dimensional groups, they 
cannot be taken arbitrarily; Cartan gave the conditions they must 
satisfy in order to define a group, thus generalizing to infinite groups 
Lie’s third fundamental theorem. 

The operation of adjoining new variables to those which are trans- 
formed by a group is called the prolongation of the group. Cartan 
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says that two groups are isomorphic to each other if they admit 
prolongations which are similar, i.e., which can be deduced from each 
other by a change of independent variables. He showed how it is 
possible to recognize whether two infinite groups whose structures 
are known are isomorphic or not. He applied this method to the 
problem of the classification of simple infinite groups, and found that 
they fall into 8 general types. 

Cartan’s theory of infinite groups had its origin in the study he 
made of equivalence problems. The general problem can be formu- 
lated as follows: Let G be a linear group acting in a space of s 
dimensions. Let 6:,---,6, and &:,---, 0, be two sets of linearly 
independent Pfaffian forms in the variables %1, - - - , x, and 2, °>, 
£., respectively. Determine whether there exists an admissible trans- 
formation of coordinates 


& —£(x,xm4n) i= 1,:::,%, 
such that 


& = $5 a (2)0;, ‘tol---,s, 
£L 


where the linear transformation belongs to G. To treat this problem let 
ti, °° * , tm be the parameters of G and let us introduce the Pfaffian 
forms 


a 
w = P» G,i(u)0;, 
: Bl : 


io S as $1, 5,m-, 
e 


in which we regard the #’s and the £'s as auxiliary variables. The sets 
of forms 6; and f; are equivalent in the above sense if and only if 
2i, @ can be determined as functions of xí, w* (4, j—1, - - -, 7; 
T, s=1,: *, m) so that 


Qu = 0 121,:::,5. 


Such a system may be discussed by the general methods for dealing 
with Pfaffian systems. The first step is, of course, to adjoin to the sys- 
tem the equations dà,;*-do;; if we express the forms dw; by means 
of the forms w; themselves and of the differentials of the auxiliary 
variables, the coefficients of these expressions, when they contain 
the variables x only, will yield invariants I(x), and we may enlarge 
the original system by adjoining the equations I,(2) =J,(x), together 
with the equations which are obtained from them by differentiation. 
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Cartan shows that the continuation of this procedure eventually 
leada to a complete system of invariants which can be obtained by 
operations of differentiation only. However, when the systems one 
is led to consider are not in involution for the dimension s, the com- 
pleteness of the system of invariants depends on the theorem that all 
singular solutions of a differential system may be obtained by the 
method of prolongation, a theorem which is not completely proved as 
yet (cf. above). : i 

Among other applications which Cartan made of his theory of 
differential equations we mention the following: (1) Various ap- 
plications to differential-geometric problems; (2) Principle of integral 
invariants in analytical dynamics; (3) Theory of general relativity. 

As a matter of fact, the study of differential equations arising 
from problems of differential geometry had always interested him, 
and his papers on this subject run through most of his scientific 
career. The numerous examples given in [23] show quite decisively 
the advantages of using differential forms. One of the notable results 
is his proof of a conjecture of Schl&fli to the effect that every Rie- 
mann metric of s dimensions can be imbedded locally into a 
Euclidean space of dimension s(»4-1)/2 [22]. This theorem played 
no emall part in Levi-Civita's original definition of his parallelism 
and has attracted the attention of differential geometers. 

Also-his work on integral invariants in analytical dynamics can 
be considered as an application of the theory of differential equations 
[21]. Mathematically the problem is to determine the trajectories, 
which are to be solutions of a differential system of the type 


dzi f . 
uon o P i-1,::,.m. 


The standard way is by means of Hamilton’s principle, which defines 
the trajectories as the extremals of a certain variational problem. 
Unfortunately the integrand of the latter does not have a simple 
physical interpretation. An alternative way was suggested by 
Poincaré. He called a multiple integral ` 


ff 32 ansa(2.cc i tay dEn das, 
" DEEST 


invariant when its value over a domain covered by the trajectories is 
invariant under the motion. In fact, it is called absolute if the domain 
is arbitrary and relative if the invariance is true only for closed 
domains. If f; qa $—1,---,, are the canonical variables of a 
dynamical system with n degrees of freedom, Poincaré’s principle 


" 


236 ÉLIE CARTAN AND HIS MATHEMATICAL WORK [March 


asserts that the trajectories can be characterized as the curves ad- 
mitting the relative integral invariant 


» fidqi. 


Cartan's principle is a modification of Poincaré's. He derived his 
ideas from his theory of differential systems. The differential system 
of the trajectories has 2# — 2 functionally independent first integrals. 
Cartan observed that the property of an exterior differential form 
to be invariant and thus to depend only on the trajectories is that 
it is a form in these first integrals. Expressed in terms of the original 
variables, it may involve the independent variable #. Omitting from 
this the terms involving d£, we obtain the integrand of an invariant 
integral in the sense of Poincaré. Thus the latter is the truncated 
form of an invariant differential form (i.e., a form in the first integrals 
of the trajectories). Conversely, it can be proved that, given the 
integrand of en invariant integral of Poincaré, terms involving di 
can be added to it so as to obtain an invariant differential form. 
Cartan's principle characterizes the trajectories as admitting an 
invariant differential form. Moreover, the latter has.a simple physical 
interpretation. The work therefore furnishes an interesting comple- 
ment to formal dynamics. 

In connection with the general theory of relativity and the unified 
field theory Cartan studied on several occasions the question of the 
possible forms of the equations of gravitation and of the unified 
gravitational and electro-magnetic field. He made a very detailed 
analysis and determined all possible forms of such differential sys- 
tems. He was also the first one to introduce the notion of Riemann 
spaces without curvature and with torsion, which later served as the 
basis of Einstein's unified field theory. Apparently these studies are 
not of the same importance as his studies on pure mathematics. 


III. GEOMETRY 


Although the theory of Lie groups has an intimate relationship 
with differential geometry, Cartan did not begin his substantial 
work ou differential geometry until a relatively late stage. His first 
series of papers on differential geometry was concerned with the 
problem of deformation [27; 28]. It is clear that he had then all the 
essential ideas of the method of moving frames, one of his favorite 
subjects in later years, which has not been fully exploited even now. 

'The method was not new. It is a generalization, to an arbitrary 
homogeneous space, of the method of moving trihedrals, so success- 
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fully used by Darboux, Ribaucour, and others [39; 41]. Even in 
the most general case some of its eseential ideas.had been given by 
Emile Cotton. It is also closely related to Cesaro's "intrinsic method? 
in differential geometry, as later developed by Kowalewski. To 
Cartan the attraction was not the method, but the geometrical re- 
sults to which it so effectively leads. It is interesting to notice in his - 
book [41] how he took pleasure in studying numerous examples-and 
did not care to discuss the generalities, except in very sketchy out- 
lines. 

We attempt to give a description of this method in modern, ter- 
minology. The problem is the local theory of a p-dimensional sub- ` 
manifold M in a homogeneous space E of dimension m, acted on by a 
Lie group G of dimension r. Let O be a point of E and H the sub- 
group of G leaving O fixed. Then the set of all transformations of 
G carrying O to a point P of E is a left coset gH of G relative to H, 
and E can be identified with the space of left cosets G/H. Under this 
identification the action of G on E is represented by left multiplica- 
tion. This process depends on the choice of O. If we replace O by O' 
and if go is a transformation of G carrying O to O, the subgroup of G ` 
leaving O’ fixed will be go!Hgo and the set of transformations of G 
carrying O' to P will be gHgo. In other words, the latter is defined 
up to multiplication by a fixed element to the right. 

The method of moving frames is a method for the determination 
of differential invariants of M under G, and in fact for determining 
enough of them to enable us to decide whether two given submani- 
folds differ from each other only by a transformation of G. Its main 
idea ie that of passing from the homogeneous space E to the group 
space G. In fact, denote by y:G—4G/H the natural projection which 
assigns to an element gCG the coset gH. From M we get the sub- 
manifold Fo &-7!(M)CG, determined up to multiplication by a fixed 
element on the right (depending on the choice of the point O). Fo is 
in general a manifold of dimension higher than p and will be called 
the manifold of frames of order 0 of M. Now the Lie algebra § of H 
is a subalgebra of the Lie algebra /g of G. There is therefore in the 
dual space g* of g, whose elements are the so-called Maurer-Cartan 
forme, a linear subspace n*(G, H) of dimension s consisting of all 
elements of g* orthogonal to 5. The dual mapping of the identity 
mapping fo; FoG maps the elements of n*(G, H) into Pfaffian forms 
on Fo, called by Cartan the principal components of order 0. Among 
them there are exactly f linearly independent ones, the others being 
their linear combinations. The coefficients of such linear combinations 
play an important réle in the method of moving frames. From them 
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it is sometimes possible to derive differential invariants of M by 
elimination. 

In order to get more information about M, we have to pass to the 
elements of contact of higher order. The general principle is to ex- 
tend the above considerations to them. Let M be defined locally by 
the equations 


& m fri), $e1,-.m- 


where the functions f; possess sufficiently many continuous partial 
derivatives or even are analytic. The values, at a certain point, of 
the functions x; and their partial derivatives up to the order s inclu- 
sive, subject to the usual laws of transformation when either the x's 
or the «’s undergo an admissible coordinate transformation, con- 
stitute an element of contact C, of order s. Thus an element of con- 
tact of order 0 is the point itself. Moreover, an element of contact 
of order s» 0 determines uniquely an element of contact of order 
s—t, obtained by ignoring the derivatives of order s. 

' The totality of the elements of contact of order s, for all sub- 
manifolds of dimension p in E, is a space E, on which G acts. The 
elements of contact of order s of M constitute a submanifold M, of 
E. The case for general s differs from the case s=0 in two essential 
aspects: (1) The group G does not necessarily act in a transitive 
manner on E, so that the latter decomposes into domains of transi- 
tivity; (2) The subgroup H, of G leaving fixed a given C, may not be 
connected, as for instance in the case when E is the Euclidean space 
with the group of rigid motions, and p=1, s—1. In this example M 
is a curve and C, can be identified with the tangent direction; the 
motions leaving a line fixed have two connected components. 

This phenomenon shows that the same C, may carry several 
“oriented” elements of contact of order s, obtained by replacing H, 
by the component of the unit element in H,. The latter process in- 
volves an arbitrary choice, because only the class of conjugate sub- 
groups of H, is defined by C,. On the other hand, the first fact, 
together with generality assumptions, allows us to coordinatize the 
generic oriented elements of contact of order s by a finite set of 
numbers. These are the differential invariants of order not greater 
than s. 

Denote by T' a domain of trausitivity of E, under G, by H,(T) 
the subgroup of G leaving one of its points fixed, and by H;(T) the 
connected component of the unit element of H,(T). Then the space 
of oriented elements of contact of order s can be identified with the 
union UrG/H/(T), and those of M can be considered as a submani- 
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fold M, of UrG/ H;(T). If y, .r:G—0G/HI(T) is the natural projection, 
the submanifold : 
F= U WC) ` 
QE 

is called the manifold of frames of order s of M. Generalizing the situa- 
tion on frames of order 0, let 5, denote the Lie algebra of H,(T) and 
n*(G, H,(T)) the linear subspace of the dual space g* of g which 
consists of all elements of g* orthogonal to 5,. The dual mapping of 
the identity mapping 1t.: F, >G maps the elements of n*(G, H,(T)) 
into Pfaffian forms on F,, called the principal components of order 
not greater than s. The main feature of the method of moving frames 
is the result that the study of the manifold F, in G gives some of the 
moet important of the local geometric properties of M in E. The de- 
termination of the manifolds of frames of different orders is achieved 
by induction on s. ' 

Cartan had a more geometrical picture of the frames. To him they 
are configurations in E such that there exists exactly one transforma- 
tion of G carrying one such configuration into another. In Euclidean 
space with the group of rigid motions we can take as frames sets of 
points (P, Ui, Us, Us) with the properties: (1) the points Ui, Us, Us 
are at a distance 1 from P; (2) any two of the lines PU;, PU, PU; 
are perpendicular; (3) the vectors PU, PU, PU; form a right- 
handed system. For a surface in Euclidean space the frames of order 0 
are those with P on the surface. The frames of order one satisfy the 
further condition that PU, is normal to the surface. Here an orienta- 
tion has to be made according as U; is along one sense of the normal 
or the other. If P is not an umbilic, the frame of order two is uniquely 
determined at each point by the condition that P U;, PU, are in the 
principal directions. The two principal curvatures are invariants of 
order two. 

So far we have restricted our discussion to the generic elements of 
contact. Among the most interesting properties of differential geom- 
etry are perhaps those concerning the nongeneric ones. Thus the 
four-vertex theorem for closed plane curves and the theorem on the 
existence of umbilics on closed surfaces of genus »é1 are statements 
on the existence of certain types of elements of contact on a closed 
stbmanifold. No general result along this direction is known, and it 
is hoped that the method of moving frames will give some clues. _ 

From this viewpoint the problem of deformation naturally presents 
itself. Two submanifolds M* and M**» in E are said to be applicable 
or deformable of order s relative to G if there is a transformation of _ 
G which carries the elements of contact of order s of M? into those of 
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M*5, that is, if there is a one-one mapping between the submanifolds 
under which the invariants and the principal components of order 
` not greater than s are equal. When G is the group of motions in 
Euclidean space and p=2, s=1, this notion of applicability reduces 
to the classical one studied by Gauss, Minding, Darboux, and others. 
When G is the group of projective collineations in a real projective 
space and f »2, s=2, the problem was known as the projective de- 
formation of surfaces and was studied at great length by Fubini and 


When the order s is sufficiently large, the method gives a solution 
of the fundamental problem of local differential geometry in a homo- 
geneous space, namely, that of deciding whether two submanifolds 
differ from each other by a transformation of the group G. 

Actually it may be quite complicated to carry out the method 
(i.e., to determine the invariants and frames of different orders) in 
concrete cases, particularly when p is large. Moreover, the generality 
assumptions may soon become unrealistic. Cartan developed various 
ways of simplifying the computations and adapting the method to 
special cases. As frequently happens in mathematics, the generality 
of the viewpoint helps also to treat the special cases in a more 
effective way. 

Some of the applications he made are: the conformal deformation 
of hypersurfaces [28], the projective deformation of surfaces [27], 
and the theory of submanifolds of constant curvature in a Euclidean 
or non-Euclidean space [25; 26]. The second was a problem which had . 
received considerable attention from the Italian geometers. Cartan 

proved that, except for a class of surfaces which depends on six 

( arbitrary functions of one variable, a surface is not deformable in a 
nontrivial way. Moreover, if a surface is projectively deformable 
(i.e., in a nontrivial way), the surfaces to which it is deformable de- 
pend at most on three arbitrary constants. This does not settle the 
problem. It perhaps makes the study of projectively deformable 
surfaces even more interesting. To cite an example, the question 
whether there exist surfaces projectively deformable to œ? projec- ` 
tively inequivalent surfaces is not yet solved. 

The study of the submanifolds of constant curvature in a Eu- 
clidean or non-Euclidean space generalizes the classical treatment of 
developable surfaces [25; 26]. Cartan made an exhaustive study and 

‘determined the degree of generality of such submanifolds. They do 
not exist under all circumstances. For instance, if the curvature of 
the submanifold of dimension f is less than the curvature of the 
space, the latter must have dimension not less than.2p —1. His em- 
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phasis was on the necessity of investigating the existence of sub- 
. manifolds with: prescribed properties, and their degree of generality, 
before their study can be undertaken with sense. For this purpose 
his theory of differential systems in involution was applied to the - 
best advantage. 

Most remarkable among his tks along this line are the results 
on the isoparametric families of hypersurfaces in a spherical space 
[42; 43]. It started with a problem of Levi-Civita: to study the 
scalar functions in a Riemannian space which are functionally de- 
pendent on both their first and second Beltrami differential param- 
eters. The hypersurfaces obtained by equating such a scalar func- 
tion to a constant are said to form an isoparametric family. When 
the Riemannian space is of zero or constant negative curvature, the 
determination of its isoparametric families of hypersurfaces does not 
cause much difficulty. This is due to the fact that every such hyper- 
surface has at moet two distinct principal curvatures. When the 
Riemannian space is of constant positive curvature, the situation is 
very complicated, but also most interesting. Cartan proved that in 
this case there ‘do exist isoparametric families of hypersurfaces hav- 
ing three distinct principal curvatures but that this can happen 
only when the dimension of the space is 4, 7, 13, or 25. The last 
family admits the exceptional simple Lie group in 52 parameters; 
this was the first time that this group was geometrically realized, 
Similar results hold for isoparametric families of hypersurfaces in’ 
spherical space with four distinct principal curvatures. These exist 
only in spaces of 5 and 9 dimensions. This is one of the few in- 
stances of geometrical problems where the dimension of the ambient 
space plays an essential rôle. . ` 

Einstein’s theory of general relativity gave a new impetus to dif- 
ferential geometry. In their efforts to find an appropriate model of 

_ the universe geometers have broadened their horizon from the study 
of submanifolds in classical spaces (Euclidean, noneuclidean, projec- 
tive, conformal, etc.) to that of more general spaces intrinsically 
defined. The result is an extension of the work of Gauss and Riemann 
on Riemannian geometry to spaces with a connection, which may be 
an affine connection, a Weyl connection, a projective connection, 
of a conformal connection. In these generalizations, sometimes called 
non-Riemannian geometry, an important tool is the absolute differ- 
ential calculus of Ricci and Levi-Civita. The results achieved are of 
considerable geometric interest. For instance, in the theory of projec- 
tive connections, developed independently by Cartan, Veblen, Eisen-. 
hart, and Thomas, it is shown that when the space has a system of 
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paths defined by a system of differential equations of the second 
order, a generalized projective geometry can be defined in the space 
which reduces to ordinary projective geometry when the differential ` 
system is that of the straight lines. Numerous other examples can be 
cited. The problem at this stage is twofold: (1) to give a definition of 
“geometry” which will include most of the existing spaces of interest; 
(2) to develop analytic methods for the treatment of the new geom- 
etries, it being increasingly clear that the absolute differential calculus 
is inadequate. 

For this purpose Cartan daci what seems to be the most 
comprehensive and satisfactory program and demonstrated its ad- 
vantages in a decisive way [31; 39]. This contribution clearly illus- 
trates his geometric insight and we consider it to be the most im- 
portant among his works on differential geometry. It can be best 
explained by means of the modern notion of-a fiber bundle. Let 
p: B—X be a fiber bundle with fiber Y and structural group G. We 
assume X to be a differentiable manifold and G a Lie group. Let 
U, V, W, --- be a covering of X by coordinate neighborhoods. A 
point of B belonging to -UN V) has, with respect to U and V, 
respectively, the coordinates (x, y) and (x, guy(x)y), xc UOV, yc Y, 
where we denote the action of G on Y by multiplication to the left. 
The function guy(x) is defined for x€& UAY, with values in G. Its 
dual mapping maps the Maurer-Cartan forms of G into forms in 
UNV, to be denoted by why, $21, +--+, r. Let (aj(g)), gCG, denote 
the adjoint representation of G in the space of the Maurer-Cartan 
forms. A connection in the bundle is defined in each coordinate 


neighborhood U by a set of Pfaffian forms fy, $—1, - - -, r, such 
that in UNV, 
bx = woy + 35 asso), Ped yn 
2-1 


It is easy to verify that this condition is coherent in the intersection 
of any three coordinate neighborhoods U, V, W. 

The curvature tensor is given by the exterior quadratic differential 
forms 

Or = diy —— Y. cute AR f>,---,r 
f: bml 

where the c& are the constants of structure of G. Under a change 
of the coordinate neighborhood they are transformed according to 
the adjoint representation. 

Actually Cartan proceeded in a different way. Guided by the clas- 


é 


1952] ÉLIE CARTAN AND HIS MATHEMATICAL WORK 243 


sical notion of parallelism he laid more emphasis on the possibility of 
“developing” the fiber along a parametrized curve. In the present 
formulation this possibility arises from the fact that the differential 
system 


X ope + oe) 0, iol ,ngeG, 


is independent of the choice of the coordinate neighborhood. Cor- 
responding to a parametrized curve in X there is a uniquely de- 
termined integral curve g(t) of the differential system through the . 
unit element of G. The curve'g(/) gives rise to a one-parameter family 
of transformations in Y. Cartan called this process the development 
along a parametrized curve, and took it as the definition of a connec- 
tion. ` 

Without the notion and terminology of fiber bundles it was diffi- 
cult to explain these concepts in a satisfactory way. The situation 
was further complicated by the fact that Cartan called tangent space 
what is now known as fiber while the base space X, being a differ- 
entiable manifold, has a tangent space from its differentiable struc- 
ture. But he saw clearly that the geometrical situation demands the 
introduction of fiber bundles with rather general fibers. Attempts by 
several other mathematicians to tie up the fiber with the differentiable 
structure of the base space were suggested by their experience from 
affinely connected spaces and led to complicated computations which 
have nothing to do with the geometrical problem. 

When one takes the notion of a connection as the guiding principle ` 
in differential geometry, the fundamental problem is to define the 
fiber bundle and the connection in every geometrical problem. This 
is not at all a routine matter, and Cartan carried it out in various 
cases. Some of the more important ones are: (1) the projective con- 
nection of the geometry of paths [29]; (2) the conformal connection 
in the conformal theory of Riemann spaces; (3) the metrical connec- 
tion in Finsler spaces; (4) the metrical connection in spaces based on 
the notion of area of hypersurfaces, now known as Cartan spaces 
[38]; (5) the geometry of the integral [F(x, y, y', y/")dx, which is a 
generalization of plane Finaler geometry. 

Results from these particular examples tend to substantiate the 
belief that the notion of a connection is a guiding principle in dif- 
ferential geometry. For instance, in Finsler geometry, the spaces of 
interest are those defining a “regular” problem. in the calculus of 
variations. This fact manifests Heel clearly when one tries to define 
a connection in the space. 


a 
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In order that the connection in a space may be useful it must 
have a further property: it should give all the geometrical properties 
of the space. This can be made precise by the requirement that two 
spaces are to be equivalent under admissible transformations of the 
coordinates if and only if the connections are equivalent. This 
naturally leads to an equivalence problem whose analytical aspects 
have been discussed in Part II. It suffices to remark here that, while 
in simpler geometrical problems (such as Riemannian geometry) the 
introduction of a connection in the space automatically solves the 
equivalence problem, it is advisable in more general cases to go the 
other way around by first solving the equivalence problem and then 
interpreting the solution geometrically. Cartan’s treatment of the 
equivalence problem furnishes a method which is particularly suit- 
able for such geometrical problems. 

Cartan, first in his Mémorial volume and later in his Legons, applied 
his general ideas on connections to the case of Riemannian geometry 
[30; 35]. Although he himself never refrained from computations, 
he did not hide his distaste for the computational work on differential 
geometry which was then very fashionable and much of which was of 
little geometrical interest. He stated his aim in the preface of [35] 
as that of bringing out the simple geometrical facts which have often 
been hidden under a debauch of indices. The result is a very original 
account of Riemannian geometry, still the standard book in the field. 

His most important work on Riemannian geometry is undoubtedly’ 
the theory of symmetric Riemann spaces [33; 34; 37]. It is well 
known that the local properties of a Riemann metric are given by 
Riemann-Christoffel curvature tensor and itg successive covariant 
derivatives. Besides the locally Euclidean spaces the simplest Rie- 
mann spaces are therefore the ones for which the covariant deriva- 
tive of the Riemann-Christoffel tensor is zero. These spaces, which 
include the Riemann spaces of constant curvature, are called sym- 
metric by Cartan, for an obvious reason which will be brought out 
below. He published papers on the subject during the period from 
1927 to 1935. Perhaps because of their extensiveness the subject did 
not receive the attention it deserves. Its significance for the de- 
termination of the real forms of complex simple Lie groups has been 
discussed above. We proceed to give a very brief survey of the 
geometrical aspects of the theory, together with its relations to 
classical geometries, the theory of analytical functions of several 
complex variables, number theory, and topology. 

Cartan soon discovered that the definition can be put in a more 
. geometrical form. A symmetric Riemann space can be defined either 
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as one for which the Levi-Civita parallelism preserves the sectional 
Riemannian curvature or as one for which the symmetry about a 
point is an isometry. From the second equivalent definition it follows 
immediately that the space admits a transitive group of isometries 
and that the connected component of the subgroup of isometries 
leaving fixed a point of the space is compact. This result brings the 
symmetric Riemann spaces into relation with homogeneous spaces. 

The enumeration of all the symmetric Riemann spaces is not a 
aimple problem. Cartan first observed that if a symmetric Riemann 
metric can be decomposed (locally) into a sum of two lower-dimen- 
sional Riemann metrics, each of the latter is symmetric. The problem 
is thus reduced to the irreducible case in which such a decomposition 
is not poesible. Cartan then applied two different methods to the 
problem. 

The first method consists in the determination of the subgroups of 
the orthogonal groups which can be the groups of holonomy of an 
irreducible symmetric Riemann space. Such a subgroup leaves in- 
variant a form 


Y Runetytzry!, 


i 
where Rim is the Riemann-Christoffel curvature tensor. It is thus 
not a most general subgroup of the orthogonal group, and this limita- 
tion makes it possible to carry out the program to the end. Unfor- 
tunately the method leads to very complicated computations. 

It is the second method that opens up entirely unexpected views. 
Denote by G the connected component of the group of all isometries, 
and by H the connected component of the subgroup of G leaving a 
point O fixed. Then H is compact. If øe denotes the symmetry about 
O, the mapping which sends g€G into ogo GG is an involutory auto- 
morphism of G. Under this automorphism all elements of H remain 

-fixed. Conversely, when a connected Lie group G has an involutory ~ 
automorphism such that the connected component of the set of fixed 
elements is compact, the homogeneous space G/H can be given a 
symmetric Riemann metric. Now choose a base in the Lie algebra of 
G such that the endomorphism induced by the involutory auto- 
morphism changes the eigns of some of the base vectors and leaves 
the remaining ones fixed. This normalization allows one to draw 
far-reáching conclusions on the infinitesimal structure of G. In fact, 
it follows that if the space, which we can now denote by G/H, is 
irreducible and is not locally Euclidean (that is, its Riemannian- 
Christoffel tensor is not 0), the group G is simple or is the direct 
product of two isomorphic compact simple groupe. 


246 ÉLIE CARTAN AND HIS MATHEMATICAL WORK [March 


In the latter case the elements of G can be written as (a, b), a, bEH, 
H being a simple group. Then the involutory automorphism has to be 
(a, b) — (b, a), and the space can be identified with the space of H. In 
other words, this case reduces to the geometry of the space of a com- 
pact simple Lie group. 

More interesting is the case in which G is simple. If G is a complex 
simple Lie group and H its compact real form, the space G/H is 
homeomorphic to a Euclidean space and is the only symmetric 
Riemann space with G as its group of isometries. Cartan called it 
the fundamental Riemann space of G. When G is a noncompact 
simple real Lie group, we consider its corresponding complex group 
G and the fundamental Riemann space E of G. The involutory auto- 
morphism in G, which maps every element into its complex conjugate, 
induces a symmetry in E leaving invariant a totally geodesic mani- 
fold of E. The latter is homeomorphic to a Euclidean space and is 
the only symmetric Riemann space with the group G. The situation 
is more complicated when G is a compact aimple real Lie group, 
as then the symmetric Riemann apace with G as the group of isom- 
etries is not unique. Thus there is, from the point of view of the 
infinitesimal structure, one and only one symmetric Riemann space 
belonging to a given noncompact simple group G: it is that of the 
homogeneous space G/H, where H is a maximal compact subgroup of 
G (which turns out to be uniquely determined up to an inner auto- 

-morphism of G). For instance, the symmetric Riemann space belong- 
ing to the unimodular real linear group GL,(R) is the space of positive 
definite quadratic forms in s variables; to the unimodular complex 
linear group GL,(C) there. belongs similarly the space of positive 
definite Hermitian forms in s variables. This undoubtedly accounts 
for the róle played by those forms both i in classical and in modern 
number theory. 

The study of symmetric Riemann spaces also throws considerable 
light on the relations between Riemannian geometry and the classical 
geometries, and helps to unify and explain some of the phenomena 
in classical geometries. Cartan carried out this idea for the case of 
complex projective geometry in his book [36]. It is known, for in- 

~ stance, that there is a correspondence between the geometry on the 

complex projective line and non-Euclidean hyperbolic geometry in 
space. In the present terminology the hyperbolic space is the funda- 
mental Riemann space of the group of projective collineations on the 
complex projective lihe. 

Actually Cartan’s interest in symmetric Riemann spaces was 
aroused by a related but different problem. It is the study of Rie- 
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mann spaces which admit an absolute parallelism, whose auto- 
parallel curves are geodesics. The guiding example is the Clifford 
parallelism in non-Euclidean elliptic space. The first result in this 
direction was achieved jointly by Cartan and J. A. Schouten. They 
found that the irreducible spaces with absolute parallelism are 
exactly the spaces of compact simple Lie groups with one exception, 
which is the 7-dimensional elliptic space. The existence of the latter 
is related to properties of Cayley numbers. 

Another application of the theory of symmetric Riemann spaces 
is to functions of several complex variables. Henri Cartan studied 
the group of all pseudo-conformal transformations which leave in- 
variant a bounded domain in a space of several complex variables 
and proved that it is a Lie group. Using this result, Cartan studied 
the domains which are homogeneous, that is, which admit a transitive 
group of pseudo-conformal transformations. He did not succeed in 
determining -all such domains, because there are perhaps too many. 
However, he did determine all those which are also symmetric, that 
is, which have the further property that to every point O of the 
domain there exists an involutory pseudo-conformal transformation 
of the domain onto itself which admits O as an isolated invariant 
point. This is due to the fact that the group is then semi-simple. 
The irreducible bounded symmetric homogeneous domains form 
four large classes and two exceptional cases, of dimensions 16 and 
27 respectively. These domains have recently been found to play an 
important réle in Siegel's work on automorphic functions and an- 
alytic number theory, where the discontinuous subgroups of these 
groups are studied. No bounded homogeneous domain is known 
which is not symmetric. 

The notion of a symmetric space can be extended to the case 
which Cartan called non-Riemannian. It is a homogeneous space 
G/H such that there is an involutory automorphism o of G with H 
as the connected component of the subgroup of invariant elements of 
c, where H ie not necessarily compact. His main contribution to 
general symmetric homogeneous spaces is concerned with their 
Betti numbers, of which an account was given above in connection 
with the Betti numbers of compact Lie groups [11]. The resulte 
given there are valid for any compact symmetric homogeneous space, 
so that the determination of the Betti numbers of such a space can 
be reduced to a purely algebraic problem. Non-Riemannian sym- 
metric spaces have otherwise hardly been studied. 

Besides the importance of integral invariants in studying the topo- 
logical properties of a space as a consequence of de Rham’s theorems, 
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they play a rôle in another field of geometry, now known as integral 
geometry. There again Cartan’s exterior differential forms can be 
applied to the best advantage. In 1898 he devoted a paper to multiple 
integrals in the spaces of lines and planes of Euclidean space, which 
are invariant under the group of motions. The paper marks an im- 
portant step in integral geometry, a subject founded by the English 
mathematician Crofton and later developed by Blaschke and his 
school. It is quite curious that, although Cartan laid much emphasis 
on the idea of defining a group as the set of transformations leaving 
invariant a set of linear differential forms and took this to be the 
starting point of his theory of infinite groups, he did not come back 
to invariant differential forms of higher degree, except in the paper 
discussed above. His exterior differential forms have now become an 
indispensable tool in integral geometry. 
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GILBERT AMES BLISS 
` 1876-1951 


The contributions made by Gilbert Ames Bliss to mathematics 
and to educational and scientific activities in the United States were 
many and varied. The following is a quite inadequate summary of his 
life and work, with special reference to his mathematical activities. 

‘Gilbert Bliss was born in Chicago on May 9, 1876, and died in 

Ingalls Memorial Hospital in Harvey, Illinois, on May 8, 1951. In 
1893, one year after the University of Chicago first opened its doors to 
students, he enrolled there as a student, and was awarded the de- 
grees of B.S. in 1897, M.S. in 1898, and Ph.D. in 1900. He studied 
at the University of Góttingen during the year 1902-1903. His first 
teaching was done as a substitute for a member of the staff of 
Kalamazoo College for several weeks during the year 1898-1899. He 
was an instructor in mathematics at the University of Minnesota 
1900—1902, an associate at Chicago 1903—1904, assistant professor at 
the University of Missouri 1904-1905, preceptor (=assistant pro- 
fessor) at Princeton 1905-1908, and at Chicago was associate pro- 
fessor 1908-1913, professor 1913-1933, Martin A. Ryerson Dis- 
.tinguished Service Professor 1933-1941, and chairman of the depart- 
ment 1927-1941. He retired from active service in 1941. In various 
summer or autumn terms from 1906 to 1911 he gave courses at 
' Wisconsin, Chicago, Princeton, and Harvard. 

During ‘his student days Bliss first fell under the influence of 
F. R. Moülton, then a young assistant who was teaching at Chicago, 
and his first published paper was entitled The motion of a heavenly 
body tn a resisting medium. The fellowship in astronomy for which 
he applied was not granted, and he eventually decided to devote him- 
self to pure mathematics. His thesis for the M.S. was entitled The 
geodesic lines on the anchor ring, and his thesis for the Ph.D. bore the ` 
same title. The first developed explicit formulas for the geodesics in: 
terms of elliptic integrals and diecussed some of their properties. In 
the Ph.D. dissertation (D3)! it was shown that the points on the 
inner equator of the anchor ring are of the first kind (in the clasaifi- 
cation due to Mangoldt), i.e., each geodesic passing through such a 
point contains no conjugate point, while all other points on the anchor 
ring are of the second kind, i.e., not of the first kind. Previous in- 
vestigations by Jacobi and by Mangoldt had shown that on a surface 


1 The lettera in bold face refer to the sections of the bibliography at the end of 
this article, and the numbers refer to the individual items. 
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of negative curvature all points are of the first kind, while on a closed 
surface of positive curvature all points are of the second kind. 
. During his time as a graduate student Bliss made a copy of 
Bolza’s record of Weierstrass’ 1879 course on the calculus of varia- 
tions. This record together with Bolza's influence undoubtedly helped 
fix in Bliss’ mind the interest in the subject which dominated his 
research. During his etay at Minnesota he studied Kneser's book on 
the subject, which was the first printed exposition of Weierstrase' 
ideas, and published a papér (D4) on the second variation and suffi- 
cient conditions for a minimum when one end point is variable. A 
second paper (D5), taking up the case when both end points are 
variable, was written during his stay in Göttingen. In both these 
papers, as in his thesis, geometric considerations play a prominent 
role. There are frequent evidences of his continuing interest in 
geometry. In his papers D11, 14, 27, he discussed *Finsler" geometry 
of two dimensions, where the arc length is given by an integral of 
the form 
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Finsler's thesis treating the #-dimensional case did not appear until 
1918. The tensor analysis of such spaces was developed still later by 
Élie Cartan. Bliss kept in touch with these ideas, and developments 
of them appeared in the diseertations of Taylor (G18), Johnson 
(D28), Householder (G47), and Stokes (G51), which he suggested 
' and supervised. During the years 1908-1910, immediately following 
the death of Maschke, he lectured on geometry at Chicago, but when 
Bolza returned to Germany in 1910, Bliss seemed glad to make analy- 
sis again the focus of his teaching. 

A number of papers applying the methods of Weierstrass to a 
variety of problems in calculus of variations appeared from Blise' 
pen during the years before the first world war. Some of these were 
written in collaboration with Max Mason (D12, 17, 19) and one was 
a joint paper with A. L. Underhill (D25). 

An idea which has become basic for much subsequent work in 
the calculus of variations appeared in the paper D30. This is the con- 
sideration of the minimum properties of the second variation. It 
makes possible simple proofs of the necessity of the Jacobi condition, 
and of the analogous condition for the more general problem of 
Bolza, and is a guiding principle in the construction of sufficiency 
proofs. It led to the paper D44 on the transformation of Clebsch, 
which expreses the second variation in the form 
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LG) = f Fast — n — wada. 
» / 
This formula is valid when there exists a conjugate system of ac- 
cessory extremals whose determinant does not vanish on the interval 
[x1, xà] and the vector function « is suitably defined in terms of the 
admissible variation 7 (vanishing at x, and x4) and of the given 
conjugate system. It is derived very simply with the help of the 
theory of fields of extremals and the formula of Weierstrass. A simple 
direct proof is also given. The methods of this paper are basic for 
the various sufficiency proofs subsequently given for the problems 
of Lagrange, Mayer, and Bolza. 

During the years 1916-1946 Bliss devoted much time to improving 
and extending the theoriés of the problems of Lagrange, Mayer, 
and Bolza. In this he had the cooperation of several of his students, 
notably Hestenes. The results appeared in definitive form in 1946 
in the second part of his “Lectures” (A6), where the problem of Bolza 
ig treated in detail. If one compares this with earlier expositions of 
these general problems—for example, of the problem of Lagrange in 
Bolza's Vorlesungen, or in Bliss’ paper D49—one is immediately 
impressed with the greater scope of the theory, due to weakening of 
hypotheses both for necessary conditions and for sufficient conditions, 
and with the simplifications obtained in the proofs. The first part of 
the “Lectures” contains an unusually clear presentation of the theory 
of the calculus of variations for cases when there are no side condi- 
tions. 

Although Bliss published only one paper on multiple integrals in 
the calculus of variations (D59) he began to discuss the subject in 
courses and seminars in the 1920's, and continued at frequent in- 
' tervals up to the summer of 1942. Coral, Courant, McShane, Radó, 
and Smiley were among those from outside the University of Chicago 
who participated in some of these seminars. Bliss expounded the 
subject of multiple integrals in mimeographed lecture notes (B2, 3), 
where various improvements in the theory may be found. Some of 
his ideas were developed in the doctoral dissertations of Simmons 
(G19), Coral (G35), Raab (G39), Cosby (G41), Nordhaus (G50), 
and Landers (G52). One of the outstanding problems in this domain 
is to find conditions ensuring the existence of a field suitable for use in 
a sufficiency proof. 

During the 1920’s Bliss also lectured on boundary value problems 
associated with the calculus of variations, and on applications to 
quantum mechanics and relativity. Some of his work on boundary 
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“value problems appeared in the papers D45, 46, 50, 58. For the sake 
of the greatest symmetry and generality it is convenient to study 
differential systems of the form 


dy 
(2: un [4(2 + AB(z)]y, Myla) + N5(b) = 0. 


(Here capital letters are used to denote square matrices of order m, y 
and s denote matrices of one column, and the transpose of A, for 
example, is denoted by A’.) The adjoint system to (1) is defined to be 


ds À 
me sg[A-- XB] — s(s)P 4- &(0)Q = 0, 


‘- where MP—NQ=0. The system (1) is said to be self-adjoint if it is 
equivalent to its adjoint under a transformation s= T(x)y where the 
matrix T is nonsingular on the interval [a, b]. In the paper D58, 
a self-adjoint system (1) was defined to be defistie in case: (a) the 
matrix 7"B is symmetric and positive semidefinite, and (b) the system 
(1) has no nontrivial solutions for which By=0. The boundary 
value problems arising from problems of Bolza satisfying certain 
mild restrictions are of this type. The definition of “definitely self- 
adjoint” given in the earlier paper D46 excluded many such prob- 
lems. However, in both papers properties of the system are derived 
which are like those which hold for the Fredholm equation with 

.real symmetric kernel. Student theses related to the subject of 
boundary value problems include those of Miss Stark (G21), Bam- 
forth (G22), Cope (G23), Hickson (G26), Miss Jackson (G27), Hu 
(G38), and Miss Wiggin (G43). 

The inverse problem of the calculus of variations drew some atten- 
tion from Bliss, although it was not in the main line of his interest. 
(See the paper D15.) Among his students Davis (G24), LaPaz (G29), 
and Moscovitch (G46) contributed to the discussion of the problem. 

Calculus of variations theory requires the use of existence theorems 
for implicit functions and differential equations which, yield more 
information than those commonly given in the textbooks and treatises 
on analysis. Hence Bliss was led to write a number of papers on 
the subject (D6, 9, 20, 33), and his Colloquium lectures delivered be- 
fore the American Mathematical Society in 1909 (A1) were devoted 
to these and related topics. The analysis of singular points for trans- 
formations of the plane was one of the topics treated in the Col- 
loquium. This work grew out of special cases arising in the calculue 
of variations. The dissertation of Lovitt (G6) treated some casea for 
transformations of three-space. The transformations of the plane 
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considered in the Colloquium are real analytic ones, and real branches 
of plane analytic curves play a prominent role. This led to the two 
papers on the factoring of power series (D18, 21), and later to the 
study of algebraic curves (D41, 42, A4). At the date of these studies 
the geometric proofs for the theorems on the reduction of the singu- 
larities of algebraic curves were quite unsatisfactory. In recent — 
years modern algebra has provided the means for a very abstract 
and general treatment of the theory of algebraic curves. Bliss gave a 
clear treatment from the viewpoint of analysis of the case when the 
base field is the complex number field. This phase of his work indi- 
cates that he was not always interested in the maximum abstract- 
ness, although he always sought for simplicity, clarity, and compre- 
hensiveness in his mathematical exposition. 

Upon the urging of Veblen in 1918 Bliss went to ee as a 
scientific expert in the Range Firing Section. His work on the dif- 
. ferential corrections of trajectories (D35, .36, 37) made possible 
enormous savings in the time required to compute the range correc- 
tions which are necessary in allowing for the rotation of the earth, 
effects of wind, and variations in the density of the air, powder charge, 
etc. His methods continued to be used during World War II. While : 
the advent of high speed computing machines has led to some changes 
in methods, the basic theoretical ideas remain the same. These basic 
ideas were expounded in two papers in Trans. Amer. Math. Soc. 
(D39, 40), and later in a book (A5). Bliss' interest in functional 
analysis was not confined to this period. In earlier years the disserta- 
tions of Fischer (D5), Lamson (G10), Le Stourgeon (G11), and Bar- 
nett (G13) were related to this field. ` f 

Bliss was known the world around as one of the leading authorities 
on the calculus of variations, although he did not contribute to the 
new directions of study opened up by Tonelli and by Morse. He was 
primarily interested in mathematical research, but he heeded also the 
call of other duties. .His broad interest in mathematics was evi- 
denced, for example, by his regular attendance at the meetings of 
the Mathematical Club of the University of Chicago, where he con- 
tributed comments and questions on a wide variety of topics. He 
felt the duty of exposition, and wrote the first of the series of Carus 
Monographs, for which he also served as a member of the editorjal 
committee. In mathematical publication he took a middle ground be- 
tween those who pour forth undigested ideas and those who insist on 
excessive polishing. In 1925 he was the recipient of the first award of 
the Chauvenet Prize by the Mathematical Association of America 
for his paper Algebraic functions and iheir divisors (D43). 
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Bliss was an associate editor of the Annals of Mathematics from 
1906 to 1908, and of the Transactions of the American Mathematical 
Society from 1909 to 1916. He was chairman of the Editorial Com- 
mittee of the University of Chicago Science Series from 1929 until his 
retirement. From 1924 to 1936 he served on the Fellowship Board of 
the National Research Council. He was a trustee of the Teachers 
Insurance and Annuity Association for several years. A wide variety 
of organizations called on him to make informal addresses, and as a re- 
sult he gave quite a number of such talks on mathematics and 
related topics. 

He was elected to the National Academy of Sciences in 1916, to 
the American Philosophical Society in 1926, and was made a Fellow 
of the American Academy of Arts and Sciences in 1935. During his 
term (1921 and 1922) as president of the American Mathematical 
Society, he conducted a campaign for new members, in cooperation 
with E. R. Hedrick, Chairman of the Membership Committee. As a 
result the membership of the Society increased from 770 to 1127 dur- 
ing this biennium. In 1930 he was Vice President and Chairman of 
Section A of the American Association for the Advancement of 
Science. He was also a member of the Mathematical Association of 
America, the Illinois Academy of Science, the London Mathematical 
Society, the Deutsche Mathematische Verein, and the Circolo Mate- 
matico di Palermo. In 1935 the University of Wisconsin awarded him 
the honorary degree of Doctor of Science. 

Bliss played a central role in the planning of Eckhart Hall, which 
houses the Department of Mathematics at Chicago, and he closely 
supervised its erection. It is very largely due to his care and insight 
that this building fills so well the needs of the Department, and it 
will stand as a beautiful and enduring memorial to his efforts. He 
accumulated a rather substantial personal library of mathematical 
books and periodicals, which he presented to the Department of 
Mathematics in 1950 for the use of the staff. This "Gilbert Ames 
Bliss Library? is now housed in the Faculty Conference Room in 
Eckhart Hall. It includes an unusually complete collection of works 
on the calculus of variations. Í 

Bliss believed wholeheartedly in the importance of teaching as an 
accompaniment of mathematical research. All those who experienced 
the stimulation of his courses retain a high admiration for him as 
very nearly the ideal scientific teacher, His judgment was highly re- 
garded, and his counsel was sought from many quarters, by other 
universities as well as his own, and by other organizations besides 
the mathematical ones. He was conservative in tendency, and was 
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not one to rush into new domains of mathematics or into new projects 
in war time. In his view fundamental mathematical research and 
teaching were activities too important to be interrupted except for 
very strong reasons. Attempts to restrict student enrollments by high 
- admission requirements seemed to him unwise, since some poorly 
trained students develop real intellectual power, and some brilliant 
ones gradually fade. With respect to the value of the Ph.D. training, 
he stated: 

“The real purpose of graduate work in mathematics, or in any 
other subject, is to train the student to recognize what men call the 
truth, and to give him what is usually his first experience in searching 
out the truth in some special field and recording his impressions. 
Such a training is invaluable for teaching, or business, or whatever 
activity may claim the student’s future interest.” 

Gilbert Bliss was married to Helen Hurd in 1912. Their children 
are Elizabeth (Mrs. Russell Wiles), born in 1914, and Ames, born in 
1918. His wife was stricken and died in the influenza epidemic of 
December, 1918. In 1920 he married Olive Hunter, who survives 
him. The Blisses had a summer home in Flossmoor, Illinois, for 
many years, and beginning in 1931 they made their year round 
residence in Flossmoor, where Gilbert was at one time a member 
of the Village Board of Trustees and head of the Police Commission. 

They were exceptionally friendly in manner and in spirit, with a high 
` sense of humor, and enjoyed entertaining students, faculty colleagues, 
and friends in their home. Golf at one of the nearby country clubs 
was a favorite recreation until declining health forced its discon- 
tinuance. Bliss was interested in competitive sports throughout his 
life, and in his earlier years participated actively in bicycle racing, 
tennis, and racquets. 

His influence on mathematics and mathematicians was widespread 
and deep, and his contributions will be long remembered. z 
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83. Mary Kenny Landers (with M. R. Hestenes), The Hamilton-Jacobi theory for 
problems of Bolsa and Mayer. 


L. M. GRAVES 


BOOK REVIEWS 


Topologie I. Espaces méirisables, espaces complets. By C. Kuratowski. 
(Monografie Matematyczne, vol. 20.) 2d. ed. Warsaw-Wroclaw, ` 
1948. 12-++452 pp. $7.50. 


Topologie II. Espaces compacts, espaces connexes, plan euclidten. By 
C. Kuratowski. (Monografie Matematyczne, vol. 21.) Warsaw- 
Wroclaw, 1950. 8-+444 pp. $6.00. 


Noteworthy in the development of topology is the large number - 
' of fundamental results which, however originally discovered or 
proven, eventually find their true setting among those theorems 
most simply and easily established by set theoretic methods. This is 
due in large measure, of course, to extensive and powerful new tools 
which have been discovered from time to time. For example, the de- 
velopment and exploitation of the homotopy relation between map- 
pings has very greatly extended the range of applicability of the set 
theoretic method and has rendered many results in topology, analysis 
and other fields of mathematics accessible to this approach. The same 
is true of studies in the development and uses of restricted types of 
mappings and in many other phases of topology. 

A better illustration of this point’ will hardly be found than in the 
.two volumes of Kuratowski under review. Here the hand of the 
master is apparent and guides the reader on every page, presenting 
him with a perfectly organized and beautifully simple pathway to a 
large body of the deepest results in topology and in other fields which 
are essentially topological in character. One finds here the topo- 
logical invariance of the Euclidean domain, the invariance of the 
. property of separating Euclidean m-space, as well as the theorems 
of Rouché and Runge from analysis—to give a few examples—skill- 
fully obtained by the author with what seems to be small effort and 
with tools readily accessible to the beginning graduate or advanced 
undergraduate student. No use is made of homology theory and 
only restricted use of groups is made, largely in connection with 
homotopy. ` 

The new edition of volume I offers a considerable body of new 
material and some other changes from the original edition all of 
which adapt it perfectly for use along with volume II. The two vol- 
umes together constitute a simple, effective, and definitive treat- 
ment of topological results at present obtainable by set theoretic 
methods. As the manuscript for volume II was nearly complete 
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at the time of the outbreak of the war in 1939, developments made 
during the last decade are covered to only a limited extent. 

The redder is referred to a review of the original edition of volume . 
I by the present reviewer (Bull. Amer. Math. Soc. vol. 40 (1934) p. 
787) for comments still largely applicable to the new edition, to a 
review of the new edition of volume I by J. H. Roberts (Mathematical 
Reviews vol. 10 (1949) p. 389) for a detailed comparison of the old 
and new editions and to a review of volume II by E. G. Begle (Mathe- 
matical Reviews vol. 12 (1951) p. 517) for detailed indication of the 
content of volume II. The two volumes comprise a historic contribu- 
tion to mathematical and topological literature and will need to be a 
part of the library of every individual interested in or making use of 
the results of topology. 

G. T. WEYBURN 


The elemenis of mathematical logic. By. P. C. Rosenbloom. New 
York, Dover, 1950. 4+214 pp. $2.95. 


This book is intended for mature mathematicians with no previous 
knowledge of mathematical logic. Chapter I deals with Boolean 
-algebras and includes the Stone representation theorem. Chapter II 
is entitled The logic of propositions. Truth tables are explained and 
there are three alternative formulations of the propositional calculus 
and a number of tautologies are proved. There is also a finitary 
formulation which incorporates part of the syntax in the object 
language which is therefore unusually rich. Next the relation between 
Boolean algebras and propositional calculus is explained and the 
final section of this chapter contains a very interesting discussion of 
many-valued and modal logics and of intuitionism. It includes some 
material on Post algebras and formulations of intuitionistic proposi- 
tional calculus and Lewis’ basic logic. Chapter III, on The logic of 
propostitonal functions, begins with an informal discussion of intui- 
tive class theory and the Russell paradox. It shows that some re- 
striction on the method of class formation is necessary and different 
methods of doing this are briefly mentioned. After this there is in §2 
a formulation of the monadic first order functional calculus and an 
extension to polyadic functional calculus. The Peano axioms are then 
adjoined to get a system adequate for arithmetic. §3 begins with an 
exposition of the pure first order functional calculus, followed by a 
brief account of the theory of types, the system of Quine’s new 
foundations and finally of:-Zermelo’s system. Bernays’ system is also 
mentioned, but von Neumann’s only in the bibliographical notes 
(p. 202): “Other formulations of Zermelo’s system have been given 
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by von Neumann and Ackermann.” It is debatable whether it is 
fair to consider the system of von Neumann merely a reformulation 
of Zermelo's. $4 contains an account of the work of Curry on the 
analysis of the notions of substitution and variable and the develop- 
ment of combinatory logics. It is proved that the logic presented is 
functionally complete. Church's A-conversion is also introduced. 
$5 sketches a development of mathematica in the system of Quine's 
new foundations. This is followed in $6 by a very brief discussion of 
the Epimenides and Richard paradoxes. The 7th and last section of 
this chapter deals with the axiom of choice and gives several equiva- 
lent formulations. Chapter IV is called The general syntax of language. 
It.depends largely on the work of Post. The first section discusses 
what is meant by a language and a simple language. $2 introduces 
the concepts of productions, axioms, theorems, canonical languages, 
extensions of languages, canonical classes of statements, and also 
contains an examination of the character of definitions. In $3 we 
find a definition of normal languages which are especially simple in 
that they have only one axiom and the productions are of a very 
symmetric form. A theorem of Post states (p. 170): “Every canonical 
language has a conservative normal extension." As almost all known 
systems of mathematical logic (those with no rules of inference with 
an infinite number of premises) can be formulated in terms of canon- 
ical languages, this theorem says that all problems of each of these 
systems can be reduced to problems of a language with a very simple 
structure. In order to conserve space, the proof of this theorem is 
however omitted since it is somewhat lengthy. The chapter concludes 
with a proof of Gddel’s incompleteness theorem. The appendix con- 
tains canonical formulations of pure first order functional calculus, 
of Quine's system, and of Zermelo's system, and also a proof of 
- Church's theorem. There are exercises throughout the book follow- 
ing each section and also a very illuminating set of bibliographical 
notes. 

Professor Rosenbloom's book is a very interesting addition to the 
texts of logic now available, particularly since it contains material 
not found in others, for instance discussions of the work of Curry 
and Post. This important and often neglected work is stressed a great 
deal and very well presented. The presentation of the traditional sub- 
ject matter of an elementary course in logic, that is, propositional 
calculus, functional calculus, and the various systems of set theory, is 
often unusual. The reviewer would however criticize the author on 
several minor points. 

First, we quote from page 28: * ‘~p’ shall denote the proposition 
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that it is false that p.” This is not a good interpretation, for “~p” 
is a sentence of the object language, while “it is false that p” is a 
sentence of the syntax language. (Compare for instance Quine, 
Mathematical logic, p. 27.) In particular this use causes confusion 
when iterated and coupled with the interpretation of the word 
“true” in this book, for then “~(~ )” must be read: "it is not a 
theorem that it is not a theorem that p.” 

The second disagreement concerns the use of the word “cate- 
gorical." This is defined on p. 44: *... In many deductive theories 
we wish the axioms to be categorical, that is, that the system should 
be adequate to decide the truth or falsehood of any proposition 
which can be formulated in the system. In the frame of A 1”-A 7” 
(a formulation of the propositional calculus-rev.) we can give this 
demand the strong form that for every pCC (C is the class of 
wíff's-rey.) either Hp or + ~” as this is contrary to the general 
usage of this word (cf. Fraenkel, Esnlesiung i.d. Mengenlehre, 3d ed., 
p- 349), the reviewer would in this case suggest the use of the word 
“complete.” A similar objection applies to the use of the word “true.” 
On page 94 we find the definition *A sentence q is said to be true if 
there is a proof of q.” The reviewer would prefer the word “provable” 
in this connection. If “true” is used with Rosenbloom’s meaning, 
every undecidable sentence is false. This contradicts the following 
statement on p. 179: "Thus any canonical language which is con- 
sistent and adequate for arithmetic will contain undecidable sen- 
tences expressing elementary arithmetical propositions. There will 
even be such sentences which we can prove to be true by an argument 
in the syntax language." The reviewer noted a few misprints, also a 
few misreferences (e.g. T9” referred to on p. 44 could not be found, 
however T13 (p. 35) could be used here, also there is no Lemma 6 
(cf. pp. 44-45), only Theorem 6 (on p. 22), also on p. 54, the ref. to 
A5" geems incorrect). 

I. L. Novak 


Espaços vetoriais topologscos 1. By L. Nachbin. (Notas de Matematica, 
no. 4.) Rio de Janeiro, Boffoni, 1948. 24-100 pp. 70 Cruzeiros. 


This is intended as the first volume of a self-contained treatise on 
- topological vector spaces. Of the 9 chapters it contains, chapters 1 
to 4 are devoted to algebraic and topological preliminaries (topo- 
logical spaces, fields, topological fields, vector spaces); in addition 
chapter 7 discusses mainly absolute values on fields and their gen- 
eralizations, so that only 4 chapters remain for topological vector 
spaces proper. - 
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The author presents the theory from a very general point of view, 
making as few assumptions as possible on the field of scalars, which 
for most results is allowed to be an arbitrary topological field (very 
little labour would have been needed to extend almost all definitions 
and theorems to the case in which the scalars are in a noncommuta- 
tive topological sfield). A topological vector space is defined in chapter 
5 as a vector space E over a topological field K, with a topology on 
E such that x+y and dx are continuous functions of (x, y) and (A, x) 
respectively; such a topology is characterized by properties of a sys- 
tem of neighborhoods of 0, and the notions of continuous linear 
transformation and of quotient topological vector space are carefully 
studied. Chapter 6 is devoted to the definition and elementary prop- 
erties of bounded sets in a topological vector space, such a set B 
being characterized by the fact that AB “tends to.0” with A in an 
obvious sense. 

Chapter 7 is the longest and most elaborate of the book. Together 
with the classical notion of absolute value, the author introduces 
quasi-absolute values v(x), which satisfy the usual axioms with the 
exception of the triangle inequality, which is weakened to v(x--y) 
Sm(v(x)--v(y)) for a fixed m1. After a discussion of archimedean 
and non-archimedean absolute values, he proves that for every 
quasi-abkolute value v, vè is an absolute value for sufficiently small 
h»0 (theorem of Artin). Next he introduces the topology defined 
on a field by an absolute value, and proves Shafarevich’s criterion 
characterizing such topologies. Finally he introduces a new notion, 
that of siricily minimal topological field: this is a field K with a 
Hausdorff topology $E such that no Hausdorff topology strictly 
coarser than © can make K into a topological vector space (the 
scalars retaining their original topology T). It turns out that that 
condition (which is satisfied by any field with an absolute value) 
is necessary and sufficient for the validity of the following theorem: 
in order that a hyperplane defined by an equation f(x) =0 in a topo- 
logical vector space E over K be closed, it is necessary and sufficient 
that f be a continuous linear form. 

Chapter 8 treats the strong topologies defined by Mackey: a topol- 
ogy on a vector space £ is strong if there is no strictly finer topology 
giving the same bounded sets. This is equivalent to saying that any 
linear mapping sending bounded sets of E into bounded sets of a 
topological vector space F is always continuous. Metrizable vector 
spaces over metrizable fields are always strong. 

Finally the last chapter is devoted to weak topologies, but prac- 
tically daes not go beyond their definition; in particular, the theory 
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of weak duality, which alone can give a meaning to the notion of 
weak-topology, is not touched at all. There are other topics which 
one misses in chapters 5 and 6, where they would have been in their 
proper setting, such as the discussion of finite-dimensional topo- 
logical vector spaces, or of locally compact vector spaces. On the ~ 
whole, in the reviewer's opinion, the book suffers from a lack of 
balance, due to the overemphasis laid on chapter 7, at the expense of 
more relevant matters. However, the author has done a very valuable 
service to mathematicians in bringing together in book form a large 
number of results which up to now were scattered in periodicals, and 
not always very explicitly. His style moreover deserves high praise 
for its remarkable clarity and thoroughness, so that the book gen- 
uinély vindicates its claim of being self-contained, although of course 
the motivation for the whole theory can only be understood with a 
considerable background of functional analysis. 
` J. DIEUDONNÉ 


Rekursive Funktionen. By R. Péter. Budapest, Akademischer Verlag, 
1951. 206 pp. 


Although recursions have been used since Archimedes, and have 
played a part in foundational investigations by Dedekind (1888), 
Peano (1891), and Skolem (1923), the theory of recursive functions 
consists largely of two recent developments, which we call here the 
“special theory” and the “general theory.” 

The stimulus to the special theory came from Hilbert’s lecture 
Uber das Unendliche (published 1926) in which he proposed to at- 
tack the continuum problem of set theory by showing that there is 
no inconsistency in supposing that the number-theoretic functions are 
all definable by use of forms of recursion associated with the trans- 
finite ordinals of Cantor’s second number class. (This program has 
not yet been carried out, though Gödel in 1938 used an analogous 
idea to show the consistency of the continuum hypothesis within 
axiomatic set theory.) For Hilbert's proposal it was necessary to show 
that higher forms of recursion do give new functions; and the first 
demonstration of the existence of a function definable by a double ` 
„recursion but not by use only of simple or “primitive” recursion was 
given by Ackermann in 1928 in a paper entitled Zum Hslberischen 
Aufbau der reellen Zahlen. Beginning in 1932, Rósza Péter has pub- 
lished a series of papers, examining the relationship of various special 
forms of recursion, and showing the definability of new functions by 
successively higher types of recursion, which establish her as the 


1952] BOOK REVIEWS ; 271 


leading contributor to the special theory of recursive functions. 

The general theory of recursive functions dates from the formula- 
tion nearly simultaneously (in publications appearing in 1934-1937) 
of ‘three notions, those of general recursive function (Herbrand- 
Gödel), \-definable function (Church-Kleene), and computable func- 
tion (Turing-Post), which were proved to be equivalent, and were 
proposed (first by Church in 1936) as exact mathematical equivalents 
of the intuitive notion of an effectively calculable function. 

Both the special and the general theory have developed in close 
association with applications to logic and the foundations of mathe- 
matics. 

In line with Mrs. Péter’s research interests, the special theory oc- 
cupies about two-thirds of the present book, namely the first fifteen 
chapters, with the following titles (translated by the reviewer), and 
also a part of the last chapter. $1. The usual definition of number- 
theoretic functions by passage from s to n+1. 52. Recursive func- 
tions and relations. $3. Course-of-values recursion. $4. Simultaneous 
recursion, $5. Recursion in which substitutions take place for the 
parameter. $6. Recursion on several variables. $7. Reductions. $8. 
Elementary functions. $9. Example of a number-theoretic function 
which is not primitive recursive. $10. Nested recursion. $11. The 
diagonal procedure and the multiple recursions. $12. Transfinite 
recursions. $13. Recursions of higher order. $14. The normal form of 
the multiple recursions. $15. The *Gódelizing" of recursion of higher 
order. 

The remaining third of the book is devoted to the general theory 
and applications, with chapter headings: $16. General recursive 
functions. $17. The explicit form of the general recursive functions. 
$18. Possibilities for the further simplification of the explicit form. 
$19. Example of a function which is not general recursive. $20. 
Computable functions. $21. History and applications. $22. Unde- 
cidability effectively of the question, which systems of equations 

define general recursive functions. $23. The question of the general 
decidability of the arithmetical problems. $24. Extension of the 
concept of recursiveness. Applications to analysis. 

The aim of the book is primarily to give an elementary exposition 
of the existing theory, rather than to push into new territory. But , 
the part dealing with the special theory is especially complete, and 
the latter chapters of this part contain material not covered or 
covered only summarily in the literature. It is of great value to have in 
this book for the first time a connected account of the special theory. 
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In the latter part of the book, the general recursive functions 
themselves (in the absolute sense) and their explicit form are treated 
very fully, but the associated notions and applications are treated 
less fully or only cited. In writing this book Mrs. Péter has carried 
out a considerable undertaking; and to go further would have con- 
stituted a still greater one, and required either a euch larger pook or 
. a more compact style. 

Only a minimum of knowledge of elementary number nee 
analysis, and set theory including transfinite ordinals is presup- 
posed and none of mathematical logic. Mrs. Péter aims to make the 
subject intelligible to the beginner by working out the treatment of 
many topics (particularly in the special theory) on an example, 
whence the reader can surmise how the treatment would go in general 
(or consult the literature). This method has both advantages and dis- 
advantages. No student can complain that he has lost contact with 
the reality for want of concrete examples; but an unwary reader 
may be oppressed by the immense amount of detail involved in 
working out the examples and proofs. 

S. C. KLEENE 


Infinite matrices and sequence spaces. By R. G. Cooke. London, Mac- 
millan, 1950. 144-347 pp: 42s, d 


This book, which might be considered a continuation of Chapter 
XII of Dienes’ Taylor series, is a useful and welcome adjunct to the 
recent book by Hardy, Dévergent series, Oxford, 1949. The overlap 
between these is slight since the present book is largely concerned 
with the study of general properties of classes of regular summability 
transformations. 

Chapter 1 introduces several special classes of infinite matrices 
and certain of the special problems that arise in connection with 
their algebraic properties such as the ever-present need for the con- 
sideration of the validity of interchange of limit operations which 
leads, for example, to the failure of the associative law. Chapters 2 
and 3 deal with the existence of left- and right-hand inverses and 
annihilators in rings of matrices, the notion of a “bqund” (norm) and 
of weak convergence of sequences of matrices, and the special problem 
of solving the equations AX XD and AX—XA =I for specified A 
and diagonal D. In Chapter 4, the class of K-matrices which trans- 
form convergent sequences into convergent sequences is character- 
ized, as well as the subclase of Toeplitz T-matrices and the analogous 
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classes of series to sequence transformations. The Steinhaus theorem 
and numerous variants are proved, together with others showing 
. what may be achieved by a general T-matrix. Chapter 5 deals with 
the general question of consistency of two matrices A and B. Numer- 
ous results are obtained in the case of commutative A and B. The 
chapter concludes with a discussion of the relation between a matrix 
and its left or right translate, and between the iterative product and 
composition product-of two matrices, as developed by Agnew. 
Chapter 6 is the best in the book and gives a very complete treatment 
of the behavior of the core of a sequence under T' transformations. 
In particular, several new proofs and theorems due to A. Robinson 
are included. Chapters 7 and 8 discuss the efficiency of classes of T 
-matrices as applied to the summability of power series, to bounded 
sequences, and to sequences of 0’s and 1’s. Chapter 9 contains a de- 
tailed account of the elementary theory of the Hilbert space /? and to 
the theory of bounded bilinear forms A (x, y), similar in treatment to 
that contained in Hardy, Littlewood, and Pólya, Inequalities, Cam- 
bridge, 1934. In Chapter 10, certain linear spaces of sequences are 
discussed, together with their duals, in the spirit of Kdthe-Toeplitz; 
various types of weak convergence are defined and their relations in- 
vestigated, using results of H. S. Allen. f 
The book is clearly written with a profusion of details, and the 
bibliography is extensive, containing some papers as recent as 1950. 
The author is especially to be commended for the excellent sets of 
problems which follow each chapter. It is to be regretted that the 
book as a whole is so remote in point of view and method of treatment 
from the current trend of research in the fields most closely allied with 
the material presented. This extends not only to terminology (for 
example, the author’s use of “field” to describe a possibly non-asso- 
ciative ring of matrices) but also to the entire approach. Chapters 2, 
3, 4, 5, 9, and 10 would have been much improved if presented from 
the point of view of convex linear topological spaces, topological alge- 
bras, and their accustomed machinery of dual spaces of functionals, 
weak and strong topologies, and operators. It is noteworthy, for 
example, that the discussion of Hilbert space contains no mention of 
operators. The final chapter does contain a ‘brief description of a 
Banach space and a proof of the Baire category theorem, and Chapter 
3 contains a cursory discussion of the notion of a group algebra, but 
these are not germane to the rest of the book, and their full power is 
not used. Along more classical lines, the reviewer finds the author’s 
remarks on the “right” value for the sum of a divergent series in 
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$8.7 (which is défined to be the Abel limit) extremely disturbing, 
especially in the light of the well known fact that Abel and Cesaro 
summability coincide for bounded sequences. 

R. CaxrGHTON Buck 


Randweriprobleme und andere Anwendungsgebiete der hüheren Analysis 
für Physiker, Mathemaisker und Ingenieure. By F. Schwank. Leip- 
zig, Teubner, 1951. 64-406 pp. $5.47. 


The book is a compendium of those portions of mathematical 
analysis beyond advanced calculus which are of great interest to 
engineers and physicists. It is an excellent book for physicists and 
engineers in that it provides a lucid introduction to a good selection 
of mathematical techniques and theories, with references for further 
reading, examples, practical applications, and an almost encyclopedic 
bibliography of applications. From the point of view of the mathe- 
matical reader the principal merit of Schwank’s book is the wide 
range and amazingly large number of practical applications de- ' 
scribed or quoted in the various chapters. 

In a preface, G. Hamel explains that Schwank's book is neither a 
textbook, nor a work of reference. Although the presentation is conse- 
quential and covers the ground thoroughly, the book is not as sys- 
tematic as a textbook, and not as complete as a book of reference. 
It is written for the physicist or engineer with only a modest mathe- 
matical knowledge, and a desire to learn more about some of the 
more advanced mathematical techniques. The author aims at pre- 
cision wherever it can be attained. In view of the readers for whom 
the book was written, it is quite clear that precision and rigour could 
not be maintained throughout the book, and examples and descrip- 
tions are called in when general formulations and proofs would seem 
out of place. : 4 

The material is organized in six chapters and a mathematical ap- 
pendix. 

Chapter I is an introduction to boundary value problems. The 
vibrations of a string are discussed in detail, and boundary conditions, 
normal modes of vibration, characteristic values, characteristic func- 
tions, orthogonality, Fourier expansion, and other relevant notions 
are introduced. D’Alembert’s solution of the one-dimensional wave 
equation is also given. The last two sections of this chapter are de- 
voted to the re-farmulation of the problem of the vibrating string in 
terms of integral equations and calculus of variations respectively. 

Chapter II is devoted to complex variables. It starts from the 
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beginning with complex numbers, and proceeds to functions of a 
complex variable, Cauchy-Riemann equations, conformal mapping, 
complex integrals, power series expansions, singularities, residues. 
It concludes with an example of the evaluation of a real integral 
by means of contour integration. : 

Partial differential equations are discussed in Chapter III. This is 
the longest chapter in the book (141 p., about one third of the whole 
book); it was probably the most difficult chapter to plan and write, 
and quite possibly it is the least satisfactory one to read. Although 
the potential equation, wave equation, and' diffusion equation all 
occur in this chapter, the classification of partial differential equations 
into elliptic, hyperbolic, and parabolic equations is not introduced, 
and characteristics are not mentioned at all. In view of the great 
difficulty of the subject this omission is understandable, but it is 
hardly justifiable. Quite apart from the vital importance, in certain 
branches of applied mathematics, of the distinction between elliptic 
and hyperbolic regions, and of the method of characteristics, it is a 
fact that the strikingly different nature of, say, Laplace’s equation 
and the wave equation cannot be appreciated without knowing that 
they are representatives of two different types of partial differential 
equations. An extensive study of the potential equation, wave equa- 
tion, and diffusion equation does not make sense as an introduction 
to partial differential equations 'unless one realizes that (roughly 
speaking) every (linear) partial differential equation bebaves like 
one of the three types. Regarded as an introduction to potential, 
separation of variables, and Bessel and Legendre functions, the 
chapter seems adequate. 

After a brief introduction, the study of potentials (both two- and 
three-dimensional) is taken up, the Laplace and Poisson equations 
are obtained, and some properties of harmonic functions are derived 
from Green's formula. Applications to fluid mechanics, electricity, 
and elasticity follow. Separation of variables in spherical polars leads 
to spherical harmonics and an introduction to Legendre functions (of 
the first kind). 

Separation of variables in the two-dimensional wave T in 
polar coordinates leads to an introduction to Bessel functions (all : 
kinds). Separations in elliptic, or ellipsoidal, coordinates are shown to 
lead to Mathieu and Lamé functions, and transition to integral equa- 
tions and variational problems are briefly mentioned. 

Next follow several conduction of heat problems (mostly treated 
by separation of variables). In the (brief) section on the three-dimen- 
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sional wave equation Kirchhoff's formula, Huygens’ principle, re- 
tarded potentials, and similar matters are mentioned. The chapter 
concludes with a section on the partial differential equation AAu =0 
and its applications. ` 
: Integral equations are the subject of Chapter IV. After a brief 
introduction, Fredholm-type integral equations with degenerate 
(*polynomial”) kernels are discussed. Neumann’s expansion (in the 
general case), Fredholm’s theory, and the theory of symmetric 
kernels, with the classical theorems, follow. The sections on esti- 
. mates, approximations, and numerical methods will be particularly 
useful. The two final sections establish connections with boundary 
value problems and show a number of applications. Reading this 
chapter one wonders if some of its sections are not too theoretical 
and if it is justifiable to devote, in a book of this nature, to integral 
equations about twice as much space as to functions of a complex 
variable. t 

Chapter V is on the calculus of variations, and in spite of its brevity 
is amply illustrated by examples. Euler's differential equation and 
Legendre’s condition are derived, and so is Jacobi's condition. The 
section on Ritz's method and applications is especially valuable for 
the readers for whom the book is designed. 

Chapter VI is a brief chapter on linear difference equations with 
constant coefficients and systems of such equations. The section on 
'applications includes an example to show how difference equations 
can be used for the approximate solutiona of differential equations. 

The Appendix is a brief summary of some topics, mostly belonging 
to advanced calculus. It is designed principally to refresh one's 
memory, although some of its parts could be used to fill in gaps in 
the mathematical education of the reader. 


A. ERDÉLYI 


The preparation of programs for an electronic digtial computer. With 
special reference to the EDSAC and the use of a, library of sub- 
routines, By M. V. Wilkes, D. J. Wheeler, and S. Gill. Cambridge, 
Massachusetts, Addison-Wesley, 1951. 10-1-170 pp. $5.00. 


The EDSAC, designed and constructed at the Cambridge Uni- 
versity Mathematical Laboratory, was one of the earliest high speed 
automatic digital computing machines in operation. It has a mercury 
delay line storage for 1024 words of 17 binary digits with photo-elec- 
trically read teletype tape input and teleprinter output. It is a one- 
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address machine with a multiplication time of about 7 milliseconds. 
It has been used as a true general purpose machine, and the prob- 
lems handled seem to have been largely at the choice of the Labora- 
tory. Accordingly, it has been possible to set up, without external 
interference, an organization for problem handling which has been 
tried out successfully on problems making progressively more de- 
mands on the machine and the numerical analysts. 

One principle of the organization is the use of a thoroughly checked 
library of sub-routines. For instance the evaluation of an integral of 
the form 


Sam f "erm tio 


could be carried out by a program consisting mainly of the sub- 
routines for quadrature, for the exponential function, and for the 
secant. The actual assembly of these sub-routines into the main pro- 
gram can itself be effected by a special sub-routine. 

A catalogue of (some of) the sub-routines used is given, together 
with detailed coding for some of these. 

-Another principle which is emphasized i8 the use of checking sub- 
routines. One of these indicates the progress of a computation by 
printing the operation symbola for each instruction as it is carried 
out, going to a new line at a branch order. This gives a compact rep- 
resentation which can help to indicate at what stage trouble develops. 

This book will be of considerable value to those concerned with 
.high-speed automatic digital computing machines. Unfortunately 
many ideas of general interest are only accessible after the assimila- 
tion of the EDSAC code. A use of flow diagrams and a sub-division 
of the book into three parts: one for the beginner, one for the expert, 
and one a hand-book for EDSAC, might have been helpful. 

It is, for instance, worth pointing out that when carrying out a re- 
cursive process by means of a variable order, the end of the process 
can be determined by that order, instead of setting up a separate 
tally. Again the discussion of methods for the incorporation of 
*closed? sub-routines into a program, so that the control can pase 
from the main program, through them, and back to the main pro- 
gram whenever necessary, is valuable. These are matters of im- 
portance to all machine users. — . . 

It is worth observing that the objections raised to the use of the 
Gaussian approximate quadrature (namely, the trouble (on desk 
machines) of calculating the integrand at awkward arguments) no 
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longer apply in the present circumstances. It is also worth recalling 
that there is a recurrence relation for the evaluation of a polynomial. 
But the detailed coding of such problems is of little interest save to 
the veriest beginner. 

i Joux Topp 


BRIEF MENTION | 


Programmgesteuerte digitale — Rechengerüte (elektronische Rechen- 
maschinen). By H. Ruthishauser, A. Speiser, and E. Stiefel. 
(Mitteilungen aus dem Institut ftir angewandte Mathematik, no. 
2.) Basel, Birkhduser, 1951. 102 pp. 8.50 Swiss fr. 


This booklet has been written after visits by the authors to various 
centers of high speed automatic digital computing in 1948-9. It is 
the first at all comprehensive report on its subject in the German 
language, and constitutes a very readable introduction. In addition 
to sections on history and bibliography there are careful discussions 
of the organization of machines,,the representation of numbers, the 
handling of the elementary operations, possible address-systems, 
flow-diagrams, multiple-precision operations, checks. The concluding 
section discusses the physical realization of various components. 

Joun Topp 


Colloque de topologie (Espaces fibrés). Centre Belge de Recherches 
Mathématiques. Liége, Georges Thone, and Paris, Masson, 1951. 
129 pp. 1225 fr. 


This booklet is a report of a colloquium on fibre spaces and fibre 
bundles held in Brussels in June, 1950. It contains the following 
papers: Introduction à la théorte des espaces fibrés, by H. Hopf; 
Notions d’algebre diff treniselle; applications aux groupes de Lie ot aux 
variétés où opère un groupe de Lie, by H. Cartan; Les connexions in- 
jinttesimales dans un espace fibré différenitable, by C. Ehresmann; La 
transgression dans un groupe de Lie et dans un espace fibré principal, 
by H. Cartan; Sur un type d'algàbres différentielles en rapport avec la 
transgresston, by J. L. Koszul; Espaces fibrás et homotopte, by B. Eck- 
mann; Sur l'homologse des groupés de Lie, des espaces homogénes, et des 
espaces fibrés principaux, by J. Leray; Sur un formule de la théorte. 
des espaces fibrás, by H. Hopf; Quelques relations entre l'homologie 
dans les espaces fibrés ei les classes caraciérisisques relative à un groupe 
de structure, by G. Hirsch. 

'The first paper by Hopf is of an expository nature; it furnishes an 
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introduction to the general theory of fibre spaces, giving examples of 
some of the problems treated and results obtained. The paper of 
Eckmann gives an excellent summary of the relationships and connec- 
tions between homotopy theory and the theory of fibre spaces. The re- 
maining papers are of a much more specialized nature, and are mainly 
concerned with announcing new methods and results which have not 
been published as yet. In many of them, the exposition is so con- 
densed as to make reading difficult or impossible for all but those 
who are particularly familiar with the recent work of the author in 
question. To make matters even more difficult, some of the authors 
make their exposition depend heavily on regults which, if published 
at all, ‘have appeared only in the form of brief announcements, with 
' no proofs or elaboration. : 
W. S. Massey 


Tables of the error funcison and of sts first tweniy derwatives. By the 
Staff of the Computation Laboratory. Harvard University Press, 
1952. 284-276 pp. $8.00. 


With $(x) 9 (2x)-!! exp (—#/2), these tables give the integral of 
(x), @(x) itself, and its first four derivatives at intervals of 0.004 
from 0 to 6.468; the fifth through the tenth derivatives'at intervals of 
0.004 from 0 to 8.236; the eleventh through fifteenth derivatives at 
intervals of 0.002 from 0 to 9.610; the sixteenth through twentieth 
derivatives at intervals of 0.002 from 0 to 10.902. 


' Tables of n! and T'(m-+1/2) for the first thousand values of n. By H. E. 
Salzer. (National Bureau of Standards, Applied Mathematics 
Series, no. 16.) Washington, United States Government Printing 
Office, 1951. 64-10 pp. 15 cents. 


The tables give 5! to 16 significant figures and T'(n-4-1/2) to eight. 


Table of arctangents of rational numbers. By John Todd. (National 
Bureau of Standards, Applied Mathematics Series, no. 11.) Wash- 
ington, United States Government Printing Office, 1951. 11+105 
pp. $1.50. 


The volume includes two tables: The first gives t-I-5?, the prin- 
cipal value of tan-*m/n and cot-!m/s (in radians to 12 decimals) 
for 0m «53100, and the complete reductions of tan^!im/n; the 
second gives the complete reductions of tan^!s for those integers less 
than 2090 which are reducible. A reduction is a representation of the 
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The University of Georgia has purchased the Library of the Amer- 
ican Mathematical Society and has combined it with its own mathe- 
matical collection to form an unusually complete library for research 
in mathematics. The combined library is particularly strong in long 
runs of periodicals. It is being kept up to date and none of the titles 
previously received by the American Mathematical Society is being 
dropped. 

The collection of doctors’ dissertations, both American and foreign, 
is unique. In the belief that an outstanding collection of dissertations 
can be administered for the benefit of mathematicians everywhere, 
the University of Goergia is making every effort to maintain the 
completeness of this collection by obtaining copies of all ríew disserta- 
tions. The Librarian of the University of Georgia would appreciate 
the cooperation of department chairmen and authors of dissertations 
in this undertaking. 

The University of Georgia hopes that all mathematicians will feel 
free to utilize any item in the entire collection. It is the desire of the 
University to organize its library for the benefit of all competent 
users, and rules for administering the mathematical collection are 
being framed with this in mind. It is particularly hoped that the 
location of this library at Athens will benefit mathematicians in the 
Southeast. 

The Institute for the Unity of Science is offering a prize of $500 
for the best essay on the theme Mathematical logic as a tool of analysis: 
tts uses and achievements in the sciences and philosophy. Two additional 
prizes of $200 each will be given for the next best two essays. This is 
an international contest, and is open to everyone. Essays must not 
exceed 25,000 words. They may be written in English, French, or 
German, arid must be submitted before January 1, 1953. 

Further information on the contest can be obtained from the Insti- , 
tute for the Unity of Science, American Academy of Arts and Sci- 
ences, 28 Newbury Street, Boston 16, Massachusetts. 

A new journal, Journal of Rational Mechanics and Analysis, is be- 
ing published by the Graduate Institute for Applied Mathematics, 
Indiana University, beginning January 1952. 

The National Science Foundation has prepared “A Guide for the 
Submission of Research Proposals” to assist investigators in applying 
to the Foundation for research grants. Copies may be obtained from 
The National Science Foundation, Washington 25, D. C. 
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The Association for Computing Machinery Meeting will be at Mel- 
lon Institute, Pittsburgh, Pennsylvania, May 2 and 3, 1952. 

Dr. E. J. Gumbel of Stanford University has been elected a Fellow 
of the American Statistical Association, in recognition of his work on 
the statistical theory of extreme values. ~ 

Dr. Violet B. Haas has been awarded an American Association of 
University Women postdoctoral fellowship. 

. Assistant Professor L. U. Albers of Western Reserve University 
has accepted a position as staff member with the Laboratory of the 
National Advisory Committee for Aeronautics, Cleveland, Ohio. 

Mr. H. H. Barnett has been appointed to an acting assistant pro-' 
fessorship at Florida State University. 

Associate Professor R. E. ‘Bellman of Stanford University is on 
leave of absence and has accepted a position at the Forrestal Research 
Center, Princeton University. 

Mr. Jonas Beraru of the Rand Corporation has accepted a position 
as Design Engineer with the Ford Instrument Company, Long Island 
City, New York. 

Professor Emeritus H. E. Buchanan of Tulane University of Louisi- 
ana has been appointed Acting President of the College of the Ozarks. 

Professor E. A. Cameron of the University of North Carolina is 
on leave of absence and is visiting a number of universities under the 
provisions of an Educational Foundation Fund grant. 

Professor H. H. Conwell of Beloit ‘College has retired from his posi- 
tion as Dean of the college. 

Dr. Philip Davis haa been appointed a staff micmber at Massachu- 
setts Institute of Technology. 

Dr. K. A. Fowler of the University of Michigan has been ap- 
pointed to an assistant professorship at the University of Arizona. 
(This is a correction of a note published in. January, 1952, p. 111.) 

Mr. I. E. Gaskill of Johns Hopkins University has accepted a posi- 
tion as mathematician with the Army Map Service, Washington, 
D.C. 

Associate Professor Abe Gelbart of Syracuse University is on leave 
of absence and has been appointed a Fulbright Lecturer at the In- 
stitute of Technology, Trondheim, Norway. . 

Mr. J. C. Gibson of Rensselaer Polytechnic Institute has aene 
a position as a Sales Trainee with the Applied Science Department, 
International Business Machines Corporation, Inc., New York, New 
York. 

Asistant Professor C. H. Gordon of Wiliams College has accepted 
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a position as research mathematician with the Boeing Aircraft Com- 
pany, Seattle, Washington. 

Mr. R. L. Graves of Harvard University has accepted a position as 
associate staff engineer with the Standard Oil Company of Indiana, 
Whiting, Indiana. 

Mr. H. S. Heaps of the University of Toronto has been appointed 
to an assistant professorship at Nova Scotia Technical College. 

Professor Vaclav Hlavatý of Indiana University has been ap- 
pointed to the staff of the Graduate Institute for Applied Mathe- 
matics, Indiana University. 

Dr. W. H. Ito of the University of Minnesota has accepted a 
position as Senior Project Analytical Pagiocs with the Chance 
Vought Aircraft, Dallas, Texas. . 

Professor Evelyn K. Kinney of Ferrum junior College has been 
‘appointed to an assistant professorship at Illinois Wesleyan Univer- 

sity. 

f Associate Professor Fred Kiokemeister of Mount Holyoke College 
is on leave of absence and has been appointed to a visiting professor- . 
ship at the University of Chicago. 

Acting Assistant Professor E. G. Kundert of the University of 
Tennessee has been appointed to an assistant DIOS Ibl at Louisi- 
ana State University. 

Professor A. E. Landry of Catholic Ue has retired with the 
title emeritus. 

Mr. G. F. Leger of the University of Illinois has accepted a position 
as mathematician with the Bell Aircraft Corporation, Buffalo, New 
' York. 

Mr. E. L. Lehmann of Columbia University has been appointed to 
an associate professorship in the Statistical Laboratory at the Uni- 
versity of California, Berkeley. 

Dr. D. H. Lehmer of the University of California has been ap- 
pointed Director of Research of the Institute for Numerical Analysis, 
National Bureau of Standards, Los Angeles, California. 

Assistant Professor W. J. LeVeque of the University of Michigan 
is on leave of absence and is studying at the University of Man- 
chester, Manchester, England. 

Dr. J. A. Lewis has accepted a position as a member of the tech- 
nical staff with the Bell Telephone Laboratories, Inc., Murray Hill, 
New Jersey. 

Mr. Eric Liban of Indiana University has accepted a poeition as 
associate mathematician with Reeves Instrument Corporation, New 
York, New York. 
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Professor Charles Loewner of Syracuse University has been ap- 
pointed to a professorship at Stanford University. 

Mr. T. J. McNamara of Park College has accepted a position as 
group sales assistant with the Business Men’s Assurance Company 
of America, Independence, Missouri. 

Professor D. S. Morse of Union College has been appointed to the 
recently established Marie Louise Bailey Professorship in Mathe- 
matics. 

Dr. T. S. Motzkin of the Hebrew University and the National 
Bureau of Standards has been appointed to a visiting professorship 
at the University of California, Los Angeles. 

Dr. T. E. Oberbeck of Massachusetts Institute of Technology has 
been appointed to an associate professorship at the United States 
Naval Postgraduate School, Monterey, California. 

Mr. S. T. Paine of the National Bureau of Standards has accepted 
a position as mathematician with the Department of Meteorology, 
University of California, Los Angeles. 

Mr. W. D. Peeples of the University of Georgia has been ap- 
pointed to an assistant professorship at Howard University. 

Dr. C. R. Putnam of the Institute for Advanced Study has been 
appointed to an assistant professorship at Purdue University. 

Professor W. T. Reid of Northwestern University is on leave of 
absence and has accepted a position as staff member at the Sandia 
Corporation. : 

Mr. R. E. Roberson of the Naval Research Laboratory has ac- 
cepted a position as research engineer with North American Aviation, 
Downey, California. 

Mr. Max Rosenberg of the National Bureau of Standards has ac- 
cepted a position as mathematician with the Picatinny Arsenal, 
Dover, New Jersey. 

Mr. R. H. Spohn of Lehigh University has accepted a position as 
mathematician with The Vitro Corporation of America, Orange, New 
Jersey. 

Mr. W. C. Stone has been appointed to an assistant professorship 
at Union College. 

Assistant Professor M. C. Waddell of Western Reserve University 
has accepted a position with the Applied Physics Laboratory, Johns 
Hopkins University, Silver Spring, Maryland. 

Professor L. T. Wilson of the United States Naval Academy has 
retired with the title emeritus. . 

Mr. N. Z. Wolfsohn of Harvard University has been appointed to 
an assistant professorship at the University of Maryland. 
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Dr. D. M. Young of Harvard University has accepted a position 
as mathematician at Aberdeen Proving Ground, Maryland. 

The following promotions are announced: 

M. R. Demers, University of Nevada, to an assistant professorship. 

J. C. Harden, Clemson Agricultural College, to an assistant pro- 
fessorship. 

Nola A. Haynes, University of Missouri, to an associate professor- 
ship. 

J. D. Matheson, United States Military Academy, to an assistant 
professorship. 

J. R. Mayor, University of Wisconsin, to a professorship. 

E. J. Mickle, Ohio State University, to a professorship. 

R. W. Moller, Catholic University of America, to an associate 
professorship. 

Kathryn A. Morgan, Syracuse University, to an assistant profes- 
sorship. 

David Moskovitz, Carnegie Institute of Technology, to a profes- 
sorship. 

E. N. Nilson, Trinity College, to an associate professorship. 

E. G. Olds, Carnegie Institute of Technology, to a professorship. 

T. G. Ostrom, Montana State University, to an associate profes- 
sorship. 

Dean Emeritus J. R. Overman, College of Liberal Arts, Bowling 
Green State University, to Dean of Faculties. 

K. L. Palmquist, United States Naval Academy, to an associate 
professorship. 

Abraham Schwartz, City College of New York, to an assistant 
professorship. 

C. B. Smith, University of Florida, to a professorship. 

H. E. Taylor, Florida State University, to an assistant professor- 
ship. 

The following appointments to instructorships are announced: De- 
Paul University: Dr. L. M. Weiner; Hamilton College: Mr. C. F. 
Standish; The Johns Hopkins University: Dr. J. M. Cook; Lamar: 
State College of Technology: Mr. H. A. Morris; Syracuse University: 
Mr. D. G. Austin; University of Tennessee: Miss Louise M. Knifley; 
Yale University: Dr. John Wermer. 

Dr. C. O. Lampland of the-Lowell Observatory died on December 
14, 1951 at the age of 'seventy-eight years. He had been a member 
of the Society for twenty-nine years. 

Professor L. C. Mathewson of Dartmouth ‘Géllege died on October 
27, 1951. He had been a member of the Society for thirty-six years. 


NEW PUBLICATIONS 


BEscxzgn, O. Eénfubrung in dis Logistik, vorsughch in den Modalkalkul. Meisenheim 
Am Glen, Hain, 1951. 92 pp. 

Bocur&sxt, I. M. Ancient formal logic. Amsterdam, North-Holland, 1951. 94-122 PP. 
12 florins. 

Carnot, N. 1 Saoir Ia hehe Mois da fou a wea Wackney Wade 
d developper cette puissance. Reprint of the ed. of 1824, to which have been added 
notes later written by the author. Paris, Blanchard, 1952. 152 pp. 550 fr. 

Corny, H. B. Outknes of a formalist philosophy of mathematics. Amsterdam, North- 
Holland, 1951. 8+-75 pp. 7.50 florins. 

Dzsroucugs-FÉvgigR, P. La structure des théories physiques. Paris, Presses Uni- 
versitaires de France, 1951. 11-1-423 pp. 

Dürr, K. The propositional logic of Boethius. Amsterdam, North-Holland, 1951. 
104-79 pp. 8 florins. 

FREYTAG GEN. LOgINGHOEZ, B. Philosophical problems of mathematics. New York, 
Philosophical Library, 1951. 4+88 pp. $2.75. 

Gauss, K. F. Recherches arithmésiques. Trans. by Poullet-Delisle. Reprint of the 1st 
French ed. of the Disquisitiones Aritmetica; Paris, Blanchard, 1952. 524 pp. 
5500 fr. 

HawgvuEsH, M. See LANDAU, L. 

LANDAU, L., and Lirscurrz, E. The classical theory of fields. Trans. from the Russian 
by M. Hamermesh. Cambridge, Addison-Wesley, 1951. 9+-354 pp. $7.00. 

LzGENDRE, A. M. Théoris des nombres. 4th ed. Paris, Blanchard, 1952. 2 vols., 944 
pp. unbd. 2500 fr. 

Lrirsurrz, E. See LANDAU, L. 

MAMMANA, F. See Prcoxg, M. 

OSTROWSKI, A. Vorlerungen uber Diferenkaol- und Imiegralrechnung. VoL 2. Difer- 
entialrechnung auf dem Gebiete mekrerer Variablen. Basel, Birkhiuser, 1951. 482 
pp. 67 Swiss fr. 

PrTROVSEI, I. G. Lakcii po teorii tutegral’nyh urcenontt. 2d ed. Moscow, Gosudarst- 
vennoe Izdatel'stvo Tehniko-Teoreticeskoi Literatury, 1951. 127 pp. 

Picone, M. Teoria moderna dell'integrasione delle funsions. Lezioni d'analisi tenute 
nell'anno accademico 1945-46 raccolte dal dott. F. Mammana. Pisa, Goliardica, 
n.d. 271 pp. 600 Hre. X i 

POULLET-DELISLE. See Gauss, K. F. 

Proceedings of a second sympoeium on large-scale digital calculating machinery, 1949. 
Cambridge, Harvard University Prese. 38-1393 pp. $8.00. 

Proceedings of the second Berkeley symposium on mathematical statistics and prob- 
ability, 1950. Berkeley, University of California Press, 1951. 11-1-666 pp. $11.00. 

SCHOUTEN, J. A. Tensor analysis for physicists. Oxford, Clarendon, 1951. 10-1-275 PP- 

$6.00. 

SoxoLNixoyr, I. S. Tensor analysis. Theory and apphicaMoms. New York, Wiley, 
1951. 9+335 pp. $6.00. 

SPERNER, E. Einfuhrung in die analytische geometris und algebra. Vol. 2. Göttingen, 
Vandenhoeck and Ruprecht, 1951. 389 pp. 43 DM. 

WHITTAKER, E. Eddingion's principle in the philosophy of science. Cambridge Univer- 
sity Press, 1951. 5+35 pp. 

VON WRIGHT, G. H. An sssay in modal logic. Amsterdam, North-Holland, 1951. 
7+90 pp. 9 florins. 
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THE RIEMANN ZETA-AND ALLIED FUNCTIONS 
SARVADAMAN CHOWLA ; 


1. On [(s). Let s be a complex variable, s&c--:£, where o and t 
are real. We define 





Qc H9 = X (s » 1). 
1 

Par oi ie io sadly deduced bon W that 

o (i)o ~ 2 Nm 

where 


Bl) = Xem 


To prove (2) we use Jacobi's relation 


1 + 28(2) = ESL + 28 (3i 


Since the right- hand side of (2) is an analytic function of s for all 
complex values of s, we use (2) to define {[(s) over the whole 5-plane. 
It easily follows from (2) that - 





(3) t(s) - : i is an integral function of s; 
(4) em ijo = y Dnr (5 “Nec m 5). 
We have 
G ro) = IIa - 007 BEND 


where p runs through all primes. Equation (5) follows immediately 
from the so-called unique factorization theorem of arithmetic, which 
states that a positive integer can be e into a product of 
primes in one and only one way. 

An address delivered before the Annual Meeting of the Society at New York 
on December 28, 1949 by invitation of the Committee to Select Hour Speakers for 


Annual and Summer Meetings; received by the editors December 23, 1950 and, in' 
revised form, December 5, 1951. 
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Equation (4) is the “functional equation” of the zeta function due 
_ to Riemann. From (3), (4), and (5) it easily follows that except for 
' the “trivial” zeros of t(s) at s= —2, —4, —6, , all the remain- 
ing zeros of [(s) lie in the critical strip 0 «c « 1. js lact it also follows 
' from the Hadamard theory of integral functions that there is an 
infinity -of complex zeros in this strip. 

The “Riemann hypothesis,” one of the most famous and difficult 
of unsolved problems today, states that'all the nonreal zeros s of 
t(s) satisfy e —1/2. It can also be stated as follows: 

If 1——2-4-3—- —4—--— .-- «0 (0<a<1), then c —1/2. This 
follows from the fact that 


(1 — 2'-):(5) = 1^ —27 4-3 — 4 4 — P 


is clearly true for e» 1, and hence for e » 0. 
Riemann also found that the zero s of t(s) with the smallest ordi- 
nate ia; satisfies 


s = 1/2 + 14.1386 £5 1/2 + aii. 


A later calculation by Gram showed that a; = 14.1347 ---. Let On 
" run through all the solutions æ of (1/2 Tia) =0; then P the 
Riemann hypothesis) we have 


eo 1 —1 1 1 
ea) Geren we eee eee ee 5 
fet) mo QT 


= .02 309 570 896 612 103 381 


according to a calculation of Riemann. Further zeros of {(s) have 
been calculated by Backlund, Hutchinson, and Titchmarsh. In 
particular Titchmarsh calculated all complex zeros s with Jel 31468. 
They all had o=1/2, in confirmation of the Riemann hypothesis. 
Rademacher and Lehmer hope to substantially extend the range of 
these calculations. Should these or any authors find a zero off the 
line ¢=1/2, such a discovery would certainly be sensational. It 
would, however, be a sad thing fot mathematics, as it would destroy 
in one cruel blow the beautiful and harmonious structure which has 
been built on the assumption of the Riemann hypothesis. 


2. On f(s), continued. We owe to A. Selberg the abarpest known 
estimate on the number of zeros s of {(s) with o=1/2, 0S: S T. Call 
the number of such zeros No(T). Hardy was the first to prove in 
1915 that 


N(T) >> [T ^ æ]. 
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` Later Hardy and Littlewood sharpened this ditate to 
N«(T) > cT, 
where c is a positive constant independent of T. Selberg proved that 
N«(T) > cT log T. 


Denote by N(T) the number of zeros s of {(s) with 0<o0 «1,03:x T. 
H. von Mangoldt proved Riemann’s conjecture that 


N(T) ~ (1/2x) T log T. 
From the last two relations 
/ N{T) 
N(T) 
In his 1943 paper A. Selberg proved more; namely, he Sovea the 
following: 
Let U2T*, where a»1/2; then there is an A=A(a)>0 and a 
To To(a) such that 
NAT + U) - — N,(T) > AU log T (T > To) 
(p. 46 of Selberg). ; 
Let p, denote the sth prime. Erdós has egnjectured that 


2 (pn — pat)? = O(z log x). 





>c 


Paes 
This would imply 
i ‘ of 2 
2 Gn — Pea)? = O(log? 2). 
2 Pods Pa 


On the Riemann hypothesis A. Selberg proved that 
(ba — Pas)? 
2o ce 

. pas $a 


Denote by N(T) the number of zeros B-F-*y of ț(s) for which 
0<7<T, if T is not equal to any y; otherwise we put 


= O(log? x). 


N(T) = lim — NTHO 4- N(T — 9]. 


It is weli known that $ 


E EE T E 
Mme en Qr 8 me Hs 
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where ' 

1 1 : 

S(T) = —ampl —- ir), 

T 2 
the amplitude being obtained by continuous variation along the 
straight lines joining 2, 2+47, and 1/2--1T, starting with the value 
0. The variation of S(T) is thus closely related to the distribution of 


the imaginary parts of the zeros. We know a little about S(T); 
namely, . 


T D 
S(T) = O(log 7); f Sdi = O(log T); S() = o(1). 


Selberg proved the following Q result for S(T): 
S(t) = 9 ((log 2)!*(log log 7)77^]. 
Selberg proved some remarkable theorems about the distribution of 
the zeros of the functions L(s, x) where x(n) is a character (mod &). 
If || SkY and A—A(e) is chosen sufficiently great, at least 
k/2 of the k —2 different functions L(s, x) (here k is a prime, and the 
character x is nonprincipal) have a zero in the interval described by 


: hEXicn-dc4 2 
Sr Rap DU IDEE 
Also the total number of zeros of the functions L(s, x) in the rectangle 
0<o0<1,4<t<4+A/log k is O(k). 

3. On ¢(s), continued. In some unedited papers left by Rie- 
mann (these were in a very untidy state—often with only one side 
. of a formula), Siegel recently found the following result (the proofs 
were not clear and many details were supplied by Siegel): 


m i Š (2r)? m 
Hs) = B+ 2T (s) cos (sx/2) i-i 
, Qo emn 


T(s) 


ol 


+ (—1)77 1670 gril ttiig, 
with : 
2-*i77^kl 
S- — a,F Oan), 
n» ri(k = 2r)! , 


where 


é 
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4 


ENY 1 
5» 2$2.10*1, mo IG) J 8 m pit — (m+ =) (2x) 1/2, 
2x 2 


' Plu) = cos (u! + 3x/8) 
cos (2x) 13u) ' 


and the coefficients a, are fixed by the recursion formula 
(n + 1)ra,41 = —(n+1—- 9)6, + ilat laa = G = 0]. 


Here 
ro jit, Oy = O(I HISIS), 


This formula enables one (theoretically at least!) to obtain rapid ap- 
proximations to {(s), for example when o=1/2 and ¢ is large. The 
principal term of the semi-convergent serieg for {(s), namely, 


Er i n sit ra Xe ( a GD 


I 
was also found by Hardy and Littlewood. In place of Riemann’s de- 
velopment of S, they gave only an upper bound of 'the absolute value 
of the “Rest.” Siegel says, “Wie stark Riemanns analytische Technik 
war, geht besonders deutlich aus seiner Ableitung und Uniformung 
der semikonvergenten Reihe für t(s) hervor.” 


4. On t(s), continued. We shall now make a few remarks on 
"Gram's law.” These remarks are due to Atle Selberg. Define ' ' 


ben 


T Wi 
s= — . 
2 


where 


The function dt), thus defined, first decreases to a minimum be- 
tween —2x and —* (when ¢ increases from 0 to œ) and is from this 
point onward steadily increasing. For large # we have 


We now for y=0, 1, 2, - - - determine the positive number #, by the 


" conditions à" (t) >0 and aie: : 


` } 
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elt) = (vy — te. 


(5 4 2 = (—1)3X(5; 


so that ¢(1/2-+4,) is real. 
'The Riemann-Siegel formula 


cos (ð — i log ») 


X(- X E ^ +O) 


nd (ax) n! 
gives 


1 ty 1 = 
(++i) = 1+ » EE EM oues 
2 lC» (,/2x)1t P sia 


which seems to suggest that [(1/2+#,) is generally positive, and 
that X(#1) and X(t) should generally be of opposite sign, so that 
¢(1/2+4#) should generally have at least one real zero in the interval 
. (t 4, 4). The numerical results of Gram and Backlund verified that 
for £,«200, {(1/2-++,) were always positive and that always tı 
«y «1t, so that the y's were separated by the 4's. It is this property 
which is referred to as Gram's law. 

See A. Selberg, Proceedings of the Tenth Scandinavian Congress, 
Copenhagen, August, 1946, pp. 197—200. Titchmarsh proved that 
*Gram's law” has infinitely many exceptions, and Selberg proved 
that the exceptions even have a positive density;-and for this reason 
Selberg viewed the “Riemann hypothesis” with suspicion. . 


5. On x(x). The equation (5) is fundamental for all estimates 
of x(x), the number of primes not exceeding x. 
Euclid proved that 


r(x) — œ [z— œ]. 
Legendre and Gauss independently (the latter at a very early age) 
surmised that 


(6) l x(a) ~ 





log. x i 
The sign of asymptotic equality 

` Ka) ~ g(x) | 
expresses that 
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"ON 
£e. g(x) " 


Riemann, apparently, developed his whole theory of the function {(s) 
in an attempt to prove the beautiful relation (6), now known as the 
Prime Number Theerem. He did not succeed, and it was left to Hada- 
mard and de la Vallée Poussin (independently) to give complete and 
rigorous proofs of (6). These proofs leaned heavily on properties of 
t(s). Landau simplified these proofs considerably, using essentially 
Cauchy’s theorem and the fact that {(s) 0 on the line c1 (or in a 
region slightly to the left of this line). Wiener proved (6) without 
using Cauchy’s theorem, but used ¢(s)»<0 for e &1. 

It was reserved to Atle Selberg [33] to give a really elementary 
proof of (6)—a proof which mentions neither the zeta function nor 
the complex variable. This proof was a great achievement. It rests 
on Selberg's fundamental lemma, namely, ' 


2 logtp + 2. tog 9 0(=) ~ 22 log z, 

pas pas ? 
where 

(x) = 2; log f. 
^ pas à 

This result can be proved very eimply. From it one can deduce with- 
out much difficulty that 

i $(x) ~z, 


which is equivalent to (6). | 
Another proof of (6), also based on Selberg’s fundamental lemma, 
was published by Paul Erdós. 


6. On x(x), continued. Gauss, as well as subsequent workers, 
noticed that : 





* Jd. ` 
(x) «f. um 


as far as existing tables went. f 
Littlewood [25] proved the following deep and beautiful result: 
Writing 





H 


F 
P(a) = z(2) — f TA 


we have 
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1/2 

P(2) = Qs (* log log log 5 
log x 

Thus P(x) changes sign infinitely often as x. Littlewood's 
method, which used the Phragmen-Lindelóf principle, does not give 
an explicit value of xo such that P(x9)>0. Skewes [45] found a 
method which determines an upper bound for xy'such that P(xo) >0, 
namely, 7 


a, < 1010". 
In this connection see also Littlewood [25] and Turán [51] and Ing- 
ham [22]. 
On the assumption of the Riemann hypothesis one can show that 


P(a) = O(a) 


for every positive e; and conversely, if this relation i is true, then the 
Riemann hypothesis is true. 

W. H. Mills [26] found for the first time in 1947 a prime-represent- 
ing function; he proved the existence of an 4 »1 such that 


[42] 


is a prime for all positive integers x. Here [x] denotes the greatest 
integer in x. This Mills deduced in a trivial way from the fact that 
there exists a prime between 


a! and («+ 1)? 


for all large x, a result prove by Ingham. Hoheisel was the first to find 
a number Ó such that 


1>0 1 
sf, (n1 


for 0 33,000. His 0 was improved successively by Heilbronn, Tchuda- 
koff, Ingham. Whether the above inequality is true for 0—2 is still 
unknown. 


7. Functions allied to {(s). Dirichlet found the remarkable theorem 
that every arithmetical progression ax--b (x-1, 2, 3, - - -) con- 
tains an infinity of primes if a and 5 have no common factor. To 
prove this classical result he introduced what are known as Dirichlet's 
L-functions. We first define x(5$), a character (mod &), as follows: 


x(m) = x(a) ifm =n (mod 4); 
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x(n) = x(m)x(m); 
x(n) = 0 if(n, k) > 1; 
x(1) #4 0. 
Then for c »1, 


Lig) X xs 
: ale 


As an example k=5 of L-functions we take 
Ta(s) = L(s x) = 17* i27 G38 A 4 0:57 
i 67 4T — d.8-98 — 97 4 0-107 
Land i12 — 413 — 142 40-157 
E CE 


In fact the series on the right is convergent for e 0. One easily 
proves 


L(s x) = IL (1 — xe] (c > 1). 
» 

For the proof of Dirichlet’s theorem it is fundamental that 

L(t) = $5 x(m)w! 0, 
1 


where x(n) is a character (mod k) such that the series is convergent. 

The L-functions have many properties similar to the zeta func- 
tion. They can be continued over the whole s-plane; they possess 
functional equations; and the Riemann hypothesis for the Z-functions 
simply states that if L(s, x) -0 for 0a «1, then e= 1/2. 

It is noteworthy that if one assumes the “extended Riemann hy- 
pothesis? (the assumption that the Riemann hypothesis is true for all 
Dirichlet's L-functions), one proves, as Hardy and Littlewood did, 
that all large odd numbers are expressible as a sum of three odd 
primes. Vinogradoff proved this result in 1937 without any assump- 
tion. 

Even the statement l 
(7)- L(s, x) 50 (0 € s « 1) 


(here x »5xo; xo is the potalled principal character which is such that 
Xo(55) =1 or 0 for all s) is still unproved. 
Siegel proved that 


D 
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So cio [k > &(9], . 


where x(s) is a nonprincipal character (mod k), and this shows that 
L(s, x) »0 for 1 —4(ók-*«s31. Thus the hypothesis (7) is proved 
only for an infinitesimal portion of the line 05s S1. 

Recently Estermann and Chowla [12] gave new simplified proofe of 
. this result. 

Chowla [10] found a method (greatly improved by Rosser pe 
of proving for real nonprincipal characters 


La(s) > 0 (0 «€ s « 1) 


- for a large number of special values of k. The most difficult case up 
to k& 200 was k=163. Chowla and Selberg [14] proved that 


Lia(1/2) > 0 
and Rosser [31] proved that 
Lia(s) > 0 (s > 0). 
Showalter verified that 
Lols) >00 . , (s > 0). 
Regarding L(1) nothing better than the trivial nuit 
L(1) = O(log k) 
ia known. This is proved as follows: 
Lo - X eo E 
,5 1 n jo" 
= Yi + 226 
Since |x(m)| {f or 0, 
25: = O(log E). 
By partial summation using . 


Sk, 








we get 


Ža = O(1). 
Littlewood proved that if x(#) is a primitive character (mod &), then 
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L(1) = O(log log &) 


on de assumption of the extended Riemann hypothesis. He also 
proved (again under the assumption of the extended Riemann 
hypothesis) that there are infinitely many & such that 


L(1) < ——— 
qi log log & 
where x (n) is a real primitive character (mod &). 

While Linnik and Walfisz proved independently that there are 
infinitely many k such that 


L(1) < — > 

(log log £)!/! 

Chowla [11] proved Littlewood's result without any assumption. 
Bateman, Chowla, and Erdðs [6] proved that there are infinitely 

many primes p for which 


L(1) = x(L)e < ELA 


~ 1 log log p 
where b is a certain suitable positive constant independent of p. 


8. Functions allied to {(s), continued. Given an algebraic number- 
field K we define 


, b) Wit on) 


where P runs over all different prime ideals in K, and N(P) denotes 
the norm of the prime ideal P in K. 

'This function was introduced by Dedekind. Hecke in 1917 proved 
that 


(s — Dix() _ 


can be continued analytically over the oar s- olane and that it is an 
entire function of s. 

Further the function tx(s) satisfies a functional equation similar 
to that satisfied by {(s). See also Siegel [41]. 

An intriguing conjecture about {x(s) is that the ratio {x(s)/{(s) 
is an entire function of s for all complex values of s. See Artin [5]. 
The conjecture is known from the work of Takagi to be true when K 
is an Abelian field over the rationals. Some other cases of the conjec- 
ture—non-Abelian cases—were proved by Dedekind and more re- 
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cently in the brilliant work of Artin and R. Brauer. Dedekind found 
for K  R(2U*) that i 


Ix(s) = (5) {O(a + 27 — 37 a + 2xy 19977] 


where the summations are for all pairs of integers x, y excluding 
my =, ' 

The two expressions in the braces are examples of the so-called 
Epstein zeta function. 

Dedekind’s (1900) result had its origin in the following remarks of 
Gauss. If p is a prime m1 (3) and if 2 is a cubic residue of p, then 
x14-273*. If 2 is not a cubic residue of p, then p=4x3+ 2xy+7y*. 
Gauss stated similar results when 2 is replaced by 3 or 5. 

Hecke (and after him Landau) defined “Abelian L-series" as fol- _ 
lows. Let § be a fixed ideal. Then two ideals “M, and M are equivalent 
(mod iy) if there exist algebraic integers a1, o4 in K, such that 


(a) Mi = (as) Me, 
ay = ay (mod 8), 


provided M, and M, are prime to fy. It is not difficult to see that all 
ideals of K fall into a finite number of nonequivalent classes (mod iy), 
and that these nonequivalent classes form a finite multiplicative 
Abelian group. Let x be any character of this group. Then for o>1 
we define i 


L(s, x) = IT {1 — xP) Ner}, 


where P runs over all different prime ideals of K. These Abelian 
L-series can also be continued over the whole s-plane. In fact, if K . 
is the cubic field R(d4*), d an integer sim, a striking result of Artin 

asserts 

Sx(s) = p(s) (LLa), 

' where Ly, L4 are certain Abelian L-series in the field R((—3)!). Artin' 
also obtains relations between the zeta functions of certain fields and 

their subfields. Further the Abelian L-series do not vanish for ¢=1 

as Hecke found. Further they have a functional equation. They 

enable us to extend Dirichlet’s theorem on primes in an arithmetic 


progression to the following: 
If (p, 8) 1, then there exist infinitely many integers x such that 


x = p (mod ff), 


. where (x) is a prime ideal. 
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9. Functions allied to {(s), continued. We shall now consider an 
entirely different type of L-series whose introduction into number- 
theory has had astounding resulte. For an account of these see Daven- 
port [15]. . e 
, Let fi(x), +--+, f(x) be any polynomials with integer coefficients, 
p a prime. We define a normalized polynomial as a polynomial with 
integer coefficients whose highest coefficient is 1. Further (f, g), the 


resultant of f and g, is defined as 


II. ! 
where œ runs over the roots of g(x) =0. 
We then define 
OK-1 
at E B is 


where 


2; - 2, xu €)) + + xs g), 


where the x’s are characters (mod p), K=sum of degrees of the f's 
which are irreducible (mod p), and the summation is over all normal- 
ized polynomials of degree » (in the definition of e; above). 

These L-functions also have a functional equation and a Riemann 
hypothesis which André Weil proved. However, the proof is exceed- 
ingly difficult, and assumes a knowledge of the recent treatment of 
algebraic geometry which is dué to André Weil himself. 

In the special case r —1, fi —-x*-l-ax-4-5b, we obtain 


\ 
' 





L()-1 B =f, 
(5) T 
where i ` 4 
TN zt) 


Here G) is Legendre's symbol defined as 0 if s»0 (p), while if 


10 (mod $), (3) »1 or —1 according as the quadratic congruence : 


xmn (mod f) is or is not soluble. 
Thus L(s) =0 implies 


ot (ei = 4p)" : 
2p 


y 
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Thus RG) = 1/2 if and only if © 

jou] < 221. 
Artin conjectured this in 1924 and verified it in about 40 numerical 
instances. A proof was given by Hasse in 1934. It uses the complex 
multiplication of elliptic functions. See also Deuring [17] and Chowla 


[13]. 


10. Some unsolved problems. In this section we collect together 
a few problems of interest whose solution depends on the theory of ~ 
different types of zeta functions. 

(1) Let k be a positve integer; let f(») have the period &, i.e., 


f(m) = f(r) [m == 5 (mod &)]; 
let f(x) be a number-theoretic function; suppose further that not all 
f(n) are 0; then 
Y fn) P 
eei E 


whenever the series is convergent. 
This problem was suggested by Paul Erdós. If true, it naturally 


includes a result like 
x(- wt 0 
1 MP 


due to Dirichlet. Here Ẹ) is Legendre's symbol. I proved this under 
the assumptions f(x) = —f(—x), k=a prime, (k—1)/2 =a prime. Pro- 
‘fessor Siegel, to whom I showed my proof, proved the result under 
only the first of the above three Senn pene. namely, whenever 
f(x) —f(—x) is true for all x. 
REMARE. The condition for the convergence of our series is of 
course 


2 


š 
È s(n) =0. 


(2) Let h(d) denote the class-number of the quadratic field R(dV?). 
It is known that there are nine negative d for which (d) =1, 
— d m 3, 4, 7, 8, 11, 19, 43, 67, 163. 


It is also known (Heilbronn and Linfoot) that there is at most one 
more negative d with A(d) =1. This —d must necessarily be a prime p 


x 
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of the form 854-3. Chowla and Selberg [14] proved that for such a 
prime p we would have 


* (2) nin <0; 
r 1 1 f? 
so that the “extended Riemann hypothesis” would certainly be falsel 
Another interesting way of stating the conjecture that h(d) =1 has 
no tenth solution with d«0i is the following (which I have not seen 


before). ^ 
If p ig a prime £3 (8), greater than 163, then we can write 


pe zit y+ sz 


where x, y, s are all different positive integers. 
(3) The cosine problem. Let K be an arbitrary positive integer. 
Then can we find sp=$9(K) such that 


min {cos ex + cos mr + >- + cos mz} < — K 
0i TCir Š 
for all s» so where ai, - - - , a, is any set of s different positive integers? 


- This problem is due to Ankeny and Chowla. It has: been com- 
municated to several mathematicians, and it appears that the answer 
is probably in the affirmative, but a proof seems difficult. The prob- 
lem actually arose in a question concerning zeta functions. 

(4) There are infinitely many primes which do not divide a given ir- 
reducible polynomial of degree x22 with integer coeffictenis. 

Professor Siegel, to whom I showed this problem, gave a proof 
which depends on the theory of the Dedekind zeta function. It does 
not seem easy to give an “elementary” proof, in particular one which 
avoids infinite series, 

(5) If f(x) is a polynomial with integer coefficients, what is the 

.number of values which f(x) assumes (mod p)? à 

For example, it is likely that for fixed integers a, b(ab s40) 


x*toex+5 (5 & 3) 


assumes more than p/2 values (mod f) when p is large enough. 

This I have been unable to prove. Professor Davenport, to whom I 
communicated the problem, obtained the following results: 

The number of values assumed by f(x) —x*--axt--bx--c (mod p) 
ig ~5p/8. 

(6) If. f(x)-—a,x"-- --- +a» where the a’s are integers and 
G49Á0 (p), André Weil Ge Mordell, Thoughts on number aie but 
a detailed proof is still unpublished) proves that 


- 
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> eie Glo | S (s — 1) pt; 





for 5:2, there is equality (by Gauss). 
(7) Ia £(3) irrational? This is a well known unsolved — For 
T(3) here one can in general substitute {(2*-+1) where s is any poei- 
tive integer. 
(8) Heuristically “one can argue (as Artin did; see Bilharz [7]) 
that the primes for which 2 is a primitive root have an exact positive . 


. density. However, even assuming any of the Riemann hypotheses 


one has not been able to prove this. 

. (9) While the usual expression for.the class-number of a real 
quadratic field contains infinite series or’ transcendental functions, 
the following expression (due to Ankeny, Artin, and Chowla; see 


: [1]) for the class-number of a real quadratic field is purely arith- 


N 


metical: 
A+B 
peek S ar 
t $ ! 
Here À is the class-number of the real quadratic field R(p!), 
where p is a prime =1 (mod 4), 
ec (E+ wpilt/2 


is its fundamental unit; A stands for the product of the least positive 
quadratic residues of p, B for the corresponding product of non- 


. residues. 


Let q bea prime = 7 (mod 12), H the class-number of the imaginary 
quadratic field R((—g)¥*), h the clase-number of the real quadratic 
field R((3g)!/9), e= (t+-u(3q)™?)/2 the fundamental unit of the latter 
field. 


Then (see [1]) 
\ Hw -— (mod 3).' 
(10) Is 
RL(1) » 0, 
where 


L(t) = È xo) 
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and x(n) ig a complex character (mod k)? This problem was raised 


by Chowla and verified by Showalter in many cases. 
(11) Psllas’s problem. If p, is the nth prime, is it true that 


=e 76. ~ an 
2 





where x— through positive integral values? 
(12) Is it true that , 


= x(mme!»0 


if x(m) is a real nonprincipal character (mod k), and / is an arbitrary 
number? . : 

(13) If 1-'-d 2-74. 670 (051, n>n) then the "Rie- 
mann hypothesis" is true. This result is due to Turán [52]. 

(14) If h(d) is the clase-number of the quadratic field AG 
Gauss conjectured that 


h(d) = 1 


has infinitely many solutions with d>0. This problem remains far ` 
from solution. See K. Schaffstein, Math. Ann. vol. 98 (1928). In 
d Schaffstein finds primes p>10* with A(p) =1. ` 


" 
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MEASURE AND AREA 
HERBERT FEDERER 


1. Introduction. For a long time the efforts ai many mathe- 
maticians have been directed toward the creation of a complete 
theory which extends the quantitative concepts of Euclidean geom- 
etry to general subsets of Euclidean #-space, E,, and to mappings into 
En. The first and fundamental steps in the modern development of 
this subject were taken by Lebesgue and Carathéodory with the in- 
vention of the general theory of measure. Subsequently the main 
interest has shifted naturally to the specific geometric problems 
which arise when the new concepts are applied in the extension of 
classical analytic formalisms and in the structural study of sets and 
mappings. 

Measures are functions defined on classes of point seta; areas are 
functions defined on classes of mappings. 

The first four sections of this paper are mainly expository. They 
contain the definitions of certain measures of geometric interest; a 
discussion of the rectifiability, tangent planes, densities and projec- 
tions of point sets; and a description of a very general form of the 
Gauss-Green Theorem which illustrates the scope of the theory and 
its applicability to classical problems. Pivotal in this whole structure’ 
is the relationship between the purely metric notion of Hausdorff 
measure and the group-theoretic concepts of integral geometry. 

‘The remaining four sections of this paper serve to establish some 
new results concerning the area of mappings. The basic issue moti- 
vating these investigations is the validity of the principle that every 
area defined by any reasonable method is naturally representable 
as an integral of a multiplicity function with respect to a measure. 
This raises a difficult problem because Lebesgue, in introducing his ' 
particular area which has been used very successfully by many 
workers in the field, was guided entirely by the analytic requirement 
' of semi-continuity; his definition appears to have no immediate con- 
nection with the geometric measure theory which was created later 
by Carathéodory. This difficulty has now been overcome for the case 
of prime classical interest: mappings of a two-cell into three-space.: 


An address delivered before the New York meeting of the Society on April 27, 
1951 by invitation of the Committee to Select Hour Speakers for Eastern Sectional 
Meetings; received by the editors November 13, 1951 and, with additions, January 21, 
1952. This memoir, much longer than the usual Invited address, is published in the 
Bulletin by special arrangement with the Council and the, Board of Trustees, 
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The principal new results are fontane in the theorems 8.17, 8.15, 
and 6.9. 


2. Definitions of some k-dimensional measures over oS Sup- 
pose k Sn are positive integers, J^, is the k-dimensional Lebesgue 
measure over Ej, and 


a(k) = LEN {|| «| «1p 


is the volume of the k-dimensional unit sphere. 
Let A CE.. With each positive number r we associate the infimum 
of all numbers of the form 


i 


35 2-^a(8) (diameter B,)* . 
i=l 
where 
A C U By y 
=l 
diameter B, < r fori = 1, 2, 3,- 


As r decreases toward zero, this infimum never decreases; it ap- 
proaches the limit 


SA), 


the k-dimensional Hausdorff measure of the subset A of E,. Y 

If bn, then =La and the above infimum is actually inde- 
pendent of r. Carathéodory was the first to recognize the necessity 
of the double limiting process in case k «s. By attaching to each set 
B, a constant times the kth power of its diameter, Hausdorff modified 
the earlier definition of Carathéodory, who had required B; to be 
convex and had associated with it the supremum of the l» measures 
of its orthogonal projections into Ey. The measures of Carathéodory 
and Hausdorff are not identical, but their ratio is bounded [MEF 1]. 
This implies that the structure theorems for sets of finite Hausdorff 
measure, described in the following section, apply equally to sets of 
finite Carathéodory measure. However Hausdorff measure appears to 
be usually easier to work with and it has the advantage, exploited in 
§6, that its definition remains meaningful for arbitrary metric spaces. 

The simplest orthogonal projection of E, onto E, ia the function 
fon LE, such that, 


pala) = (2s m) € E. for == (a1,°-+-, 4) € En 
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Every orthogonal projection of E, onto E, is a superposition of the 
form 


HoR, 


where R is an element of the group G, of orthogonal transformations 
of E,. , 
For each function f, each set X, and each point y, let 


NG, X, 9) 
be the number (possibly œ) of elements of the set 
XA {x| f(z) = y}. 
Now let A be an analytic subset of E,. For each REG, the integral 


f N(A, 2.0 R, yd uy 


indicates the size of the corresponding orthogonal projection of A, 
counting each point in E, with its multiplicity of projection. Using 
the Haar measure ¢, over Ga for which $,(G,) =1 and the constant ` 
a(k)-a(n — k) 


wo) 


we define the sntegralgeomeiric Favard measure 


Ftd) = 8e Df f moto n, A, aL OR 
Ga Y Bb 

as a kind of average projection size of A. In his note in the Comptes 

Rendus Favard attributes the idea for this definition—more pre- 

cisely, a trivially equivalent definition—to a suggestion by Lebesgue. 

After that Favard never did anything to exploit this concept, whose 

fundamental importance will become clear in the next section. 

The assumption that A be an analytic set was made in order to 
assure the measurability of the integrand in the definition of F(A). 
The measure may be extended to arbitrary subsets B of E, in such a 
way that 7*(B) is the infimum of (A) for all analytic sets A con- 
taining B. 

The functions 3% and 72 are (Carathéodory outer) measures over 
E,. Every closed subset of E, is both 3$ and 7$ measurable (in the : 
sense of Carathéodory). Every subset of E, is contained in a G, set 
of equal Xå measure and also in an analytic set of equal 72 measure. 
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Every Kå measurable subset of finite 3¢}-measure contains an F, set 
of equal X2 measure. Every analytic set of finite 7$ measure contains 
‘an F, set of equal Y$ measure. 
If a function g on E, to {i| — œ SiS œ } is analytically meaaur- 
able, which means that the g counterimage of every open.subset of 
the extended real number system is an analytic subset of E,, then 


f. ML = B(n, »*f f. "nd 


In view of the obvious additivity and convergence closure properties 
of the set of all functions g for which this formula holds it is sufficient 
to observe that the formula is trivially true in the special case in 
which g is the characteristic function of an analytic subset of E,.  * 


3. The structure of sets whose Hausdorff measure is finite. A 
function f on E, to E, is said to be Lipschtistan if and only if there 
is a number M such that 

[ f(z) — f] s M- [x — sl for z € E, and x € Ey. 
According to Rademacher, such a function f has at JC, almost every 
point x of E, a total (Fréchet) differential which is represented by a. 
matrix of k columns and s rows of partial derivatives; the square 
root of the sum of the squares of the determinants of the k-rowed 
minors of this matrix is the Jacobian. Jf(x). The connection between 


these analytic concepts and the measure theory of the preceding 
section is established by the formula , 


Joins f, nas x, pes 


= | NG, x. Yafay, 


. 


which is valid for each Lipechitzian function on E, to E, and each 
La measurable set X (see [F 1, 3]). The two integrals on the right 
are equal to the countable sums 


2 es] NU, X, 9) = i}) + m X, y) = »]) 
and 


» ex» WG, X, 9) = ih + e Hy] NG, X 9) = 9. 
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We follow the usual convention of measure theory that œ 020. In 
particular, if f maps X univalently onto T, then 


Uoc Juss = seo» Xon. 

In this connection it is rene to know that every Ly measurable set X 
contains an measurable set X’ such that f is univalent on X' 
, and such that the sets X and X’ have the same f image ([MF]). 

This leads us to consider those sets which are almost representable 
as Lipechitzian images of subsets of Ey. More precisely we say that a 
subset A of E, is Hausdorff k rectifiable if and only if there is a 
Lipechitzian function f on E, to E, such that 

! 


(A — range f) = 0. 


Every subset of a Hausdorff k rectifiable set is Hausdorff k rectifi-. 
able. A countable union of Hausdorff k rectifiable sets is Hausdorff k 
rectifiable. 

Before entering into a deeper discussion of Hausdorff k rectifiable 
sets we must introduce some of the concepts which help to describe 
the local behavior of sets of finite Hausdorff measure. Ppr raCE, and 
r>0 we let 


K(a,r) = [(z|| z- a| <r} 
be the open sphere with center a and radius r. If A is a regularly 
embedded k-dimensional manifold through a, then [AAK (a, r)] 
is asymptotically equal to a(k)-r* as r approaches zero. This sug- 
. gests the definition, for arbitrary A CE, and aC E,, of the upper and 
lower Hausdorff k densities 


a 


Se. [4 O K(a, r)] 

a(k)r* , 
S. [4 ^ K(a, r)] 

a(À)r 
If A is any set for which Xz(A4) < ©, then 


O(A, a) = lim sup 
; ror 


Qh, a) - um ns 


T's ott, a) S 1 for 36. almost all a in A. 
If, in addition, the set A is X? measurable, then 


O(A, a) = 0 for X almost all a in E, — A. 


' 
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There exist XÈ measurable sets A for which 0« 3A) « œ. and 
ex(4, a) —0 for all aC E,. 

Turning now to the subject of approximate tangent planes, we 
first observe that for each REG, the orthogonal projection (f$ o R) 
maps the k-plane 


{z|| =] =| GroR)\(2)| } 


isometrically onto Ey. The k-plane parallel to the above and through 
the point GC E, is 


OR, a)={z||z—a| =| (p20 RY(s — o)| h 


By saying that the k-plane CÈ(R, a) is an approximate tangent 
plane of the set A C E, at the point a we mean roughly that most of 
those points of A which are close to a—say in K(a, r)—lie in a suit- 
ably preassigned neighborhood of /7(R, a) — le j. For the latter we 
choose the sets 


OR, e 0) = {2|| s- a| < (1+) "| (rok)(2 — a) |} 


corresponding to e>0. A point x of E, is in O£(R, e, a) if and only if 
the distance from x to the (n — k)-plane through a and perpendicular 
to CR(R, a) ie less than e times the distance from x to (7(R, a). 
Requiring of ‘course that A should appreciably enter into arbitrarily 
small neighborhoods of a, we phrase the precise definition as fol- 
lows: The set ACE, has at the point aC E, the Poe k (ap- 
proximate) tangent plane CR(R, a) if and only if 


i 5.(A, a) >0 
and 


ola — OR, e, a), o] = 0 for every e > 0. 


Under these circumstances we shall refer to (p2 o R) as a tangential 
projection of A ai a. It is clear that R is not uniquely determined by 
CRCR, a) and serves only as a convenient parameter, nor is the 
tangential projection uniquely determined by CĀ(R, a). However 
the k-plane CŻ(R, a) is usually unique jn cases of interest to us, for 
if 30£(A4) < œ, then A has at 3% almost all points of E, a£ most one 
Hausdorff k tangent plane, though it need not have any. 
Fixing «0, we observe that 


[AC Kla, r) - o4 6 0)] 
| e(Rr* 


c t 


5.[4 — OAR, e, 3), a] = lim sup 
r—04- 


1 


/ 


i 
' 
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If A is a regularly embedded k-dimensional manifold through a whose 
tangent plane at a in the classical sense is (73(R, a), then the set 
whose Hausdorff measure occurs in the numeratér is vacuous when- 
ever r is sufficiently small. The notion of an approximate tangent 
plane is therefore an asymptotic generalization of the corresponding 
classical concept. . 

We Have now filled in the background necessary for the under- 
standing of the following basic theorem describing the structure of 
sets whose Hausdorff measure is finite. 

Suppose A ts an IÈ measurable set for which 


GA) < e, 


B is the set of all those points of A at which A has a Hausdorff k tangent 
plane, and 


Cm A — B. 


Then: 
(1) B and C are XÈ measurable sets. 
(2) B ts Hausdorff k recisfiable. 
(3) C contains no Hausdorff k rectifiable set of positive IC, measure. 
(4) Fa(B) 29$ (B). 
(5) P(C) —0; for ġa almost aH R in G, the (pk o R) smage of C has 
Ly measure sero. 
(6) 3Ch(A) = IAB) --XZ(C) =Fa(B) + 9$ (C) = F(A) +C). 
(7) F(A) SA). 
(8) The following three conditons are equtoalent: 
(i) F(A) = F(A). 
(ii) A ts Hausdorff k rectsfiable. 
(iii) A has Hausdorff k tangent planes at Kà almost all of sts points. 
(9) The following three conditions are equivalent: 
(i) F(A) =O. 
(ii) A contains no Hausdorff k rectifiable set of posstive 3% measure. 
(iii) A has Hausdorff k tangent planes at Xa almost none of sts points. 
For the special case in which k=1 and n=2 these results are sub- 
stantially due to A. S. Besicovitch, A. P. Morse, and J. F. Randolph 
([B 1], [MR]). The extension to general dimensions was made by 
the writer ([F 4]). 
Intimately related to this structure theory, there has been,a great : 
deal of research into the subject of Hausdorff densities. It is easy to 
prove that 


O(A, a) = G.(A, a) = 1 for JC, almost all a in B, 
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but the behavior of the densities on C presents a difficult problem. 
For the special case in which k=1 it is Eum. that 


6.4, a) 21. 019,(A, a) for oaa he 


This intriguing estimate was obtained by A. P. Morse and J. F. 
Randolph for n=2 and extended by E. F. Moore to all positive in- 
tegers n (See [MR], [MEF 2]). 


4. The Gauss-Green Theorem. The classical formula bearing this 
name asserts that the integral of a partial derivative of a function 
over an open subset of E, equals the integral of the function itself, 
multiplied by a component of the exterior normal, over the boundary 
of the open set. Giving precise measure-theoretic interpretations to 
the intuitive concepts which enter into this statement, we are able 
to give it a completely natural and general form. 

Suppose U is a bounded open subset of En, A ts the boundary of U, 
and X (A) «o. 

We shall integrate with respect to L, over U and with respect to 
9^! over A. Our definition of the term “exterior normal" is as fol- 
lows: Suppose a4 and w is a unit vector, that is, wCE, and | w| 
=1. For each r>0 we consider the solid hemispheres 


s(r) = K(a, r) A («| (x—a)ewz 0], 
ir)  K(a, r) A fz] (x-—aews 0} 
into which the sphere K(a, r) is divided by the (»—1)-plane through 
a and perpendicular to w. The vector w points from a into s(r), and 
—w points into (r). By saying that w ss an exterior normal of U at 
a we mean roughly that for small r the hemisphere #(r) is filled mostly 
with points of U while s(r) contains only few points of U; precisely we 
mean that 
i (r) YU 
Doa LOOT 
ro Lali] 
and i 
en LA. UI 
rot L,[s(r)] 


The set U has at each point a at most one exterior normal, but it may 
have none. We define 


~ »(U, a) 


= 0. 


1 
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as the exterior normal of U at a whenever that exists, and as the zero 
vector otherwise. We also let »,(U, a) be the jth component of the 
vector »(U, a) for j—-1,2,- - *, m. 

From our discussion of the geometric properties of the domains of 
integration we now turn to the assumptions about the function which 
is to occur in our formula. 

Suppose f ts a numerically-valued function, continuous on UWA, and 
absolutely continuous in the sense of Tonelli on U. ^ 
The last part of this hypothesis means that for j=1, 2, * - -, 5 
the partial derivative l 


Dif (2) 


of f in the direction of the jth base vector exists for La almost all x; 
that 


J lrg |age<@: 


and that for (,-: almost all y in E, ; the function’ 


JOs "715, Ven B Vt ts Yai) 


of one variable s is absolutely continuous in the classical sense on 
every interval I for which 


(Go i yeu Yew ci JD ls € I] C U. 


We observe that for all this to hold it would be sufficient, but not 
necessary, to assume that the first partial derivatives of f are con- 
tinuous and bounded on U. Under the foregoing assumptions the ' 
writer has proved (in [F 2, 3]) the Gauss-Green formula: 


EZO - fron, a)d X. a forj=1,2, >, 
U A $ 


Inasmuch as all earlier definitions of exterior normals utilized tangent 
planes of the boundary set,- it is interesting to note that at am 
almost all of those points a of A at which U has an exterior normal 
the, (n — 1)-plane 


t 


fz] (z — a)er(A, a) = 0} 


is a Hausdorff n—1 tangent plane of A at a. The converse is false, as 
may be seen from the simple example in which s —2 and U is an open 
disc minus a radius; at each point of this radius the set A has a Haus- 
dorff 1 tangent plane, but U has no exterior normal. 
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~ The set of those points of A at which U^ has no exterior normal 
contributes nothing to the integral on the right, because »,(U, a) -0 - 
for all such points a. However this poitt set and, worse than that, 
the set of those points of A at which A has no Hausdorff 5 — 1 tangent ` 
plane may very well have positive X2 ! measure. This situation may 
occur even in the relatively simple case in which »=3 and A is 

 homeomorphic with a two sphere. Significant in this connection is 
the fact that, while every connected set of finite X} measure is 
Hausdorff 1 rectifiable, the intrinsic topological properties of a aet ‘of 

' finite XË measure have no bearing whatever on its rectifiability in 

case k>1. : 

To our version of the Gauss-Green formula corresponds the fol- 
lowing form of the Cauchy Theorem: 

If U ts a bounded set of complex numbers, A ts the boundary of U, 
` 33(A) < o, and if the complex-valued function f is continuous on UJA - 

and uale on U, then 


j f (aU, a)d ela = 0. 
4 ' E ` n 


This reduces to the classical formula in case A is a simple closed | 
rectifiable curve in the plane. 


5. Multiplicity functions and areas. Assuming that X-is a n5 
compact, locally connected, separable subset of a eee k-dimen- 
sional manifold we let 


M CX) d 


be the set of all continuous functions on X to E,. We wish to associate 
with each mapping fC C,(X) a non-negative number (possibly œ) 
indicating the k-dimensional extent of the point set occupied by the 
values of f as well as the multiply overlapping manner in which the 
various parts of this point set may be covered by f. If such an asso- 
'ciation has invariance properties consistent with the Euclidean 
geometry of E,, and if it relates to relatively simple (differentiable) 
mappings the same numbers as do the classical integral formulae, 
then we shall refer to it as a k-dimensional area on C. (X). No precise 
definition of this general concept of area, which would complement 
Carathéodory’s axiomatization of the notion of measure, has yet 


` . been devised. Up to now all the work in this field has been directed 


toward the study and comparison of certain particular functions 
which betong to the still vague category of all areas. In the remainder 
of the present paper we shall continue these special investigations, 
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but we shall point out some desirable general properties of areas as 
they occur in our work. 

Most areas are defined as integrals of multiplicity functions by the 
following scheme: Suppose u is such a action that, for f C,(X) 
and y C E,, ; 


als, X, y) 


is either a non-negative integer or © and gives a sensible appraisal of 
the multiplicity with which the mapping f assumes the value y. Sup- 
pose further that y is a measure over E, and is reasonably indicative 
of k-dimensional Euclidean extent. Then the function which asso- 
ciates 


J: Je x, y)dyy 


with fc C,(X) is the area on C,(X) corresponding to the MED aad 
function u and the measure y. 

In $2 we have already described the elementary multiplicity finie- 
“tion N which simply counts the points x in X for which f(x) =y. Used 
in conjunction with the measure 3% it yields the k-dimensional Haus- 
dor ff N area- , / 


NU, X, y)à Xy, 


5 


and with 71 the i ied integralgeomeiric N area 
f NU, X, DEFY, 
a, 


` of the mapping f C C,(X). According to $3 these areas agree with the 
classical integral formula in case X is an J^, measurable subset of E, 
and f is a Lipschitzian mapping. For any X and any f C C,(X) our 
structure theorem concerning sets of finite Hausdorff measure im- 
. plies that 


"W(X diy 2 f. NU, X, PALY 


and that, in case the k-dimensional Hausdorff area of f is finite, 
equality holds if and only if the range of f is a Hausdorff & rectifiable 
set. A comprehensive list of such inequalities, containing all known 
results of this type except for those derived in the following sections : 
‘of this paper, may be found in the writer’s recent note [F 6]. 
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Assuming that y is such a Measure over E, that all closed subsets 
of E, are y measurable, the y N area of any fE C,(X) may (according 
to [F 1]) be computed as follows: Let a partition P of X be such a 
countable disjointed family of analytic subsets of X that 


U W=X 
WEP 


and let 


o(¥, f, P) = : 
(V, f, P) 2s vLIOn.] 
Then the 4N area 

oe X, y 


of f equals the supremum 1 of oly, f, P) for all partitions P of X; it l 
- also egual 


bee e(y, f, P) 


whenever Pi, Ps, Pa, - - - are such partitions of X that 


lim sup diameter W = 0. 
te WEP, 


These alternate methods for T computation of the N area em- 
body the general measure-theoretic principle underlying the classical : 
theorem which states that the length of a continuous curve, defined 
' as the supremum of the lengths of all inscribed polygons, equals the 
limit of the lengths of the terms of any sequence of inscribed poly- 
gons with vertices corresponding to finer and finer subdivisions of the 
interval on which the curve is parametrically represented. In this 
case y is IQ or Fs, X is a closed interval, and only finite partitions 
of X into subintervals need be considered. The classical length of 
any curve f€C,(X) is found to be equal to the one-dimensional 
Hausdorff N area of f and also to the one-dimensional integral- 
geometric Ñ area of f. 

Among the elementary properties of the multiplicity function V 
the following three appear to have some general significance: ' 

(i) Localisabisiy of N. If X'CX and 


XO fale cx, | 
then 
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x N(f, X, y = N(f, X', y). d 
(ii) Addittiwity of N. If P is such a disjointed family of subsetsof X  ' 
thai 


U Wax, 
wep 


then , 
NG, X, y= 2 N(f, W, y). 
wep 


(iii) Superpossiion formula for N. If 
Y, = {y| NÇ, X, = ij for i= 1,2,3,- 
then 


N(gof, X. $ = 33 N( Y. 9. 
A t=] 


Analogous, somewhat weaker properties are shared by all those , 
functions to which we ely refer in this paper as “multiplicity 
functions,” and will certainly play a role in any future precise defini- 
tion of that term. 

‘The superposition formate: for N may be used to show that the 
. k-dimensional integralgeometric N area of fEC,(X) equals 


a Bo f f voto Ros X, 02a. 


` a kind of average over G, of the areas of the orthogonal projections 
fio Rof of f. In case X is k-dimensional and k <n these projections, 
which map X into E», are much easier to study than the mapping f 
of X into E,. In this respect the integralgeometric area is simpler 
than the Hausdorff area, which cannot be represented as an average 
of this type. 

There are several natural multiplicity functions other than VN. 
Among these the function S is connected with the concept of stabil- 
ity. We recall that y is said to be a stable value of f if and only ‘if 
yis in the range of every mapping sufficiently close to f. The under- 
lying topology on C,(X) is based on the neighborhoods 


C400 ^ felle) — Ka) | < e for z € x] 


of f corresponding to e>0. Convergence in this topology is uniform 
on X. Introducing (as in [R 3]) the stable multiplicity - 
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S(f, X, 3) = niet N(g, X, y) 


we note that y is a stable value of f if and only if S(f, X, Dos We 
also observe that 
lim sup N (g, X, y) = œ 
go 

whenever X is dense in itself and y is in the closure of the range of 
f. Since X is at most k-dimensional, S(f, X, y) -0 in case k<n. 
Therefore the function S is directly useful only in case $ =n, where it 
gives rise to thé 5 area on C(X). However the alternate formula 
for the integralgeometric N area, which was discussed in the pre- 
ceding paragraph, suggests the indirect definition of the k-dimen- 
sional tntegralgeometric stable area on C,(X) associating 


Bin K) Í, f SroRo f, X, )dLyedbsR 


with f C C,(X) for kn. In case X is a subset of Ey whose boundary ` 
has ^, measure zero and f is a Lipschitzian mapping this stable area 
of f agrees (according to [F 3]) with the classical Jacobian integral 
formula, because each projection 2d o R e f is a Lipschitzian mapping 
in C,(X) and because 


l S(h, X, s) = N(h, X, z) for La almost all s in Ey ' 
whenever & is a Lipschitzian mapping in C,(X). Furthermore we have 
S(h, X, 8) S N(h, X, s) for k C C,(X) and s C En 


whence we conclude that the k-dimensional integralgeometric stable 
area of every f C C,(X) is less than or equal to x k-dimensional 
integralgeometric JV area of f. 

From the point of view of approximation theory the function N, 
which accounts only for the relatively accidental behavior of an in- 
dividual mapping, is less appropriate than the stable multiplicity 
function S. Indeed S(f, X, y) is computable by the Cech cohomology 
theory which APERUEBIA ES X and f by complexes and simplicial 
mappings [F 7]. 

For E(X), veka, usd r>0 the components of the open set 


XN falla- y] <r} 


are connected open sets. We shall refer to them as canonical regions of 
(, X, y, r). Furthermore we shall call F a canonical family of 
' (f, X, y, €) if and only if each element of F is a canonical region of 


# 
Yos! 
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(f, X, y, r) far some r Se, F is disjointed, F covers the closed set 
X ^ (sf = y}, 


and every point of X has a neighborhood which meets only finitely 
many elemenzs of F. 

If f CCI(X3, y € E,, and e» 0, then there exists a canonical family F 
of (f, X, y, €. 


To prove this we let 
A= {s| f(x) = y}, 
G(r) = the set of all canonical regions of (f, X, y, r) 
whenever r>0, choose compact subsets 
2 l 0 = BBC BiC BC... 
of X for which 
X = U Interior B; 


æl 4, 
and inductively define the sequences 
fo Tn fa; Ho, Hy Hy: ; Uo, Un Ug 
in such a way that 


To = €, Hy = 0, U,=0 


and ; 
ri = inf (Íra] U {| f(x) — »|]| 2€ Bia — Uca), 
AHio-Gr)P (v|vO AO B. Um}, 
U, = Ura V U V 
VER 
for $—1,2,3, - * * . We shall prove that 
F =m U FH; 


wl 


is a canonical family of (f, X, y, e). 
First we verify by induction that 


0 «€ r, S cand (4 () B) C U, 


for every non-negative integer +. The statement holds if +=0. If it 
holds for $2; —1, then 


(AN Bua) CU, — (Bgi - Up) NA=0, 
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| f(z) — y| > Ofor x € Bei — Us, 
ns U,;iscompact, O <r; S rp, 
C («ll - 9] <r} c, Y P 
Eai) 
(4^B)-V C UY, NBIC, 
yea, 
whence the statement holds for +=}. 

We infer that each element of F is a canonical region of (f, X, y, r) 
for some r; Se, and that F covers A. 

Since G(r) is disjointed for r 0, H; is disjointed for += 1, 2, 3, - 

If F were not disjointed, there would exist i<j, VEH, WEH, 
with VOWx0; hence r,&r, VEG(r,), WEG(r,), WOVCULC Up, 
W«&H,. It follows that F is disjointed. 

For ¢=1, 2, 3, --- the set H; is a disjointed family of open sets 
each of which meets EN compact set B,; hence H; is finite. In view of 
this and of the fact that every point of X is-interior to some aet B;, 
we may complete the proof by checking that 


1 
FOA{V| VOB, 40} CU F,forj = 1, 2,3,--- 
imi ~ 


To do this suppose $«j, VEA;, x€ VAB: Then 


sEV EGA)  [f2S-»l«r. 
VOAU=0, z€B-U, | f(x) sgl Z rans 
whence ri41<rj, contrary to the fact that #+1 si and rmf; 
'The proof is complete. 
A canonical region V of (f, X, y, r) is said to be inessential if and 
only if there exists a mapping 
v € C,(Closure V) 
such that 
' o(x) = f(x) for z C Boundary V, 
| o(z) — yl 9 rfors € V. ` 
Otherwise V is essential; in this case there exists a mapping 
TC C;,(Closure Y) g 


such that 
v(x) = f(x) for x € Boundary V, 


4 
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| a(z) — y| SrforxE V, 
7 Ns, V, ») = 1. 
Corresponding to each canonical family F of (f, X, y, €) we construct 


a function g by choosing for each region VEF a mapping vC C, 
(Closure V) as above, letting g(x)-v(x) for x cV, and letting 


£3) = f(z) fozcx- UJ. 
ver 


The locally finite character of F assures us that g©C,(X). Further- 
more 


| (3):— f(z) | S 2efor s € X, 
N(g, X, y) — the number of essential regions in F. 

With this machinery at hand we proceed to the proof of the fol- 
lowing proposition: . 

Te CX), y€A, and 

s(r) = the number of essential canonical regions of (f, X, y, 1) 
whenever r>0, then 
` lim s(r) = SQ, X, y). 
rT—04- 


The above limit exists because r >r’ >0 implies that every essential 
canonical region of (f, X, y, r) contains an essential canonical region 
of (f, X, y, r’), whence s(r) &s(r^). 

Tf g& C (X), r>0, and 


| g(x) — f(z)| € rfora € x, 
then N(g, V, y) 21 for every essential canonical region V of (f, X, y,r), 


because f and g define homotopic mappings of Boundary V into 
Ey— |y] i it follows that N(g, X, r) zs(r). Consequently 


S(f, X, y) = lim s(r). 
' r4 


In proving the oppoeite inequality we may assume that there exist 
a positive number p and an integer f such that 


s(r = i for0 cr S p. 
Suppose e>0 and let F be a canonical family of (f, X, y, e). If 


Vi, Va, ** * , Vj are essential regions in F, let r1, 4 -- +, ry and r be 
such numbers that 


D 
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‘ A , 


O<rSprnrz, 
and s 
V; is a canonical region of (f, X, y, ri) fori = 1, 2,45. 


Then each V, contains an essential canonical region of (f, X, y, r), 
whence j $:. Constructing g corresponding to F as previously indi- 
cated, we find that gC G(X), ' 


| (2) — K2) | S 2efor z € X, 
N(g, X, 9) St. 


It follows that S(f, X, y) S5. 

'The proposition whose proof we have just completed reduces the 
computation of the stable multiplicity to the counting of essential 
canonical regions. The Hopf extension theorem [D] of combinatorial 
topology provides an apt criterion to decide whether a canonical 
region V of (f, X, y, r) is essential. Since f maps Closure V'into E, 
and Boundary V into E^ {s| |s—| zr}, f induces a homomorphism 


ft: H*(E,, Ey di Iis — 9] > r}) — H^(Closure V, Boundary V) 


of the k-dimensional Cech cohomology groups with integer coefficients 
and based on locally finite coverings. A necessary and sufficient 
condition for V to be inessential is that f* be a trivial homomorphism 
(whose range has only one element). 

- The preceding .condition is certainly satisfied whenever H* 
(Closure V, Boundary V) is a trivial group (with only one element). 
This is actually the case.unless V is a k-dimensional manifold and 
Closure V is compact. Consequently: 

If fC€ OX) and r>0, then every essential canonical region of 
(f, X, y, r) 1s a k-dimensional manifold. whose closure is compact. 

If fe C. (X), then SO, X, y) ts the supremum of the set of all integers 
i such that there are nonvacuous k-dimensional manifolds Vi, Vs, , 
V, whose closures are disjoint compact subseis of X and for which y ts 
a stable value of each of the mappings (J| V), (f| Va), ---, Cf] V2. 

From this alternate characterization of the multiplicity function S 
we infer that though S was originally defined in terms of the strong 
"uniform" topology on C4( X), it may equally well be defined in terms 
of the weaker “compact-open” topology on C4(X) based on the 
neighborhoods 


CX) A fell ela) — f(z) | < efor s € A} 
of f corresponding to each e>0 and each compact subset A of X. 


324 HERBERT FEDERER [May 


. Convergence in this topology is uniform on every compact subset of 
X. - 

Whenever f=C,(X) and X’ is a locally compact, locally connected 
subset of X, then (f| X’) ECX’ and we agree that 


S(f, X', y) = S(f| X', X', y) for y € Ey. 


We are now ready to state five basic properties of S: 
(i) Locahisabihty of S: If fC Cí(X), X! ts a locally compact, locally 
connected subset of X, y C E, and 


X Y {æl f(x) = y} C Interior X’, 
then 
SY, X, y) = SY, a y. 


(ii) Addstsosty of S: If f C CI(X), y € Es, and P ts such a disjointed 
family of oper: subsets of X that 


U W-x, 
WEP 


SQ, X, » = 2 SU, W, y). 
wep 
(iti) Super posstion formula for S: If fECs(X), Y is a locally compact, 
locally connected subset of Ey, range f C Y, gc C,(Y), zC Ey, and 
Y, = {y|SU,X,9) z i] friciuls:, 
then ` 
S(gof, X, 9) S È Sle, Yu). 
tml 
Suficient for equalsty are the conditions that X be embedded $n an ortent- 
able k-dimensional manifold and that the sei 


{y| e(y) = s} 


be totally disconnected. 
(iv) Compact origin of S: If fEC.(X), y C Es, and F ts the set of ah 
compact, locally connected subsets of X, then 


SQ, X, 9) = sup SỌ, X^, 9). 


(v) Lower semt-coniinusty of S: S(f, X, y) 1s lower semi-continuous 
with respect to (f, y) on the cartesian product Ca( X) XE, with the “com- 
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pad-open? topology on C,(X) and the usual topology on Ey. 

The sets Y, in (iii) are open by virtue of (v). The strict inequality 
may hold in the conclusion of (iii) even if k= 1 and X and Y are 
closed intervals. 

Combining (v) with Fatou's lemma which states that the lower 
limit of the integrals of non-negative measurable functions is greater . 
than or equal to the integral of the lower limit of these functions, we 
find that the k-dimensional integralgeometric stable area on C,(X) 4s 
lower semi-continuous with respect to the “compact-open” topology on 
CX). 

Now suppose that the space X admits finite triangulations. A 
mapping gcc. (X) is polyhedral if and only if X has such a finite 
triangulation 7 that g maps each simplex of T baricentrically onto 
some rectilinear simplex of E,. The k-dimensional area ef g, defined 
according to any one of the methods which we have described, equals 


2 se [e]. 
s Er, 
where T! is the set of all k-dimensional simplices of T. The Hausdorff 
measures occurring in this finite sum are computable in elementary 
fashion by determinants. 5 
The set P of all polyhedral mappings in C,(X) is dense in C,(X). 
For any mapping f C C,(X) we have . 


S(p.o Rof, X, 3) = lim inf N(peo Ro g, X, 3) 
g^f4€P 
whenever REG, and sCE,; hence the k-dimensional integralgeo- 
metric stable area of f equals 


B(n, » f lim inf W(p.o Rog, X, s)dLlasd.R. 
GY N, f—f,'€P 

True to the tradition of analysis we wonder what happens if we 

put the *lim inf? ahead of both integral signs. In this way we get 

the function L, on C,(X) such that 


Lif) = lim inf (the k-dimensional area of g) 
gf, 
for any f C C.(X)- The funcison L, 4s the k-dimensional Lebesgue area 
on C,(X). We note that, if X is k-dimensional,. the corresponding 
upper limit is infinite for all fC C, (X). 
Another way of thinking of the Lebesgue area is the following: The 
k-dimensional area is lower semi-continuous on the dense subset P 
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of C,(X), because it may be obtained by confining the lower semi- 
continuous k-dimensional integralgeometric stable area on C,(X) to 
P. Hence the k-dimensional area on P can be extended in infinitely 
many ways to a lower semi-continuous function on C,(X). The nu- 
merically largest such extension is the k-dimensional Lebesgue area 
: on C,(X). 
For any mapping f C C.(X) the proposition 


Lf) < e 


has far-reaching analytic and geometric consequences. It implies that 
f can be uniformly approximated by polyhedral mappings whose 
areas tend to the Lebesgue area of f and that many properties, such : 
as being quasiconformal, which may be possessed by these polyhedral 
mappings are then inherited by f. For these reasons the Lebesgue 
area has been used successfully ({R 1],.[DJ], [MCS]) in solving 
Plateau's problem: to inscribe a surface of least 2-dimensional area 
in a given simple closed curve in Fs. It is true that the solution is 
necessarily a saddle surface for which all the definitions of area de- 
scribed here agree with each other, so that the answer to the problem 
of Plateau is really independent of the particular definition of area 
used in stating it precisely. However the Lebesgue area is a powerful 
* tool in proving the existence of solutions of this and other problems 
in the calculus of variations. 

Inasmuch as the k-dimensional integralgeometric stable area is 
less than or equal to L4(f) for all f C C,(X), it is natural to wonder ` 
under what conditions on k, s, and X these two areas of f are actually 
equal for all f C,( X). It is known that if X is a k-dimensional cell or 
sphere, then the equality holds in case 1 & <n and in case 2= han 
3, but fails in case 3 Sk $5 ([R 5], [F 3, 6]). 

We now recall the fundamental principle with which we started 
our whole discussion of areas: Most areas can be defined as integrals 
of multiplicity functtons. Indeed we constructed the Hausdorff N area 
and the integralgeometric N area according to this scheme, but we 
varied it somewhat in introducing the integralgeometric stable area, 
and abandoned it completely in defining the Lebesgue area. This 
raises the question: Can the Lebesgue area be represented as an integral 
of a multiplicity function? Our present state of knowledge does not 
allow a complete answer to this question, but several special cases 
have been studied thoroughly and in each of these cases the answer 
is affirmative. 

For km1 the Lebesgue area equals the Hausdorff N area. 

For k= the problem was solved in [F 6], though with the unneces- 
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sary restriction that the manifold in which X is embedded be orient- 
able, by the discovery of such a new multiplicity function M that 
the Lebesgue area equals the Hausdorff M area. We shall presently | 
describe M, without the assumption of orientability. 
In the later parts of this paper we shall answer the question for . 
the case in which k 2, 5—3, and X is a 2-cell. f 
Our characterization of the stable multiplicity S in terma of the 
Čech cohomology theory suggests the following definition of the new 
function M: Suppose X is a locally compact, locally connected, 
separable subset of a k-dimensional manifold (not necessarily ad- 
mitting finite triangulations), fEC,(X), and y&E,. For r>0 and 
each canonical region V of (f, X, y, r) we consider the induced homo- 
morphism f 


f*: H*CEs, EA {s| |s-y| 2r} (Closure V, Boundary V) 


of the k-dimensional Cech cohomology group with integer coefficients 
and based on locally finite coverings. The first group is infinite 
cyclic. According to the three possible isomorphism types of the 
second group we define the non-negative integer 


D(f, r, V) : ` 


in three alternate steps: : 

(i) If V is an orientable k-dimensional manifold whose closure is 
compact, then the second group is infinite cyclic, f* maps a generator 
of the first group onto an integral multiple of a generator of the 
second group, and D(f, r, V) is the absolute value of the multiplier. 

(ii) If V is a nonorieniable k-dimensional manifold whose closure 
is compact, the second group is cyclic of order two and D(f, r, V) 
equals 0 or 1 depending on whether f* is trivial or nontrivial. 

(iii) Otherwise the second group is trivial and D(f, r, V) «0. 
Letting F(r) be the set of all canonical regions of (f, X, y, r) whenever 


r>0, we see that 
. D(f, r, V) 
P 


does not decrease with r. The limit, as r—0-+, of this sum is the 
multiplicity , 
M(f, X, y). 
Proceeding as in [F 6] we find that the function M is connected 


with the Lebesgue area by the following theorem: 
If X admsts finie triangulations and fEC,(X), then 
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Lf) em " M(f, X, y)dLay. 


The triangulation hypothesis can be removed by a suitable natural 
‘extension of the concept of Lebesgue area (see $6). 
The functions S and M are related by the inequality 


SC, X, y) 3 M(f, x, y) for f € Ca(X), y € E, 


which can be strict for a set of points y with positive J^, measure. 
However these two multiplicities vanish simultaneously and are 
simultaneously infinite. Furthermore the five listed basic properties 
(localizability, additivity, superposition formula, compact origin, 
lower semi-continuity) of S hold also for M. 

Returning to the general case in which kSn we conclude this 
section by discussing two properties of L, on C,(X) which will be of 
later use: 

(1) If X ts finsiely irsangulable, fCC,(X), and G is the set of ali 
components of X, then 


LN = LD L|2. 
sca 
(2) If X is finitely iriangulable, fEC,(X), and Z is a finitely tri- 
angulable subset of X, then 
Lif) 2 Li(f| 2). 
The first of these two propositions is obvious, but the second seems 
worthy of further discussion. , 
Suppose €» 0 and gC C,(X) is a polyhedral mapping, with a cor- 
responding finite triangulation T of X, such that 
| g(x) — f(z) | <eforz€ X, 
L.(g) SLA) +. 
Letting p be any distance function metrizing the compact space X, 
we next choose 6>0 so that 


| g(x) — g(x’) | < e whenever p(x, 2’) < 28. ~ 


From T we obtain by successive barycentric subdivisions a finite 
triangulation 7" of X such that the star of each vertex of 7" has a 
diameter less than 8. Then the mapping g is polyhedral with respect 
to T”. Let P be the set of all & simplices of 7" and let l 


Q= Pn Ís|scz]. 
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We next choose a sufficiently fine finite triangulation U of Z and 
a function q on Q to the set of all & simplices of U such that 
i g(s) C s for s E Q. f 

Applying the modification Dreta [F 6] to the identity map of 
_ Zinto X we obtain a map w of Z into X with the following properties: 

x maps g(s) barycentrally onto s for s C Q, 

«[s — q(s)] C Boundary s for s € Q, 

«(s (1 Z) C Boundary s for s E P — Q. 
It follows that 

p[u(x), x] «5for z E Z. 


From U and u we obtain by successive barycentric subdivisions 
and simplicial approximation a finite triangulation U’ of Z and a 
map «’ of Z into X such that: 

s is simplicial with respect to U' and T", 
p|u' (3), #(z)] < ô for z EZ, 
w'| a(s) = w|'«() for s EQ, 


« maps Z — 4 q(s) into the k — 1 skeleton of T. 
. «EQ 


We conclude that the mapping (g o w’)EC, (2) is polyhedral with 
ple (2), s] <2, | (gow)(z) — «| < 
| osz — (f|Z)(2)| < 2efor x EZ 
and that 


Lilgow) = x se [r0] S Lae) S L4) + 
scc 


This concludes the proof of the Proposition (2). 


6. Integration over the middle space. The results of the preceding 
section suggest that among all the open subsets of X the canonical 
regions associated with a mapping fEC,(X) are most important in 
computing those multiplicities of f which are connected with the 
Lebesgue area of f. For x X and r>0 we accordingly consider the 
neighborhood 


Az(z, +) 
of x, which is defined as the canonical region U of (f, X, f(x), r) 
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such that xc U. 
These neighborhoods do not always form a basis for the topology 
of X, for it may happen that 


A(x, r) = Axr) for allr > 0 


even though x and x' are distinct points of X. Therefore we consider 
the equivalence relation 


(X x X) C {(z, z) | Ala r) = Alz, r) for allr > 0} 
and the corresponding partition 
My 


of X into equivalence classes, called the middle space of f. Each x€ X 
is an element of the equivalence class 


mz) = N A(z, r) E My. 
r>e 


The function my has domain X and range My. 

Assuming that X is connected we metrize the set My (as in [B 2]) 
by means of the distance function dy as follows: If ACM, and BEM, 
then 


d,(A, B) = inf diameter f(W) 
wer 


where F is the set of all those compact connected subsets of X which 
meet both A and B. 

The connectedness of X is essential only in proving that d,(A, B) 
<œ for all A, BEM;. If we wanted to drop the assumption that X 
is connected, we could replace d;(4, B) by d,(A4, B)/[1--dj(4, B)] 
in case d;(4, B) « œ and by 1 in case dj(À, B) =o. All subsequent 
results would remain substantially unchanged. 

The metric d; induces such a topology on My that the function m; - 
is continuous, the m, counterimage of every connected open subset 
of M; is a connected subset of X, and the space M1; is locally con- 
nected. 

. If A EM; and r >0, then A,(x, r) is the same for all x A. It will be 
denoted by 


Aj(A, r). 


The elements of M; are closed subsets of X but need be neither 
compact nor connected. If AEM, then A is a compact subset of 
X if and only if the sets A;(4, r) have compact closures for all suffi- 
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ciently small positive numbers r. Every compact element of Mf; is: 
connected. The set of all compact elements of Af; is an open locally 
compact subset of M. The whole space M, need not be locally com- 
pact. 

If X is compact, then the elements of My are the maximal continua 
of constancy of f and the mapping m; is monotone. However, if X 
is not compact, then M; and m, need not have these properties. 

In verifying these properties of My, my, and dy it is helpful to note ~ 
that 


{4 | dyLA, m] <r} Colo 0] C (41/4, m] « 2e]. 
{s| my(s) € mulam 01] = Aras, r) for z © X,r» 0. 


,  Sincef is constant on each equivalence clasa in My, therei is a unique 
function 4 on If; to E, such that 


" Í = lo My. 
lj is continuous; in fact it satisfies the Lipschitz condition 
| 4(4) — (B) | S dA, B) for A, B € My. 


If Y is any subset of E, and Z is any component of the J, counter- 
image of Y, then the diameter of Z is not greater than the diameter 
of Y. It follows that the J, counterimage of each point of E, is totally 
disconnected, so that Jy is a light mapping. 

Recalling the manner in which Xi was defined in terms of the 
metric of E, we analogously define the k-dimensional Hausdorff 
measure 

b 


Hy 
over M; in terms of the metric dj. The Lipschitz condition satisfied 
by y implies that 
HO) & [o] whenever Q C My. 
It follows that 
frm mf. E non» 
" B. Vy, 


for every non-negative analytically measurable function g on My. 
To prove this we observe that the set of all those non-negative 
analytically measurable functions g for which the above inequality 
holds is closed to addition, to multiplication by positive numbers, 
and to monotone convergence. Hence it is sufficient to prove that 


D 
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this set contains all characteristic functions of analytic subsets of 
Jit. However, if g is the characteristic function of the analytic set 
QCM,, then the inequality reduces to the formula 


HQ) & Í. NG, Q, »dsey 


` which can be proved by the method of [F 1, 4.4]. 
If QCM; and H*(Q) < œ, then 


h 
H,(Qf AA, 
Pium ((Q mA, np <1 
r=0+ a(k)r* 
for H} almost all A in Q. If, in addition, the set Q is Hf measurable, 
then 
Hj(Q N m[AdA, D 
0-4 a(k)r* 
for H? almost all A in At;—Q. 
These density properties of H7 can be proved just like the cor- 
responding properties of 30$ established in [F 4]. 
An arbitrary subset V of X may fail to be finitely triangulable and 
the k-dimensional Lebesgue area of the mapping fl V may not be 
well defined. We therefore define the substitute 


\ MCS, V) 


as the supremum of L| W) for all those subsets W of V which 
possess finite triangulations. It is clear that ; 


Xf, V) = La(f | V) for every finitely triangulable V C X, 


u V) Z $2, Vi) whenever Vi, Va, Va, -> are disjoint subsets 
fal 





= 


of V C X. 
If ACM, and r>0, then 
FAA, r)] C K[L(4), r], 
and it is natural to compare M [f, Ay(A, r) ] with a(k)r*, the ^, meas- 
ure of any orthogonal projection of K[Ļ(4), r] into Ey. This leads 
us to consider the upper and lower limits 
AaLf, AA, 0] 


* 
Liy(f, A) = lim 
ol, A) r+ iud a(k)r* 
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Lf, A) = lim oS Geo] 
j r—0d- a(k)r* 


which we think of as the upper and lower densities of the k-dimen- 
sional Lebesgue area of f at A4. Using integration with respect to 
Hj we shall establish formulae which allow us to regard these densi- 
ties as derivatives of the Lebesgue area. Furthermore the densities 
are related to multiplicity functions connected with the Lebesgue 
area. 

We note that M [f, Aj(4, r)] is lower semi-continuous with respect 
to (A, r) on the cartesian product space MX [r| r» 0]. It follows 
that L?(f, A) and Le,s(f, A) are analytically measurable with respect 
to A on My. É 


Lemma 6.1. If f C C,(X), V is as open subset of M, WC V, t>0, 
and 
LA; - for A € W, 
ms : 
x, {| mo, € V}) a em on. 
Proor. We may assume that 
MG, {2| mi) € V}) < œ. 
Let e»0. Defining 
u(A,r) ad Closure m,[AA, r)] for A € My and r > 0, 
F = («4,014 EM, <r « ¢/10, «(4, r) CV and . 
AaLf, Ay(A, 0] > talk)r’}, 
Z = {A| dA, B) € 2 diam Z for some B C Z} for Z C My, 
we not that F covers W in the sense of Vitali and apply a covering 


theorem of A. P. Morse [M, 3.10] to obtain such a disjointed sub- 
family G of F that 


WCUZUUZ 
zca zC€H 


whenever HCG and G —H is finite. For each Z EG we choose Ag and * 
Tz 80 that 


Z= u(r, rs), Ag c My, 0 «€ rg « «/10, 
MM [f, Ar(Az, r2)] > ta(k)(rx)* 
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and observe that 
diameter Z 3 2rz < e, diameter Z < 5 diameter Z S 10rs < «. 


If Z and Z’ are distinct elements of G, then A;(Az, fx) and Aj(À g^, rg) 
are disjoint nonvacuous open subsets of X. It follows that G is 
countable. ' 

If HCG and G—HE is finite, then 


GU {2|ZE R} | 
is a countable covering of W by sets whose diameter is lesg than e and 
35 2-*a(k) (diameter Z)* + J, 2-*a(k) (diameter Z)* 
s@@ ZEH 


S L a(h)(rs)* + 5* 2^ a(K)(ro* 
zca ZCH 


er (x Wi Miele XM DA CA 1). 
Ee sCH 


Inasmuch as : 


2M, As, (As, rs) | s ACS, { | m) € V), ] 


we can choose H so that 
2 ALS, Ay(Az, rs) | 
sz 
is arbitrarily small. Then the last member of our string of inequalities 
exceeds 
FNU, (x| m) € V}) 
by arbitrarily little. 
Letting e approach 0 we conclude that 
BW) Sf Mf, {2| (x) € v). 
THEOREM 6.2. If fEC,(X) and V $s an open subset of WG, then 


Xf, {=| m € V) s f ric. A)YdH;A. 


Paoor. We may assume that 
MG, Íz| mz) € V) < o. 
Let 1 «? € œ. For each integer ¢ we define 
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Tem VA {4| i «ng A si}, 
infer from the preceding lemma that 


HU) $1 |f, («| mz) € V]] < o, 
and choose a closed subset W; of U; such that 


HU) StH, (Wo. 


Since the sets W; are disjoint closed subsets of V, we can choose 
disjoint open subsets V; of V such that WiC V, for every positive 
integer 4, g | 

Applying the preceding lemma again, we conclude that 


Lae] 


f L, AdHjA = Y. f Li(f, A)dHyA 

y =o V Ut 

sx must d tam 
$-—o $—3o 


sn * raf, Íx| ma) € V.) 
tm 


S PX, (elm) EV} 


and let ¢ approach 1 to complete the proof. | 
The preceding theorem is complemented by the inequality 


| f LI, AHA z Y LA, Ad. 
Y B, ACT lp Aer 

which is valid whenever f C C.(X) and V is an analytic subset of My. 

It is natural to ask: 

Does equality hold in these inequalities? . 

Is La (f, A) =Lea(f, A) for Hj almost all A $n Mp? 
No counterexamples are known. Moreover we shall prove the affirma- 
tive answers for some special cases. The problem is trivial for k=1 
Sn. The case in which bs, the case in which S is a finitely con- 
nected subset of Es and »2 2, and in particular the case in which X 
is a 2-cell and s — 3 will be discussed in detail. Complete answers will 
be obtained in the first and last of these three cases. In general the 
solution of these problems seems to depend on the answer to the 
following question: 

What geometric properties of a point AEM; and which topological 
and metric invarianis of the mappings f | A;(a,r), for r 20, are significant 
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for the densities LY(f, A) and Lea(f, A)? 

One such property of A is that of being #-fold essential in dimen- 
sion k, which we shall define later in this section. In some special 
cases the densities can be completely described in terms of this 
property. However the geometry underlying the behavior of the 
densities is not yet fully understood in the general case. 

In the remainder of this section we compile the fragmentary re- 
sults known to us for the general case in which kis as well as the 
complete results for the case in which k=». The case in which X isa 
finitely connected compact subset of Fy is taken up in the later séc- 
tions. 


THEOREM 6.3. If fEC.(X), V is an open subset of My, 
ME, {z| mz) EY) = fue A)dH;A < v, 
and V' ts an open subset of V, then 
X(f, {2| my(x) E vy = f. Lif, AdHjA. 
Pnoor. Otherwise there is a finitely triangulable set W such that 
WC {almi ev]. ng» f rua. 
Then W and m,(W) are compact, V—m,(W) is open, W and 


{x| m/(x) € V —m,(W)] are disjoint subsets of (x| m;(x) CV], and 
m(W) C V'. It follows that 


X, iz| m(3 € VD E LG] W) + ras, (2| m(2 € V — QD) 


>| UG, oama- IX, AJdHjA 
i ve v—my (W) 


z f L9, atts = x, {2 | m) EV), 
Vv 
which is false. 
LEMMA 6.4. If f CC,(X) and U ts an open subset of X, then 
MU) e | MUU, dto 
LT z 


Proor. If W is any finitely triangulable subset of U, then 


`~ 
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LUIM) = f MG, W, Dals, 


M(f, W, y) S M(f, U, y) for y € Es 
It follows that 7 


M(f, U) S Í M(f, U, y)dLay. 


On the other hand U has finitely triangulable subsets WiCW, 
CWC --- with the property that each point of U which has a k- 
cell neighborhood in U is an interior point of W; for some positive 
integer 4. We infer that 


M(f, Wi, y) s M(f, Wa, y) for y € E, andi = 1, 2, 3, SEE eg 
M(f; U, y) = lim MỌ, W., y) for y € En 
foe 


f. M(f, U, à,» = lim f. M(f, Wi, y)d y 

= im 14] W.) s X, U). 
TurorEM 6.5. If fEC.(X), V is an open subset of My, 
xf, {2| mdz) € v) = [je A)dHyA < œ, 


P=VO{AILIY,A)>0}, R€G, 
Z = {s| Sro Rof, {x| ma) E V], 3) > 0], 
LIZ — (o Ro1)()] = 0. 
Proor. Otherwise there exist a closed set F and open sets Ui) Us 
DU:D - - - contained in E, such that 


CF) >0 and N U;SFCZ- (glo Rol)(D. 
wal 3 


Defining 

F'—Vr(A|(gpoRolp(A) EF}, 

Ui - VO {A| (po Rol)(A) € U] for i = 12,5, ^, 
we infer that S 
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V2Ui1D2Us3 OU; Dc. and NU F'CV-P, 
fond 


whence 


lim f TiQ, ama = f DU ad Ass 0 
F 


t Ui 


' and we choose a positive integer 4 for which 


1 4 


f, O, nai <L). 
Ui 
However i 


409) & f Sio Ros, al mto EV}, DAs 


< | M(proRof, {z| mz) EV}, 9dCus 
U; 

= | Mro Rof, {2|m(2) € U}, dCs 
U; 


= Mpio Ro f, (z| mfx) € Ui], Xd Cus 3 
B; 


= Xe o Ro f, (z| ma) € Ui]) S X, {2| mla) € Ui) 
i Í Lf, AdHM. 
THEOREM 6.6. If fEC,(X), V is an open subset of Mp, 
M. {=| m2) EVJ = fue. A)dH;A < v, 
and REG,, then 


Sro Rof, («| mz) € V), s) 
S N(s.o Rol, VA {A| LJ, 4) > 0], 2) 
for Ly almost all s in Ey. 


Proor. We choose a countable basis B for the topology of Fi, 
define 


Fy = [W| W is a component of V N (4| (pro Rol)(A) & UF} 


M 
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for each UCB and let 


Zr = (s| Spro Ro f, Íz| m,(z) € W}, s) > 0] 
whenever W Fo for some UCB. Then 


! 


U Fy is countable 
UEB 


and we infer from Theorem 6.5 that t 


U U. [Ze — (po RoIJ(W A 2) -0 


EB wry 
where 
P= {A| GC, 4) > 0]. 
Now suppose l 


* sEEs— U U [Ze (poRol)(WO P)], 
y€s wer . 


m is a positive integer, and 
S(paoRof, {z| mz) € V], 9) Z m. 
. Then there exists a UCB such that the set 
G=Fyo\{W|seZy} 
has at least m elements. Recalling our choice of s we find that 


s € (js o Rol)(W (^ P) for W EG 
and use the disjointedness of G to conclude that 


A N(p.0 Roly VA P, 1) z m. 


The proof is complete. 
We say that 
A 4s t-fold essential for f in dimension k if and only if fECAX), 
ACM, + is an integer, and there exists an REG, such that 
Lolfa] M(pro Rof, AA, r), v) & i]) 
hiis 
rt a(E)r*: 


We refer to pio R as an 4-fold (utar projection fou at A în 
dimension k. 


= 1. 
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Furthermore we define 
Ex(f, A) = sup (| A is i-fold essential for f in dimension &}. 
We note that M (pho R o f, A;(A, r), s) is lower semi-continuous ' 
with respect to (A, R, r, s) on the cartesian product space MYX Ga 
x {r|r>0} X, and that 
> . 
Li({s| M(p.0 Rof, AA, 1), 9) 2 iJ) 


is lower semi-continuous with respect to (4, R, r) on the cartesian 
product space 9t, X G. X {r|r>0} for each integer $. It follows that 
E(f, A) is analytically measurable with respect to A on My. 


THEOREM 6.7. Los(f, A) = Elf, A) for fCC(X) and AC My. 
Proor. If REG,, then 
lf, A/(A, 0] z Mgr o Ro f, AMA, 0] 


= f M [pe o Ro f, AKA, rds 
E, 


2 Us| Mro Ro f, ALA, r), 9) z ip). 
THEOREM 6.8. If pho R is an i-fold essential projection for f ai 
A tn dimension k, e» 0, and 
T(r) = AKA, r) ^ fal f( € DLR, e IAA)]} Jorr >o, 
then 2 
is As] M(peoRof, T(r), s) 2 i 


= 1. 
r0+}- a(k)r* 





Proor. Suppose ¢<1. Let f 
u m (1+4 e71, P y? -+ 11 — s’), 
note that «<1 and 7« 1, and choose 8>0 so that 
Abs] Ms o Ro f, AKA, r), 9) & i}) Z var? 


whenever 0<r <ô. 
Suppose 0<r <å. For j=1, 2, 3, - - - we define 


Z, = E {s| ru’ «|s— (pro RoD)(4)| < rf), 
U, = {z| Gro RoN) € Zi], 
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and easily verify that U,C WA (A, re? )CU,OT(r). Hence $CZj 
implies , : : 
M(f«o Rof, A(A, rw ),s) e Mpo Rof, UD AA, rw), s) 
sz M (21 o Ro f, U,(Y T(r), x) 
x Mpo Ro f, T(r), s), 
and we infer that 
Z,A {s| MgeoRof, T(r), 8) & i] - 
D {s| Mt o Ro f, A(A, rw’), s) = i} — K[(PLo Rol(A), rw], 
KZ, {| MS Rof, TO), Sz i). 
> va(E)(rw  ) — a()(rw) = («). o — w)a(Br, 


Since the sets Z; are ‘disjoint and Lp measurable, summation with 
respect to j yields the inequality l 
: ` ? — #*)a(k)r* 
xs] M(p,0ROf, T(,9z i) z —— = la(E)r* c 
THEOREM 6.9. Suppose 


JEC:(X), V ts an open subset of My, 


xf, {2| mz) € v) - f ie A)dHIA < c, « 


P= VA {4| Li, 4) > 0], HP) < «, 
Q-YVni(A|€&, A) > 0]. 


Then: 
(1) P and Q are analytic subsets of MG, and OCP. 
h ‘ 
H 
A r= a(k)r* : 


(3) Hy (W) = f Nil, W, y)d Bay for every analytic sei W C Q. 
E, 


e ^ fadma X oec 


E. ACQ.s(Ay-y 


for every analytically measurable function g on Mity. 


N 
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(S) IŠ, A) = Leaf, 4) for B} almost oll A in Q. 


(6) For Hy almost all A in Q the following implication holds: 

If 120, RCG,, and fk o R 4s an i-fold essenisal projection for f at 
A in dimension k, then CEIR, (A) ] is a Hausdorff k tangent plane of 
(Q) at (A). 

(T) IQ) 4s a Hausdorff k rectifiable subset of Es. , 


Proor or (2). Since H?(Q)<@ and H*(P—Q)< o, we have 


imap HQ O m,[A,(A, 1) ]) <1 
rr a(E)r* 
and : 
Hy (P.O mls 1-9 _ 
rt a(k)r* 


for H? almost all A in Q. 

On the other hand if A is any point of Q, then there exist +>0 
and REG, such that f$ o R is an $-fold essential projection for f at 
A in dimension &. For any positive number r which is so small that 


my [A(A, n] C y 
we infer with the help of the theorems 6.3 and 6.5 that 


As] Mtis o Ro, AAA, n), 1) & i] 
— (p20 Ro l)(P mA, 0]) = 0, 
HP A mlada, DÍ) & eo RoI(P mlAdd, 0D 
2 (x Ís| Mro Rof, AA, r), 2) & i]). 
It follows that 
ees HP A m,[A,(A, 0] T 
rot a(k)r* 


Proor or (3). Inasmuch as we already know that 


Ny, W, à y S Hj(W), 
B, : 


it is sufficient to prove the following statement: 


1 
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If 0 «£«1 and e»0, then there is a partition F of W such that 
iD diameter Z « 4, 

D sei] 2 W) — e 

rer. : 

To prove this we choose an open subset U of My for which 


WCUCV, E(UNP—W)<e 
and let G be the family of all sets Z such that 
Closurewm;[A(4,r) -ZC U, AEW, 0<2r<e, 
ta(K)r" < S.l (Z^ P)] s HZA P) <i a(r 


. for some A and r. Then G covers H? almost all of the W in the sense 
of Vitali, and the Vitali covering theorem [M, 4.1] yields a countable 
disjointed subfamily H of G such that 


ai Ww = Jt) z) - 0. 
; EH 
We let 
Fi= [ZOW|ZER}, 
choose such a partition F4 of W—UsexZ that 
Sap APO « 
TC 
and define 
F=f, UR. 
It follows that 
HW) Ss X éH(ZO P) $8 E yell P) 
ze€H s&u — M 
s 2 (ZA W)]-- EZA P — W)) 
s , A 
sr KT] + H(U P- W) 
f TOF 
sD s.p] e 
rer . S 


PRoor or (5). By virtue of (2) the usual theorem on the differentia- 
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tion of an indefinite integral is valid on Q. We infer, for H7 almost all 
A in Q, that 


f Lif, A)dH]A 
Lf, A) = lm XE" BR 
rot BOM mlaka, 0) 


-and use Theorem 6.5 and (2) to conclude that the limit on the right 
is equal to 


J MA AG D] 
rot:  a(k)r* 
ProoF oF (6). Defining 


Y - {y| I> s e: Q) 9] S oP), y] s 1). 
W-oní4lyaer) 
we find that 


..— Se[kQ]S s] < @, O) — Y] = 0, 


 Hj-w]-]| NG- W, y)dy = 0. 


HÀ. 

Now suppose A EW, 1 is a positive integer, and the hypotheses of 
Theorem 6.8 hold. Applying the Theorems 6.3 and 6.5 as in the proof 
of (2) we conclude, for all sufficiently small poeitive numbers r, that 
Lalis] Ms o Rof, T(r), 3) z i]) 

s [ro RoI)(P ^ miT] 

s xe A mITO))] s s) A ITO) 

S SC) N os [R, e A)| O KIKA), e). 

It follows that 
e. [IP) N OalR, e 1(4)], 1(4)] z 1, 
ex[IKP) — OIR, e 144)], 1(4)] = 0. 


THEOREM 6.10. Suppose f C C,(X) and U 4s the union of all those 
open subsets V of M; for which 


xf, {a| m) E y) « oc. 
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Then: 
(1) Li(f, A) Z lim sup D[f, r, AA, )] for A € My. 
5 r+ 
(2) €, 4) à lim inf DIJ, r, AXA, )] for A € My. 


(3). If Wis an opèn subset of NG, y€ Ey, r 50, and Z is an essential 
canonical region of (f, {x| ma Ew}, y, r), then there is an AEW 
for which L(A) =y, Ay(A, r) =Z, and 


lim sup D[f, t, Aj(4, )] z 1. 
A t204- : 
(4) If Ws an open subset of NG, ACW, and 
lim inf D[f, r, AKA, r)] < lim sup DI, r, AKA, n)], 
r—0-4- r—0-4- 


then M(f, {x|m(x) € W], 1 (4)) = œ. 
(5 Jf W i am open subset of M; and y C Es, then 


Lif, 4) & MU, {2| m9) E W), ». 


AGW (Ame 
(6) If Wis an open subset of My, y Es, and 
| MG, {z| mz) € W}, y) < œ, 
M(fiz|m(2€W]y- 2 lim D[f, r, AKA, n)]. 
l AEW, y (Ajay m0 
(7) If W is an open subset of Min then - 


x, (sim) E wp = f LX(f, A)dE}A 
= f E Li »4 
HN, AEW, ly (h)my 


-f M(f, {2| ma) E W}, X). 


(8) For Llp almost al y in Ey the following implication holds: 
If W ts an open subset of U, then 


Mf, {z|mt2) EW}, E nA. 
: AEW bus 


J 
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(9) I, A) = Laal, A) = E, A) = lim DI, r, As )]« œ 
for Hj almost all A in U. 


(10) GC, A) = Le(f, A) =, © for A E My — V. 
Proor or (1) AND (2). If AGA, r>0, and 
D|f, r, Af A, n] z 5 
then 
M[f, AXA, r), y] & ifor y € K[(A), r], 
Mf, AA, 0] & CE | MEG AMA, r), y] & 5]) = ialh)rh, 


Pnoor or (3). We define Zo, Zi, Za, Zs, - - - inductively in such a 
way that Zeg-Z and Z, is an essential canonical region of 
(f, Íx| m, (X) EW}, y, 2-9 with Z, CZ. for every positive integer 5. 
We infer that'Closure Z, is a compact subset of Z; for every posi- 
tive integer +, and choose i 


a E N ClosureZ,= (1Z, A = mj(a). 
? m0 imd 


It follows that 
aEZC {alm EW}, AEN, 
IKA) = f(a) = y,  As(A, r) = Aa, r) =Z, 
AMA, 2-9) = Z, fori m 1, 2,3,0. 
Proor or (4). There exist positive numbers 
fü»rn»fn»n» ees 
such that 
DIS, r-u AAA, r2] = D, ry AAA, r2] 


for t=1, 2, 3, - - -. Hence we can associate with each positive integer 
* an essential fganonical region: Z, of (f, {x| m,(X) Ew}, L(A), rs) 
such that ] 


Zi C AXA, fa) T Aj(A4, ri). ; 
Since Zi, Zs, Z», - + + are disjoint subsets of {x| m(x)EW} and 
Sf, 2. KA) z 1 fori = 1,2,3,---, 


we conclude that 


H 
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M[f, {2| mx) € W}, A] Z SU la] m) € W}, n] = & 
Proor or (5) AND (6). By virtue of (3) we have 


MG, lsimi) ew)» = 22. DUAA] 
han AGW, (A) 


. whenever W is an open subset of Mf, and y EEr. 

Hence (1) implies (5), and (4) implies (6). 

Proor oF (7). Consider the statement obtained from (I) upon re- 
placing “=” by “2,” in front of each of the three integral signs. This 
is a true statement by virtue of Theorem 6:2, the remark following 

.that theorem, and Proposition (5) of the present theorem. However ` 
the first and last term in this string of inequalities are equal by 
Lemma 6.4. 

Proor or (8). Let B be such a countable basis for the topology of 

U that 


X(f, {zl my(z) € V]) < o for V € B, 
and let Í 
Zy = blue felm Evh x AG. 4) 


AGY ly (4)=y 
for V € B. From (5) and (7) we infer that 


] LaZr) = 0forV c B, 
ee) = 


Now suppose 
yER- UZ 
. ' YEB 


and W is any ope subset of My. 


If Ay, As, - - - , An are distinct elements of W such that f(A,) my 
for $&1,2, -- - , m, then there exist disjoint elements Vi, Vn >>, 
V of B such that ACV, for t=1, 2, - - -, m. It follows that | 


x GASE X LUA dá 


ml 4EY, Aes 


= SMU, {a| my(x) € V), y) 
s M, {2| mz) € W}, y). 
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Pxoor oF (9). We see from (1), (2), and Theorem 6.7 that 
lim mii Dif,r, A4 n] 3 lim sup D[, r,A(A4,r)] S LU, A), 


ini inf Dif, f, Aj(A, n] s EQ, A) s Leaf, A) á Lh, A) 


whenever A C2ifj. Choosing B asin the proof of (8) we shall complete 
the proof by showing that 2.7% 


lim inf D[f, r, A/(A, 1) ]BHH;A 2 f LA f, A)dH;A 

y rx y 

whenever VC B. "E 
Suppose VC B. By (6) and (7) we conclude that 


lim inf D[f, r, A(A, r?)]dH; 4 
r—0H- 


y 


E by lim inf D|f, r, AfA, r) |dLay 


B, 4EY, (Alay r— 
= | MU, {2 | mike) EV), Dy = f rta etia. 


7. Fréchet equivalence. If fC C,( X) and T is a homeomorphism 
of X onto X, then f and f o T behave identically with respect to the 
geometric properties discussed in the two preceding sections. These 
mappings have the same multiplicities, the same areas, and isometric 
middle spaces. However f o T may be preferable to f on account of 

differentiability properties which are not invariant under homeo- 
' morphisms of X. 

This passage from a mapping to a geometrically equivalent one, 
which may have superior analytic properties, can be extended by a 
limiting process. If f C C,(.X) and Ti, Ts, Ts, * - - are homeomorphisms 
of X onto X such that f o T, converges as $ tends to infinity, then 
the limit mapping is geometrically very similar to f but may be 
smoother and easier to compute with than f. An example is the 
familiar process of reparametrization by arc length which replaces 
an arbitrary curve of finite rd by one satisfying a Lipschitz 
condition. 

The formal definition follows: 

Suppose fC C,(X) and gc C,(X). We say that 


f and. g are Fréchet equivaleni 
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if and only if there exist homeomorphisms 71, Ty, 75, - - - of X onto 
X such that for each compact subset Q of X 


(fo T;)() — g(x) uniformly for x C Q as i> o, 
(go T; )(a) — f(x) uniformly for x € Q asi œ, 
Closure Ut, [7:(Q)UT,1(Q)] is compact. 

Itis easy to verify that we have indeed defined an equivalence rela- 
tion on C,(X). However, most important for the theory of area is 
the following proposition: 

If f and g are Fréchet equivalent elements of C,(X), then there exist _ 
homeomorphisms Ti, Ta, T4, - - + of X onto X and an isomeiry u of 
M, onto M; such that f 

lo = i, 
and suck that for each compact subset Q of X 
(mo Ti)(2) > (wom,)(x) uniformly for x € Q as i œ, 
(mo TT )(zx) (n omj(z) uniformly for x C Q as i c. 

To prove this we start with a sequence of homeomorphisms 
Ty, Ts, Ts, - - - which have the properties stated in the definition of 
Fréchet equivalence. Later we shall replace this sequence by a sub- 
sequence. 

If a€ X, a’ C X', and e»0, then there exist a positive integer j 
and neighborhoods V and V’ of a and a’ such that 


d, [(m; o T)(z), (mo T)(2)] S dy lm, (2), m] de 


whenever x€ V, x C V’, ¢ is an integer, and $» j. 
To check this we choose a continuum WCX for which 


a € W, a' € W, diameter £(W) < d,[m,(a), m,(a^)] + e/5 
and secure a positive integer j and open connected subsets V and V” 
of X such that 

a € V, a’ € V', Closure V and Closure V’ are compact, 
d ,|m,(2), (a) ] « e/5 and | (fo T)(z) —£(2) | <e/5 for x€V and i j, 
d, [m, (x^), m,(a^)] ««/5 and | (fo T) (2) — (a^) | &e/5tor z CV'and i>j, 

| (fo TJ(z) — g(a) | <¢/5 for 2 C W andi > j. 
Letting 
`Z = W U Closure V U Closure V", 
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we conclude for x C V, x' & V' and 4» j that ` 
d;[(my o T)(z), (m; o T2(2)] 
S diameter (f o T.)(Z) 3 diameter g(Z) + 2«/5 
s d, m, (o), m,a] T3453 d, m, (2), m(x] +e. 


The preceding equicontinuity property implies the following: 
If Q is a compact subset of X and e>0, then there exists a positive 
integer j such that 


dy[(my o T.)(2), (mo TÒ] € delma), m2] + e 


whenever x CQ, x’ CQ, 1 is an integer, and 4» j. 
. In view of this and also of the fact that 


Closure { (myo T,)(z)| i= 1,2,3,--- } is compact forz € X 


we may just as well assume, after paseage to a subsequence, that 
there is a mapping U of X into M; such that 


(myo T;)(x) — U(x) uniformly for x € Q as $— œ 


whenever Q is a compact subset of X. 
It follows that I 


d,[U(z), U(2)] S d,[m,(2, m,(2)] for sc X, 7 € X 
and that there is a function # on M, to Mf; such that 
U-vom, 
d,[w(4), #(A)] S dild, A") for A C Mp A’ E M, 
Furthermore ; 
(lyo 4) m] = [wo m,)(z)] = i {lim (mo T2(2)] 


= = (fo T) (2) = g(x) = Lim.) t 


for x€ X, whence lj o uH. 
By symmetry we may also assume, after passage to another sub- 
sequence, that there is a function v on My to At, such that 


(m,o T; )(z) 3 (80 m)(2) uniformly for x € Q as i> c 
whenever Q is a compact subset of X and such that 
à, [s(4), (42] & d/(4, A) for A € My, A! E My. 
We shall complete the proof by showing that the functions u and v 
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are inverse to each other. 
Suppose A EMG and «€» 0. Letting 

a EA, b EA) (T (|i 1, 2,3,--- J U (8), 
we choose a positive integer j such that 

d;[(m;o T)(z), (mo T)(2)] s d, lm, (2), m,(x’)] + € 
whenever x CQ, x/€Q, and $»j. We infer that 
d,[A, (wov)(4)] = drIm(a), («vo m9] . 

= dlma), lim (mo 20] 


= lim dema), (m; o T.) (0)] 
= lim d,[(my o T) [T: (4)], (jo T9(9] 
< lim sup d, [(m, 0 T, )(a), m,(8)] + e 


= d,[(v0m)(a), 0(4)] + « = dol (4); 90] te me 
It follows that : 4 
(uos)(4) = A for A E My. 

Similarly we find that ` 

(vow)(A) = A for AE My. 

The proof is complete. 2 

The preceding proposition has the following corollaries: > 

If V is am open subset of M, and W ts a compact subset of 
{x|m,(x) EV}, then there is a positive integer j such that 

TAW) C [z| ma) € «(V)] for i> j. 
If V is an open subset of My, then 
M {al mG) EV) = x, {zl mz) € «0p. 
If V ts an open subset of Me, RCG,, and sch, then 


S(proRog, {=| m.) E€ v}, s) 
| ` = Seo Rof, (| mda) € «(9)], 9, | 
Mpo Rog, (alm EVD - 

= M(pao Rof, {2| mz) € u(V)}, 9). 
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If AEM, and r0, then 


ulme lAl, 1) ]) = mr nCL, 7). 
If AEM, then 


Lig, A) = Lily, «41, = A) = Lf, #4), 
i Ele A) = Ely, «(A)]. 


If VEM, and ye Es PP 


N(,, V, » = N(ly, s(V), y. 


It follows that the Hausdorff N areas of Jy and l, are equal. How- 
ever the Hausdorff N areas of f and g need not be equal, and the- 
integralgeometric N areas of f and g need not be equal. The reason 
why N(f, X, y) may differ from N(g, X, y) is that N(h, X, y) is not 
lower semi-continuous with respect to h on C,(X). The invariants 
S, M, and X, of Fréchet equivalence are lower semi-continuous func- 
tions of compact origin. 

We observe also that if X is the set of all those points of X which 
do not have a k-cell neighborhood in X and if 


M, = Wy (A | ACA, r) OX $0 for all r > 0], 


then u(Jit,) = it. 

A cyclic mapping is a function fC C,(X) whose middle space My 
has no cut point. A nondegenerate mapping is a cyclic mapping f such 
that Mf, has more than one element. 

For example a cyclic mapping of a two-cell X CE, is one whose 
continua of constancy do not separate X, while a nondegenerate 
mapping is one whose continua of constancy separate neither X nor 
Es. 

The usefulness of the concept of Fréchet equivalence for the 
theory of two-dimensional Lebesgue area is largely due to the follow- 
ing proposition of C. B.“Morrey ([MCB], [CE 4]: ! 

If X ts a iwo-cell, f C,CX), df) € o, and f ts a nondegenerate . 
mapping, then f has a Fréchet equivalent g whose partial derivatives 
Dig(x) and Dig(x) exist for Caalmost all xin X — X and whose Lebesgue 
area Lalg) equals the Dirichlet integral 


1 
FE J | Dieta) + | rato P 


This proposition makes the techniques of classical analysis avail- 
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able for the discussion of all Fréchet invariant properties of nonde- 

generate mappings of two-cells with finite Lebesgue area. Further- 

more there are two devices by which results concerning certain geo- 

metric properties can be extended from nondegenerate to arbitrary 
mappings of two-cells. . 

i If X is a two-cell, fC C,(X), and ri, rs, rs, - + - are the monotone 

retractions of M; onto its proper cyclic elements, then 


(lorio mp, (lporsomp, orom), 


are cyclic mappings in C,(X). They are called the cyclic components 
of f. Certain properties possessed by every cyclic component of f are 
inherited by f. Such properties of mappings are said to be cyclically 
extensible (see [R 5]). 
- H X isa two-cell, f C C,(X), and f isa cyclic but not a nondegenerate 
mapping, then f maps X onto a single point y€ E,. For each e>0 
there exists a two-cell T' such that 
isllfa-»ladcrcx-x 
The mapping (f| T) C C.(T) is called an internal approximation of f. 
Every cyclic component of (f| T) is a nondegenerate mapping in 
C,(T). Certain properties possessed by every internal approximation 
of f are inherited by f. Such properties of mappings are said to be 
internally extensible. 

Now if a property of mappings of two-cells ia both cyclically and 
internally extensible and if it is possessed by every nondegenerate 
mapping of finite Lebesgue area, then this property is successively 
inherited by all internal approximations of those cyclic mappings of 
finite Lebesgue area which fail to be nondegenerate, by all cyclic 
mappings of finite Lebesgue area, and by all mappings of finite 
Lebesgue area. 


8. Mappings of locally connected finitely connected plane continua. 
For any two subsets A and B of E4 we define 


y(4, B) = sup inf [x— y] 
sCcB yOu 


and the Hausdorff distahce 
&(4, B) = sup {(4, B), (B, 4)]. 
Letting Lem 
T = {A|A is a nonvacuous compact subset of E, 
Q= I'/YÍA] 4 is connected], 
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we note that T is a boundedly compact metric space with respect to 
the Hausdorff distance, and that the set Q of all plane continua is a 
closed subset of T. 

With each ACE, we associate 


A? = the union of all bounded components of E, — A, 
o(d) = inf {y(4, W) | W isa component of Ey — A}. 


The following theorem characterizes the finitely connected com- 
pact subsets of the plane by means of the function c. 


‘THEOREM 8:1. If A ET, then 
c(4) >0 
. of and only sf the number of components of Ey—A 4s finde. 


Proor. Since y(4, W)>0 for every component W of F4—4, the 
second condition implies the first. - 

Now suppose o(A)>0. Then each component of F4—.4 contains 
an open circular disc of radius ¢(A), whence ` 


x- [c(A) ]*- (number of bounded components of Es — 4) S JA(4f) < œ, 


because Af is bounded. Hence the number of bounded components 
of F;—A is finite. Furthermore E,—A has pieeisely one unbounded 
component. 


Lemma 8.2. If A and B are such subsets of Es that 
Y(A, B) < e(4) and Boundary BC A, 
then 
BCA, 


Proor. Otherwise F4—4 has a component W which meets B. It 
follows that 


W A Closure (W A B) A Closure (W — B) 
l CWA Boundary BCWAA=0, 
W-B=0 WCB, a(d) £x, W) S yU, B) e. 
Lexa 8.3. If —— | 
AEG, B€Q, ANB=0, ANB s 0, 
= 
either AC BE or BC At. 
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Proor. If A(:B*, then A(B'«0 because the connected set A, 
which does not meet B, is contained in a single component of E,— B. 
It follows that 


A (^ (BY B9) = 0. 
If also B. A*, then 
A! VY (BU BA = 0 


because the connected set BUB, which does not meet A, is con- 
tained in a single component of Fa—A but not in A’, It follows that ` 
A' (B! «0, contrary to hypothesis. 


LEMMA 8.4. If 
AET, BEQ, ACB, 
A V 4t C. B. 


Proor. The unbounded connected set F4— BF, which does -— meet 
A, is contained in the unbounded component of E4— 4. Thus 


E,— BEC Ex — (AU AA), AU AC BE 
LEMMA 8.5. If ACT, At «0, and «»0, then there is a 5>0 such that 
(A, BP) Se whenever y(A, B) <8. 
Proor. We choose r>0 so that b 
AC {ella <r} 
: and let ` 
f(x) = int | x — y] for z € F4. 
G&A 


Each point of the compact set 
V = {x||2| Srand f(z) z ej 
is in some unbounded connected open set W whose closure does not 
, meet A. Hence V is contained in the union of finitely many such sets 
Wai, Wa, LS > Wa. Defining 3 
Z = Íz] [2| zr} UUW, 
i=l 


è = inf f(z), 
<r 
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we see that 6>0 and that Z is an unbounded connected set for which 
{=| f(z) Z e} CZ. 


If y(4, B) <6, then Z does not meet B and is contained in the 
unbounded component of F4— B. Thus 


ZCE-EP, BCEK-ZC{sl|f<«}, A, BN Se 
LEMMA 8.6. If f maps the topological space X into the circle Y and if ` 
X has connected subsets A, B, C such that 

SAOB CFC), BAC EHA) ` KCA A) £B), 
then f ts an essential map of X into Y. 

PRoor, Otherwise f=h o g where g is a map of X into E, and hk 


is a covering map of £; onto Y. 
Choosing a, b, c so-that 


sEBNC, f(a) € H(A), 

bBECNA, f(b) ESB) 

cEANB, fe ESO), 
we note that g(a), g(b), g(c) are distinct and that one of these three 
real numbers lies between the two others. 

If g(a) is between the numbers g(b) and g(c), both of which are in 
the interval g(A), then g(a) Cg(4) and f(a) f(A), contrary to our 
choice of a. 

The other two alternatives can be similarly eliminated. 

Lamu 8.7. If g maps the topological space X into 

Z= E, — (6&0) 
and tf X has connected subsets E, W, N, S such that 
EON, NOW, WOS, SO E are nonvacuous, 
-8(E) C f(s lu> E &Wciw»iw«t]. 
M C 0, 92|»» nh. ES) C (6,9219 <a}, 
, then g is an essential map of X into Z. 
Proor. The preceding lemma is applicable with l 

gx) aid (& n) 
| a(x) — & »)| 
A-E B=N, C=WUS. 


f(x) = for ze X, 
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LEMMA 8.8. If ACT, gC G(AU AP), and if g| A is an essential map 
of A into E,— [s], then s is a stable value of g. 


Proor. Assuming that . 
0 « r « inf | g(x) — si 
«GA 


we consider the cohomology diagram: 


i 
HE, Ey — K(s, 7] cr m[g, = K(s, r)| 


g (g| 40* 
H*(A XJ Af, A) uec H(A) ME H(A U Af) 


Since AUA" does not separate Ey, the group H'(AU/A) and the 
homomorphism $* are trivial. By exactness 8’ is an isomorphism. 
From this and the fact that the homomorphism (gl A)* is nontrivial 
it follows that the homomorphism : 


g'o8e 80 (g| * 
is nontrivial. Hence g* is a nontrivial homomorphism. 
LEMMA 8.9. If ACT, BET, CET, . 
AUATC B, CC(BU Bf) — Af, 
£ € G|[(BU BA) — Af], 
g| A is an inessential map of A into E, — {x}, 
£| C is an essential map of C into Ey — {s}, 
then s is a stable value of g. 
Proor. There is a mapping 
fEC (BY Bf) 
such that . 
f[(BUBA-Afl=g, JAIAN HE- fs}. 
Noting that | 
flCc-g|C, CUCCBUB, 
we infer that s is a stable value of f| (CUC) and of f. Since 
^ de|f(2 = s} C (BU BP — (AU AÑ 
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and (BUB) — (AUA i is open in BUB?, it follows that z is a stable 
value of 

. f|K8v B5 - (4 U 4^] = e| [(BU BA — (4 U 46] 
and of g. 


THEOREM 8.10. Suppose: 
(1) X ts a locally connected, locally MUT subset of Ey for which 


c( X) »0. 
(2) GC X and G is open relative to X. 
(3) «€G(G), v€ G(G), gE (G), and 


g(a) = ((z), v(z)) for z EG. 


(4) For each z= (sı, s.) C Es, r(s) is the supremum of ihe set of ali 
positive integers m with ihe following property: 
G contains m disjoint continua Ai, As, > - +, Am Such that 


z = u(x) for x C U Ay 
tome 


sq C Interior v(4;) for i  1,2,--- , m. 


Then: : 
(5) »(s) SS(g, G, s) for L'a almost all s tn E. 


Proor. Let m be a positive integer. 
We choose points fij fs, Pa, © + + which form a countable dense 
subset of Fs and define 


P, Q(Y(A| 4 CG and p, € AF} dorje-i123.- 
We also define 
Pa = 90 (4| A CG and Af = 0]. 
‘Corresponding to each m-termed sequence . ; 

TEC E 
of non-negative integers, and for any rational nudbe r<s, we let 
F(q, r, s) l 
be the set of all m-termed sequences 
A = (Ay Ån t-t, Am) 
with the following properties: 
AE Pa fori = 1,2, f M 
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Ay Ay, MENU Aw are disjoint; 
' «is constant on U 4;; ' 
i=l 
y di s) <r <s < sup os) for d= 1 2 Qm. 


U(A) = u(x) whenevér A C F(q, r, 5) and z € U Åi 
' f-1 


we observe that the set 
: fs] 7(5) zx m} 
is the union of the countably many cartesian products 
U|F(q, v, )] X Ín Ir &»« sj. 
In order to prove that 
S(g, G, 8) & m for L'a almost all s in (s|»(s) = m] . 
it is therefore sufficient to verify the following statement: 
For each of the above triples (q, r, s) there ts a sei u such that 
B C U[F(a, r, 3)], U [F(q, r, 3)] — p is countable, 
Sig, G, (E, 9] & m whenever t C n andr <n <s. 
For the purpose of proving this we henceforth fix q, r, s and abbreviate 
F(q, r, s)” by “F.” 
Associating with each AEF the 2m-termed sequence 
(AS E E E HET Ay EPIS 


we establish a one-to-one correspondence between F and a subset of 
the 2m-fold cartesian product of I’. Since T is separably metrized by 
* pP, the set F becomes a separable metric space with the distance 


c 2 Tog Jj 
Li pln B) + (Ai A, BI B) — - 
tml 


between ACF and BEF. 
We let R be the set of those points of F at which the function U 
has either a relative maximum or a relative minimum, infer that 
U(R) is countable, 
. and define 


t 
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b = U(F) — U(R). 
Now suppose ] 
3 £Cu ren<s, €=U(A), ACF-R 
We successively choose 
OE Gu Gas Gay By Vn Yu coc Vu Wi, Wartet, We, t, B,C 


in such a way that 

0«t«c(X), 

Gi XN {z| infe |z- J <t}, 

Gi, Gs, + ++, Gu are disjoint subsets of G, 

0<¥ «t, 

(Az, Z^) <t whenever g;=0 and y(A,, Z) «t', 

V; and W; are connected and open relative to X, 

Closure (VU W,) is a compact subset of Gi, 

VAs, VU Wi) <#, 

V,\A, and W,( AM , are nonvacuous, 

v(x) <r for xE V, v(x) >s for xc W,, 

0«3i" «r, 

VOZ and WV AZ are nonvacuous whenever Z CX and y(Z, A) 
<i’, 

BEF, CEF, 

e P(A, B) cp( AAT, BB) «p. 

1 (As C)+0(A UAE, CG) <t", 

U(B) «£« U(C). 
It follows for each integer ¢ Beledi 1 and m thatV, AB, WB, 
Vi\Ci WiC; are nonvacuous and that one of the following three 
alternatives holds: ; 

(i) qi=0, 

(ii) q:>0 and BUBICE, 

(iii) q;»0 and C,UCÍC Bl. 

In case (i) holds we define 


` F ; 
Z = BUGCGU Closure (Vi Wi), X; m Z; U Zi 


and conclude that 2 
VAi, Z) €, + 
V(X, X) 8 Y(A, X) <t<o(X), 

Boundary X;CZ,C X, 

XCX, X CG; 

gl Z: is an essential map of Z; into Ea— ((£, n) }, 
(E, n) is a stable value of gl X; 
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Ste, Gi, (&, mlz 1, 
In case (ii) holds we define , 


Xie (do) o 
choose continua V{ and W? such that 
Vic kV" WiC XO Wy 
Vit By Win Bi Vi Ci, Win C, are nonvacuous, 
let 
doe RUGU VOW! 
and conclude that . 
V(X, X) 8Y(As X) Syl B)--Y(Bs XQ) 
=7(A;, Bi) +7(B,UBEX)) 
Sy(A, B)+y7(B.UBI, CAJCI) «3t <¥ <t<o(X), 


Boundary XQ.CB,UC,CX, 

AiCX, X,CG,, ZCX, 

g| Z. is an essential map of Z, into Ey— ((E, n) }, 

£| B, is an inessential map of B, into E4— ((& n}, 
(E, n) is a stable value of g| X., 


Sig, Ga (€ 0) J21. 
Since the third alternative is quite similar to ane second, we ob- 
tain the result that 


Sg, Gs (E ] = 1for$ 12, m — 
whence it follows that 
Sle, G, E, )] & E Sle, Gu (6 9] & m. ] 
$ *-1 
The proof is complete. 
. Actually it is true that 
»(s) = S(g, G, s) for Cx almost all s in Ey 


because »(s)=S(g, G, z) for all s in Ey, but we shall neither prove 
nor use this fact here. 

THEOREM 8.11. Suppose: : 

(1) X ss a locally connected, locally compact subset of Ea for which 
c(X) »0. 


N 
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t 
t 


(2) GCX and G ts open relative to X. 
(3) #EC(G), v& G(G), wEC(G), fea(G), ZEGG), k& a6), 
and 


f(x) = (w(z), w(z), 02), gC), = ((2), 0(2)), ` 
A(z) = (w(x), w()) for x EG. 
xi SaS G, s)dC o. | 


m all movi -96)]-0 
Proor. The elements of the set 
TOM — M; 
are continua on which the ORTER k, u, and w are constant, but 


the functions f and v are not constant. The denial of (5) implies the 
existence of'rational numbers r <s and a Borel set P of M, such that 


POOT, Lalh(P)] > 0, 
inf e(x) <r < s < sup ilz) for A C P. 
EA sGA 


Defining the function » as in the preceding theorem we find that 
»(E, 7) & (number of elements: of ic (D € h(P)}) forr <n <s, 
e f suo oala f rolaz f S He Dakt 
= Ln E —o*Vr 


‘ 


2 (s —r)- f amber of elements of frl EDE h(P) Palat, 
{r| (& D €h(P)} is finite for L almost all in Ei, 
ge f exte & 0 E LP) Dat = OO] > 0. 


For the special case in which X —G is a 2-cell the preceding Theo- 
rem 8.11 was proved by L. Cesari in [CE 2]. He used it inshowingthat . 
L4(f) does not exceed the sum of the Lebesgue areas of the three 
orthogonal projections of f onto the coordinate planes. 


THEOREM 8.12. Suppose: 

(1) X is a locally connected, locally compact subset of Ea for which 
e(X) » 0. 

(2) GCX and G ss open in X. 

(3) fec), 52,3, and A, G)« e. 
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(4) REG, and h=pho Rof. 
Then: 
(5) [a (noit, —At,) ]=0. 


Proor. Defining the functions 
#, 9,7, 77 M2 € Ci(G); 
£177 Eaa € Cx(G); fu: fea E CVG) 
80 that . i 
(Ro f(s) = (u(s), m(z).m(2), +>, mea(), 
£x) = (vim), fitz) = (w(x), wa), »,(2)) 
for «EGG and j51,---,5—2, we conclude that 
h(x) = (s(zx),w(z) forz EG, 


j S(en G, z)d 4 s S x(g,G) $8 M(f,G) < © forj—1,-::,5—2, 
By 
w-2 
PNM, — My C U EOM — 2, 
f 


lir o, — 20] s [um n a = 26] = 0 


THEOREM 8.13. Suppose: ` 

(1) X 4s a locally connected, locally compact subset of Ea for which 
o(X)>0. 

(2) GCX and G 4s open in X. 

(3) fECG(G) and Ulf, G) « œ. , 

(4) PMA {A| A0 and lim supr- D[f, r, Aj(A, r)]>0}. 

hen: E 


©) QU(P)]=0. . 
Proor. It is sufficient to consider a point qCC F4 and a set 
QC PA f{A]|qg E At and S[f, G, (4)] < o] 


such that J, is univalent on Q, and to prove that Q is countable. 
The subset Q of Q is a separable metric space with the distance 


p(4, B) + p(A U Af, BU Bf) 


between 4€Q and BEQ. Furthermore Q is simply ordered by the 
relation 


(QxQniía, B|AC BH}. 
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We recall that any function on a separable metric space into an 
ordered set has only countably many relative maximum or minimum 
values. Applying this principle to the identity map of Q we find that 
' only countably many points of Q are isolated on the right or left. 
Hence Q has a countable subset Q’ with the following property: 

If 4€ Q— Q', then there exist sequences : 


By, Ba, Ba, ees Ci, Ci, C3, un 
of elements of Q such that 


i i 
B,CA,^ ACC,forj = 1,2,3,---, 
f $ 
lim p(A, B) + p(AUA,B,UB,) =0, 
foe 


ri $ 
lim p(4, C) + p(AUA,C,UC,) =0. 
ja 


We shall prove that this property of A violates our assumptions 
about Q, thus showing that m i and Q is countable. 
The sets 


Xm (C, C) e B 
are continua for which 
A C Interior X,, Boundary X, C B,U C, C G C. X, 
(A, X) S A, B) + (8, U B, C, U C), ` us 
lim y(4, Xj) = 0 < e(X), 
FE 


X, CG for large j, 


lim sup d,[A, m;(3)] = 0 
Hs sCr, 


There are positive numbers ri, rs, 7s, - - - such that 
lim r, = 0, 
joa 


Dif, ra AK4, r)]>0 forj = 1, 2, 3,- 


Passing to subsequences we may assume that 
G B X2 AA, rs) 2 X4» 
f(Boundary X,) C (1B; CN} C Er — E[h(A), ri] 


' for every positive integer j. 
Now consider the cohomology diagram: 
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XE, E, KAj —— Hs — KAD 
| bu | (f| Boundary x) 


?, 


H*(X; Boundary X | «——— H(Boundary X.) 


Since f(Boundary X; is a finite set, the homomorphism 
ql Boundary X;)* is trivial. It follows that the homomorphism 


ftos = Y o (f| Boundary X j)* 


is trivial. Furthermore ô is an isomorphism onto the domain of f*. 
Hence f* is a trivial homomorphism. 

We conclude that X; contains an essential canonical region Z; of 
(f, G, (A), rj) other than Aj(A, rj). Then the sets Zi, Zs, Zn, © * - are 
disjoint and 


4 


S[f, G, 1(4)] = o. i 


THEOREM 8.14. Suppose: 

(1) X is a locally TOPIC locally compact subset of Es for which 
a(X) >0. 

(2) f& C.(X) and n23. 

(3) Vi, Va, Vs, -- + and W are open subsets of MG. 

(4) U= ixi mc V. and (f, U) < œ for $—1, 2, 3, 

(5) UZY, CLA | 4150 and A C Interior UDCW. 

(6 REG, and h=pho R o f| Une 
Then: 

(7) Lal COM, — Ay) ] =0. 

(8 S(h, UŻU, s) SS. {x| f(x) EW}, s) for La almost all s in Es. 

(9) S(k, U-1Us 2) S NM S(h, Us, z) for La almost all s in Fa. 


.PRoor oF (7). We define 


Q = U lama lE AN Mawo — Mawl 
$1 


note that 
L:(Q) = 0,- 
and shall complete the proof by verifying that 
KITA Ma — M] CQ. 


We suppose 
A ETAM — My, 
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note that m,(A) is a compact subset of 

U Vi, 

tm] 
and choose closed sets F,C V; such that E 

mA) CUR, 
r $1 
Then 
mA) = U [FO m4) ], 
l 


m,(A) is a nondegenerate continuum, 
m,(A) is not zero-dimensional, 


- and there exists a positive integer ¢ such that 


E, O mj(A) is not zero-dimensional, 
' F. Y m,(A) is not totally disconnected. 


Choosing a nondegenerate component B of F,(\m,;(A) and a set C 
such that 


i ` CEMaw» {z1 m(3) € B} CCCA, 
we conclude that , : 
CETO Mawy — Myw 
h(A) = lawa (C) € Q. 
Proor oF (8) AND (9). We define 
Pi = MN (4| AC Un AP 0, and lim sup D{k, t, Ax(A, 0] > 0] 


for s—1, 2, 3, - - - and infer that 
d (n [@ A Ma mi My) UW U 21) = 0, 
$31 
Now suppose 


EB- h| Om - 20) U U | 
1 


and Z is an essential canonical region of (h, Uj-,U,, s, r). 
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According to Theorem 6.10 there isa set A such that 
ACT A Mth, 1,(A) = %, A, (A, r) =Z 
lim sup D[h, t, As(A, À] > 0. 
40- - * 


It follows that 


A EM, A C Interior U, for some positive integer d 
. 45-0 AC {al m(x) EW} 
aiid awe ean choose Pas that 
O<t<r,  D[k t, As(A,)] > 0, 
AX4, 4) CUO {2| mx) E W}. 


Hence Z contains the essential canonical region A,(A, /) of 
(h| U,, Ui, 3, t) and of (5| {x|m(x)EW}, {x| m(x) EW}, g, 1). 


THEOREM 8.15. Suppose: 
(1) X 4s a 2-cell. 
Then: 


(3) Lif) sa; [(nt, — -apaja AAE d 
(4) La(f) - El, 96) (A| Ex(f, 4) 21] ] 
(5) L3(f, A) - Lai(f, A) = &(f, A) S0 or 1 for, Hj almost all A in My. 
_ (6) The stable area 


Slo Ro f, X, s)d ss 


of the projection pio R o f of f is continuous with respect to R on 
Ga. 
(7) If REG, then 
S(t o Rof, X,s) = | N(js o Roly, fal Ex(f, 4) = 1}, 2) 
for La almosi all s in Ey 
(8) If REG, and W is an open subset of NG, then 
siglo Rog, {2| mls) € W), 9 
(m N(gso Rol, WA (4| EC, A) 21bly: 
for L'a almost all s în EA. : 
PROOF or (3) AND (6). The properties (3) and (6) of f are Fréchet 


4, 
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invariant as well as both cyclically and internally extensive. Hence 
we need only consider the special case in which f is a nondegenerate 
mapping whose partial derivatives Dif(x) and D,f(x) exist for La 
almost all x in X—X and whose Lebesgue area L4(f) equals ee 
Dirichlet integral 


F f, PIO P+ | DI) Pate 


These assumptions imply that 


| Dyf(z) |= | Dafa) | = G(x)", 
i f Dif(z) e Daf(x) = 0 
* for Ls almost all x in X —X. Furthermore 


Í S(proRof, X, Dam f Toto RONA) 


for RCG,, and for each xEX—ž such that Dif(x) and Dyf(x) exist 
the Jacobian . 
J (pa o Ro f)(x) 
is continuous with respect to R and does not exceed Jf(x). 
Now (6) follows immediately. 
In order to prove ie we define 
= (X — X) A fz] Jfa) > 0} 


and infer that the following ten conditions are satisfied for La almost 
all points x of P: 

O mp(x) = {x} EM-I. 

Gi) lime .oy Ca [K (x, f) —Ar(x, r(Jf(x))!?) ]/ (x7?) = 0. 

(iii) There is a continuously differentiable mapping g € C,(F4) and 
a compact set G such that lim, .o (:[K(x, r) -G]/(zr*) =0 and 

xC€GC [s|g(s) =f(s), Dig(s) =Dsf(s), Dag(#) = Dif (s)]. 
(iv) There is an REG, such that 
Jf(x) = Jg(x) = Jh(z), where k = po Rof. 

(v) lim... [o2 o R o g][K(, r) D/(r?) = Jf(a). 

(vi) lim,.o Lak [EC Af (x, r(Jf()) 9) D/ Gr) & JIE), 
where H —-G/ fs] Jk(s)>0}. 

(vii) lims~e+ La(h [H^ A(, 7n)/or)zt. 

(viii) C(& [EO WAy(s, r)] — {s| MTA, Ars, r), s]z1]) 70 for r>0. 
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(ix) p20 Risa 1-fold essential projection for f at {x}. 

(x) &(, [xD zt. 
Certain techniques developed in [R 2], [F 1], and [W] are helpful in 
checking the statements (i), (ii), (iii), and (viii). 

We let 


Q= P^ fz] {2} € M; — MG and &(f, (x) x 1} 
and conclude with the aid of (i), (x), and [F 1, 3] that 
Hy l(t, — 91) (^ (4 | £f, 4) &-1]] 


> Hilm(Q)] = f Ny mAQ), VARY 
a f. mo. o. naxty = f fate 
a, Q 


-f rats = 1a. 
X-X : 


. Proor or (4) AND (5). We know from Theorem 6.7 that 
LU, A) Z Leaf, A) & El, A) for A € My 
and infer with the help of Theorem 6.2 and (3) that 


e > Lif) > Soe AGIA & fy Pet A)aHtA 
2 2 
A , AÁ)dH;A 
2s f. 06 )dH;A = fat )dB; 


= Y Hiit; — 96) ^ 14] E, A) & id] 
ton], 
= Ly) + Hl (at, — 2) ^ (4| El, 4) & 2]]. 
Proor or (7). From (4), (5), and Theorem 6.6 we know that 
Nro Rol, (4| €f, 4) 2 1, 9 z S(gs o Rof, X, s) 
for La almost all s in E, whenever REG.. 
We define the functions 4 and v on G, such that 


MR) = f Neto Roh, [4| EA) = 1}, aL 


+ 
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T o(R) = f setoros X, dls 


for REG., and shall complete the proof by showing that & and v 
are equal. & 

The function v is continuous on G, by virtue of (6). 

From (4), (5), and Theorem 6.9 we infer that each of the sets 


F: = {y| NO, (4| GG 4) = 1, 2 2 i] 
is a Hausdorff 2 rectifiable subset of E,. Since 


«R)- >> | N(ioR Yo54Cs for R C Gu 
tml V By 
we conclude that the function u is continuous on Ga. 
' Thus u and v are continuous functions on G, such that 


#(R) = v(R) for REG, 
~sAnd 


f mae = Bo 2)- = ÉT) = Bln, 2): 2 rF) 


= B(n, 2)- f. NG, (4| E0, A) = 1}, 325 


= p(n, 2)-H({A| EQ, 4) = 1}) = Bl, 2) 4) 
= f mass. i 


It follows:that u =p, 


Proor oF (8). Let Vi Vi VD - : + be such open subsets of My 
that nor 


and let 
Vio {z| m(z) € v.) for i = 1,2,3,***, 
Wa {elm EW}, Om [4] G4) = 4], 
£ 7 f»o. Rol, h = bao Rof. ` 
From (3), (4j atid Theorem 6.6 as Well as (7) and Theorem 8.14 
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we infer for ^, almost all s in E, that 

NE, Q 4) «€, 

S(h, Ws) S N(g, QW, s), 

S(h, Vis 2) S Ng, QCYV,, 5), 

. N(g, Q 8) = S(h, X, 8) S S(h, W', 5) + Ss Vi 8) 
for every positive integer +. For each addi posit s there exists a posi- 
tive integer ¢ such that 
N(e, Q'VW, 9) + N(e/ QA Vsus) = N( Q, 8), 
whence it follows. that p 
S(h, W', s) = NG, QM W, 2). 
THEOREM 8.16. Suppose: 


(1) X 4s a locally compact, locally connected subset of Es for which 


a(X)>0. 
(2) f& C.(X) and 223. 
(3) U is ihe union of all those open subsets V af Nt, for which 


Mf, {x | m(G2 Erv} « o. 
(4) Qo 9n, {A| LG, 4) - GG, 4) 1]. 
Then: . 
(5) If W is an open subset of U and RCG,, then 


S(js o Rof, {z| mz) E W}, 2) S N(j»o Rol, WAQ, s) 


for Cs almost all sin Fa. 
(6) If W ts an open subset of U, then the 2-dimensional integral- 
geomeirsc stable area of the mapping 


f| {=| mz) € wj 
does not exceed j , 
| HAW AQ). 
(7) If W 4s an open subset of M; and REG., then 
S(pao Rof, {a| mla) E W}, s) S Y gan 
A€w, (eh ORO y) (Ams 
for La almosi all s in Es. 


(8) If W ts an open subset of M, then the 2-dimenstonal integral- 
geometric stable area of the mapping ` 


i 


372 HERBERT FEDERER [Mey 


t| {| m(3 E W} 
does noi exceed 
f E LDT. 
E, ACW,if (A) - : 


Pnoor or (5). We choose €» 0 and define 


p= poRoh,  kofoRoj 
Furthermore we let F be the set of all ordered pairs 
(V, T) 


such that V is ah open subset of W, T is a two-cell contained in X, 
and : 


{x| my(x) E V} C Interior T, L(f|T) < o. 
If (V, T) CF, then V is an open subset of Ayn, 
{z| m(3 EV} = {2| mumla) € VI. 
Lf, A) = IXf|T, 4) for A CY, 
€f, A) = &f| T, 4) ford EF, 
S(h, (x| m(x) CV], 2) - N(g, VQ, s) for La almost all s in Es, 


s 


HAV YQ) S MG, {2| m) € V) < o. 
Defining 
Woa U V 
@wrer 
we note that 

(WATA {A| At = 0 and A C Interior X)} C W’, 
whence, by Theorem 8.14, 

S(h, (a| mx) E W}, 8) = S(h, (z| mx) € W'S, 9) 
for L, almost all s in Ey, because there are open subsets 
Wi, Ws, Ws, - - - of W such that 

W = UW, 
1 


MO, {2 | m(3 € Wi}) < © fori = 1, 2,3,---. 
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Finally we choose pairs (Vi, T3), (Vs, Ts), (Va, T), > - + in F such 
that : 


W'= UF, 
iml 2» 
1 7 e” 
ao View U v 3 e. 
ÉB 
It follows from the Theorems 8.14 and 8.15 that 


S(h, {z| ma) E w' 9s 250. fæl mx) € Vi], 2) 


= 3 NG YQ, 2) 
tml `, x. 


for Ls: almost all s in Ey. 
However 


euer. ovo] sg venra] 


C] i 
sY gon van Ur) 
f j=l 


serine 
and 
3 N(e, ViNQ, 5) = Ng, OOW, S.N 00 W,s) ` 
whenever 


Em- e| UEA Y^ va}. 


We conclude that 
Lala) si fz] ma) E W}, 3) > NG, OW, s)}) Se 
Proor or (6). We define Í 
Yim EN {y| NG, WOO, y) z ij E E Goes 


and compute: 
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AKW CQ) =j Nan WN Q, )dsly , 

d 3 xy) ZERI 

- 286. 23 T f NGLOR, Y, s)d ados R 


`a B(n, je Í- 


fm B(n, ay f f N(p,0 Roky, Wind, z) d asd. R 
- G, lh U. ‘ 
apa f f sctoRor {sl mls) € Wh 2àCade.R. 
E A Ga YH i 
Proor oF (7). For C Fy we define 


g(s) T | 2: Lf, A) 


AGW img © BO L)(4)-s , 


Y. NGL o R, Ya s) Cade. R 
HN, i=l : 


and observe that 
a Lf, A) 2 9 fo A€ W — U. 

£l) = œ fors E (je o RoI)(W — U). 
` On the other hand if 


s € E — (p,0Rol)(W — U), 
Sakona |[m(3 € W}, s) 

= S(9«o Rof, («| mlz) € UN W), s), 
and by (5) and Theorem 6.7 the second member of this equation is 
RAs IUOS MIU Soca lags ena ce aqual W 


E N(.o Roh, UAWAOQ S se 


PRooF OF (8). Pion (7) we infer that 


atm, 2 f [stones [cine EW), tatu 


icr; (mu 9 R o ly) (Abas 


i S B(m, 2) f. k i | 5» Laal, A)dC ade. R 


X 
be 
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-823[ f Yo La, dL adda 
Ga YM; (mn o i s 


A€y, aar 
cf o, I DI 


REMARE. In case 3 we can add the following A APEE AIAD ET 
the conclusions of Theorem 8.16: 

(9) Z$(f, A) 2 La(f, A) = &(f, A) = =0 or 1 for H? 7? almost all A in U. - 

(10) L$(f, A) =Les(f, A) 30 or 1 or o» for H3 almost all A in My. 

(11) If W is an open subset of My, then ; 


~ 


E uf ay Z Laal, A) 


A&y, yas AGW, (Amey 


' 


is a non-negative integer or oo For 303 almost all y in Es. 
We observe that (9) implies (10) because 


Leal f, A) = œ for A E MG — U, 


and ,that (10) implies (11) because maps sets of H? measure zero 
- onto sets of 5C} measure zero. 
In order to prove (9) it is sufficient to consider an open subset V 
of M for which : l 


MU, [alm EV} < « 
and to show that 
I3(f, A) = 0 for Hy almost all A in V —Q. - 
aa e>0. Since l , 
HAV ^^ Q S M. (sin € Vp < e, 
_ we can select an open subset W of V such tiat 
E V—-QCW, HW NO) <e 
Letting \ 
: W' = {z| mz) E W}, 
we infer from (6) that 
Mpio Ro f, W^) «etfor RC Gg. 
Choosing R!, R?, PEG; so that 


4 
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Rx) = s, ` Rx) = (ey 2m), RM2) = (2n ey 23) ` 
whenever x= (xy, £3, 23) C Es, we find that í 
3 
Mf, WY & E Mro R of, W) < 3e 
l 
This conclusion can be justified by extending the fundamental in- 
equality of Cesari [CE 2] from mappings of two-cells to mappings 
of arbitrary finitely triangulable subsets of E, into Hy. This extension 


presents no great difficulty. 
It follows from Theorem 6.2 that 


f Ix(f; AMdHj4 & f Li(f, AJdHjA Saf, W^) < 3e. 
Y—-Q Ww 
The arbitrary nature of ¢ implies that 


D(f, A)dHjA = 0, 
y-Q 


L3(f, A) = 0 for Hy almost all A in V — Q. 
THEOREM 8.17. If X is a 2-cell and f C CY(X), then 


* 1. 1 
L) = f, 150, atia = ff et, ania 


- 2: DG, A)a ay - Y La, 44955 
Be yids I (des 

- f 3 BU, A). -f D La(f, A)d Fay. 
Ha yM) EF, (Aes 


Proor. By virtue of Theorem 6.2 each of the above seven numbers 
is lees than or equal to Z4(f) and greater than or equal to the last 
integral. Furthermore Theorem 8.16 implies that the last integral 
is greater than or equal to the 2-dimensional integralgeometric stable 
area of f, which equals L,(f). 
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THE FEBRUARY MEETING IN NEW YORK 


THe 478th meeting of the American Mathematical Society was held 
at Columbia University, New York City, on Saturday, F ebruary 23, 
1952. The meeting was attended by about 200 persons, including the 
following 175 members of the Society.. 


~ Milton Abramowitz, R. D. Anderson, R. L. Anderson, ies Andrushkiw, N. C. 
Ankeny, R. G. Archibald, NJ. Artin, Sholom Arzt, Enrique Bayó, E. G. Begle, D. 
L. Bernstein, D: W. Blackett, J. H. Bleu, Volodymyr Bohun-Chudyniv, Samuel 
Bourne, J. W. Bower, H. W. Brinkmann, Paul Brock, F. E. Browder, A. B. Brown, 
L. J. Burton, D. W. Bushaw, J. H. Bushey, Jewell H. Bushey, Eugenio Calabi, 
W. R. Callahan, Evelyn Carroll-Rusk, P. W. Carruth, G. Y. Cherlin, P. J. Cocuzza, 
E. A. Coddington, L. W. Cohen, R. M. Cohn, W. H. H. Cowles, M. L. Curtis, R. B. 
Davis, C. R. DePrima, Jesee Douglas, Beno Eckmann, Samuel Eilenberg, C. C. 
Elgot, Joanne Elliott, Bernard Epstein, Donald Epetein, M. P. Epetein, Trevor 
Evans; W. H. Fagerstrom, W. E. Ferguson, Arrigo Finzi, W. T. Fishback, Edward 
Fleisher, A. D. Fleshler, H. A. Forrester, L. G. Fourés, Gerald Freilich, Bernard 
Friedman, Murray Gerstenhaber, Abolghassem Ghaffari, B. P. Gill, Sidney Glusman, 


' H. E. Goheen, J. K. Goldhaber, Daniel Gorenstein, J. W. Green, L. W. Green, H. 


M. Griffin, Emil Grosewald, Laura Guggenbuhl, Felix Haas,'G. A. Hedlund, Henry 
Helaon, Aaron Herschfeld, W. M. Hirsch, C. C. Hsiung, S. T. Hu, Ralph Hull, 
H. G. Jacob, W. S. Jardetaky, R. V. Kadison, Shizuo Kakutani, Hyman Kamel, 
M. E. Kellar, D. E. Kibbey, J. F. Kiefer, H. S. Kieval, V. L. Klee, George Klein, 


* Morris Kline, Daniel Kocan, E. R. Kolchin, B. O. Koopman, Alice Krikorian, J. C. 


Laffan, Serge Lang, C. E. Langenhop, J. A. Larrivee, Solomon Lefechetz, Marguerite 
Lehr, Benjamin Lepson, Howard Levi, M. A. Lipschutz, W. G. Lister, E. R. Lorch, 
Eugene Lukacs, Brockway McMillan, Wilhelm Magnus, E. W. Marchand, A. J. 
Maria, W. T.. Martin, J. P. Mayberry, A. E. Meder, Jr., K. S. Miller, W. H. Mille, 
Don Mittleman, C. T. Molloy, Deane Montgomery, W. L. Murdock, C. A. Nelson, 
W. J. Nemerever, Morris Newman, J. A. Nohel, I. L. Novak, Adolf Nussbaum, A. F. 
O'Neill, H. A. Osborn, Robert Oseerman, J. C. Oxtoby, L. E: Payne, H. O. Pollak, 
E. L. Post, G. N. Raney, H. E. Rauch, H. W. Raudenbush, Helene Reschovsky, 
Moees Richardson, J. E. Robinson, Robin Robinson, I.,H. Rose, David Rosen, 
Maxwell Rosenlicht, J. E. Rosenthal, Walter Rudin, H. E. ‘Salzer, Arthur Sard, Leo 
Sario, Samuel Schecter, Abraham Schwartz, I. E. Segal, H. N. Shapiro, Maurice 
Sion, O. K. Smith, P. A. Smith, H. H. Snyder, J. J. Sopka, I. A. Stegun, S. K. B. 
Stein, J. J. Stoker, J. T. Tate, R. L. Taylor, D. E. van Tijn, J. L. Tits, B. W. Volk- 
mann, Alan Wayne, G. C. Webber, Alexander Weinsteih, Louis Weisner, David 
Wellinger, A. B. Willcox, Otto Wolf, N. Z. Wolfecha, Arthur Wouk, D. M. Young, 
L. A. Zadeh, J. A. Zilber, Leo Zippin. - 


Professor "Ademahder Weinstein of the University of Maryland 


‘delivered an invited address entitled Generalized axially symmetric 


potenisal theory at 2:00 pat. Professor B. O. Koopman presided. 

The morning session for contributed papers was presided over by 
Professor Ralph Hull. Professors Wilhelm Mans and E. R. Lorch 
presided at the afternoon sessions. 
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Abstracts of the contributed papers are listed below, those with a. 
“t” after their numbers having been read by title. Paper number 300 
was presented by Dr. Young. Dr. Warga was introduced by Dr. Paul 
Brock. 


ALGEBRA AND THEORY OF NUMBERS 


268. L. M. Blumenthal: Two existence theorems for systems of linear 
tnequalsites. 

Let A denote an mX * matrix of rank r, AT its transpose, and x a column matrix 
of s indeterminates. It is shown that the system of m linear inequalities Ax 20 (with 
at least one left-hand member positive) has a solution if and only if rowe and cor- 
responding columns of the matrix AAT may be so shifted that (i) the upper left- 
hand principa] minor M of order r is nonsingular and (ii) each rth order minor of 
AAT formed from M by replacing its last row with that part of the jth row of AAT 
contained in the first r columns (j=r-+1, r--2, - - - , m) is non-negative. It follows 
that the system of inequalities (in the wide sense )4x 2,0 has a noptrivial solution if 
and only if whenever r=, conditions (i), (ii) are satisfied. The theorems are conse- 
quences of a lemma in which the sides of the convexly metrized s-sphere determined 
by a great (#—1)-sphere are metrically characterized. (Received December 17, 1951.) 


269. Volodymyr Bohun-Chudyniv: Square mairices differing in 
some properties from Euler's squares. 


From the schemes solving Euler's problem proposed by: (1) L. Euler (Novi Comm. 
Acad. Petrop. vol. 15 (1770) p. 75; Comm. Arith. vol. 1, pp. 427-443); (2) C. Avery 
(Math. Misc., New York, 1839, p. 101); (3) G. K. Perkins (ibid., pp. 102-105); 
(4) V. A. Lebesque (Nouv. Ann. Math. vol. 15 (1856) pp. 403-407); (5) L. Bastien 
(Spinx-Oedipe vol. 7 (1912) p. 12); (6) N. Fuss (Mem. Acad. Sci., St. Petersburg vol. 
4 (1813) pp. 240-247); just two types of square matrices are obtained. (1) Matrices 
which satisfy only 20 conditions of Euler, (2) those which satisfy all 22 conditions. 
The present paper gives other types of matrices which can be obtained from the 
author's scheme (1) solving Euler's problem (V. Bohun-Chudyniv, Solution of Euler's 
problem, Ukrainian Free Acad. of Sci., Regensburg, 1947), and not previously de- 
termined. These types are as follows: I. Matrices which satisfy besides Euler’s 20 
conditions also the six: (a) A tAn tA atA unla tA atat AL maa 
HA bALsbÁiTAÁnsbÁnsbALsbÁl mS. b) — Aida tArsdiet Ada 
T AÀ aA a mAn a Án Aaa Aaa 14 70. Conditions (a) were noted also 
by Perkins (ref. 3 above). These matrices are obtained from the author's scheme (1) if 
its arguments satisfy the following relationships: w4*- wo, wi" xel, v; "m (21/P — 1). 
Arbitrary values can be substituted for %, Ps, Mo, 1, £ II. Matrices which satisfy 16, 
14, 12,.8, 6, 4, and 2 conditions of Euler's problem and six conditions (a) and (b). 
These matrices are obtained from scheme (1) using relationships (2) og p. 4 of the 
author's paper mentioned above. (Received January 14, 1952.) 


270t. Leonard Carlitz: A divissbality property of the Bernoulli poly- 
nomials. 


Let be integral (mod $) and put om(#) =~7(Ba(w)+1/p—1). It is proved that 
if p23, (p—1)pr|m, then cx (x) is integral (mod $); indeed the residue (mod p) is 
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specified. The corresponding result involving Bernoulli polynomials of higher order is 
also obtained. (Received December 24, 1951.) A 


271t. Leonard Carlitz: Bernoulli numbers and polynomials of higher 
order. 


In the notation of Nörlund let (x/(c*—1)"ee*= 50° B. (x)x*/ml. Among the 
results of this paper the following may be mentioned. We assume b « p —1, my0, - 
k—1 (mod P —1), mzkzi, and « integral (mod $). 1. B9 (w) is integral (mod d 
2. If p| (m), where (m), -mn—1) >- (m—k+1), then the numerator of B? is 
divisible by £r. 3. If (p —1) pe71| b, marb-+h, then "dg (71) 76. T2, m0 (mod fe), 
where T2 = Be! (u)/(m)i; also 27, 4(—1) (CBS a (#) m0 (mod p). (Received 
December 24, 1951.) 


272i. Leonard Carlitz: Distribution of primitive roots in a finie field. 


Davenport (Quart. J. Math. Oxford Ser. vol. 8 (1937) pp. 308-312) proved that 
foc large p one can always find a primitive root of the form 6-]-a, where 0 generates 
` the field. He also showed that for given p, there exist fields such that no number 
a0 --b can be a primitive root. In the present note these results are extended in several 
directions. 1. Results are obtained concerning the number o numbers 8 —4-L-a;9 7! 

* -+a that belong to the exponent e, where e|g*—1. 2. For fixed p and r, there 
exist fields such that no number £ is a primitive root. (Received December 24, 1951.) 


273t. Leonard Carlitz: Primitive roots in a finite field. 


Ore (Trans. Amer. Math. Soc. vol. 36 (1934) pp. 243-274) has introduced the 
notion of a number of GF(p**) belonging to the exponent a(x), where a(x) corresponds 
to the ordinary polynomial A(x), where A(x)|x* —1. In particular f is a primitive 
root in this sense if it belongs to x*"" —z. It is natural to ask whether there exist 
numbers that are simultaneously primitive roots both iu the ordinary and in Ore's 
sense. The principal result of this paper is the following. Let e| pmi, A(x)|z*—1. 
Then the number of numbers of GF(f*7) belonging to e and a(x) =—¢(s)®(A)/p== 
O(P uHe) (prm — o). (Received December 24, 1951.) 


2741. Leonard Carlitz: Sums of primitive roots in a finsie field. 


Let e| p*—1, k| *—1. Let 8, denote a number of GF(~*) that belongs to the ex- 
ponent &, +m 1, -> -+ , r, and let £, bean arbitrary number of GF(p*). We consider the 
following problems. 1. The number of solutions fi, - - - , B of amait * * * ed, 
where ar40. 2. The number of solutions fi, - ^ +, B, f1,°°°,$:0f amid s 
Haftaki +++ NÉS. Asymptotic results are obtained for both problems. 
3. The number of solutions P, &, *- * , & of am -5ü-- er Ta. Here a 
simple exact formula is obtained. (Received January 7, 1952.) 


275t. F. Marion Clarke: Note on the effect of commutativity in a finite 
loop. 

It is noted that, as a direct consequence of the definition, loops of order leas than 
or equal to 4 are commutative and associative; that a noncommutative loop of order 
5 is not necessarily associative; but that commutativity implies associativity. It is 
shown by counter examples that in loops of higher order, prime or composite, com- 
mutativity alone does not produce associativity. If, however, every element of a 
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commutative loop L, of awy order s has order #, and if La satisfies the weak associa- 
tive law: x: [b-(c-5)] = [(- 5) -c]-b; then L, satisfies the general associative law and 
La is a group. (Received January 10, 1952.) 


2761. Anne C. Davis: On order types whose squares are equal. 


The question of the existence of order types a and B such that at —8 and apB 
has been open. The answer turns out to be positive. Denumerable order types a and 
B satisfying the above conditions can be constructed as follows. Separate the set R 
of rationals into two disjoint sets S and 7, both dense in R. Replace every element of 
S by an ordered set of type w, leaving every element of T unchanged. Let a be the 
order type of the ordered set thus obtained and let 8 «a--c. It is easily seen that 
aß, and, by an essential use of a theorem of Skolem (Skrifter utgit av Videnskapeeel- 
skapet i Kristiania, I. klase 1920, no. 4, p. 32, Theorem 2) one can show that a? = 
B* a. (Received February 4, 1952:) 


277i. Chandler Davis: Structure of certain Boolean algebras with 
operators. 


Aa S3 relieta i Bete cipue B viu cael SS ccs Sos 
(McKinsey-Tarski) acting on it. Study of such systems is motivated by applications 
to logic, and because'they provide generalizations of statements involving equivalence 
relations. (In case B is complete atomic and ¢ an equivalence relation among its 
points, assign to each aC- the join a° of all ¢-equivalence clasees including any 
point Ca; this is an S5 closure operator.) Any projective algebra (Everett-Ulam) is 
evidently an S5 modalgebra under the operators a—+a* and a—a? used in Chin and 
Taraki’s axiom set (Bull. Amer. Math. Soc. Abstract 54-1-90); an S5 modalgebra can 
be obtained similarly from any projective algebra reladeised to an arbitrary fixed 
element. Theorem: Every S5 modalgebra with two operators is obtained in this way. 
Generalization to k operators is immedi£te. This theorem may be thought of as 
asserting “co-ordinatizability” of these systems. (Received January 3, 1952.) 


278. Beno Eckmann: Cohomology of groups and transfer. 


For an arbitrary group 4 and an A-thodule J (an Abelian group, written additively, 
with A as group of left operators) let H(A, J), p=1, 2, + - - , be the (equivariant) 
cohomology groups of A with coefficient group J. For any subgroup B of A there is 
8 coefficient group J’ such that H?(B, J) is naturally isomorphic to H*(A4, J); namely, 
J' = A-module of all functions ¥ from A to J such that ¥(ba) —5-y(a) for all 5C-B, 
a€-A. An A-homomorphism f of J’ into J induces therefore homomorphisms Sf of 
H?(B, J) into H(A, J), for all p.—Special case: If the index s of B in A is finite, let 
03, * ^^ , Gy be any representatives of tho left cosets and define f by f(y) = Ea yla). 
The induced homomorphisms S? = T” of the cohomology groups generalize the “trans- 
fer of A into B”: If A operates trivially in J, the homomorphism T? of H!(B, J) 
»Hom (B, J) into Hom (A, J) is dual to the transfer. Properties analogous to those 
of the transfer hold for all the T». E.g., let I? denote the homomorphism of H*(A, J) 
into H*(B, J) induced by the injection of B into A; then 7>(J?k) =k for all & 
C H*(A, J). (Received January 24, 1952.) 


279. Trevor Evans: Embeddability and the word lion: 


A method exists for solving the word problem in an equationally defined clase of 
abstract algebras if, and only if, a method exists for deciding whether an incomplete 
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algebra can be embedded. This includes the previous result of the author (The word 
problem for abstract algebras, J. London Math. Soc. vol. 26 (1951)) that the word 
problem can be solved for a class of algebras having the property that any incomplete 
algebra can be embedded. Using the methods of that paper it can be assumed that, in 
solving the ward problem, the two words to be compared are generators and that the 
generators and relations form an incomplete algebra. If the two generators are not 
equivalent, by equating some of the generators, an embeddable incomplete algebra 
can be found containing the two generators as distinct elements. If the two gen- 
' erators are equivalent no such incomplete algebra existe. On the other hand, if the 
word problem can be solved, the embeddability problem can also be solved since an 
incomplete algebra can be embedded only if its elements are not equivalent in the 
algebra it freely generates. (Received January 8, 1952.) 


2801. W. H. Gottschalk: T'he' exiremum law. 


The extremum law is defined to be the class E of all statements S such that S is 
equivalent to the axiom of choice and such that the conclusion of S aseerts the 
existence of an extremal (maximal or minimal) element. A member of E is called a 
form of the extremum law. Varioüs forms of the extremum law are known under the 
names of Zorn's lemma, Hausdorff maximality principle, etc. The purpose of this 
note is to point out a particularly simple form of the extremum law, namely: If R 
is a binary relation, then there exists a maximal set 4 such that AX 4 C. R (Received 
December 26, 1951.) li 


281r. I. N. Herstein: A generalization of a theorem of Jacobson. II. 


In his paper A gemerakzation of a theorem of Jacobson (Amer. J. Math. vol. 73 
(1951) pp. 756—762) the author proved the following theorem: Let R be a ring with 
center Z such that z*—xC-Z for all xC- R, » a fixed integer larger than 1; then R is 
commutative. In this paper this result is extended to the case where s -x(x) is no 
longer fixed but an integer depending on x, where, however, we assume that n(x) <N 
for all x€- R. The methods of the previous paper, together with several applications 
of the *Dirichlet box principle" yield the result. (Received January 11, 1952.) 


2821. I. N. Herstein: Finite multiplicative subgroups $m division 
rings. 


This paper is concerned with extending the result that any finite multiplicative 
subgroup of the multiplicative group of a commutative field is cyclic. The following 
results are obtained: (1) Let K be a division ring of characteristic p40. Then any 
finite multiplicative subgroup in X is cyclic. (2) Let K be any division ring. Then 
any multiplicative, odd-ordered subgroup in K is metacyclic. (3) Let Q be the 
quaternions over the reals. Then multiplicative subgroupe of odd order in X must be 
cyclic. It is conjectured that any multiplicative subgroup of odd order in a division 
ring must be cyclic. (Received January 11, 1952.) 


283. Ralph Hull: Cyclotomy and cyclic fields. 

For e=3, 4, 5, 6, 8, 12, all cyclic fields of degree e are determined by exhibiting 
the equations satisfied by the respective periods of roots of unity which generate the 
fields. The coefficients of the equations are expreseed in terms of the conductor c of 
the field and its factors, and representations of c or one of its factors by certain 
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quadratic forms. For example, when e~8, the quadratic forms are x!--4y! and af 
-}2b3. (Received January 11, 1952.) 


284. Serge Lang: On quast algebratc closure. 


A field F is defined to be C; if every form with coefficients in F in » variables, of 
degree d, and #>d*, has a nontrivial zero in F. For i=1 this is the quasi algebraic 
closure of Artin. We prove that a function field in s variables over a C, constant field 
is Ciya, and also some conjectures of Artin concerning C; and G fields. In particular, 
the power series field over a finite field is C4 and the following fields are Ci: A field 
F complete under a discrete valuation with algebraically closed residue class field, 
and the maximal unramified extension of a field with a discrete valuation and perfect 
residue class field. In fact any subfield Fẹ of F which is dense and algebraically closed 
in F is Cy. These results can be applied to local class field theory to prove Chevalley's 
theorem that over a p-adic field a 2-cocycle of period r is split by every field of degree 
r. (Received January 10, 1952.) 


285i. D. J. Lewis: Norm groups of certain simple algebras. 


The principal result obtained is that the reduced norm group of a central simple 
algebra of order nine over an algebraic number field is the multiplicative group of 
that field. The proof utilizes the fact that a central simple algebra of order nine is 
either a total matrix algebra or a division algebra. In either case the reduced norm 
function is a homogeneous polynomial of degree three in nine indeterminates. Use is 
then made of the author's result on cubic homogeneous polynomials over p-adic 
fields and the Maass, Hasse, Schilling norm theorem. A somewhat similar result is 
obtained for central simple algebras of order four. (Received January 10, 1952.) 


286. Maxwell Rosenlicht: Differentials of second kind for algebraic 
Junction fields of one variable. 


Let X be a field of algebraic functions of one variable over the constant field b, 
which, for simplicity, we assume algebraically closed. The differential œ of K is said 
to be of the second kind if for each place P of K/k there exists a function fpC- K 
such that w—dfp is finite at P. The differentials of second kind form a vector space 
over k that contains the space of exact differentials. The quotient space is known to 
have dimension 2g, where g is the genus of K, in case the characteristic of K is zero; 
if the characteristic of K is p»<0, the dimension is g. If a differential w can be ap- 
proximated arbitrarily closely at & certain fixed place P by exact differentials, then, 
in characteristic zero, res» w =0; if the characteristic is py<0, w is exact. (Received 
January 10, 1952.) 


287t. A. R. Schweitzer: An idenitty in Grassmann’s extensive 
algebra. 


Let E, Ea, - >>, E, (n=2, 3,*--) be mutually perpendicular unit vectors 
in Grassmann s-space. If X.—2,:, xE; and Q(X,.E)- $a OEE) 
(171,2, ^ -, w) where Q(X,H,) and Q(E,E.) denote operators on E, which trans- 
form E, into X. and E, respectively, then the dup. eee is an identity 
provided Q(E,E,) -1 and Q(E,E,)=—Q(E, Ex) ($557): x= DL, nQUGE). 
This identity permits the ready calculation of Q( Y4X,) where the latter symbol is an 
operator on X, which transforms X, into the vector Y, =r FE, as is easily veri- 
fied by multiplying the above identity on both sides by Q(Y.X,) and noting that 
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Q(XQXQUGE) -Q(Y,E,). Reference is made to the author's “article in Math. 
Ann. vol. 69 (1910). (Received January 9, 1952.) 


288. Bodo Volkmann: On classes of seis of integers. 


For any infinite set A= fa, a, - -- ] of positive integers the dyadic value 
(“Dualwert”) is defined to be r@N = ? acy 2-*. The author (in a paper to be pub- 
lished in the J. Reine Angew. Math.) has investigated classes N= (8, 8, - - - ] of 
such sets and applied Hausdorff’s measure theory to the corresponding point sets 
rN = (r(0, r($), - - - ]. Based on Knichal's and Besicovitch's methods, some gen- 
eral theorems on Hausdorff dimensions are obtained by means of which dim rN is 
determined in the cases when N is (a) the class of infinite subsets of a fixed set 9; 
(b) the class of all sets A for which a given number [(0 St <T) lies between their lower 
and upper asymptotic densities. The corresponding results are: (a) dim rN =lower 
asymptotic density of A (containing the proof of a conjecture due to E. F. and 
R C. Buck, Amer. J. Math. vol. 69, pp. 413-420); (b) dim rN =log +,/log 2, yı 
being the positive root of the equation £*—£1— --- —£*«0; (c) dim eNG log f 
4E —1 log (1-2) /log (1/2). (Received January 9, 1952.) 


l ANALYSIS 
289. Joseph Andrushkiw: On the seros of integral functions. 


Let the zeros of the polynomial f(s) be pure imaginary. Applying a theorem of 
Hurwitz (Math. Ann. vol. 46, Ueber dis Bedingungen, unter welchen oine Gleichung nur 
Wurseln mii nopgaisven rocllen Teilen bestist) to the polynomial F(s)=f(s+z2), x0, 
one obtains sufficient condition that a polynomial with real coefficients have all its 
zeroe pure imaginary: All principal minors of even order of a determinant of 2#th 
order, whose elements are the coefficients of the polynomial, are positive. Similar 
sufficient conditions can be deduced for a polynomial with all positive or all negative 
xeroe. By proper transformation of the above determinants A, they are ahown to be 
symmetric functions of the zeros and the sufficient conditions appear to be also 
necessary. Let m and s» be the numbers of sign variations in the sequences 1, As/ Asn 
and AAs, 15452n—1, where A,=—(—1)°r3A,»<0, respectively. Then the 
number of negative zeros of a polynomial is s —s, and the number of positive zeros. 
#— m; 913-849 is the necessary and sufficient condition that all zeros be real and 
distinct. The same methods applied to the results of Grommer (J. Reine Angew. 
Math. vol. 144, Ganse wanssendenis Funktionen mit lanier resllen Wurseln) extend 
the criteria to some types of integral transcendental functions. (Received December 
31, 1951.) 


290t. S. D. Bernardi: A critical evaluation of the classical and varta- 
Honal methods in the theory of schlicht functions. 


The paper consists primarily of a critical review of the classical results in the 
theory of functions f(s) =s-+ass*-+ass'+- - - - regular and schlicht in the unit circle 
|s| <1. It is suggested that the *area-principle" of Gronwall be generalized by the 
introduction of proper weight functions. It is also suggested that an improvement of 
the inequality lim... |a.|/#e/2 might possibly result from the generalized form 
of the area-principle due to Prawitz by the application of an induction process. An 
example is given showing the independence of the inequality of Prawitz from the 
parametric representations of the coefficients as and ag given by A. C. Schaeffer 
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and D. C. Spencer. It is also shown that if a, are all real and f(s) is convex in the 
direction of the imaginary axis, then |a,| $1. The proof of this last result follows 
readily since, under the above conditions, f(s) =sf"(s) is typically-real for |s| «1 
and hence p(s) —(1—9)/(z2)/s  14- 2n b,s*, bam (n -1)au40— (8—1)a,, is a func- 
tion of positive real part in |s| «1 so that |b.| 32, from which the result follows. 
(Received January 9, 1952.) 


291%. R. P. Boas: Integradsisty along a line for a class of enttre 
funcitons. 


Duffin and Schaeffer have shown in a paper presented to the International Con- 
gress of Mathematicians in 1950 that if f(s) is an entire function of exponential type 
c«v, then f^ |/G)| 3x3 E| O)|? provided |X.—5| SL and | i2 | BS 
20, x0. This is generalized to /" $(H|f(x) dx &K 2. noll O)|) for a class of 
functions which includes $(/) =, p>0, and all increasing positive convex functions. 
The proof depends on an interpolation series. (Received December 14, 1951.) 


292. F. E. Browder: The Dirichlet problem for linear elliptic difer- 
ential equations of even order with varsable coefficients. The Fredholm 
' alternatioe. 


The Dirichlet problem for a linear elliptic differential operator K of order 2m on 
a bounded domain D of E* is the following: Given kc C! (D UD), eC (D) 
such that the mth derivatives of £ are square-summable, to find «C Cf (D) for which 
Kw kh and such that u —£ and its derivatives of order not greater than m — 1 vanish 
on the boundary of D in a suitable sense. Suppose that the coefficients of the jth 
derivatives in K belong to C*** (D) and the wmth derivatives of these coefficients are 
continuous on the closure of D. It is shown that under these conditions if the solution 
of the Dirichlet problem is unique, then it always exists and conversely. In the gen- > 
eral case Ku =k has a solution for zero boundary values for all & such that [piw = 0 
for all w in the finite-dimensional set of null solutions of the adjoint equation w » 0. 
The dimension of the set of null solutions for K is equal to that for K. (Received 
January 9, 1952.) 


2931. F. E. Browder: The eigenvalues and eigenfunctions of the 
Dirichlet problem for self-adjoint linear elliptic equaisons. 

If L is a linear elliptic differential operator on a bounded domain D in E*, A a 
linear differential operator of order less than 2m, the order of L, then wE C™(D) 
is an eigenfunction of L with respect to A with eigenvalue k if Lw = kw and se to- 
gether with all its derivatives of order less than » vanishes on the boundary of D 
in a suitable sense. Under differentiability conditions on the coefficients of L and 
A, a complete theory of such eigenfunctions and eigenvalues is established. In par- . 
ticular it is shown that if L is positive self-adjoint and A is self-adjoint, then the 
eigenfunctions of Z with respect to A are complete in the space of functions vanishing 
on neighborhoods of the boundary of D. (Received January 9, 1952.) 


294t. R. M. Conkling and D. O, Ellis: On metric groupotds. 

single operation algebra (groupoid) which forms a metric space is called a 
metric groupoid if the operation is simultaneously continuous in the metric topology. 
It is called a wsiformiy metric groupoid (u.m.g.) if this simultaneous continuity is 
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simultaneously uniform. Certain algebraic properties of subsets of metric groupoids . 
are shown to extend to.their topological closures. Among these are commutativity, 
associativity, identity element, ideal property, and subgroupoid property. It is shown 
that the Cantor-Hausdorf completion of a u.m.g. may be made into a u.m.g. in 
which the original u.m.g. is'isometrically isomorphically imbedded. In particular, it 
is shown that a uniformly metric group is a topological group and that any uni- 
formly metric (Abelian) group may be isometrically isomorphically imbedded in a 
metrically complete uniformly metric (Abelian) group. (Received December 17, 
1951.) 


295. R. B. Davis: A boundary value problem for third-order linear 
partial differential equations of composite type. 


It is proved that, by suitable changes of variables, all third-order partial differ- 
ential equations of composite type (Le., having exactly one real characteristic), in 
which the third-order derivatives occur linearly and with continuously differentiable 
coefficients, can be reduced to a stated canonical form. Using this canonical form, the 
following boundary value problem for a certain linear composite equation L(x) =f 
with coefficients belonging to C! is solved in the sense described: for a region for 
which the classical Green's function exists and satisfies certain inequalities, boundary 
values belonging to C? are prescribed on the entire boundary for the derivative of « 
along the characteristics, and are prescribed along a suitable curve for # itself. It is 
then proved that either the resulting boundary value problem has a unique solution, 
or elas the homogeneous problem obtained by prescribing zero boundary values for 
L(w)-0 has a nontrivial solution. Two cases are established in which the second 
altérnative is impossible. The methods employed are strongly analogous to thoee 
used in the study of second-order elliptic equations. (Received January 8, 1952.) , 


296. J. W. Green: Approximaiely convex and approximately sub- 
harmonic funcions. 


Hyers and Ulam have defined (Bull. Amer. Math. Soc. Abstract 57-4-380) an 
e-convex function to be a function f in a convex domain of Euclidean s-space satis- 
fying the inequality f(kx-- (1 —k)y) &«--k(x)--(1 —À)f(9) for O34 &1. They proved 
the theorem: If f is continuous and econvex, there exists a convex fünctioa differing : 
from f by not more than he, where 2k, = 1-- (s —1) (n4-2)/2(»-4-1). In this paper, 
this theorem is proved in a different manner with an improved value of 2k, 
^-logs (5-1), and only slightly poorer results obtained for discontinuous f. Sharp- 
nes of the inequality for small # is shown, and some properties of the extreme func- 
tions discuseed. Án esubharmonic function is defined to'be an upper semicontinuous 
function f such that if & is a harmonic function dominating f on the boundary of a 
domain, then 4+« dominates f inside the domain. It is, proved that if f is esub- 
, harmonic, there exists a subharmonic function s, namely the greatest subharmonic 
'nunorant of f, such that # SfSs#+« (Received December 14, 1951.) 


297. Henry Helson: Isomorphisms of abelian group algebras. 


Let G and H be locally compact abelian groupe with group algebras L(G) and 
L(A) respectively. Let T be a linear operator mapping L(G) onto L(H) isomorphically. 
Then G and H are isomorphic groups, under the following hypotheses: the dual group 
of G (or of H) is connected, and T has bound less than two. The proof depends on a. 
method found by A. Beurling and applied by him to a related problem on the real 
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line. The conclusion of the theorem holds without restriction on the groupe if the 
bound of T is one. (This result has been extended by J. G. Wendel to nonabelian 


group algebras.) (Received January 7, 1952.) 


298. M. L. Stein: Suffictent condsisons for the convergence of New- 
ton's method tn complex Banach spaces. 


Let T(y) be an operator defined on one Banach space into another and let 3T (y; k) 
be its first variation. The Banach space analogue of Newton’s method is given by the 
iteration formula (*) 41m X—3T-1(y.; T(3)), $—0, 1, 2, * - * , where 87 denotes 
the inverse with respect to & of 87. Kantorovit [Uspehi Matematiteakih Nauk N.S. 
vol. 3 (1948) pp. 1237-1240] has established conditions under which a sequence {y,} 
determined by ( *) will converge toa solution of T(y) =0 in a real Banach space. The 
present paper establishes the following convergence theorem for complex Banach 
spaces: Let Y and Z be complex Banach spaces and let T(y) be defined on S:||y|| <p, 
p»0, into Z. Let the following conditions hold: (i) T(y) is G-differentiable, (ii) 
there exists y in S, a positive number a, and a sufficiently small positive constant 
M such that I ril aM if lly- | Sa, (iii) ST (40; &) is a 1-1 mapping of a subspace 
of Y onto a subspace of Z. Then the sequence {4,} given by (+) is well defined and 
there exists d>0 such that {y,} converges quadratically to a unique element -9 of 
the d-neighborhood of +. Furthermore 9 is the unique solution of T(y) =0 in this 
neighborhood. (Received December 17, 1951.) 


2991. J. L. Walsh: Degree of approximation to functions on a Jordan 
Curve. i 


Let C be an analytic Jordan curve contained in an annular region D. Let the se- 
quence of functions F,(s) analytic in D satisfy the inequality | Fa(s)| SAR®* in D 
and for some f(s) the inequality |/(s) — F.(s)| SAo/s*** on C. Then on C the func- 
tion f(x) is of class L(p, a) if 0<a<1 and of class Z, if a-1. For the respective 
components Fi.(s) and Fæ(s) o£ F,(s) and fi(s) and fa(s) of f(s) one has | its) ~ Fya(s)| 
SA, log n/n” on C, j -1, 2. In particular this conclusion holds if s=0 lies interior 
to C and if Fa(s) = Fic(s) -- Fa (s), Fin(s) = 20% Gus, Fs) 7 2, . Gus. (Received 
January 29, 1952.) 


300. J. L. Walsh and D. M. Young: A new bound for the moduli of 
coniinuity of harmonic functions. 


The use of the analogue for harmonic functions of Milloux's theorem for analytic 
functions shows that if R is an arbitrary bounded simply connected region, if the 
modulus of continuity of u(x, y) on the boundary of R is «(8), if M is the oscillation 
of u(x, y) on the boundary, and if (x, y) is harmonic in R and continuous in the 
closure R of R, then the modulus of continuity e" (8) of sz, y) in R satisfies the in- 
equality e^(3) S(D(8/D)¥) --(8M/x)(5/DY^, where D is any positive constant. A 
sharper inequality which is valid under stronger assumptions on R has been pre- 
sented by the authors (Bull. Amer. Math. Soc. Abstract: 58-2-206). (Received Jan-. 
uary 11, 1952.) 


301. Jack Warga: On a class of iteraiive procedures for soloing 
normal systems of differential equations. Preliminary report. 
Given a system of differential equations s’=f(s, i), s(t) =so where s and f(s, 1) 


1953] THE FEBRUARY MEETING IN NEW YORK 389 


are «-dimensional vectors, a sequence of vector functions y,(/) i» defined by 5, 
= G,(y;, f), 3; (fo) =s The vector functions G;(x, #) are bounded and continuous in 
some domain D of the x, ¢ space, satisfying a Lipechitz condition in # and f(y,(t), #) 
—G, (D, H—0 uniformly in £. A proof is given of the convergence of the sequence 
3, (i) to the solution of the given system and a study is made of convergence properties 
in particular cases. Various iterative procedures described in the literature are shown 
to be of the type under discussion. New procedures are suggested which are applicable 
to numerical work and practical calculations. (Received January 8, 1952.) 


302%. Bertram Yood: Difference algebras of linear transformations 
on a Banach space. 


Let E(X)-be the algebra of all bounded linear transformations on an infinite- 
dimensional Banach space X into X. Let K(X) be the subeet of all completely con- 
tinuous transformations in E(X). Let x be the natural homomorphism of E(X) onto 
the difference algebra E(X) — K(X). Let G be the set of regular elements of E(X) 
—K(X) and let R be its radical. If is shown that if TCx3(G), UC-x(R), then 
T, T+U, T*, and T* J- U* have finite nullity and nul (7*) —nul (T) «nul (T*-- U*) 
—nul (T+U). For T - I, UC K(X) this reduces to a well known result of Schauder, 
Studia Math. vol. 2 (1930). The relations between the sets of (left, right) regular 
elements in E(X) and in ,EQD- —K(X) are investigated in some detail. (Received 
January 9, 1952.) 


APPLIED MATHEMATICS 


303. Abolghassem Ghaffari: The behavtor of hodograph functions 
for slow motion. 


In a recent paper (Bull. Amer. Math. Soc. Abstract 58-2-112) the author showed 
that the elementary solutions of the hodograph equations depend on the functions 
(1) Ve (t) fF (Gn, be, Ca; D) for m>0, y.) m [7 Kt ][1--00)]. for 
m — n <0, and pult) —P/mobu /9r for all values of m, where pmet (w being the 
compreasible fluid speed with tx, its maximum, f, being the value of t at the sonic 
speed, K being independent of {, F being the hypergeometric function formed with 
Gn, de, &nd Ca, and P being 2¢(1—f)~* where p= (y—1)~1 with y the adiabatic index). 
The functions (1) which shall be referred to as hodograph functions can be written in 
the form (2) v« (1) - P7? HOGNI), S.) -[-FO( 11), for all values of ms. 
Since ¢= and % behave like 7*/*? for small {, as shown in (2), it follows that when 
9*0, the hodograph functions are both positive monotone increasing functions of p 
and their first derivatives are positive near | =0. Hence they are all positive through- 
out the subsonic range. It can be shown that when m «0, y, is positive, but this is 
not true of its derivative or of $». (Received January 7, 1952.) 


3044. R. L. Sternberg: A crsterton for stability of nonlinear pulsed 
systems. 


Consider a pulsed system for which the output sequence {ys} is related to the in- 
put sequence {xa} by a relation of the form yam 2 ^, , mx. a) (1-0, £1, £2,+°-) 
where the w(x) are arbitrary real single finite-valued functions of a real variable x. 
Call the system stable if (z,] bounded implies that [x] is defined and bounded. 
Then by generalizing a method given by W. Hurewicz the following theorem is ob- 
tained. If the system ia stable, then for each sone has (*) | Dz m[m sgn wl) ]| 
y4 v, Le., for each m the series in (+) converges or oscillates; moreover, in case for 
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each a0 there exists an ww such that on [—a, a] one has 0S0,(=) Smm.) 
(k=1, 2, * » - ), then the system is stable if and only if for each m the series in (+) 
converges. This work was supported in part by a contract with the Rome Air De- 
velopment Center of the U.S. A. F. (Received January 11, 1952.) 


GEOMETRY 


305i. Edward Kasner and Don Mittleman: Strongly orthogonal alge- 
bratc curves. 


If p is a point of intersection of two algebraic curves C::$ 0 and G:y=0 at 
which all of the branches of C; are orthogonal to all the branches of Cs, then C, and 
Cs are called totally orthogonal at p. Two algebraic curves which are totally or- 
thogonal at each finite point of intersection and for which, at each point of inter- 
section which lies on the infinite line, the order of ow ép, - op, is at least ru. -5,—1 
are said to be strongly orthogonal. The fundamental theorem of M. Nother is shown 
to be applicable and w is a linear combination of ¢ and ¥. Necessary and sufficient 
conditions that two algebraic curves be strongly orthogonal are given (a) when one 
of the curves {s a straight line, the other being arbitrary, and (b) when each of the 
two curves is a nondegenerate conic. (Received January 8, 1952.) 


306. V. L. Klee: The crstcal set of a convex body. 


For a convex body C in E*, x Int C, and yE FC, let p(y, x) «yx/yp, where [y, p] 
is the chord containing [y, x]. Let p(x) =supycro p(y, x), S(x) - (y| C FC and 
p(y, x) -o(x)], r infi c p(x), and C*= (x|p(x) -r]. C* and r are the critical 
set and critical ratio investigated in E! by B. H. Neumann [J. London Math. Soc. 
vol. 14 (1939) pp. 262-272] and in E* by Hammer and Sobczyk [Bull. Amer. Math. 
Soc. Abstract 57-2-112]. This paper provides a more detailed discussion in E*. 
Typical results (with CC E*, &z:2) are (1) dim C* Sn —2; (2) for each x€CC*, S(x) 
contains at least three points; (3) r(1—7)^!--dim C* s, and if greater than »—1, 
. then for no x€- C* is S(x) contained in an open half-space perallel to C* but not con- 
taining C*. Critical sets of certain special bodies are investigated in detail. One of 
the principal tools is an extension of Helly's theorem on the intersection of convex sets. 
(Received January 16, 1952.) 


3071. T. K. Pan: Pseudo normal curvature and related curves. 


Let s be the vector of a vector field in a surface of ordinary space. The derived 
vector of y along a curve of the surface can be decomposed into a component tan- 
. gential and'a component normal to the surface. The former component called the 
angular spread has been studied by W. C. Graustein and R. M. Peters. It is the latter 
component, which is evidently a generalization of the normal curvature vector, with 
which the paper is concerned. Pseudo normal curvature, peeudo asymptotic line, 
pseudo line of curvature, Indicatrix and curve of a vector field in a surface are defined, 
new characteristics of principal curvature and line of curvature are derived, and most 
of the theorems connected with normal curvatures, such as Meusnier’s theorem, 
Euler’s theorem, etc., are generalized first for a surface in an ordinary space and then 
extended to V, in Vap and to V, In Va. (Received January 8, 1952.) 


308. Helene Reschovsky: Sets associated with convex bodies. 
Let D(h, s), 1/2ah «1, n=0, 1, 2,+--+, be set of points within a plane convex 


\ 
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body such that there exist exactly s chords of C which are divided by these points 
in the ratio b, the ratio of the larger segment to the whole chord. B. H. Neumann 
(J. London Math. Soc. vol. 14) has proved that there exists in the interior of a plane 
convex body a unique point kuch that the maximum ratio in which a point divides all 
chords pessing through it assumes d minimum value r*, 1/2z3r* 32/3. In this note 
it is proved that (1) D(k, 0) is two-dimensional when &>r* and empty when kar", 
(2) D(h, »), n»40, is two-dimensional for an even number # and one-dimensional for 
an odd number x», when k» 1/2, (3) D(1/2, s), »»40, is two-dimensional for an odd 
number # and one-dimensional for an even x. (Received January 4, 1952.) 


309%. A. R. Schweitzer: On the derivation of ihe regressive product 
in Grassmann’s geometrical calculus. III. 


Values are derived for the regressive products P:(aasayo,) aye; ‘jaya, and 
Pj (masaa) = oes * cos (Grassmann, Gesammelte Werke, vol. 1, part 1, pp. 231, 244). 
From Pi (maay) = cig ' aas and Pilaa) = 0393 a since the product Pa(aiasaa) 
is asociative, one obtains cg? -a = cıq aas: aaau and (by a change of notation) 
a amaa: 607 0503. It is assumed that the latter statements are respectively 
equivalent to cog "coo aia, and cg’ a "m esago ^ C1‘ osos and that ¢=q—1. 
Definitions: [mimma]: e mone oso means: There exist e, €, e, « such that 
q'a, anay*cyeya, and analogously for [mase]: ai mamau ais. Therefore ajos 

Tita t cree axe = [arasa] e. (Received January 9, 1952.) 


310;. A. R. Schweitzer: On the derivation of the regressive product 
in Grasemánn's geometrical calculus. IV. l 


The complete statements governing the regressive products P, (aiasayaų) = aasa : 
“aaau, Pilaras) = ono maa, Pi (aasa) = aaa aa are represented by the 
abstract statement A: CD AD- C where for Pi, A =ama, Coas, D =o; for 
Py Amam, Cra, D mayu; and for Pi, A marma, Cra, D ay. Reference is made 
to Grasemann, Gesammelie Werke, vol. 1, part 1, pp. 213-219, 295-296. (Received 
January 9, 1952.) 


' 


Logic AND FOUNDATIONS 

3114. Hyman Kamel: Relational algebra. 

A new system of axioms is given fora relational algebra X= (6, ', ^, VJ, U, - 
A, V, I), namely: (1) (&, ’,, VU, A, V) is a boolean algebra, (2) (RS)T=R(ST), 
(3) RI-R, (4) RUU-R, (5) (RS)U -SURU, (6 RA-A-AR, (7) RSOT 
C (RÜVTSU)(S(NRU T). The axiom system is proved equivalent to Tarski’s (Journal 
of Symbolic Logic (1941) pp. 76-77). A proof is given that & is simple (RV = V or 
VR' = R) if and only if Ry4A implies VRV = V. The bulk of the identities in Schroder's 
book are deduced. The notion of a uniform relational algebra (u.r.a.) is introduced 
by postulating a subclass U= [o, 8, y, +- ] of A such that: (1) U is a filter on &, 
(2) ICa, (3) aE, (4) For every a there exists a B such that B& a. It is proved 
that every u.r.a. is a closure algebra with closure defined by R=(\aRa. A beginning 


“is made in developing u.r.a. Mera UN TUR TOM IReceived 
January 17, 1952.) 


STATISTICS AND PROBABILITY 
312%. H. W. Becker: Permutation tsomorphs. I. 
The number of s letter words in which the alphabetically ‘eth letter may not 
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occur prior to the kth position (factorial words) is fanl. An » in the mth position 
of an s letter permutation corresponds to a terminal m in an s letter factorial word. 
This isomorphiam between f. and the P,-x*l permutations makes abc >>: sf. 
(WP, self-correspondent. Double entry tables fam—Pam then furnish many new 
classifications of permutations, based on the notions of convergent, and omega. The 
(n—1)th, (»—2)th, - - - convergents of a permutation are the permutations remain- 
ing on removal of the letters 2, » —1, - - - . The letter k is the omega of the kth con- 
vergent. Thus ifa 95 1f t+ (s—m+1) ifam the subset characterized by # 

, letters m different—1P..=9, the # letter permutations whose omegas occupy m dif- 
ferent positions in their convergents (enumerating also those with #—1 inversions, dr 
m ascending runs, J. Riordan, Proceedings of the American Mathematical Society 
vol. 2 (1951) p. 429). Likewise m fas = (1 —1) mmfs-is d-mfa-i si, characterized by 
m a’s—mPsam, characterized by m convergents with initial omégas (ot else, by m 
,cycles, J. Touchard, Acta Math. vol. 70 (1939) p. 243). Of the two interpretations of 
ni: Pa is the most important to physical science; fa, to aesthetics. They have further 
isomorphisms, in terms of square and triangular chessboards. (Received January 8, 
1952.) 


3131. H. W. Becker: Permutation tsomorphs. II. 


Pitch is said to be an element of form in Chinese poetry. If we non-repetitively 
permute the pitch of each member of a rhyme group in all possible ways, we get La 
pitch-rhyme schemes, where (Riordan) Lep e (258-- 1) L, —5(* — 1) Lua = S(L+S)* is 
the Laguerre number whose generating function ig et? =6¥—0, If the first member 
of each rhyme group is exempted from permutation, we get R, «sl pitch-rhyme 
schemes, whose generating function is e*'£ ea^ 9«(179, which also generates the cycles 
of substitutions S,**| (Touchard, ibid.). Some classification isomorphisma S, 
Ran are the well known tables of m cycles— different lettere, and m unit cycles 
—m singletons; and the new tables, of » in sth cycle—terminal m, m the bottom 
letter of the first cycle—last “a” in mth position, last underanged letter—last 
singleton, first m letters all in different cycles—initial ascending run of length m, 
n—m—1 cocyclic pairs of consecutive letters—^m non-couplets. These may be spe- 
cialized to SORE m (n—1) SÈ, a-F(5—1))u SY). ,, characterized by at least 
k letters in each cycle, or rhyme group, whoee generating function is exp S% 
mexp (25, P/i). S -(S—1)* -subfactorial x. (Received January 8, 1952). 


314. Miriam A..Lipschutz: Some results on strong laws. 


Chung and Erdóe (Om the application of the Borel-Canielh lemma, Trans. Amer. 
Math. Soc. vol. 72 (1952) pp. 179-186) have proved the following theorem. Let 
{En} be an infinite sequence of events with 2, P(E,)- ©. Under a set of auxiliary 
conditions involving the joint probabilities of pairs of events E, we can conclude 
that P(E, i.o.) -1 providing the following holds: For every positive integer k there 
exists a constant c and an int valued function H(m) such that for every kzz H (x) 
and sz we have (M): Pil E, - - - Ej) >cP(Ea). On the basis of a general result 
on the validity of (M) for (a) certain types of events connected with sums of inde- 

. pendent r.v., (b) recurrent events, the author has applied this theorem to obtain 
strong laws for the distribution of the number of positive sums of independent r.v., 
covering all cases where the arcsine law has been shown to hold. Similarly she has 
obtained strong upper bounds for the number of realizations of Ê in » trials for re- 
current events É with infinite variance when the distribution of the recurrence 
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time is of the form P(X»x)-k(x)/x?, with lim,.. Ak(cx)/k(x)-1 and a=1/2 
(Feller, Fl«ciwaion theory af recurrent events, Trans. Amer. Math. Soc. vol. 67, p. 
106). This includes the result of Chung-Hunt on the number of xeroe in PES 
(Ann. of Math. vol. 50, p. 389). (Received January 9, 1952.) 


TOPOLOGY 


315. R. D. Anderson: A monotone interior dimenston-rassing map- 
ping defined over S*. 


The author shows that there exists a continuous collection G of mutually exclusive 
compact continua filling up S* such that G with respect to its elements as points is 
homeomorphic to a space in which the Hilbert cube is imbedded. This result settles 
affirmatively the question as to whether there exists an interior map of a manifold 
on a space of higher dimension (S. Eilenberg, On the problems of topology, Ann. of 
Math. vol. 50 (1949) pp. 247-260). As a corollary of the methods used it is also estab- 
lished that if S is any compact triangulable s-manifold (#>1) and «is any positive 
number, there exists a monotone interior mapping f of S onto S such that the in- 
verse image under f of any point Sis within « of each point of S. (Received January 
10, 1952.) 


3164. D. O. Ellis: Orbital topologies. 


Let S be a set and y a mapping of .S into itself. Define: ieu deines pet 
of X in S, if and only if x is in the y-orbits of infinitely many distinct points of X. 
Sy is a Tı space but not, in general, a T3 space. The major results are: (1) If y ts 
fimito-to-ons, then y is continuous in Sy; (2) If 8 is finite-to-one mapping of S smio siself 
and à comemuies with y, then 8 ts continuous in Sy; (3) If y is biuntform and onto, y 
is a homeomorphism of Sy; and, as a novelty, (4) If has any infinste cardinal, there $1 a 
dense-An-iiself T, space of cardinal 2> whose homeomorphism group coniaéns an Abelian 
subgroup of cardinal 2» of involutory homeomorphisms. (Received December 17, 1951.) 


3174. S. T. Hu: A cohomology theory with higher coboundary oper- 
ators. III. The homotopy axtom and the groups for spheres. 


In our first note of this series [Indagationes Mathematicae vol. 11 (1949) pp. 
418-424], a generalization of the classical cohomology theory is given by introducing 
coboundary operators of higher order. In our second note [Indagationes Mathe- 
maticae vol. 12 (1950) pp. 1-7], the algebraic axioms, the exactness axiom, and the 
excision axiom of Ellenberg and Steenrod are verified; and the w-dimensional (p, q)- 
cohomology groupe of a single point are computed. At that time, the author was not 
able to see if the homotopy axiom is satisfied. Ina recent note of J. W. Keesee [Ann. 
of Math. vol. 54 (1951) pp. 247—249], it is shown that the continuity axiom and the 
algebraic axioms imply the homotopy axiom. This opens an easy way to check the 
homotopy axiom for our generalized theory. In the present note, the author indicates 
the verification of the homotopy axiom for our generalixed theory by means of 
Keesee's theorem. By means of these proved axioms, the m-dimensional (p, q)- 
cohomology groupe of an s-sphere over a coefficient group G are computed in the 
last section of the present note. (Received January 8, 1952.) 


318%. S. T. Hu: On local structure of fintte-dimenstonal groups. 
Let G denote a connected locally compact separable metric topological group of 


+ 
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finite dimension w. In a work of Deane Montgomery [Ann. of Math. vol. 52 (1950) 
pp. 591-605], it is proved that G contains a compact zero-dimensional set Z and an 
invariant connected, locally connected, locally compact s-dimensional local group 
C such that U —ZC is an open set containing the identity element e and that the 
correspondence (s, c) ^sc defines a homeomorphism of the topological product space 
Z XC onto U. In general, it is not known whether or not the set Z can be selected 
to be a subgroup of G. In the present paper, it is proved by means of local group 
extensions that the answer is affirmative at least for the particular case that the 
center of G is locally connected. As a corollary, we have the assertion that if G has 
no arbitrarily small subgroupe, then G must be locally connected. (Received January 
8, 1952) 
L. W. CoHEN 
Associate Secretary 
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Activity analysts of production and allocation. Ed. by T. C. Koopmans. 
(Cowles Commission Monograph, no. 13.) New York, Wie 1951. 
$4.50. 


This volume consists of twenty-five papers presented at a confer- 
, ence in Chicago in June 1949. The conference and the research lead- 
ing to the papers presented were supported by The Rand Corporation. 
The theme of the conference was the application of mathematics to 
economics, and the papers are grouped by the editor under four head- 
‘ings: theory of programming and allocation, applications of alloca- 

tion models, mathematical properties of convex sets, and problems 
of computation. Of these the third is partly expository, the fourth 
deals with problems of computing optimal points and situations some 
of which are discussed in the first part, and the second deals with some 
special applications' to economic situations. (For recent results on 
the computing problem the reader is also referred to Brown and v. 
Neumann, pp. 73-80 of the volume Contributions to the theory of 
games, edited by H. W. Kuhn and A. W. Tucker.) 

Several of the contributions to the first part deal with linear tech- 
nological systems. A linear technological system is one such that the 
quantity of output of each commodity produced is multiplied by & 
if each input (of commodities and labor) is multiplied by &. The 
totality of points which correspond to possible outputs constitute a 
convex get in a Euclidean space. There is an obvious partial ordering 
of the points according to their "efficiency." Koopmans and 
Georgescu-Roegen discuss these efficlent points, which obviously 
have to be on the surface of the convex body and must have suit- 
ably inclined support planes. These ideas have been current in mathe- 
matical statistics since Wald proved that the totality of Bayes solu- 
tions form a complete class. Basing himself on a paper by Wald and 
Wolfowitz (Proceedings of the Second Berkeley Symposium on Mathe- 
matical Statistics and Probability, University of California Press, pp. 
149—158), Gerard Debreu has since discussed these ideas in an eco- 
nomic context in a paper in Econometrica (July, 1951, pp. 273—292). 

Three contributions (by Samuelson, Koopmans, and Arrow) are 
devoted to proving a theorem enunciated and proved by Samuelson. 
Let X,, $-1,--:-, 5, be the total production of the sth output, 
which is divided into a final output C; and inputs X; j-1, - - - , m, 
which are used to produce the jth input. Thus 
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X,—- Ci, Xy (im 1,-:--,»). 
jl 


Labor, the (#-+1)st good, is thought of as the sole nonproduced 
good, and its given total X,,; is allocated among the different indus- 
tries so that 


s 
Xe = 25 Xia x 
fel 


Let each good be subject to a production function F; which is homo- 
geneous of the first order. Equilibrium requires that any C, say Ci, 
be at a maximum subject to fixed values of X441 and the other C's. 
This means that 


Cy = Fi(Xu, Xn, SS Xin) d 2, Xn 
nm 
is to be a maximum aubject to 


Ci = F(Xa, Xa csi Xum) — 22 Xn (i m 2,---,m), 
Hi ` 


n 
Xan 9 D Xp 
f 


Samuelson's theorem asserts that the maximizing values {Xy} are 
such that the { X,,/ X;] are independent of the fixed values Cs, - - - , 
Ca, X aji : 

Linear programming of an economy is a matter of allocating the 
available resources so as to maximize the utility of the economy. 
Mathematically the problem is one of maximizing a linear function 
of several variables constrained by linear inequalities. Dantzig proves 
that this problem is equivalent to the problem of solving a zero-sum 
two-person game. More general results are given by Gale, Kuhn, and 
Tucker, who prove general duality and existence theorems. (For non- 
linear programming see Kuhn and Tucker, Proceedings of the Second 
Berkeley Symposium on Probability and Statistics, pp. 481—492.) 

An introduction to the volume by Koopmans gives descriptions of 
the papers and their interrelations. 

J. Worrowrrz 


Classical mechanics. By H. Goldstein. Cambridge, Addison-Wesley, 
1951. 124-399 pp. i 


This book gives an advanced course in classical mechanics, with 
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emphasis on those methods and principles which have proved to be 
most useful in various branches of modern physics. 

The exposition is based on the assumption that the reader is al- 
ready familiar not only with eleméntary principles of mechanics, but 
also with a range of mathematics somewhat beyond the usual under- 
graduate program, in particular with vector analysis which is used 
freely throughout the book. ` 

The scope of the book may be most readily presented by giving a 
brief statement concerning the successive chapters: 

The first chapter gives, in 29 pages, a survey of elementary prin- , 
ciples of the mechanics of a system of particles, including the La- 
grange equations, velocity-dependent potentials, and the dissipation 
function. This succinct treatment is made possible by use of vector 
analysis and by omission of applications. 

The second chapter (28 pages) starts with Hamilton's principle, 
derives the Lagrange equations anew, and discusses advantages of a 
variational principle formulation of the basis of mechanics. The di- 
gression on the calculus of variations is, of course, very brief. 

The third chapter (33 pages) is devoted to applications to central 
forces. It includes Kepler's laws, and a discussion of orbits in cases of 
attraction where the potential is an integral power of the distance. 
The problem of scattering of particles in a central force field is also 
analyzed. 

In chapter four (50 pages) we find a treatment of the kinematics 
of rigid body motion. There is a digression on orthogonal trans- 
formations and matrix theory, providing mathematical tools to be 
used systematically in this and following chapters. The Eulerian 
angles, the Cayley-Klein parameters, the eigenvalue problem, infini- 
tesimal rotations, and the Coriolis force are centers of interest. 

Chapter five (42 pages) is devoted to the equations of motion of a 
rigid body. Tensors and dyadics are introduced, and used effectively. 
Problems which are discussed include the force-free motion of a rigid - 

“body, the heavy symmetrical top with a fixed point, and precession 
of charged bodies in a magnetic field. 

Chapter six (30 pages) introduces special relativity into classical 
mechanics, with a minimum of historical material. The Lorentz 
transformation is neatly derived, and the idea of a four-dimensional 
world advanced. The force and energy equations in relativistic 
mechanics are found and Lagrangian formulations discussed. 

In chapter seven (22 pages) we find a study of the Hamiltonian 
equations of motion and of the principle of least action. Most of the 
discussion is devoted to non-relativistic mechanics, but the problem 
of relativistic mechanics is briefly presented. 
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Chapter eight (36 pages) is entitled canonical transformations. It 
includes Poincaré’s integral invariants, the Lagrange and Poisson 
brackets as canonical invariants, and infinitesimal contact trans- 
formations. As an application of Poisson brackets a fundamental 
theorem of statistical mechanica, Liouville’s theorem, is proved. 

Chapter nine (46 pages) is devoted to the Hamilton-Jacobi theary. 
A study of action-angle variables leads up to brief remarks on Bohr’s 
quantum theory. A final section shows how the Hamilton-Jacobi 
formulation is particularly suited to generalize from classical to wave 
mechanics. \ 

Chapter ten (29 pages) treats of small oscillations of a mechanical 
system about a point of stable equilibrium. With the customary ap- 
proximations, the Lagrangian equations appear as a system of linear 
differential equations with constant coefficients, the constants being 
restricted by the conditions that the kinetic energy is a positive defi- 
nite form and that the potential energy has a minimum at the 
equilibrium point. The analysis of this system is carried out elegantly 
by free use of matrix theory. A very interesting application is made 
to free vibrations of a linear triatomic molecule. 

Chapter eleven (26 pages) concludes the book with an introduction 
to the Lagrangian and Hamiltonian formulations for continuous 
systems and fields. The transition from the discrete variable to the 
continuous variable is explained with care. Sound vibrations in gases 
is presented as an example of the Lagrangian formulation. The final 
gection contains a description of fielda by variational principles, pro- 
viding a brief introduction to recent methods in theoretical physics. 

At the end of each chapter references are given to well known 
books, with useful suggestions in each case as to desirable supple- 
mentary reading. At the end of the book are listed seventy-one 
treatises in mechanics and closely related branches of physics and 
mathematics; these would form a valuable reference library. _ 

The exercises given at the end of the chapters are for the most part 
extensions of the theory in the text, but some serve to illustrate the 
uae of the theory in solving interesting physical or astronomical prob- 
lems. They will be difficult for most students, but their solution will 
add greatly to the understanding and power oi the student. 

The brevity and clarity arising from the use of vector analysis and 
matrix theory, and the wise selection of topics and illustrations en- 
able the author to encompass a wide range of fundamental theory in 
a comparatively small volume. The well-prepared reader will find the 
presentation lucid and interesting; and if he goes further with his 
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studies Be will ind this book a most useful volume to have at his 
elbow. 

The few errors noted by the reviewer were of no great importance. 
Perhaps some mathematicians will be disturbed by an occasional lack 
of completeness or of precision, but such defects seem trivial by com- 
parison with the high merits of the book as a whole. 

The reviewer considers the book to be a very valuable addition to 
mathematical literature, bridging the gap as it does between the 
mechanics of the nineteenth century and more recent developments. 

E. J. MourroN 


Mechanics. By S. Banach. Trans. by E. J. Scott. (Monografie 
Matematyczne, vol. 24.) Warszawa-Wroclaw, 1951. 4--546 pp. 
$6.00. 


'This work was first published in Polish in 1938. 

The book is notable for its clarity, and for the completeness of its 
exposition of the range of material covered. Assuming that the mathe- 
matical preparation of the student includes nothing beyond the ele- 
ments of the calculus, the author undertakes to give as easy a pres- 
entation of classical mechanics as possible. To him this means the 
giving of a logically arranged set of definitions, assumptions, and 
theorems, with detailed proofs and with numerous illustrative ex- 
amples. He has carried out his task exceptionally well—at least from 
the viewpoint of a mathematician. 

As a text book the volume would be improved by the clos of 
problems to be solved by the student (none are given), but a teacher 
may select such exercises from the many which are available in 
standard works. 

The illustrative examples are interesting, and cover a wide range. 
Thus we find (a) the reactions when a three-legged stool rests on a 
floor, (b) the fuel load required for an interplanetary rocket, (c) 
the determination of the mass of a planet, and so on. Chapter VI, 
on statics of a rigid body, is particularly designed for students of 
technology, and is so written as to be independent of much of the 
material in the preceding chapters. 

The first chapter is devoted to that portion of the algebra of vec- 
tors which is most important in the study of mechanics. This tool is 
then freely and effectively used throughout the remainder of the book. 

The mathematical quality of the exposition may be suggested by 
the following introductory paragraph: “Time. In kinematics, in ad- 
dition to known geometric concepts, there ariges the concept of time. 
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For purposes of theoretical kinematics it is sufficient to assume that to' 
each moment there is assigned a certain number ?, and that there are 
assigned smaller numbers before ; than for moments after t. Con- 
versely, to each ordering of numbers ¢ there should correspond a cer- 
tain moment: to a larger number a later moment.” 

'The order of presentation and the extent of the theory covered is 
indicated by the titles of the successive chapters: I. Theory of vectors. 
II. Kinematics of a point. Subheadings are: motion relative to a frame 
of reference; change of frame of reference. III. Dynamics of a material 
poini. Subheadings: dynamics of an unconstrained point; dynamics 
of a constrained point; dynamics of relative motion. IV. Geometry of 
masses. Subheadings: systems of points; solids, surfaces and material 
lines. V. Systems of material points. VI. Staitcs of a rigid body. Sub- 
headings: unconstrained body; constrained body; systems of bodies. 
VII. Kinematics of a rigid body. VIII. Dynamics of a rigid body. LX. 
Principle of virtual work. X. Dynamics of holonomtc systems. XI. Vari- 
ational principles of mechanics. 

The commendable detail with which the author discusses his ma- 
terial expands the text to some 546 pages; but by a judicious use of 
boldfaced titles, italicized statements, and displayed equations he has 
made it eagy to pick out essential results. The careful insertion of 
references to previous formulas or theorems by page and number will 
save the reader's time and energy, and add materially to the value of 
the volume as a reference book. 

While the discussion is detailed it is not carried to the point of 
pedantry. For example, the author devotes nearly three pages to the 
definitions of density of a body, surface, or line in terms of its mass 
(as a limit of a ratio), and to the formulas for the mass when the 
density is given (as integrale). He notes that the integral formulas 
check when the density is constant, and may be used to find the mass 
of an arbitrary part of the whole body, surface, or line. He does not, 
however, invoke the aid of some variant of Duhamel's theorem in 
arriving at the integral formulas, nor does he elaborate on the char- 
acter of the curves and surfaces involved; in fact, the definition of 
density at a point of a body does not give a density for points oh the 
surface of the body which would yield a continuous density function. 
To look after all such matters adequately is clearly impossible in an 
elementary course in mechanics. 

The book is characterized by a high standard of precision, but is 
marred by occasional slipe, some of which should, perhaps, be charged 
against the translator. Besides such editorial items as the omission 
of commas, the division of the word “makes” into two syllables, the 
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occasional dropping of the dot in the scalar product of two vectors, 
- and so on, there may be found logical-errors which may be corrected 
by changing a “the” to an “a” or to “certain,” or “both” to “the two” 
(pp. 53, 55), and errors such as “a virtual displacement is said to be 
every displacement of the point 4...” (pp. 470, 471). Such slips 
are, however, not numerous enough to be very serious. An error of 
another kind arises from the inclusion of a factor 1/6 in a formula 
for the volume of a parallelepiped (p. 13). 

The most serious blunder which the reviewer noted is the state- 
ment (p. 144) that if the density of the earth is distributed sym- 
metrically with respect to the center of mass then it can be proved 
that the force of attraction is directed constantly toward the earth’s 
center of mass. It i8 a vitally important fact in celestial mechanics 
that this is not sọ; the conclusion is incorrect even for a homogeneous 
oblate spheroid. It is an interesting problem to determine for what 
surfaces and what laws of density the attraction of a body for a 
particle exterior to it is constantly directed toward the center of mass 
of the body. The appropriate vector equation, equivalent to three 
scalar equations, is an integral equation for the density function, has 
an unknown function in an equation of the surface of the body, and a 
third unknown proportionality function. Solutions to this problem 
are known, but they do not agree with the one in the book. 

We must express our appreciation to the author, to the translator, 
and to the publisher for adding this fine book to the collection of 
works on classical mechanics. 

E. J. MOULTON 


` 


The theory of the Rismann seta-function. By E. C. Titchmarsh. Ox- 
ford University Press, 1951. 6+346 pp. $8.00. 


The zeta-function was introduced almost 100 years ago by Rie- 
mann in his famous memoir on the number of primes less than a given 
number. While since then enough has been discovered about the zeta- 
function to justify its use in analytic number theory, the question 
raised by Riemann about the location of its zeros remains un- 
answered. The milder hypothesis of Lindelöf that ¢(1/2+#) =O(t) 
for every ¢>0O-also remains unsettled. The zeta-function continues 
to be a major challenge to mathematicians. 

The author in his well known Cambridge Tract of 1930 gave a 
remarkably comprehensive and concise account of the zeta-function. 
Now he has given an expanded account in order to include recent 
results of which the most notable are due to A. Selberg. The sole 
prerequisite for reading this treatise is a knowledge of the funda- 
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mentals of function theory. The author is,an excellent expositor of 
the kind of analysis that up to now has been the major tool in re- 
search on the zeta-function. 

A sketch of the contents of the book follows. The first distet gives 
the Euler product and Dirichlet series representation of ț(s). Repre- 
sentation of log t(s), 1/f(s), t*(s), etc., are also given as well as series 
involving Ramanujan sums as coefficients. 

The second chapter deals with the analytic character of {(s). It 
contains seven methods for proving the functional equation. 

The third chapter contains the Hadamard-de la Vallée Poussin 
theorem that ¢(1++##) 0 and the prime number theorem, and con- 
siders {(s) and related functions for s slightly to the left of the line ' 
R(s) 51. 

The fourth chapter takes up approximate formulae for {(s) in- 
cluding the very useful approximate functional equation. 

The fifth chapter is on the order of ¢ (s) in the critical strip and uses 
' the methods of Weyl as developed by Hardy and Littlewood and of: 
van der Corput for the estimation of exponential sums which occur 
in the approximate formulae for {(s). In the sixth chapter exponen- 
tial sums are treated by Vinogradoff’s method. 

The seventh chapter treats the mean values of powers of BOJ 
along lines R(s)=constant in the critical strip. The approximate 
formulae for {(s) are used as is the convexity of the mean values of 
analytic functions. 

The symbol Q is used to denote negation of o so that F(t) = Q($(t)) 
means that there exists an A >0 such that | F(#)| >Ad@(t) for some 
arbitrarily large values of ż. In chapter eight Q theorems for {(¢-+-#) 
and 1/f(¢+#) are obtained by diophantine methods and also by 
dealing directly with integrals of high powers of the functions being 
studied. ~ 

The distribution of zeros in the critical strip is considered in chapter 
nine and recent results of A. Selberg are included. The zeros on the 
critical line are studied in chapter ten. Many proofs are given of ` 
Hardy's theorem that there are an infinite number of zeros on the 
critical line. The number of zeros of {(s) of the form 1/2+#, 0<isT, 
is denoted by No(T). The result of A. Selberg that No(T) » AT log T 
for some A >0 and all large T is given. (It will be recalled that if the 
Riemann hypothesis is true No(T)~(1/2x)T log T.) 

In chapter eleven the general distribution of values of [(s) is 
studied. Near the line R(s)=1, Picard's theorem is used. In the 
critical strip diophantine approximation is used. 

Let the number of divisors of s be denoted by d(n) and > vase d(n) 
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=x log x+(2y—1)x+A(x). It was shown by Dirichlet that A(x) 
- O(x!*) and better results have been obtained since. The function 
A(x) is related by the Mellin transform to {?(w) /w in the critical strip. 
The divisor problem, that is, the order of A(x), and generalizations 
are considered in chapter twelve. 

In chapter thirteen the Lindelöf hypothesis is assumed to be true 
and consequences of it are investigated and in chapter fourteen con- 
sequences of assuming the truth of the Riemann hypothesis are in- 
vestigated. 

The final chapter is on calculations relating to the zeroe of ['(s). 
After indicating how the early zeroe are shown to lie on the critical 
line the author observes that if the Riemann hypothesis is false thia 
could be shown by using modern calculating devices. 

f N. LEVINSON 


Advances in applied mechanics. Vol. II. Ed. by R. von Mises and T. 
von Kármán. New York, Academic Press, 1951. 10-++233 pp. $6.50. 


Kármán and Lin's paper, Om the statssitcal theory of isotropic 
turbulence, represents the views of two distinguished specialists in the 
current semi-empirical turbulence theory. It purposes to clarify the 
notion of spectral similarity in flows where there is turbulent diffusion 
of energy. The authors divide the spectrum jnto three frequency 
ranges, in each of which only two parameters are considered signifi- 
cant; similarity laws follow by the usual dimensional argument. Since 
this paper is of a nonmathematical character, the reviewer does not 
detail its contents here. 

Kuerti's survey, The laminar boundary layer in compressible flow, 
is successful in its expressed aim: “Although the mathematics used in 
the boundary layer literature presents no particular conceptual diffi- ` 
culties, it is complicated on account of the number of parameters in- 
volved and because of the different approaches tried by different 
authors. The study of the original literature thus requires a patient 
reader. Under these circumstances it seemed desirable to put together 
what may be called a guide to rather than a review of the existing 
literature on the subject.” Attention is restricted to steady plane 
flow of a perfect gas with constant specific heats, the viscosity and 
thermal conduction being assumed functions of temperature only, 
and the Prandtl number constant. The bibliography of thirty items 
seems to be complete through 1948. 

The author does not mention any work of his own, and there ap- 
pears to be no original contribution made by the article. One notes, 
for example, that the derivation in Part II is based upon the usual 
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order of magnitude assertions, even more disagreeable-and even less 
convincing in the case of a compressible fluid than for an incom- 
pressible one. It would seem to be possible to extend the method of Lin 
[A.D. Michal, Mairix and tensor calculus, New York, see Chap. 18], 
which, while purely formal, at least makes clear what is assumed and 
what one might try to prove. The major part of the article classifies 
and presents "the transformations that have evolved in the search for 
practical solutions of the boundary layer problem," accompanied by 
numerical grapha. The mathematically inclined reader might gather 
some suggestions of possible approaches td a future strict treatment, 
but apparently work on this subject so far has been of a rather heu- 
ristic type. While the author's careful ordering and scrupulous pres- 
entation provide a reliable encyclopedic article, they are insufficient 
to arouse the reader’s interest in this dry topic. 

Clark and Reissner’s paper, Bending of curved tubes, makes a solid 
contribution to engineering elasticity theory. The problem stated in 
the title, whose history is summarized in the introduction, is treated 
for the first time as a problem in the theory of thin toroidal shells of 
revolution. The appropriate differential equations were derived earlier 
by E. Reissner [Proc. Nat. Acad. Sci. U.S.A. vol. 35 (1949) pp. 204- 
208]. The meridian curve of the torus is expressed in the form 
r =r(Ẹ), 3=8(£), where r and s are Cartesian coordinates in a meridian 
plane. The problem differs from those discussed in books on shell 
theory in that an azimuthal displacement v = krÜ is assumed, although 
the stress system is taken as axially symmetric. 

The major part of the paper deals with the circular torus r=a 
+% sin £, z= —5 cos £. Calling 8 the change of the latitude angle and 
retaining only the terms of lowest order in b/a, the authors reduce 
the equations of the problem to the form 

B" + nu (sin £V = 0, 

y” — u (sin £8 = uh cos $, 
where y is a dimensionless stress function and u æ (12(1 —»?))53/(ak), 
k being the shell thickness. They set up a formal Fourier series solu- 
tion, in which the coefficients are to be obtained by solving an infinite 
system of linear equations. They show that previous formal results 
concerning the problem correspond to taking the first few terms in . 
one of two different ways. The series solution appears to be rapidly 
convergent for small u. To supplement it the authors obtain an 
asymptotic solution for large y. 

If the applied moment m be written as pEIk/a, the authors find for 
the "rigidity factor" p the expressions 
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16 + 553/36 
16 + 4141/36 + 11/576 
pm 2 ` . 
— for large m 
|? 


These formulae together give excellent agreement with independently 
computed numerical values based on a six term Fourier polynomial. 
The authors’ results include simple approximate formulae for the 


` stress and displacement distributions. In the last part of the paper 


they obtain asymptotic solutions for the elliptic torus. 

The most interesting and stimulating article is Neményi’s, Recent 
developments in inverse and semi-snverse methods in ihe mechanics of 
continua. He calls inverse “an investigation of a partial differential 
equation of physics if in it the boundary conditions (or certain other 
supplementary conditions) are not prescribed at the outset. Instead, 
the solution is defined by the differential equation and certain addi- 
tional analytical, geometrical, kinematical, or physical properties of 
the field. In the semi-inverse method some of the boundary conditions 
are prescribed at the outset, whereas others are left open and ob- 
tained indirectly.” This article does not attempt to present the sub- 
ject exhaustively, but aims rather “to elucidate the nature, value, 
and the potentialities of this approach.” Incidentally, however, it 
explains the essence of nearly all the main contributions. 

The paper is divided into sections of about equal length concern- 
ing inviscid incompressible fluids, perfect gases, elastic bodies in 
equilibrium, and plastic bodies. Much of the work mentioned is very 
recent, some unpublished. The author in many cases is able to cor- 
relate, compare, and contrast the various investigations, often in dif- 
ferent fields. At the end of the paper is a table summarizing results 
known up to the present on five semi-inverse problems in seven 
domains of continuum mechanics. Among the more interesting in- 
vestigations cited are those of Taylor and Trkal on decaying motion 
of a viscous fluid; those of Tollmien, Prim, and Neményi-Prim on 
limiting lines, problems of invariance, and “generalized Beltrami 
flows” in gas dynamics; and those of Neményi on an “influence prin- 
ciple” and on stress trajectories in elasticity. 

The author. emphasizes the value of simple exact solutions as 
typical and suggestive illustrative cases, and he shows that such solu- 
tions have been or can be obtained by inverse or semi-inverse meth- 
ods in many cases. His examples, too numerous to list here, sub- 
stantiate also the following conclusions. “1. Inverse and semi-inverse 
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methods [may] lead to solutions of important boundary value prob- 
lems.” “2. They [may] lead to the discovery of unsuspected dis- 
continuities, limitations, or general field properties... . .” “3. [They] 
may settle existence questions in a positive sense, or may decide a 
uniqueness problem in a negative sense.” “4. [They] are essential 
for the comparative study of the differential equations of the various 
problems of mechanics.” 

The last and longest paper, Theory of filtration of liquids in porous 
media, by Polubarinova-Kochina and Falkovich, is a translation of 
an article in Prikladnaia Matematikha i Mekhanika vol. 11 (1947) 
pp. 629-677. There is no indication that the translation was made 
with the author’s approval or even cognizance. The contrary is sug- 
gested by the odd remark at the head of the references: “The original 
reference style has been retained as presumably the most effective for 
the purpose of identification to Russian libraries. The abbreviations 
which the translator has been able to decode are explained be- 
low. ...” One wonders which readers will be able to secure the as- 
sistance of a Russian librarian to locate the originals. The refer- 
ences.are in fact absolutely incomprehensible in many instances (e.g. 
Izv. NIIG, GONTI, Nauchnfe zap. MGMI), erroneous in some 
others. This defect is aggravated by the extreme condensation of the 
article, which is hardly more than a list of results, so that it is only 
rarely possible to see how one step follows from the preceding. Even 
the figures are not always understandable. The interested reader will 
have to obtain the sources, and for most of these he will have to carry 
out à tedious detective work in bibliographical indices. 

There are short sections on motion which do not obey Darcy's 
law, three-dimensional motions, and unsteady motions, but the bulk 
of the article deals with steady plane flow of an incompressible fluid 
obeying Darcy's law: 


ë= — egma 4| = mas 


where ? is the filtration velocity, x the filtration coefficient, and y 
the vertical coordinate. The velocity potential ¢ is harmonic, so that 
the variety of mathematical techniques developed in plane potential 
theory are all applicable. The authors choose to deal only with Rus- 
sian work, mainly exact solutions. There are a few references to 
Muskat's book [The flow of homogeneous fluids through porous media, 
New York and London, 1937], none to Neményi's | Wasserbauliche 
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Strémungslehre, 1933]. One is impressed by the variety of problems 
having both mathematical and practical interest. Because of the 
quantity of the material and the incomprehensible way in which 
it is presented, the reviewer makes no further attempt at summary. 
He notes passing reference to some investigations of an interesting 
mathematical character. (1) A justification of a method of series 
development given by Kufarev and Vinogradov [Akad. Nauk SSR 
Doklady vol. 57 (1947)]. (2) Qualitative theorems by Lavrentiev 
[Conformal mapping, OGIZ, 1946] concerning flow under a dam with 
cut-offs, situated over an impermeable rock; increasing the length of a 
‘cut-off increases pressure under the dam immediately upstream, de- 
creases it downstream, and the most effective means of reducing the 
exit velocity is to lengthen the cut-off which is farthest downstream. 
No indication of how to obtain these results is given. 

The language in the whole volume is the next poorest the reviewer 
has seen in a mathematical publication issued in an English-speaking 
country. The translator of the Russian article preserves a terse and 
ragged style, stringing together with the aid of parentheses (some- 
times misplaced) unusual expressions which, while possibly elegant in 
Russian, ring oddly in English. In the article on shells infinitives are 
split and participles suspended by rule. The paper on inverse methods 
is an example of original grammar set off by stochastic punctuation. 
The paper om the boundary layer is written almost entirely in the 
passive voice. While the format of the book is pleasant, the setting 
is careless: some parts have dropped out of the formulae, some of the 
letters are broken or mis-set, some blank slugs have printed black bara 

‘here and there, there are a good many textual misprints, and the 
running heads for one article read *Continua mechanics.? While at 
first sight it would seem that all formulae are intentionally left al- 
together unsupported by punctuation, careful search reveals a favored 
few which are set off by commas, periods, and even in one case a semi- 
colon. In the copy sent for review there are holes in some of the 
pages. One observes also that although the volume was issued in 
the middle of 1951, apart from notes added in proof the bibliographies 
seem to indicate that all the articles were completed in 1949 or earlier. 

The publishers display some audacity in offering this slim and 
carelessly printed little book of 233 pages, nearly a third of which is 
a translation, for a price equal to or greater than the cost of a volume 
of a first rate research journal containing three or four times as much 
material. 

C. TRUESDELL 


408 BOOK REVIEWS [May 


Problèmes concrets d'analyse fonctionnelle. By P. Lévy. Paris, Gauthier- ` 

Villars, 1951. 14-484 pp. 4000 fr. 

This work is a revised edition of Lévy’s Leçons d'analyse fonciton- 
nelle published in 1922. The purpose of the new title is to emphasize 
the difference in method and point of view between this book and the 
very abstract and general theories to which the name "functional 
analysis? is nów commonly attached. Apart from the fact thát Lévy 
restricts attention to certain special function spaces, there is a more 
striking difference between this work and most other publications on 
functional analysis, in that Lévy devotes most of his space to the 
study of functional differential equations. These are the analogues in 
function space of total differential equations, first order partial dif- 
ferential equations, and second order partial differential equations, 
especially the Laplace equation. The last type of problem (considered 
in Part III) involves considerable difficulties, even in choosing a suit- 
able formulation for it. It is necessary to consider problems of meas- 
ure in function space, the definition of mean value of a functional, 
and the proper definition of the Laplace operator. Lévy’s procedure 
is to consider these ideas in n-dimensional space, and then to proceed 
to the limit as » tends to infinity, so as to obtain a mean value for 
certain functionals defined in L4. When the method of passage to the 
limit is chosen so that certain requirements are satisfied, other aspects 
of the geometrical situation become rather bizarre. Lévy has ex- 
tensively revised Part III, but he states in his Preface that he still 
does not regard it as in definitive form. Choice of another method of 
passage from finite-dimensional space to the space C of continuous 
functions leads to the Wiener integral, which has other applications 
in functional analysis (cf. Paley and Wiener, Fourier transforms in 
the complex domain, Amer. Math. Soc. Colloquium Publications, vol. 
19, 1934, Chaps. 9 and 10; also later memoirs by R. H. Cameron and 
W. T. Martin). It seems reasonable to forecast that investigation will 
reveal still other methods of defining integrals in the spaces C and La, 
which will have interesting applications. 

A noteworthy change from the first edition is the addition of Part 
IV, by Franco Pellegrino, on analytic functionals of analytic func- 
tions. About forty percent of Part I has been omitted, including the 
old Chapter 3 on Lebesgue and Stieltjes integrals, Chapter 7 on 
orthogonal functions, and Chapter 8 on the equations of Fredholm 
and Volterra and integrodifferential equations. For a review of the 
first edition by C. A. Fischer, see Bull. Amer. Math. Soc. vol. 29 
(1923) p. 229. M 

Part I is entitled The Foundations of the functional calculus. The 
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function spaces to be considered are described in Chapter 1. Prin- 
cipal emphasis is placed on the space L4. Chapter 2 proceeds to dis- 
cuss linear functionals and their representations, and the first varia- 
tion of functionals. Chapters 3 and 4 are concerned with functionals 
of the second degree, and the second variation, and with functionals 
of arbitrary degree. Principal attention is paid to the case when these 
functionals have the special forms Sik, fafik(s, £)x(s)x(£)dsdt, 
[ek (x (0)dt, etc. 

Part II is almost unchanged, even to the numbering of the para- 
graphs. It is concerned with total *differential" equations in func- 
tion space, with application of these results to the theory of the 
Green's function, with partial functional differential equations of the 
first order, and with applications of this last idea to set up a Hamil- 
ton-Jacobi theory for multiple integrals in the calculus of variations. 
It is not clear how this Hamilton-Jacobi theory provides any effective 
illumination of the difficulties inherent in the theory of extrema of 
multiple integrale. In connection with total differential equations in 
function space, it may be noted that such problems have been studied 
in abstract Banach space by Michal and Elconin (see Acta Math. 
vol. 68 (1937) pp. 71-107). 

Part III is entitled The notion of mean value in function space, and 
the generalised Laplace equation. The approximating n-dimensional 
space in Z4 (for the interval [0, 1]) is composed of the functions con- 
stant on the interior of each of the intervals (($—1)/s 1/7). When a 
complete orthogonal system of functions in L4 is chosen so as to set 
up a correspondence with classical Hilbert space, another natural 
method of choosing an approximating s-dimensional space is sug- 
gested. The mean values of a functional given by these two methods 
of approximation need not be the same, even when both exist, and 
the mean value given by the Hilbert space method may depend on 
the order of the axes. Lévy gives conditions on the choice of the 
coordinate system to ensure that these mean values shall agree. 
Chapter 5 of this section, on harmonic functionals, discusses Green's 
formula, potentials of simple and of double layers and of volume dis- 
tributions, the Dirichlet problem, and the problem of Plateau, in 
function space. 

_ The fourth and concluding: part of the book consists ofa six chapters | 
—121 pageas— on the subject of analytic functionals of analytic func- 
tions, written by Franco Pellegrino, a pupil of Luigi Fantappié, who 
initiated this branch of the theory of functionals about 1925. 

The functions admitted as arguments of analytic functionals are - 
those called “biregular.” Each biregular function ye(¢) has a domain 
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M, which is open on thé complex sphere, does not include the whole 
sphere, and need not be connected. A biregular function is locally 
analytic, and vanishes at « if defined there. A “continuation” of a 
biregular function is not necessarily an analytic continuation. The 
class of biregular functions is made into a topological space S® by 
the system of neighborhoods (A, c) of its points (yo, Mo). For con- 
venience we shall denote by N(yo, Mo; A, v) the neighborhood (A, v) 
of (yo, Mo) consisting of all (y, M) with MDA and | y(t) —»«(t)| «e 
on A, where A is closed, A C Mo, e — 0. With these neighborhoods .S(? 
is a T-space. A set consisting of a single function (yo, Mo) has as 
points of accumulation all the restrictions of yp which lie in S®. A 
linear set in S® is a collection E= [(y, M)] such that every finite 
subcollection of the domains M has a non-null intersection, and every 
finite linear combination .) cry; with complex coefficients lies in E. 
The domain of the sum 2 .,c,y; is of course the intersection of the 
domains M,. It is shown that a linear open set in S® consists of all 
the functions y(#) which are biregular on a fixed closed proper sub- 
set A of the complex sphere. It is noteworthy that the space S‘ 
itself is not linear. 

An analytic curve in S® is given by a parametric representation 
y(t, a), where for each a, in a set Q open on the a-sphere, the cor- 
responding function y(t, æo) is biregular on its domain M(ao) (which 
is open on the /-sphere), and for each fp in a set Q’ open in the #-sphere 
y(éo, æ) is regular in a, and where the complement I(a) of M(a) is 
continuous with respect to a in terms of the usual distance of point 
sets. A functional F defined on an open set R in S®) is said to be 
locally analytic in case F(y:) = F(y3) whenever ys is a continuation 
of yı and for every analytic curve y(t, a) lying in R, F[y(-, a)] is a 
locally analytic function of a. The author states that it is unknown 
whether every analytic functional is continuous. However, an analytic : 
functional which is bounded near a point of S® is necessarily con- 
tinuous there. 

A linear functional F(y) is one which is defined and linear on a 
linear open set. It is continuous if and only if it is analytic. The class 
of linear analytic functionals is isomorphic to S™, and in fact it fol- 
lowa from Cauchy's integral formula that every linear analytic func- 
tional F is expressible in the form 


: | 
FQ) = — f, «()5()dt 


where the path C encloses the singularities of # and excludes those of 
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y, and the function & is the “antisymmetric indicatrix” w(a) 
= F[1/(a—1)]. 

Chapter IV is a very brief chapter devoted to “mixed functionals,” 
i.e., to transformations on the space (P. The operation D of differ- 
entiation is a linear analytic transformation, and linear transforma- 
tions permutable with D are called *operators of the closed cycle? 
(cf. Volterra, La teoria des funsionals applicata as fenomeni eredsiarsa, 
Atti Congresso Int. di Bologna, vol. IV, 1928). The antisymmetric 


indicatrix 
p. 
ula, s) = r( : s) 
$ a— t 


of such an operator F(y; z) is a function of the difference (a— z). 
“Normal operators” are those having the functions /* (n =0, 1,2, - - -) 
as characteristic vectors. The antisymmetric indicatrix of a normal 
operator is a function of s/a. The properties of normal operators are 
used to derive the theorem of Hadamard which relates the singu- 
larities of the functions defined by the power series > asf, 9 bul", 
and )>a,b,é". However, little else is given in the direction of explicit 
applications of these concepts. 

In Chapter V the author discusses the application of andlytic 
linear functionals to the solution of linear differential equations, both 
ordinary and partial. The justification of the symbolic calculus is 
taken up first. The later sections outline five methods for the explicit 
solution of certain classes of linear partial differential equations. 

Chapter VI takes up the first and higher variations of nonlinear 
functionals, and defines the first derivative, for example, as the 
antisymmetric indicatrix of the first variation. These notions lead to 
an ‘analogue of the Taylor expansion, called "the series of Fan- 
tappié." Brief reference is made to maxima and minima of real 
analytic functionals. 

Most of the details are omitted in the later chapters. References are 
included to the work of various authors, listed in the bibliography 
of 119 items, 49 of which are by Fantappié. Unfortunately no page 
numbers are given in many of the references. Mention is made of a 
forthcoming work by Fantappié and Pellegrino, which is to contain 
a more detailed exposition of the theory. 

The theory of Fantappié is interesting in being an explicit develop- ' 
ment of functional analysis for a case where the basic function space 
is not & Banach space. It may throw some light on the form which 
' an abstract theory of analytic functionals should take. 
` L. M. GRAVES 
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Introduction to Hilbert space and the theory of spectral multsplacsty. 
By P. R. Halmos. New York, Chelsea, 1951. 114 pp. $3.25. 


There is little doubt that the author of this book enjoyed Himself 
thoroughly during its preparation. Reading the result afforded this 
reviewer considerable pleasure. In one hundred and nine well-packed 
pages one finds an exposition which is always fresh, proofs which are 
sophisticated, and a choice of subject matter which is certainly 
timely. Some of the vineyard workers will say that P. R. Halmos has 
become addicted to the delights of writing expoeitory tracta. Judging 
from recent results one can only wish him continued indulgence in 
this attractive vice. 

The present work may confidently be recommended. However, be- 
ginners in the field should be cautioned before they rush off to secure 
a copy. Unless one is equipped and in training, one should not 
attempt the expedition. One must not be misled by the title. For this 
introduction to Hilbert space, one has to be an expert in measure 
theory. As a matter of fact it is beat to have read the author’s book 
on measure theory or its equivalent. One hah to know enough about 
Banach spaces to be conversant with the Riesz representation 
theorem for the linear functionals on the space of continuous func- 
tions. We would be ready to wager that most young mathematicians 
learn that theorem subsequent to the theorem on the spectral resolu- 
tion of hermitian operators and not prior to it—which is the scheme 
of things here. But, for those who know this material and wish an 
excellent introduction to multiplicity theory, this tract is just right. 

The subject matter of the book is funnelled into three chapters: 
The geometry of Hilbert space; the structure of self-adjoint and 
normal operators; and multiplicity theory for a normal operator. For 
the last, an expert knowledge of measure theory is indispensable. 
Indeed, multiplicity theory is a magnificent measure-theoretic tour 
de force. The subject matter of the first two chapters might be said to 
constitute an introduction to Hilbert space, and for these, an a priori 
knowledge of classic measure theory is not essential. Thus one may 
question the author’s decision to unveil his virtuosity in this direc- 
tion sooner than was necessary, or perhaps desirable. 

Chapter I has some features which differentiate it from previous 
texts in this domain. The Hilbert spaces under consideration are 
not assumed separable. The handling in proofs and notation from 
this point of view is completely successful. For another thing, con- 
siderable use is made of the parallelogram identity for vectors: 
¢+ell?+ll¢—ell* - 21] 1-2] [gl *. The spirit of this and similar identi- 
ties has certainly pervaded many smoke-filled colloquium rooms in 
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the past decade and it is a pleasure to see it make its bow in book 
form. In terms of it certain proofs are very satisfactory. See, for 
example, the theorem concerning the existence of a vector per- 
pendicular to a proper closed linear manifold. 

As stated above, the second chapter is devoted to self-adjoint and 
normal operators. The bounded case only is treated. This calls for the 
usual preliminary development of a theory of projections. Also dis- 
cussed are the elementary properties of the spectrum of an operator. 
In this connection the author gives a bizarre proof of the famous 
elementary theorem that if ||1—A|| <1, then A-! exists. The series 
(1—x)-1= Js x* is probably/the most extensively generalized in all 
of mathematics. Why not use it here instead of relying for a proof on 
Theorem 21.3, or any other for that matter? As mentioned before, 
the proof of the spectral theorem is based on “the external analytic 
crutch of.measure theory." The author seems to regret (p. 71)_“the 
lot of apparently formidable machinery? that he used; thus we shall 
not overburden his conscience with further allusion to the matter. 

Before setting forth on the arduous journey through multiplicity 
theory, the reader is advised to be well-rested and of strong de- 
termination. Though the fundamental ideas and the ultimate result 
are quite reasonable and lucid, one's patience is often taxed by the 
annoying complexity inherent to the problem. Thus, such simple phe- 
nomena as those concerning orthogonality of manifolds can be com- 
pounded with such tirelessness as to wilt one's spirit. Before one 
reaches the point of no return in the proof, the temptation is great 
to let intuition become master over logic and consign mere proof to 
the antipurgatory. The original results in multiplicity theory were 
given by Hellinger in 1909. The treatment of non-separable spaces 
seems to be essentially more difficult. The first results and subse- 
quent refinements are due to Wecken (1939), Nakano (1941), and 
Plessner and Rohlin (1946). It is these authors who have most in- 
fluenced the present treatment. The problem here considered may 
be phrased in the form: Determine the unitary invariants of a single 
normal operator. That is, given two normal operators A and B, find 
significant, satisfactory, necessary, and sufficient conditions that for 
some unitary operator U, B= U-!A4U. For the finite-dimensional 
case, the answer is obviously that A and B should have the same 
spectral (or characteristic) values and that the manifold of vectors 
associated with each spectral value should have the same dimen- 
sionality for A as for B. The infinite-dimensional situation is enor- 
mously mòre complicated. The reader who is interested in a treat- 
ment which contains the present one as a special case, indeed, gives 
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the unitary invariants of any commutative W* algebra, should con- 
bult the recently published paper of I. E. Segal (Memoirs of the 
American Mathematical Society, no. 9, II, 1951). 

The general result of the third chapter should be described briefly. 
Suppose that X is a space, S is a -Boolean algebra of sets over X, 
and that u is a finite measure on S. Consider the Hilbert space 
Lalu) of square integrable functions on X. In this space one may 
construct for every set M in S the projection operator E(M)f 
wX-f where f is arbitrary in Z4(u) and xx is the characteristic 
function of M. E(M) is an example of a spectral measure. Now sup- 
pose # is a cardinal number. Form the direct sum of u copies of the 
space L4(u)—this leads to phenomena of multiplicity u. Consider then 
the spectral measure defined by E(M) {fs} = {xu fr}. Here {fa} is 
the general element in the direct sum space and & is an index ranging 
over a set of cardinal number u. Finally, let u, be orthogonal finite 
measures on S, for every j let u; be a cardinal number, and construct 
the spectral measure E(M) [fa] = [xac-fa]. The latter is called the 
canonical example of a spectral measure. 


Now let A be a normal operator. Then there is associated with.A: 


a complex resolution of the identity E(À) such that A = fA4E(X). If 
M is a Borel set in the complex plane, E(M) is a spectral! measure. 
The fundamental result of multiplicity theory is essentially that by a 
suitable isomorphism (unitary transformation between Hilbert 
spaces) this spectral measure is equivalent to a suitable canonical 
-spectral measure. A critical and classical step in going from the spec- 
tral measure E(M) associated with a normal operator A to an 
ordinary measure x is the following: If x is a vector in the under- 
lying Hilbert space $, then (M) 2 (E(M)x, x) is a finite measure. 
Here M is an arbitrary Borel set. Furthermore, if we write Uxx 
= E( M)x, then U may be extended to an isomorphism from the 
space Ls(u) onto the closed linear manifold of $ generated by all ele- 
, ments of the form E(M)x. For this isomorphism U, one has 
U-1E(M)Uf-—xy-f. This fact is the building block for multiplicity 
theory. 

The author's treatment of multiplicity theory seems to be quite 
satisfactory. Although the material is complicated, it is subdivided 
into pleasant compact packages which the reader absorbs as he pro- 
ceeds on his journey. The author meanwhile is a veritable ringmaster 
who marshals his troupe of techniques, cracking the whip over each 
aspect of the theory in turn, thus keeping it at the proper pitch for 
its part. Several well written sections give the beginner a much de- 
aired heuristic approach to the situation. 


z 
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The book closes with an informal discussion ‘of source material 
and references: and a bibliography containing 52 entries. Approxi- 
mately one-third of these are vital to the present undertaking, the 
others being either marginal in value or representing a caprice of the 
author. No errors major or minor were detected, a fact which is 
only one indication of the very careful way in which the booklet was 
prepared. Most pages exhibit a zest for play as well'as work which is 
refreshing. Indeed, at times one may have a vague apprehension 
that the author is preparing a prank or baiting a trap; however it 
seldom turns out to be more than a friendly tweak given with a wink. 
Such an intimate style, in the present desert of works written with an 
unexceptionable scientific detachment, is warmly welcome. It is cer- 
tainly a facet to the general success enjoyed by Halmos' previous 
books. S 

. E. R. Lorca 


S 


A theory of formal deducibilsty. By H. B. Curry. (Notre Dame Mathe- 
matical Lectures, no. 6.) University of Notre Dame, 1950. 94-126 
pP. . 

The monograph contains a detailed account of the predicate 

calculus as presented by Gentzen (Math. Zeit. vol. 39 (1934) pp. 176- 

210, 405—431) in a sequence calculus in which the rules of inference 

follow in a natural way from the intended meanings of the logical 

connectives. However, Curry's treatment differs in several major 
respects from earlier ones. The predicate calculus is approached as 
an episystem over a basic formal system of elementary propositions. 

Various portions of the classical and'intuitionistic systems are studied 

separately. There is a discussion of alternative concepts of negation. 

And a final chapter suggests a new approach to modal logic. 

A formal system is specified by a primitive frame which defines 
inductively terms, elementary propositions, and theorems. (The 
author develops here notions presented in a paper in Bull. Amer. 
Math. Soc. vol. 47 (1941) pp. 221—241.) In Curry's usage, the Hil- 
bertian formal systems have as elementary propositions, propositions 
of.the form “A is a provable formula,” the formulas being terms in 
Curry's terminology. In studying a formal system it is customary and 
convenient not to limit attention only to elementary propositions, 
but to consider in addition compound propositions such as *Not for 
all formulas A, is A provable.” These compound propositions are 
formed from the elementary ones by use of the logical connectives. 
Curry speaks of this broader system as an episystem over a formal 
system. (An episystem is not to be confused with a metasystem over 
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a calculus.) The episystem may itself be formalized of course. Curry 
considers the predicate calculus as a formal system over an unspeci- 
fied elementary formal system. In giving a detailed description of 
the notion of formal system, the author introduces a tentative theory 
of grammatics, relating formal systems to the actual language of ` 
communication in which they are imbedded, in tbe present case 
mathematical English. a 

In studying the predicate calculus, first the systems for the finite 
positive connectives (“and,” “or,” and “implies”) are discussed. Sys- 
tems corresponding to both Gentzen's L- and N-calculi are presented 
as well as axiom systems for the propositional algebras of these seg- 
ments of the classical and intuitionistic systems. Gentzen’s Hauptsatz 
receives a careful treatment, which differs in some details from the 
original oné. 

The chapter on quantification involves extensive detail designed 
to meet the well known difficulties in formulating this portion of 
logic. A notation is introduced to specify, for each deduction, the 
range of variables for which it is valid. It is shown that any theorem 
can be proved using only those free variables which appear in it. 

A further chapter discusses three basic negation concepts, in- 
validity, refutability, and absurdity. A proposition A is said to be 
invalid in a system S just in case a proof for it does not exist in S. 
Such a negation has the disadvantage that, unlike the other logical 
connectives, it is not extensible, since A may be valid in some exten- 
sion of S. A proposition is said to be refutable in S in case it implies 
R, where R is a propoeition of a class defined to be directly refutable. 
A formula is said to be absurd in case it implies every formula of SS. 
Curry considers four formal systems. The minimal, the intuitionistic, 
a system LD, and the classical one. Negation for all of the gystema 
is of the refutability type. That for the intuitionistic one is particu- 
larized to absurdity. For the system LD the concept is not of the 
absurdity type, but it does satisfy a principle of excluded middle. 
Classical negation embodies all these features. This list of negation 
concepta is, of course, not exhaustive. Negation of yet another sort 
is described in the reviewer's note (Tournal of Symbolic Logic vol. 
14 (1949) pp. 16-26; Fitch has also used this type of negation in a 
system described in the same volume, pp. 209—218). 

In a final chapter devoted to modal logic, Curry suggests that the 
proposition $4 (A is necessary), where A is a proposition of a formal 
system S, be interpreted to mean that A is derivable by the rules of 
some specified subsystem S$ of the system S. Rules for the operation 
$ consistent with the interpretation are presented. The adjunction 
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of these rules to the classical calculus results in a gystem equivalent 
to Lewis’ system S4. A related notion for possibility is also suggested. 
Consider a family of systema; A is said to be possible in a system Sı 
of the family in case it is provable in some stronger system of the 
family. ] ` 

In making available in monograph form the important ideas of 
Gentzen, a definite need in the literature is filled. The work through- 
out gives meticulous attention to precise formulations and to detail 
in proof. It is almost entirely self-contained, and in spite of the 
great detail of the treatment should be of interest to the general 
mathematical public as well as to the specialist in foundations. 
; i ` D. NELSON 


Lesioni di analisi. By F. Severi and G. Scorza Dragoni. Bologna, 
Cesare Zuffi, 1951. Vol. 3, 6+255 pp. 2700 lire. 


Volume 1 was written by the senior author alone and published 
by Zanichelli in 1933, it was reviewed by T. H. Hildebrandt in vol. 
41, January 1935, of this Bulletin. A second edition appeared in 1938 
and a third edition is in course of publication. Part 1 of volume 2 with 
G. Scorza Dragoni as coauthor appeared in 1943, but does not seem 
to have been reviewed in the Bulletin. 

The present volume 3 contains a discussion of ordinary differential 
equations (existence and uniqueness theorem for single equations and 
for systems and problems in the large, mainly boundary value prob- 
lems) followed by a chapter on trigonometric series and a brief dis- 
cussion of the differential geometry of suríaces. 

The main text gives a clear, fluent and rigorous account of the 
basic facts based on the Riemann integral. In each chapter, except 
the first, this exposition is supplemented by a section in smaller print 
labelled Complements and Exercises. Of exercises in our sense there 
are comparatively few, but the complements serve to open vistas to 
a multitude of more advanced questiong. There is a wealth of histori- 
cal material here and in the main text, over two hundred authors are 
quoted with dates though normally without textual references. The 
complement .to the second chapter is particularly rich; it occupies a 
fourth of the book and the subject matter is kaleidoscopic. There is 
internal unity, however, and the brief sketches of the many topics 
are skilfully done. This section contains some interesting material 
on analytic functions of several variables and various extensions of 
Cauchy's theorem and Cauchy's integral to such functions. The 
Lebesgue integral is used in the complements. The discussion in the 
large in Chapter 3 takes the fixed point theorems of Brouwer and 
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Birkhoff-Kellogg as its point of departure. Orthogonal series, mean 
convergence, Vitali’s closure theorem, and Hilbert spaces are dis- . 
cussed briefly in the complement to Chapter 4. The last chapter ends 
with a two page historical survey of differential geometry in higher 
dimensions and projective differential geometry. 

There are undoubtedly readers who will claim that the authors 
would have given more, had they given less. To me the point of view 
is refreshing and the multitude of facts make the book a treasure 
house. The cover and the press work do credit to printer and pub- 
lisher alike. 

Exar HILLE 


Proceedings of a Second Symposium on Large-Scale Digital Calculating 
Machinery. (Annals of the Computation Laboratory of Harvard 
University, Vol. 26.) Cambridge, Harvard University Press, 1951. 

' 38+393 pp. $8.00. 


The first of the Harvard Symposia on this topic was held early in 
1947, at the dedication of the Mark II Calculator. The Second Sym- 
posium was held at the dedication of the Mark III Calculator, at 
present in operation at the Navy Proving Ground in Dahigren. Ses- 
sions were devoted to engineering developments (which will not be 
covered in this review), to numerical methods and computational 
problems in various sciences. There is, in this volume, a reasonably 
comprehensive survey of the field, both in the United States and in 
Europe, as it was in 1949. ^ 

The most significant mathematical contribution in the present 
volume is due to C. Lanczos, who, in his picturesque way, presents a 
method of minimized iterations for the solution of characteristic 
value problems. W. E. Milne examines various finite difference ap- 
proximations to the two-dimensional Laplacian operator. 

: The problem of semi-automatic instruction is discussed by H. D. 
Huskey and a beginning of a unified theory of computing machines 
is presented by G. W. Patterson. i 

Most interesting are the papers describing some of the problems 
which await solution. Those who are interested in handling differ- 
ential equations will find enough problems in the papers by H. Fesh- 
bach on nuclear physics and by R. D. O'Neal, E. T. Welmers, and, 
H. W. Emmons on aeronautics and aerodynamics. On the other hand, 

` the papers by F. Mosteller, W. W. Leontief, L. R. Tucker, and H. 
Chernoff on various topics in the economic and social sciences pro- 
vide ample material for those interested in the manipulation of: 
matrices. i 


, 
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It is interesting to compare the changes in the consumer demand 
which have taken place in the time between the two Symposia. As 
an instance, Leontief considered in 1947 a static model of inter- 
industry relationships, in 1949 he proposed a dynamic model (and, at 
the present time, plans are being made for actual computation on 
such a model): progress is at the rate of 1 dimension in two yearal 

Readers of these two Symposia volumes will look forward to more. 
They will hope that in succeeding volumes there will be more con- 
tributions to modern numerical analysis and to the problems of 
organization of a high speed digital computing center, and accounts 
rendered of major computational problems, such as the paper on a 
problem in' physical chemistry in the present volume by H. A. 
Scheraga, J. T. Edsall, J. Orten Gadd, Jr., a problem which occupied 
two weeks computing time on the Mark I Calculator. 

Joux Topp 


Barrer MENTION 


Proceedings of the Iniernaisonal Congress of Mathematicians, Cam- 
bridge, Massachusetts, U.S.A., August 30-September 6, 1950. 
Providence, American Mathematical Society, 1952. Vol. 1, 8-+769 
pp. Vol. 2, 24-461 pp. $15.00 


. These volumes contain the list of officers and members, the report 
of the Secretary, and the text of the addresses and communications 
to the Congress; the proceedings of the Conference on Algebraic 
Tendencies in Analysis, however, are scheduled to appear separately 
as a volume in the series of Mathematical Surveys. 


Fourier Sertes. By G. H. Hardy and W. W. Rogosinski. Cambridge 
University Press, 1950. 12+100 pp. 10s 6d. 


Except for the correction of a few minor mistakes, this is the same 
as the first edition of 1944, reviewed in Bull. Amer. Math. Soc. vol. 
- 51 (1945) pp. 212-214. 


z 
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The Board of Trustees met on April 25, 1952 and voted to con- 
tinue, for the three year period beginning July 1, 1952, the $5.00 page 
rate now used in the computation of institutional dues. The Board 
also voted to increase the rate for the publication charge applicable 
to nonmember institutions from $5.00 to $10.00 per page. The cost of 
publishing contributed papers has advanced very rapidly. The $10.00 
rate just adopted does not fully cover the assembly cost and is less 
than one-half the full cost of publication. These rates were recon- 
sidered at this time in accordance with a recommendation of the 
Committee to Study Problems of Publication which was approved by 
the Council and the Board of Trustees in December, 1951. An an- 
nouncement concerning the charge for the publication of con- 
tributed papers credited to nonmember institutions was made on 
page 115 of the March issue of this Bulletin. This note revises the 
page rate stated in the announcement. 

The United States Naval Postgraduate School, which was founded 
in 1909 at Annapolis, Maryland, and until 1947 was a department of . 
the United States Naval Academy, has been moved to Monterey, 
California. 

Aseociate Professor A. L. Blakers of Lehigh University has been 
awarded The Alfred Noble Robinson Award for outstanding per- 
formance in the service of the University and unusual promise of pro- 
fessional achievement. ‘ 

Professor I. W. Burr of Purdue University received the Brumbaugh 
award of the American Society for Quality Control, May, 1951. 

Professor Richard Courant of New York University has been 
elected a foreign member of the Accademia Nazionale dei Lincei. 

Professor Einar Hille of Yale University has been elected to the 
Royal Swedish Academy of Sciences. 

Assistant Professor F. E. Hohn of the University of Illinois has 
received a Ford Foundation grant for the advancement of eee 
during 1951-52. 

Mr. M. A. Hyman of the Naval Ordnance Laboratory is a Ful- 
bright Scholar for the year 1951—52 and is at the Technische Hoge- 
school, Delft, Netherlands. 

Professor Nathan Jacobson of Yale University has a Fulbright 
Award and Guggenheim Fellowship and is studying in Paris for the 
academic year 1951—52. 

Mr. P. G. Kirmser of the Institute of Technology, University of 
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Minnesota, has a Fulbright Fellowship in Mathematics and is study- 
ing at the University of Amsterdam for the academic year 1951—52. 

Dr. W. G. Lister of Yale University has been awarded a Post- 
doctoral Atomic Energy Commission Fellowship. 

Dr. W. R. Orton of the University of Illinois has a Fulbright fel- 
lowship and is studying in Paris. i 

Professor George Pólya of Stanford University haa been elected 
an honorary member of the Board of the Mathematical Society of 
France. 

Assistant Professor I. E. Segal of the University of Chicago has a 
Guggenheim Fellowship and is studying at the Institute for Ad- 
vanced Study for the academic year 1951-52. 

Professor M. H. Stone of the University of Chicago, Visiting Lec- 
turer of the American Mathematical Society 1951-52, has been 
elected a member of the Academia Brasileira de Ciencias. 

Professor Oscar Zariski of Harvard University has been elected a 
member of the American Philosophical Society. He has also been 
elected a member of the Istituto Lombardo delle Scienze. 

Professor E. F. Beckenbach of the University of California, Los 
Angeles, is on leave of absence and has been appointed a member of ` 
the Institute for Advanced Study for the year 1951—52. 

Dr. Stefan Bergman of Harvard University has been appointed to 
a professorship at Stanford University. 

Dr. Archie Blake of the Mechanical Research Corporation has 
accepted a position as head of the International Business Machines 
Computing Section of the Cornell Aeronautical Laboratory, Buffalo, 
New York. ` 

Professor Richard Brauer of the University of Michigan has been 
appointed to a professorship at Harvard University. 

Mr. H. H. Brown of the Armour Research Foundation, Illinois 
Institute of Technology, has accepted a position as senior research 
engineer with the Franklin Institute Laboratories for Research and 
Development, Philadelphia, Pennsylvania. 

Assistant Professor R. E. Carr of Michigan State College has ac- 
cepted a position as research engineer with North American Avia- 
tion, Inc., Downey, California. 

Dr. P. F. Conrad of the University of Illinois has been appointed 
to an assistant professorship at Newcomb College, Tulane University 
of Louisiana. : 

Dr. G. F. Cramer of the Defense Department has accepted a posi- 
tion as engineer with R. C. A. Victor. 

Assistant Professor S. P. Diliberto of the University of California, 
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Berkeley, is on [oss of absence and has been appointed to'a Visiting 
assistant professorship at Princeton University. 

Professor F. C. Gentry of Arizona State College is on leave of 
absence and is teaching at the University of New Mexico for the 
academic year 1951—52. 

Dr. T. R. Greene of Carnegie Institute of Technology Mos ac- 
cepted a position as engineer with The General Electric Companys 
Schenectady, New York. 

Mr. S. G. Kneale of Harvard Univenity has accepted a position 
as mathematician with the Philco Corporation, Philadelphia, Penn- 
sylvania. 

Dr. Waclaw Kozakiewicz of the University of Montreal has been 
appointed to an associate professorship at McGill University. 

Professor E. P. Lane of the University ef Chicago has retired. 

Dr. R. A. Leibler of the Navy Department has accepted a posi- 
tion as mathematician with the Sandia Corporation, Albuquerque, , 
New Mexico. 

Dr. B. A. Lengyel of the Office of Naval Research has accepted a 
position as consultant with the Howard Hughes Aircraft Company, 
Culver City, California. 

Mr. O. T. McMillan of Michigan State College has accepted a 
position as research associate at the Willow Run Research Center, 
University of Michigan, Ypsilanti, Michigan. 

Mr. H. G. Mazurkiewicz of the Willow Run Research Center, Uni- 
versity of Michigan, has accepted a position as engineer with the 
Glenn L. Martin Company, Baltimore, Maryland. i 

Mr. R. E. Montgomery has accepted a position as a mathematical 
research analyst and staff member with the Sandia Corporation,. 
Albuquerque, New Mexico. 

Dr. J. D. Newburgh of the Institute for Advanced Study has been 
appointed to an assistant professorship at Tulane University of 
Louisiana. 

Mr. Adolf Nussbaum of Columbia University has accepted a posi- 
tion as staff member with the Electronic Computer Project, Institute 
for Advanced Study. 

Dr. I. S. Reed of Northrup Aircraft, Hawthorne, California, and 
the University of Southern California bas accepted a position on the 
D. I. C. Staff with the Massachusetts Institute of Technology. 

Professor C. N. Reynolds of West Virginia University has retired 

with the title emeritus. 

Professor G. E. F. Sherwood of the University of California, Los 
Angeles, has retired with the title emeritus. 
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Associate Profeseor J. L. Vanderslice of the University of Mary- 
‘land is.on leave of absence and has accepted a position as mathe- 
: matician with the Johns Hopkins Applied Physica Laboratory, Silver 

Spring, Maryland. 

Mr. Thirukkannapuram Viavatapbavan of the Ramanujan Insti- 
. tute of Mathematics has been appointed a visiting lecturer at the ' 

University of Chicago. 

Mr. R. F. Wheeling of Brown University has accepted a position 
as technologist with the Socony-Vacuum Oil CRI Paulsboro, 
New Jersey. 

Mr. Herman Zabronsky of the University of Pennsylvania has ; 
accepted a position as associate mathématician with Union Carbide, 
Oak Ridge, Tennessee. ` - 

The following promotions are announced: 

B. H. Arnold, Oregon State College, to an associate professorship. 

Clifford Bell, University of California, Los Angeles, to a professor- 
ship. 

W. M. Boothby; Northwestern University, i an assistant profes- 
sorship. 

B. W. Brewer, Oregon State College, to an associate professorship. 

Hermann Chernoff, University of Illinois, to an associate professor- 
ship. , 

L. A. Colquitt, Texas Christian University, to an associate pro- 
fessorship. 

F. D. Faulkner, United States Naval Postgraduate School, to an. 
associate professorship. 

J. B. Giever, Boston University, to an. assistant professorship. 

Michael Golomb, Purdue University, to a professorship. 

F. C. Leone, Case Institute of Technology, to an assistant pro- 
fessorship. ! 

Jakob "Levitzki, Hebrew University, to a professorship. 

Harry Levy, University of Illinois, to a professorship. 

A. B. Mewborn, United States Naval Postgraduate School, to a 
professorship. 

K. S. Miller, New York University, to an assistant professorship. 

Sam Perlis, Purdue University, to an associate professorship. 

R. M. Redheffer, University of California, Los Angeles, to an as- 
sistant professorship. 

' F. Virginia Rohde, University of Florida, to an assistant profes- 
sorship. : 

J. P. Scholz, Lebanon Valley College, to an associate professorship. 

H. E. Vaughan, University of Illinois, to an associate professorship. 
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The following appointments to instructorships are announced: 
Boston University: Dr. F. E. Browder; University of Detroit: Mr. B. 
V. Ritchie; Drexel Institute of Technology: Mr. J. S. Biggerstaff; 
Illinois Institute of Technology: Mr. Albert Soglin; University of 
Maryland: Mr. G. L. Spencer; University of Rochester: Mr. R. W. 
MacDowell; Northwestern University: Mr. W. E. Jenner, Mr. T. C. 
Littlejohn; Syracuse University: Dr. Jerome Blackman; Wayne 
University: Mr..C. H. Kraft, Mr. C. K. Tsao. 

Mr. E. M. DiDomenica of Drexel Institute of Technology died 
on October 5, 1951 at the age of forty-five years. 

Assistant Professor F. G. Graff of Oberlin College died on February 
22, 1952 at the age of forty years. . 

Mr. E. B. Fackler, Vice President and Actuary of The Western and 
Southern Life Insurance Company, died on January 8, 1952, at the 
age of seventy-two years. 

Professor Emeritus W. B. Fite of Columbia University died on 
March 1, 1952 at the age of eighty-two years. He had been a member 
of the Society for thirty-seven years. 

Professor V. S. Lawrence, Jr., of the Virginia Polytechnic Institute 
died on February 20, 1952 at the age of fifty-six years. He had been 
a member of the Society for twenty-one years. 

Professor Emeritus N. J. Lennes of Montana State University died 
on November 21, 1951 at the age of seventy-seven years. He had been 
a member of the Society for thirty-eight years. 

Dr. P. F. Neményi, of the Naval Research Laboratory, died on 
March 1, 1952 at the age of fifty-six years. 

The following two hundred and seventeen doctorates, with mathe- 
matics, mathematical physics, or statistics as a major subject, were 
conferred during 1951 in universities in the United States and Canada. 
The university, month in which degree was conferred, minor subjects, 
(other than mathematics), and title of the dissertation are given in 
each case if available. 

C. M. Ablow, Brown, June, Periurbaisons of free surface flows. 

O. R. Ainsworth, California, Berkeley, September, Theory of waves 
from a poini source $n one of two semi-infinite contiguous elastic media. 

M. I. Aissen, Stanford, September, Os the esttmation and compuia- 
tion of torstonal rigidity. 

N. C. Ankeny, Princeton, January, Consequences of the extended 
Riemann hypothests. 

Sholom Arzt, New York, May, On a mean value theorem for certain 
divisor functions taken over exponential sequences. 

D. G. Austin, Northwestern, June, Some Lipschitstan approxima- 
tions to differentiable and approximately differentiable functions. 
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W. G. Bade, California, Los Angeles, June, An operational calculus 
for operators with spectrum confined to a strip. 

‘J. H. Barrett, Texas, June, Ordinary differential equations of non- 
tniegral order. 

R. G. Bartle, Chicago, August, Singular points of funcivonal egua- 
tions. 

M. A. A. Bassam, Texas, June, Hólmgren-Rsess transform. 

R. H. Battin, Massachusetts Institute of Technology, June, minor 
in mechanical engineering, Investigation of oscillation in flows over 
curved surfaces. 

R. E. Bechhofer, Columbia, June, minor in statistical quality con- 
trol, The effect of preliminary tests of significance on the size and power 
of certain tests of unsvarsaie linear hypotheses. 

F. A. Beeler, Michigan, February, A study of the variation in the 
moments of a frequency distribution dus to grouping. 

L. D. Berkovitz, Chicago, August, I. Circular-summaisons and 
localizations of double trigonometric series. II. On double trigonometric 
tniegrals. III. On double Sturm-Liouville expansions. 

S. D. Bernardi, New York, May, On the coeficients of schlicht func- 
tions. 

D. W. Blackett, Princeton, October, Simple and semisimple near 
rings. 

Jerome Blackman, Cornell, June, minor in physics, Studies sm the 
heat equaiton. 

A. A. Blank, New York, January, The diffraction and reflection of 
pulses by wedges and corners. 

G. M. Bloom, Northwestern, June, On the total variation of solu- 
tions of the bounded vartation moment problem. 

Jean M. Boyer, Maryland, August, An arc problem. 

Fred Brafman, Michigan, February, Generating functtons of Jacobs 
and related polynomials. 

Paul Brock, New York, May, The nature of solutions of a Raleigh 
hype forced vibration equation with a large coefficient of damping. 

R. L. Broussard, Louisiana State, August, A necessary and sufficient 
condition thai a set be homeomorphic to a plane region bounded by a 
finie number of nonintersecting circles. 

R. H. Brown, Columbia, June, The solution of a certain difference 

~ equation with applications to probabtlsty. 

C. E. Burgess, Texas, June, Concerning continua and their comple- 
mentary domains $n the plane. 

L. P. Burton, North Carolina, June, Minimax solutions of ordinary 
differential systems. 


P 
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G. H. Butcher, Pennsylvania, February, An extension of ihe sum 
theorem of dimenston theory. 

P. L. Butzer, Toronto, October, minor in quantum mechanics, On 
Bernstein polynomials. 

Eugenio Calabi, Princeton, October, Isometric complex analytic 
embedding of Kahler manifolds. 

J. W. Carr, III, Massachusetts Institute of Technology, Septem- 
ber, minor in physics, D4rect method of solution of the Schrodinger 
eigenvalue problem by a high-speed digital computing machine. . 

H. H. Chang, Syracuse, January, Approximately analytic functions 
of bounded type and boundary behavior of solutions of ehiptic partial dif- 
ferential equattons. 

J. O. Chellevold, Lehigh, June, Singular quadratic functions for n 
dependent variables . 

L. P. H. Cheo, Orezon June, The density of the sum of sets of Gaus- 
sian integers. : 

G. Y. Cherlin, Rutgers, June, minor in logic, Bounds for ihe coeffi- 
ctents of some classes of odd mulisvaleni functions. 

Elsie T. Church, Kentucky, June, Inversion with respect to a cubic 
` of the sysygetic pencil. 

A. B. Clarke, Brown, June, On the representation of cardinal alge- 
bras by directed sums. 

W. J. Conner, Tulane, June, On locally closed sets. 

W. S. Connor, North Carolina, August, The structure of balanced 
incomplete block designs and the impossibility of certain unsymmetrical 
cases. 

. P. F. Conrad, Illinois, June, minor in philosophy, Imbedding theo- 
rems for Abelian groups with valuations. — . 

S. D. Conte, Michigan, February, Thin plate problem involoing bi- 
polar coordinates. ` 

J. M. Cook, Chicago, August, The mathematics of second quantisa- 
hon. 

Philip Cooperman, New York, January, An extenston of the method 
of Treffts for finding local bounds on the solutions and their dertoaitons 
of boundary value problems. 

C. W. Curtis, Yale, June, Addsitve ideal theory in general rings. 

M. L. Curtis, Michigan, February, Deformatton-free. continua in 
Euclidean n-space. 

Elizabeth H. Cuthill, Minnesota, December, minor in physics, 
Integrals on spaces of functions which are real and continuous on finste 
and infinite intercals. 

E. A. Davis, California, Berkeley, June, A dynamic economic theory. 
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R. B. Davis, Massachusetts Institute of Technology, June, minor in 

physice, Boundary value problem existence theorems for third order sems- 
nar partial differential equations. 

R. J. Diamond, California Institute of Technology, June, minor in 
physics, A type of pseudo-norm. 

V. E. Dietrich, Purdue, August, minor in physics, Some classifica- 
tions of projedive planes by incidence matrices. 

' Flora Dinkines, Chicago, August, Semi-automorphisms of groups. 

W. F. Donoghue, Jr., Wisconsin, August, minor in physics, The 
bounded closure of locally convex spaces. 

Leila A. Dragonette, Pennsylvania, June, Asymptotic formulae for 
the mock theta sertes of Ramanujan. 

Milton Drandell, California, Los Angeles, June, Generalised convex 
sets in the plane. 

G. F. D. Duff, Princeton, April, imida and rotated vector fields. 

D. G. Duncan, Michigan, February, Some results in Latilewood's 
algebra of S-funcitons. ; 

B. J. Eisenstadt, Michigan, June, The space of inessential continu- 
ous functions into the circle. 

R. L. Ely, Carnegie Institute of Technology, June, Forced vibra- 

` Bons of continuous beams under pulsating, moving loads. 

J. L. Ericksen, Indiana, September, minor in physics, Some geo- 
metrical problems connected with tdeal gas flows. 

G. W. Evans, New York, May, The motion of the interface 4n heat 
conduction problems involving recrystallization. 

R. L. Evans, Minnesota, June, minor in physical chemistry, Asymp- 
totic solutions in the neighborhood of a turning point for lynear ordinary 
differential equations containing a parameter. 

O. B. Faircloth, Texas, June, On the number of solutions of some 
general iypes of equations in a finite field. 

A. L. Fass, Columbia, June, Homology and cohomology of algebras. 

J. M. G. Fell, California, Berkeley, January, On L-spaces. 

J. V. Finch, Chicago, June, On Banach spaces with inner products. 

Robert Finn, Syracuse, June, On some properties of the solutions of a 
class of non-linear partial differential equations. 

W. H. Fleming, Wisconsin, August, Boundary and related notions 
for generalised parameiric surfaces. 

A. E. Foster, Kentucky, August, A generalised RORORN conjugate 
for commutatie algebras. 

L. K. Frazer, Indiana, June, minor in physics, pee 
families of linear line complexes. 
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M. S. Friberg, Minnesota, June, minor in physics, A method for 
the effecitoe determination of conformal maps. 

D. R. Fulkerson, Wisconsin, January, Quast-Hermite forms of row- 
finite matrices. 

J. W. Gaddum, Missouri, August, Metric methods in integral and 
differenital geometry. 

M. P. Gaffney, Jr., Chicago, June, The harmonic operator for ex- 
terior differential forms. 

Dieter Gaier, Rochester, November, minor in physics, Om some 
Taubersan theorems. 

Leonard Geller, Massachusetts Institute of Technology, June, 
minor in English and -history, Absolute convergence of Lebesgue- 
Stielijes trigonometric integrals. 

Harvey Gellman, Toronto, October, minor in nuclear physica, 
Computation of the magnetic field produced by a moving liquid. 

Murray Gerstenhaber, Chicago, June, Rings of derivations. 

Sister M. Seraphim Gibbons, Minnesota, June, minor in physics, A 
solution by eration of the integral equations connected with the Dirichlet 
and Neumann problems in three dimensions. 

W. M. Gilbert, Princeton, June, Completely monotonic functions of 
several variables. 

I. L. Glicksberg, California, Los Angeles, June, Cesaro summation 
in harmonic analysts on groups. 

S. I. Goldberg, Toronto, October, minor in quantum mechanics, 
Cohomology Lie algebras and Lie groups. 

L. A. Goodman, Princeton, October, The esiimation of population 
size using sequential sampling tagging methods. 

C. H. Gordon, Massachusetts Institute of Technology, September, 
minor in physics, Tunnel wall effects for non-uniform two dimensional 
motson of thin asrfosis in incompresssble flow. 

R. P. Gosselin, Chicago, August, The theory of localisation for double 
trigonometric series. 

T. R. Greene, Carnegie Institute of Technology, June, Water waves 
in channels of infinite depth. 

E. V. Greer, Oklahoma, June, minar in physics, A theorem on planar 
transformaitons. 

W. T. Guy, California Institute of Technology, June, minor in 
physics, Contributions to tensor analysts. 

Violet B. Haas, Massachusetts Institute of Technology, June, 
minor in physics, Singular perturbations of an ordinary differenisal 
equation. 

Melvin Hausuer, Princeton, June, Dsrichlet's jeincipls and gen- 
eralssed boundary values. 
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Nickolas Heerema, Tennessee, August, An algebra determined by a 
binary cubic form. 

L. J. Heider, Michigan, June, Charactertzattons of continuous func- 
tion Banach spaces. 

Henry Helson, Harvard, March, Fourier transforms and spectral 

' synthesis on locally compact Abelian groups. 

Melvin Henriksen, Wisconsin, August, On the ideal structure of the 
ring of entire functions and other function rings. 

R. T. Herbst, Duke, June, minor in physics, Reduction of passive . 
orthonormic differential systems to passsve systems of the first order. 

B. E. Howard, Illinois, June, minor in electrical engineering, Hydro- 
dynamic properties of an electron gas. 

Burrowes Hunt, Colorado, August, minors in physics and philos- 
ophy, Parameters determining the numbers of solutions of certain con- 
gruences or equations in a finte field. 7 

E. R. Immel, California, Los Angeles, June, Problems of estimation 
and of hypothests testing connected with birth-and-death Markov 
processes. 

B. M. Ingersoll, Syracuse, June, On a problem of Cauchy type for 
linear hyperbolic equations. 

J. S. Isenberg, Brown, June, I. On some problems in three-dimen- 
sional boundary layer flow. II. Supersonic flow past a solid body—two- 
dimenstonal case. 

H. W. Ito, Minnesota, August, minor in mechanics, On conjugate 
functions. Í 

W. W. Jacobs, George Washington, May, Random mairices. 

G. B. Kallianpur, North Carolina, August, aoni topics in the theory 
of stochastic processes. 

E. L. Kaplan, Princeton, January, Infinte permutations of sta- 
tionary random sequences. 

` Josef Kates, Toronto, October, minor in quantum electrodynamics, 
Space change effects in cathode ray storage tubes. 

Stanley Katz, New York, February, On the representation of power 
free integrals by a system of polynomials. . 

J. W. Keesee, Tulane, June, Cohomology groups of a collection. 

E. P. King, Carnegie Institute of Technology, June, The operating 
characterssitc of the control chari for sample m means when process stand- 
ards are unspecified. 

J. R. Kinney, Illinois, June, minor in physics, Continusty properties 
of sample functions of Markov processes. 

George Klein, Chicago, August, On the approximation of funcions 
by polynomials. 

Erwin Kleinfeld, Wisconsin, June, AHernaiive rings. 
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J. R. Knudsen, New York, May, A study of effects of viscosity and 
heat conducisoity on ihe transmtsston of sound waves in a compressible 

` fluid. 

L. D. Kovach, Purdue, es On elementary nilpotent algebras. 

K. H. Kramer, Carnegie Institute of Technology, June, The dis- 
tribution of range $n compositions of normal wnstoerses. 

S. A. Kushneriuk, Toronto, June, minor in quantum mechanics, 
Central and tensor forces in the scattering of protons by protons. 

J. M. A. L’Abbé, Princeton, June, Systems of transfinsie types sn- 
volving s-conversion. 

R J. Lambert, Iowa State, July, minor in physics, Extension of 
‘normal theory to general matrices. 

N. D. Lane, Toronto, October, minor in quantum mechanics, A 
symmetric proof of the Riemann-Roch theorem and related properties. 

S. R. Lang, Princeton, June, On quasi algebraic closure. 

G. E. Latta, California Institute of Technology, June, minor in 
aeronautics, Singular perturbation problems. 

G. F. Leger, Illinois, June, minor in physics, On cohomology diis 
for Lse algebras. 

Norman Levine, Ohio State, August, Absolutely continuous Sida 
transformations in the plane. 

W. G. Lister, Yale, June, A structure theory of Lie triple systems. 

A. J. Lohwater, Rochester, June, minor in physics, The inia 
values of a class of analytic functions. 

A. R. Lovaglia, California, Berkeley, Spron Locally PETEA 
convex Banach spaces. _ 

J. R. Lurye, New York; May, Pema reflection and irans- 
‘misston matrices of a continuously straisfied anssolroptc medium by 
variational technique. 

John McCarthy, Princeton, June, Projeciton operators and pora 
differential eguaiions. 

J. S. MacNerney, Texas, June, Continued fractions in which the 
elements are operators tn a linear space. 

Paul Mandl, Toronto, October, minor in atomic gad zfeculis 
spectra, Transiion through a weak shock front. 

W. H. Marlow, Iowa, February, On limis of phalanxes. 

George Marsaglia, Ohio State, March, Stochastic processes and 
classes of random vartables. ] 

J. E. Maxfield, Oregon, June, Normal numbers in k dimensions. 

Margaret W. Maxfield, Oregon, June, Ferma?’ s theorem for matrices 
over a modular ring. 

Paul Meier, Princeton, October, Wesgkied means and lattice designs. 


z 
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D. M. Merriell, Chicago, June, On almost alternative flexible algebras. 

E. A. Michael, Chicago, August, Locally m-convex algebras. 

P. T. Mielke, Purdue, June, minor in engineering mechanics, 
Improper sniegrals $n abstract spaces. 

Joseph Milkman, New York, May, Hermste polynomials, Hermite 
functtonals and thesr integrals $n real Hilbert space. 

C. E. Miller, Chicago, June, The topology of rotation groups., 

W. G. Miller, Florida, August, minor in economics, The mathe- 
matics of production and consumption in a static economy. 

B. E. Mitchell, Wisconsin, August, Some properites of matrices 
under untiary transformation. 

Don Mittleman, Columbia, June, The untons of irajectorial series 
of lineal elements generated by the plane motion of a rigid body. 

R. W. Moller, Catholic University, June, minors in physics and 
philosophy, Symmetric functions of the numbers belonging to a divisor 
of p—1 where p ts a prime. 

W. K. Moore, Kansas, June, minor in physics, The characteriza- 
tions of a class of transformaitons and of a class of differenistable func- 
tions. 

Cathleen S. Morawetz, New York, February, Contracting spherical 
shocks treated by a perturbation method. 

Sister M. Jesse Morrison, Catholic University, June, minors in 
physics and education, Magic rectangles modulo m. 

R. B. Murphy, Princeton, October, On tests for outlying observa- 

G. G. Murray, Jr., Harvard, June, Measures in Boolean algebras. 

William Nachbar, Brown, June, Insttal motion problems $n di 
sirain of a plasttc-rigid material. 

G. G. O'Brien, Maryland, June, Theorems on stability and con- 
vergence in numerical solutions of partial dsffereniial equations. 

H. W. Oliver, Chicago, August, Differential properties of real func- 
tions. i 

Ingram Olkin, North Carolina, June, On distribution problems in 
myulisvariate analysis. 

Barrett O'Neill, Massachusetts Institute of Technology, Septem- 
ber, minor in English and history, Some fixed point theorems. 

Daniel Orloff, Chicago, June, Invariant measures. 

W. R. Orton, Jr., Hlinois, June, Representatsan of functions of a 
complex variable and related integral equations. 

D. B. Owen, University of Washington, March, A two sample test 
procedure. 
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W. D. Peeples, Jr., Georgia, June, EllspHc curves and rational dis- 
tance sets. 

M. P. Peisakoff, Princeton, October, Transformation parameters. 

G. O. Peters, Georgia, August, Bernoulls polynomials of the second 
kind of higher order. Euler polynomials of the second kind of first and 
higher orders. Boole polynomials of the first and second kinds of higher 
order. Bernoullis, Euler, and Boole series and functions of negatie 
degree. 

G. M. Petersen, Toronto, June, minor in quantum mechanics, 
Methods of summation of divergent series and means of Fourier con- 
stants. 

W. A. Pierce, Harvard, March, Extenstbslsty foundations of Euclid- 
ean, hyperbolic, and spherical geometry in the plane. 

F. A. E. Pirani, Carnegie Institute of Technology, June, Os the 
quantisation of the gravitational field of general relatsosty. 

F. V. Pohle, New York, January, The Lagrangian equations of 
hydrodynamics: Solutions whitch are analytic functions of the ime. 

H. O. Pollak, Harvard, June, Some estimates for the extremal dis- 
tance. 

Ruth L. Potter, Washington University, May, Oscsllation and 
boundedness of solutions of a second-order linear differential equation. 

F. P. Pu, Syracuse, January, Some inequalities in certain non-orieni- 
able Riemannian manifolds. 

Philip Rabinowitz, Pennsylvania, June, Normal coverings and uni- 
form spaces. 

K. G. Ramanathan, Princeton, June, The theory of unts of quadratic 
and Hermitian forms. 

R. F. Reeves, Iowa State, June, minor in physics, Force fields 4n 
which centers of gravity can be defined. 

Daniel Resch, Syracuse, January, Some Baecklund transformations 
of partial differential equations of second order. 

T. L. Reynolds, North Carolina, June, On ihe 4mpossibilsiy of an 
odd perfect number noi dsvisible by five with six different prime divisors. 

D. D. Rippe, Michigan, June, Statistical rank and sampling varta- 
Hon of the results of factorization of covariance matrices. 

G. B. Robison, Cornell, September, minor in education, Invartant 
tntegrals over a Banach space. 

R. L. Roderick, Brown, June, I. On the measurement of ultrasonic 
attenuation in solids by the pulse technique and some results in steel. 
II. The radiaiton pattern from a rotationally symmetric stress source on 
a semi-infinite solid. 
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I. H. Rose, Harvard, June, On the cohomology theory of associative 
algebras. 

I. A. Rosenberg, Chicago, August, Subrings of simple rings with 
minimal ideals. 

H. L. Royden, Jr., Harvard, June, Harmonic functions on open 
Riemann surfaces. 

J. H. Sampson, Princeton, June, The Dirichlet problem in the large. 

James Sanders, Syracuse, June, Some classes of partial differential 
equations of the fourth order. 

W. K. Saunders, California, Berkeley, July, Existence of the solution 
of the exterior problem of the electromagnetic field. 

J. W. Sawyer, Missouri, August, A study of metric torsion. 

Albert Schild, Pennsylvania, February, On a problem in conformal 
mapping of schlicht functions. 

L. L. Scott, Illinois, October, Finite metabelian groups and planes of 
Zu. 

Raymond Sedney, Carnegie Institute of Technology, June, On the 
hydrodynamical theory of lubrication. I. The Reynolds lubrication equa- 
Hon with smooth outflow. II. The finste length journal bearing with high 
eccentricity. 

J. B. Serrin, Jr., Indiana, June, minor in plialcs: The existence and 
uniqueness of flows soloing four free boundary problems. 

B. W. Shaffer, Brown, June, Analysts of chip formation in the turn- 
ing operation. 

J. A. Silva, Duke, June, minor in physics, Representation of arsth- 
metic functions in GF |p*, x] with values in an arbitrary field. 

Maurice Sion, California, Berkeley, June, On the existence of func- 

htons having given partial derivatives on Whiiney's curve. 
K. T. Smith, Wisconsin, August, The L-B topology tn locally convex 
s ; ` 
L. J. Snell, Illinois, October, minor in physics, Applications of 
martingale system theorems. . 

Milton Sobel, Columbia, January, An essentially complete class of 
decision functions for certain standard. sequential problems. 

S. M. Spencer, Jr., Duke, June, minor in philosophy, Trans- 
cendental numbers over certain function fields. 

J. P. Stanley, Toronto, June, The theory of propagation of very long 
radio waves 4n ihe sonosphere. 

M. L. Stein, California, Los Angeles, January, On methods for ob- 
taining solutions of fixed end point problems in the calculus of varia- 
tions. 
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Fritz Steinhardt, Columbia, June, Os distance functions and on 
polar series of convex bodses. 

R. L. Sternberg, Northwestern, June, Non-osctllation theorems for 
systems of differential equations. 

R. A. Struble, Notre Dame, June, Meiric and measure in locally 
compact groups. 

R. B. Talmadge, California Institute of Technology, June, minor 
in physics, The representation of Batre funcitons. 

W. F. Taylor, California, Berkeley, January, On tesis of hypotheses 
and best asymptotically normal estimates related io certain biological 
tests. 

M. E. Terry, North Carolina, June, Some rank order tesis which are 
most powerful against specific parametric alternatsves. 

J. E. Thompson, Minnesota, June, minor in mechanics, Studses of 
the behavior of the mapping function on the boundary in conformal | 
mapping. 

J. A. Tierney, Maryland, June, As approximation to transonic flow 
of a polytropic gas. 

F. H. Tingey, University of Washington, August, minor in meteor- 
ology, Extension of Kolmogoroff staitstic to more than one dimension. 

S. H. Tsao, Michigan, February, On groups of order gm pg. 

G. E. Uhrich, University of Washington, December, minor in 
physics, On the solutions of systems of generalised hyperbolic differential 
equations. 

Bethume Vanderburg, Chicago, August, Linear combinations of 

: Hausdorff summability methods. 
. D. E. Van Tijn, Indiana, June, minor in physics, An interpretation 
for free variables. 

H. C. Volkin, Carnegie Institute of Technology, June, Rotating 
and accelerated reference systems, ` 

D. H. Wagner, Brown, June, On free products of groups. 

J. H. Wahab, North Carolina, June, Some new cases of irreducibility 
for Legendre polynomials. 

A. M. Wedel, Iowa State, July, minor in physics, Volterra trans- 
forms of some hypergeometric series. 

L. M. Weiner, Chicago, August, Lie admissible algebras. 

Harold Weintraub, Harvard, June, Borel monogentc functions. 

H. J. Weiss, Carnegie Institute of Technology, June, Siructural 
stability of thin-walled open secitons. 

John Wermer, Harvard, June, On the harmonic analysts of certain 


+ groups and semigroups of operators. 
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R. A. Woraing, Iowa State, djs: minor in physics, Integral equa- 
Hon solutions of elastic plate problems. 

Arthur Wouk, Johns Hopkins, June, Difference equations and J- 
matrices. 

J. B. Wright, Michigan, February, Metaprojective geometry. ` 

F.'H. Young, Oregon, June, A matrix transformation of Fourter 
coeficients. 

The following four doctorates were conferred in 1950, but were 
not included in the list in the preceding volume of this BULLETIN 
_ (vol. 57, pp. 211-219). 

Geraldine A. Coon, Rochester, November, minor in physics, The 
double Laplace transform and tis application to partial differentsal 
equattons. f 

L. E. Moses, Stanford, September, An tlerative construction of the 
optimum sequential decision procedure when the cosi function ts linear. 

C. J. Pipes, Oklahoma, August, minor in physics, Propertses of sets 
and functions relative to exceptional sets. 

W. A. Rutledge, Tennessee, August, The Hurwits integral qua- 
terntons as a principal ideal domain. 
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ARTIN, E. Algebraic sumbers and algebraic functions. I. New York, Institute for 
Mathematics and Mechanics, New York University, 1951. 2+5+345+5 pp. 
$3.50. 

BzNac, T. J. See WAISMANN, F. 

BrEBERBACH, L. Einführung in dis Funhisoneniheoris. 2d ed. Bielefeld, Verlag ftr 

_ Wissenschaft und Fachbuch, 1952. 12.60 DM. 

Bmrmovit, A. Racionalna mehanika. II. Mehanika sistema. Belgrade, Naučna 
Knjiga, 1951. 74-405 pp. 

Buer, J. C. Ths Lebesgue s2iegral. (Cambridge Tracts in Mathematics and Mathe- 
matical Physics, no. 40.) Cambridge University Press, 1951. 8+87 pp. 12 s. 6 d. 

CARNAP, R. The continuum of inducitso methods. University of Chicago Prese, 1952. 
54-92 pp. $3.50. 

CARRIER, G. F. See Foundations, acrodynamsics of high speed. 

CARTAN, É. Leçons sur la géométrie des espaces de Riemann. 2d ed. Paris, Gauthier- 
Villars, 1951. 8+378 pp. 1800 fr. 

Crpyinv, P. L. Ponos sobranie sotinenst P. L. Cebyševa. Vol. 5. Protie sotinentya. 
Biografiteshis materialy. Moscow, Izdatelstvo Akademii Nauk SSSR, 1951. 474 
pp., 1 plate. 

Curry, H. B. Leçons de logique algébrique. Paris, Gauthier-Villare, 1952. 163 pp. 
1600 fr. 

Doic, P. A concise history of astronomy. New York, Philosophical Library, 1951. 
114-320 pp. $4.75. 

DorrMan, R. Appication of linear programmeng to the theory of the firm, including aw 
analysis of monopolistic firms by non-linear programming. Berkeley, University of, 
California Press, 1951. 9+98 pp. $3.50. 

Dorrik, H. Esnfukrung in die Funktionentheoris. Munich, Oldenbourg, 1951. 559 pp. 
48 DM. 

Dorrie, H. Unendkchs Reshen. Munich, Oldenbourg, 1951. 114-725 pp. 58 DM. 

EINSTEIN, A. See Lorentz, H. A. 

Foundations, aerodynamics of high speed. With a bibliography compiled by G. F. 
Carrier. New York, Dover, 1951. 10-1-286 pp. $3.50. 

GILLESPIE, R P. Partial differentiation. New York, Interscience, 1951. 84-107 pp. 
$1.95. 

GoopsrEIN, R. L. Constructive formalism. Essays om the foundations of mathematics. 
Leicester, University College, 1951. 91 pp. 15 s. 

GuourzECHT, R. O., and Strgecgvicg, C. M. Tables of functions of first and second 
parkal derivatives of Legendre polynomials. Ann Arbor, Engineering Research 
Institute, University of Michigan, 1951. 124-310 pp. $3.50. 

Guarzzcur, R. O., and Stmpcevicu, C. M. Tables of kghi-scaitering functions for 
Spherical particles. Ann Arbor, Engineering Research Institute, University of 
Michigan, 1951. 15-++574 pp. $6.50. 

GuurRECHT, R. O., and SLEPCEVICH, C. M. Tables of Riccati Bessel functions for 
large arguments and orders. Ann Arbor, Engineering Research Institute, Univer- 
sity of Michigan, 1951. 164-260 pp. $3.50. 

Honce, W. V. D., and Penor, D. Methods of algebraic geometry. Vol. 2. Cambridge 
University Press, 1951. 9+387 pp. 

JAEGER, J. C. An tatroduction io apphed mathematics. Oxford, Clarendon, 1951. 
13-4445 pp. $7.00. 
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` JEFFERY, G. B. See Lorentz, H. A. 

KEKPTHORNE, O. The design and analysis of experiments. New York, Wiley, 1952. 
194-631 pp. $8.50. 

LANDAU, L., and Lirkic, E. Stasintteskaya fisika (Massizeskayya. i keasiovaya). Mom ° 
cow, Gosudarstvennoe Izdatel'stvo Tehniko-Teoreticeskoi Literatury, 1951. 479 
pp. 14.75 rubles. 

Lirkic, E. See LANDAU, L. 

Lonaczvaxit, N.I. Polnos sobrasie sotinenst. Vol. 3. Sotineniya po geometrii. Moscow, 
Gosudarstvennoe Irdatel'stvo Tehniko-Teoreticeskoi Literatury, 1951. 535 pp., 
2 plates. 

Lorentz, H. A., EiNsTEIN, A Momowsx, H., and WEYL, H. The principle af rela- 
Wvity. A collection of original memoirs on the special and general theory of rela- 
tivity. With notes by A. Sommerfeld. Trans. by W. Perrett and G. B. Jeffery. 
New York, Dover, n.d. 8+216 pp. $3.50. 

Ldscu, F., and ScHoBum, F. Die Fabulist (Gammafunktion) und verwandis Funk- 
ionen mat besonderer. Boruchsicktigung ihrer Anwendungen. Leipzig, Teubner, 
1951. 6+205 pp. $4.03. 

MAXWELL, J. C. Matter and motion. New York, Dover, n.d. 13+163 pp., 1 plate. 
$2.50. 

MiNxowsxi, H. See Lorentz, H. A. 

MuzNAGHAN, F. D. Finite deformation of as elastic solid. New York, Wiley, 1951. 
5+140 pp. $4.00. 

‘Newari Z. Conformal mapping. New York, McGraw-Hill, 1952. 843-396 pp. $7.50. 

Newman, M. H. A. Elemenis of the topology of plane seis of points. 2d ed. Cambridge 
University Pres, 1951. 7-214 pp. $4.75. 

Owner, Y. Metafumh puur ve maiematih-metajisih [hakkinda]. Istanbul, Ates, 1951. 
80 pp. 

Penor, D. See Hopes, W. V. D. 

| PzxxETT, W. See Lorentz, H. A. 

Proceedings of the International Congress of Mathematicians, Cambridge, Mass., 1950. 
Providence, American Mathematical Society, 1952. Vol. 1, 64-769 pp. Vol. 2, 
44-461 pp. $15.00. 

Quine, W. V. O. Mathemasical logic. Rev. ed. Cambridge, Harvard University Press, 
1951. 12+346 pp. $4.75. 

Reperiorio d$ matematichs. Ed. by M. Villa. Padova, Cedam, 1951. 18-+731 pp. 5000 
lire. 


Rios, S. Introduccion a los meiodos estadtsticos. I. Madrid, Diez, 1951. 205 pp. 60 
pesetas. 

ROBINSON, A. On ths metamathemaskcs of algebra. Amsterdam, North-Holland, 1951. 
9+195 pp. 18.00 florins. ` 

VON SANDEN, R. Praktische Mathematik. Lands. Teubner, 1951. 120 pp. 

Saunmg, R. Einfuhrung $n dis theoretische Gasdynassik. 2d ed. Berlin, Springer, 1951. 
8--174 pp. 

ScagoBLIx, F. See Lösca, F. 

Scorza DRAGONI, G. See SEVERI, F. 

Selections tllustrating the history of Gresk mathematics. With an English translation 
"by I. Thomas. Vol. 1. From Thales io Euchd. Vol. 2, From Aristarchus to Pappus. 
Cambridge, Harvard Univesity. Press, 1951. Vol. 1, 164-505 pp. Vol. 2, 10--683 
pP. x 

Seven, F., and Scorza Dracont, G. Lesions ds anahisi. Vol. 3. Equasioni differensialé 
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ordinaris e loro sistem, problemi al contorno relitiet, serie trigonometriche, applica- 
sioni peomeiriche. Bologna, Zuffi, 1951. 6+255 pp. 

Surepcevicu, C. M. See Gumprecart, R. O. 

SowMERFELD, A. See Lorentz, H. A. 

Fables of He C6) facon nd on AT RR MEER By the Staff of the Com- 
putation Laboratory. Cambridge, Harvard University Press, 1952. 28+276 pp. 
$8.00. 

Tarma, A. A decision method for elementary algebra and geometry. 2d ed. Berkeley, 
University of California Press, 1951. 3463 pp. $2.75. 

The theory of electromagnetic waves. A symposium held under the auspices of the Wash- 
ington Square College of Arts and Science and the Institute for Mathematics and 
Mechanics of New York University and the Geophysical Research Directorate of 
the Air Force Cambridge Research Laboratories, June 6-8, 1950. New York, 
Interscience, 1951. 8+393 pp. $6.50. 

Tuomas, I. See Selections illustrating the history of Groek mathematics. 

Virtua, M. Seo Reperiorio di matematichs: 

WAISMANN, F. Introduction lo mathematical thinking. The formation of concepis in 
modern mathematics. Trans. by T. J. Benac. New York, Ungar, 1951. 11++260 pp. 
$4.50. ' 

Wey, H. See Lorentz, H. A. 

WuHrrTAKEZ, E. A history af the theories af aether and electricity. Vol. 1. The classical 
theories. New York, Philosophical Library, 1951. 144-434 pp. $12.00. 
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THE APRIL MEETING IN NEW YORK 


The four hundred seventy-ninth meeting of the ‘American Mathe" 
matical Society was held at Columbia University, New York City, on 
Friday and Saturday, April 25-26, 1952. The meeting was attended 
by aboüt 225 persons, including the following 207 members of the, 
Sodiety: 


C. R. Adams, M. I. inte: Alber A SA Waren Rie RD: 
Anderson, R. L. Anderson, Joseph Andrushkiw, R.'G. Archibald, Sholom Arzt, 
Joshua Barlaz, J. H. Barrett, R. G. Bartle, W. R. Baum, Enrique Bayo, R. J. Beeber, 
E. G. Beglé, Stefan Bergman, S. D. Bernardi, Lipman Bers, D. W. Blackett, Jerome 
Blackman, A. L. Blakers, J, H. Blau, I. E. Block, H. W. Bode, Samuel Borofaky, 
E. H. Boyle, J. L. Bricker, H. W. Brinkmann, F. E. Browder, A. B. Brown, Bailey 
Brown, R. G. Brown, R. H. Brown, D. W.- Bushaw, Jewell H. Bushey, Eugenio 
Calabi, P. W. Carruth, Y. W. Chen, F. E. Clark, E. A. Coddington, L. W. Cohen, 
R. M. Cohn, Philip Cooperman, T. F. Cope, Richard Courant, A. B. Cunningham, 
M. L. Curtis, R. B. Davis, C. R. DePrima, Avron Douglis, D. M. Dribin, Nelson 
Dunford, Samuel Eilenberg, C. C. Elgot, M. P. Epstein, M. E. Estill, R. M. Exner, 
A. L. Fase, J. M. Feld, William Feller, R. M. Foster, L. G. Fourès, J. B. Freier, 
Gerald Freilich, Bernard Friedman, Orrin Frink, I. S. Gál, A. S. Galbraith, David 
Gale, G. N. Garrison, B. H. Gere, Abolghassem Ghaffari, H. A. Giddings, B. P. Gill, 
_ Leonard Gillman, Samuel Goldberg, J. K. Goldhaber, J. W. Green, L. W. Green, 

Emil Groeswald, Felix Marshall Hall, Jr., Carl Hammer, Harish-Chandra, 
F. S. Hawthorne, E. V. Haynsworth, K. E. Hazard, C. M. Hebbert, G. A. Hedlund, 
M. H. Heins, Einar Hille, Banesh Hoffmann, L. A. Hostinsky, J. L. Howell, C. C. 
Heiung, L. C. Hutchinson, Eugene Isaacson, W. S. Jardetzky, Fritz John, M. L. 
Juncosa, Shizuo Kakutani, Aidá Kalish, Hyman Kamel, J. F. Kiefer, H. S. Kieval, 
J. W. Kitchens, George Klein, E. R. Kolchin, B. O. Koopman, Jack Kotik, P. G. 
Kvick, R. H. Kyle, A. W. Landers, C. W. Langley, Solomon Leader, Joseph Lehner, ` 
Benjamin Lepeon, M. E. Levenson, Howard Levi, D. C. Lewis, E. R. Lorch, Eugene 
Lukacs, N. H. McCoy, Brockway McMillan, L. A. MacColl, G. W. Mackey, H. M.: 
MacNeille, Wilhelm Magnus, Irwin Mann, A. J. Maria, M. H. Maria, L. F. Markus, 
W. T. Martin, A. N. Milgram, K. S. Miller, Don Mittleman, E: E. Moise, E. F. 
Moore, Marston Morse, W. J. Nemerever, D. J. Newman, I. L. Novak, F. G. O'Brien, 
A. M. Ostrowski, J. C. Oxtoby, A. J. Penico, I. D. Peters, R. M. Peters, E. L. Post, 
Walter Prenowitz, W. W. Proctor, M. H. Protter, H. W. Raudenbush, G. E. Raynor, 
Helene Reschovsky, Moses Richardson, J. H. Roberts, M. S. Robertson, S. L. Robin- 
son, David Rosen, Maxwell Rosenlicht, H..D. Ruderman, Walter Rudin, J. P. 
Russell, Jacob Semoloff, Arthur Serd, A. T. Schafer, R. D. Schafer, J. A. Schatz, 
Abraham Schwartz, I. E. Segal, D. B. Shaffer, Daniel Shanks, H. N. Shapiro, I. M. 
Sheffer, K. M. Siegel, Annette Sinclair, I. M. Singer, James Singer, J. J. Sopka, G. Y. 
Soenow, S. K. B. Stein, C. F. Stephens, R. L. Sternberg, F. M. Stewart, Walter Strodt, 
R. L. Swain, R. L. Taylor, J. M. Thomas, M. L. Tomber, A. W. Tucker, Annita 
Tuller, A. H. Van Tuyl, B. W. Volkmann, H. V. Waldinger, G. C. Webber, J. V. 
Wehausen, H. F. Weinberger, Alexander Weinstein, David Wellinger, Franc Wert- 
heimer, Albert Wilandky, Arthur Wouk, J. A. Zilber, Leo Zippih. : 


At a general session on Friday Professor Marston Morse of the 
‘Institute for Advanced Study delivered an invited address on The 
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generalized Fréchet variation and theorems of Riess- Young-Hausdorjf 
type. Professor Nelson Dunford presided. An invited address on 
Galots theory of differential fields was delivered at a general session 
on Saturday by Professor E. R. Kolchin of Columbia University. 
Professor Orrin Frink presided. 

The sessions for contributed papers on Friday were presided over 
by Professors Lipman Bers and Marshall Hall, Jr. Professor Einar 
Hille, D. C. Lewis, N. H. McCoy, and Arthur Sard presided over the 
sessions on Saturday. 

The Trustees met at the Faculty Club at 6:00 ».. on April 25. 

The Council met at the Faculty Club at 8:00 p.m. on April 25. 

The Secretary announced the election of the following one-hundred 
eleven persons to ordinary membership in the society: 


Dr. Allan George Anderson, Instructor, Oberlin College; 

Sister Madeleine Rose Ashton, President, College of the Holy Names, Oakland, 
California; 

Mr. Stanley Edward Asplund, Teaching Fellow, Cornell University; 

Miss Phyllis Hunt Belisle, Instructor, Bennett Junior College, Millbrook, New York; 

Mr. Charles Bernard Bell, Jr., Research Laboratory Analyst, Douglas Aircraft Com- 
pany, Inc., Santa Monica, California; 

Mr. James Clyde Bradford, North Texas State College, Denton, Texas; 

Mr. Wallace Franklin Branham, Mathematician, Long Range Proving Ground, 
Cocoa, Florida; 

Mr. Frederick Arnold Brown, Chief, Computers Branch, T. T. D., Headquarters Air 
Force Missile Test Center, Melbourne, Florida; 

Asaistant Professor John Lawrence Brown, Jr., Pennsylvania State College; 

Mr. Robert Eugene Bryan, Assistant in Instruction, Yale University; 

Mr. Roger Thomas Businger, Chemical Engineer, Pittsburgh Plate Glass Company, 
Pittsburgh, Pennsylvania; 

Mr. Paul Leo Buteer, Research Assistant, University of Toronto; 

` Mr. Jean-Francois Canu, Mathematician, U. S. Naval Proving Ground, Dahlgren, 
Virginia ; 

Mr. John W. Caulder, Assistant Director, Mech. Test Laboratory, Wright Field, 
Dayton, Ohio; 

Mr. Wayne Hwa-wel Chen, Pre-doctoral Associate, University of Washington; 

^ Mr. Heron Sherwood Collins, Teaching Fellow, Tulane University; 

Mr. Virgil Lee Collins, State Teachers College, Troy, Alabama; 

Mr. James Vernon Davis, Research Engineer, Fuller Brush Company, and Instructor, 
Hillyer College, Hartford, Connecticut; 

Mr. Julian Leonard Davis, Associate Staff Member, Institute for Cooperative Re- 
search, Johns Hopkins University; 

Mr. Eugene DeArmand, Instructor, East Central Junior College, Decatur, 'Missis- 
sippi; 

Mr: Richard Clyde DePrima, Assistant Research Mathematician, Carnegie Institute 
of Technology; 

Dr. George Francis Denton Duff, C. L. E. Moore Instructor, Massachusetts Insti- 
tute of Technology; 

Mr. Donald W. Dubois, Research Fellow, University of Oklahoma; 
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Mr. Robert L. Duncan, Research Assistant, Ordnance Research Laboratory, State 
College, Pennsylvania; 

Mr. John Phillip Dunnett, U. S. Army in Korea, APO 248, c/o Postmaster, San Fran- 
cisco, California; 

Mr. Jack Gresham Elliott, Aseistant, Michigan State College; 

Mr. Eugene Rhodes Epperson, Instructor, Miami University; 

Mr. John B. Escarda, Instructor, Silliman University, Philippines; 

Mr. Michael Angelo Famiglietti, Mathematician, Ballistic Research Laboratories, 
Aberdeen Proving Ground, Maryland; 

Mr. George Franklin Feeman, Graduate Aseistant, Lehigh University; 

Mr. William Robert Ferrante, Brown University; 

Assistant Profeseor Raymond Ira Fields, Speed Scientific School, University of 
Louisville; m 

Mr. Abraham Bernard Finkelstein, Instructor, Long Island University; 

Assistant Professor Patrick Lang Ford, McNeese State College, Lake Charles, 
Louisiana; ; 

Mr. James Joseph Gehrig, Mathematician, Ballistic Research Laboratories, Aberdeen 
Proving Ground, Maryland; 

Miss Bernice Goldberg, Mathematician, Geophynica Research Division, Air Force, 
Cambridge Research Center, Cambridge, Massachusetts; 

Mr. Samuel Irving Goldberg, Research Scientist, Defense Research Board of 
C.A.R.D.E., Valcartier, Quebec; 

Mr. Robert Melvin Gordon, Assistentin Instruction, Yale University; 

Mr. Victor William Graham, Lecturer, Trinity College, Dublin, Ireland; 

Profeseor Herrick Ernest Herbert Greenleaf, DePauw University; 

Mr. Lowell Dean Gregory, Mathematician, Chance Vought Aircraft, Dallas, Texas; 

Associate Professor Frederick Griffin, Philander Smith College, Little Rock, Arkansas; 

Mr. Douglas Laird Guy, Graduate Aseistant, Washington University; 

Mr. Robert Ritzinger Hare, Jr., Air Force Missile Test Center, Patrick Air Force 
Base, Cocoa, Florida; 

Miss oe Harriet Hines, Instructor, Southern University, Baton Rouge, Louisi- 


Mr, Den Bertod Hagai, Instructor, University of Missouri; 

Mr. Stewart Baldwin Hobbe, University of New Hampshire; 

Assistant Professor Williston C. Hobbe, Morris Brown College, Atlanta, Georgia; 

Mr. Robert Earl Hux, University of New Hampehire; 

Mr. Ding Hwang, Teaching Assistant, University of California, Berkeley, California; 

Rev. Joseph Andrew Janiga, Instructor, St. Mary’s College, Orchard Lake, Michigan; 

Professor Frederick Klein, St. Louis University; 

Assistant Professor George Klein, Mount Holyoke College; 

Mr. Jose Quebingco Koppin, Physics Department, Silliman University, Philippines; 

Mr. Eric Korngold, Melrose Bag and Burlap Compgny, New York, New York; 

Mr. Harvey Newton Lance, Instructor, Mars Hill College, Mars Hill, North Caro- 
lina; j ji 

Professor William Isaac Layton, Stephen F. Austin State College, Nacogdoches, 
Texas; 

Associate Professor Arthur Clifford Lindberg, Dana College, Blair, Nebraska; 

Assistant Professor Julius O. Luck, Fairleigh Dickinson College, Rutherford, New 
Jersey; 

Assistant Professor Everett William McClane, DePaul University; 

Mr. Frank Joseph Malak, Instructor, Youngstown College, Youngstown, Ohio; 
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‘Mr. Clifford Wallace Marshall, Instructor, Long Island University; : 
Mr. Louis Clinton Marshall, Instructor, Southern University, Baton Rouge, Louisi- 
ana; 
Mrs, Dorothy Cobb Martin, Instructor, Wood Junior College, Mathiston, Miseis- 
sippi; z 
Mr.. John Stanley Maybee, Physicist, David Taylor Model Basin, U. S. Navy, 
Carderock, Maryland; ' d 
Associate Professor Jean Sylve Mendousee, Catholic University; i 
Mr. Walter Eugene Mientka, Instructor, University of Massachusetts; 
Mr. Raphael Miller, Yale University; 
Lt. Duncan Edward Morrill, Commander, Reproduction Platoon, Aerial Photo, Re- 
production Company, Corps of Engineers, U. S. Army; 
Assistant Professor Ray Bradford Murphy, Carnegie Institute of Technology: 
Assistant Professor Stanley William Nash, University of British Columbia; 
Mr. Ryre A, Newton, University of Georgia; 
Mr. Wesley Lathrop Nicholson, Research Assistant, University of Oregon; 
Assistant Professor Francis George O'Brien, Fordham University; 
Mr. Morris A. Oliver, Head of Mathematics Department, Bennington College, 
Bennington, Vermont; 
Assistant Professor Ingram Olkin, Michigan State College; 
Mr. Eric M. Olson, Columbia University; 
Mr. Raymond Edward Ozimkowski, Instructor, Fordham University; 
Mr. Flemming Per Pedersen, Lecturer, University of Southern California; : 
Mr., Tullio Joseph Pignani, Instructor, University o£ North Carolina; 
Mr. Morris Plotkin, Electronic Scientist, Naval Air Development Center, Johns- 
ville, Pennsylvania; 
Mr. Valdemars Punga, Associate in Mathematics, George Washington University; 
Mr. James Milton Reynolds, Chairman, Alabama State College; 
Mr. Louis Robinson, Fellow, Syracuse University; 
Mr. Jarnes Purcell Rodman, Instructor, Mount Union College, Alliance, Ohio; 
Mr. Lawrence Rosenfeld, Mathematician, Cambridge Research Center, Cambridge, 
Massachusetts; 
Mr. J. Paul Roth, Research Assistant, Engineering Research Institute, Mathematics 
Group, University of Michigan; 
Mr. Paul Theodore Schaefer, Graduate Assistant, University of Rochester; 
Associate Professor Dan R. Scholz, Southwest Louisiana Institute, mom 
Louisiana; 
Mr. Jerome Seul Shipman, Mathematician, Laboratory for Electronics, Inc., Boston, 
Massachusetts; 
Mra, Sedalia McAfee.Sima, Instructor, Wiley College, Marshall, Texas; 
Mr, Abe Sklar, 4834 North T-oy Street, Chicago, Illinois; 
Mr. Paul Slepian, Graduate Asistant, Brown University; 
Mr. James Celestine Smith, Jr., Instructor, Loyola University of Los Angeles; ' 
Mr. Judson Calkins Smith, Fellow, University of Washington; 
Mr. Joseph M. Stein, Manager of Nuclear Engineering, Western Electric Corpora- 
tion, Atomic Power Division, Homestead, Pennsylvania; : 
Mr. Warren Bernard Stenberg, Lecturer, University of California, Berkeley, Cali- 
fornia; 
Miss Dorothy May Swan, Instructor, Monticello College, Godfrey, Illinois; 
Rev. Robert John Teed, Instructor, Fournier Institute of Technology, Lemont, 
Tilinois; 
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Miss Helen Jeane Terry, Instructor, University of Idaho; 
Associate Profeseor Samuel Lothrop Thorndike, College of Emporia, Emporia, Kansas; 
Mr. Norman Olcott Tiffany, Instructor, Moravian College for Women, Bethlehem, 


Pennsylvania; 
Mr. Howard Gregory Tucker, University of California, Berkeley, California; 
Dr. Dennis Peter Vythoulkas, Research Associate, University of Chicago; 
Dr. Jack Warga, Mathematician, Reeves Instrument Corporation, New York, New 
York; 
Mr. Paul Weiss, Mathematician, General Electric Company, Syracuse, New York; 
Associate Professor Wayne Grant Wild, Buena Vista College, Storm Lake, Iowa; 
Assistant Professor George Francis Will, Siena College, Londonville, New York; 
Mr. Joseph Boyd Williams, Anderson College, Anderson, Indiana; 
Mr. Mack Lester Williams, Teacher, North Texas State College, Denton, Texas; 
Assistant Professor Ralph Arthur Willoughby, Georgia Institute of Technology. 


It was reported that the following one-hundred fifty persons had 
been elected as nominees of institutional members as indicated: 


University of Alabama: Assistant Professor Wayman L. Strother. 

Brooklyn College: Mesers. Anatole Beck, George William Booth, and Alvin Hausner. 

Brown University: Messrs. Donald Burke Lehman, Emin Turan Onat, Richard 
Thorpe Shield, Robert Norman Tompeon, and Assistant Professor Harry J. Weise. 

California Institute of Technology: Mr. Don Elton Edmondson. i 

University of California, Berkeley: Messrs. Julius R. Blum, Edwin O. Elliott, Wil- 
liam Robert Gaffey, Paul J. Koosis, Emanuel Parzen, Reese T. Proser, and 
Joseph Putter. 

University of California, Los Angeles: Mr. Peter Swerling. 

Case Institute of Technology: Mr. Harold King Crowder. 

University of Chicago: Messrs. Louis Auslander, Isidore Fleischer, Louis A. Kokoris, 
Bertram Koetant, Hazleton Mirkil, George William Morgenthaler, Ronald J. 
Nunke, Victor Lenard Shapiro, and Fred Boyer Wright. 

City College of New York: Mesars. Jerome Harold Neuwirth and Howard Young. 

Columbia University: Messrs, Hugh Gordon, Daniel Kocan, Adolf Nussbaum, Daniel 
Leo Slotnick, and Clifford Spector. 

Cornell University: Mesers Douglas Page Baird, William A. Newcomb, and Steven 


Orey. 

Duke University: Mr. Frank Roland Olson. 

Harvard University: Mr. Marion Bayard Folsom, Miss Elaie Louise Goedeke, Pro- 
fessor Wassily W. Leontief, Mesers. Peter Evans Martin, William Francis 
Reynolds, Richard Steven Varga, and Calvin Hayden Wilcox. 

Haverford College: Mr. W. Taylor Putney, III. 

University of Illinois: Mesers. Arno Cronheim, Joseph Edward Flanagan, Lester R. 
Ford, William Alexander Michael, Jr., Charles Brusle Rheams, Kung-Sing Shih, 
Ray Frederick Spring, and Mrs. Joyce White Williams. 

Indiana University: Mr. Byron Howard McCandless, 

Institute for Advanced Study: Messrs. Neamith C. Ankeny, Arrigo Finzi, Emest 
Rufener, Jacques Leon Tits, and Leonce Guy Fourès. 

Iowa State College of Agriculture and Mechanic Arts: Mr. Leslie D. Gates. 

The Johns Hopkins University: Mesara. Solomon Wolf Golomb, Basil Gordon, Justin 
Gregory MacCarthy, Shirley Nickerson Mills, Jr., Bernard Mushinsky, Charles C. 
Oehring, Frank Chappell Ogg, John Barr O’Toole, John Thomas Robinson, and 
Mrs. Helena Long Watts. 


444 | AMERICAN MATHEMATICAL SOCIETY Daly 


Maseachusetts Institute of Technology: Mesers. Felix Haas and Jack Kotik. 

University of Michigan: Mesers. James Patrick Jans, Joachim Kaiser, Jr., William 
Jean Byme, Myrle V. Cross, Jr., William Cassidy Fox, John William Jewett, 
Charles Christopher Kilby, Jr., Geert C. E. Prins, Ralph Alexis Raimi, Joseph 
Robert Schoenfield, and Drury William Wall. 

University of Missouri: Mears. Charles H. Cunkle, Joe D. Hoars end Teo 
Moore. 

Northwestern University: Messrs. Richard James Driscoll, Glenn Jay Rleinheneelink, 
and Frank Brooke Sloss. 7 

Ohio State University: Mr. Pat Holmes Sterbenz. 

Oklahoma Agricultural and Mechanical College: Mr. John Rolfe Isbell. 

University of Oregon: Mr. Chia Kuei Tsao. 

University of Pennsylvania: Mesara. John Carl Mairhuber and William Gideon Spohn, 
Jr. 

Princeton University: Messrs. Arthur Charles Allen, Charles Harold Bernstein, 
Patrick Paul Billingsley, Humberto T. Cardenas, Courtney Stafford Coleman, 
Ri Henry Crowell, Karel Deleeuw, John Harry Gay, Louis Norberg Howard, 
Alan Treleven James, Joseph Bernard Kruskal, Jr., Thomas Eugene Kurtz, 
Solomon Leader, Eugene Alfred Maier, Hartley Rogers, Jr., Herbert Scarf, 
Oliver King Smith, Rene Thom, Bodo Walter Volkmann, and David M. G. 
Wishart. P 

Purdue University: Mesers. James Walter Armstrong, Jáck Kenneth Hale, Arnold 
Herman Koechmann, and Carl James Sinke. 

Queens College: Miss Roslyn Braverman. * 

, University of Rochester: Mr. William Andrew Small 

College of St. Thomas: Mr. Richard Paul Goblirsch. 

Syracuse University: Messrs. Howard Floyd Becksíort, Charles Robert Hicks, and 
Adnah Gould Kostenbauder, Jr. 

University of Toronto: Mesers. Louis Lorne Campbell, Bruce John Kirby, Kery 
Brian McCuthchon, Albert Wallace Walker. 

Vanderbilt University: Mr. B. F. Bryant. 

University of Washington: Mr. William Charles Guenther. 

University of Virginia: Measra. Roger Durgin Johnson, Jr., and Alexander Morton 

Williams College: Mr. John Henry Hoelzer. 

University of Wisconsin: Messrs. Chris Carl Braunschweiger, Robert Cleland Carson, 
Wayne Russell Cowell, Edmund Harry Feller, Jack Waring Hollingsworth, 
Donald Wright Miller, Lee Albert Rubel, Earl William Swokowaki, and Albert 
Wayne Wymore. 

Yale University: Mesers. John Young Barry, John Courtenay Holladay, Miss Marie 
Lesnick, Messrs. George Benham Seligman, Robert Barr Smith, and Herbert 
Aaron Steinberg. 


The Secretary announced that the following had been admitted to, 
the Society in accordance with reciprocity agreements with various 
mathematical organizations: French Mathematical Society: Professor 
Roger Apery, University of Caen, Caen, France, Mr. Claude Berge, 
Centre National de la Recherche Scientifique, Nevilly, France, Mr. 
Rene Benjamin Chambaud, Consulting Engineer of Raffineries 
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Francaises de Petrole de l'Atlantique, Paris, France, Mr. Pierre 
Ernest Dolbeault, Attaché de recherches au Centre National de la 
Recherche Scientifique, Melakoff, France, Professor Frantois Alain 
Limouzin, Retired, Poitiers, France, Professor Felix :Pollaczek, 
Centre National de la Recherche Scientifique, Paris, France, Profes- 
sor Yves Rene Thiry, Institut des Hautes Etudes, Tunis, Tunisia, 
Mr. Robert Gaston Velleneuve, Centre National d'Etudes des Tele- 
communications, Paris, France; London Mathematical Society: Dr. 
Jan Kalicki, Visiting Assistant Professor, University of California, 
Berkeley, and Dr. William Barry Pennington, Benjamin Pierce In- 
structor, Harvard University; Wiskundig Genootschap: Visiting As- 
sistant Professor Johan H. B. Kemperman, Purdue University. 

The following actiona taken by mail vote of the Council were re- 
ported: election of Professors G. A. Hedlund and R. L. Wilder as 
members of the Executive Committee of the Council for a period of 
two years beginning January 1, 1952; acceptance by the Council of an 
invitation from the North Carolina State College of Agriculture and 
Engineering to hold a sectional meeting at Raleigh on November 
28—29, 1952; and approval of the Council to hold the 1952 Annual 
Meeting i in st. Louis in conjunction with the annual meeting of the 
AAAS. 

The following appointments to represent the Society were re- 
ported: Professor C. B: Read at the dedication of Mossman Hall at 
Southwestern College, Winfield, Kansas, on March 22, 1952, and 
Professor F. J. Murray at a meeting of the Instrument Society of 
America on March 24, 1952. 

The following additional appointments by the President were re- 
ported: Professors A. E. Heins (Chairman), P. Chiarulli, P. Gustaf- 
eon, G; H. Handelman, L. E. Malver, R. C. Meacham, D. Moskovitz, 
E. A. Whitman, and W. M. Whyburn aa a committee on arrange- 
ments for the Fifth Symposium on Applied Mathematics to be held 
at the Carnegie Institute of Technology, Pittsburgh, June 16-17, 
1952; Professors J. S. Frame (Chairman), J. H. Bell, H. M. Gehman, 
P.. Herzog, L. Hatz, E. A. Nordhaus, H. E. Stelson, B. M. Stewart, 
and J. W. T. Youngs as a committee on arrangements for the Sum- 
mer Meeting of 1952 to be held at East Lansing, Michigan, on Sep- 
tember 3—6, 1952; Professor J. M. Clarkson (Chairman), R. C. Bul- 
lock, Jack Levine, C. G. Mumford, J. M. Thomas, and W. M. Why- 

‘burn as a committee on arrangements for the meeting to be held at 
North Carolina State College of Agriculture and Engineering at 
Raleigh on November 28-29, 1952; Professor R. R. Middlemiss 
(Chairman), Dr. H. Margaret Elliott, Professors T.-L. Downs, 
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H. M. Gehman, and J. W. T. Youngs as a committee on arrange- 
ments for the Annual Meeting to be held in St. Louis on December 
27-29, 1952; Professors E. G. Begle (Chairman), C. B. Allendoerfer, 
A; E. Meder, Jr., G. B. Price, and A. W. Tucker as a committee to 
consider problema of controversial questions both as to procedurea of 
' the Council and as to the membership of the Society; Dr. H. M. 
MacNeille (Chairman), E. G. Begle, Jekuthiel Ginsburg, A. E. 
Meder, Jr., and J. V. Wehausen, as a committee to advise the Council 
and Board of Trustees concerning the problem of exchanges of the 
Society's publications; Professor Marshall Hall as a' member of the 
committee to select hour speakers for Western Sectional Meetings 
(committee now consists -of J. W. T. Youngs (Chairman), P. R. 
Halmos, and Marshall Hall); Professors M. H. Heins (Chairman), 
A. A. Albert, Richard Arens, Dr. Mina Rees, and Professor J. M. 
Thomas as a committee to nominate officers and members of the 
Council for 1953; Professor W. T. Martin (Chairman), Dean W. L. 
Ayres, and Profeseor J. C. Oxtoby as a committee to consider the 
- advisability of continuing the Society’s reprinting program. 

The following itema were reported for the information of the 
Council: selection of G. B. Price as Managing Editor of the Bulletin 
Editorial Committee; R; L. Wilder as Chairman of the Colloquium 
Editorial Committee; William Feller ag Chairman of the Mathe- 
matical Reviews Editorial Committee; W. T. Martin as Chairman 
of the Mathematical Surveys Editorial Committee; G. A. Hedlund 
as Chairman of the Proceedings Editorial Committee; and G. T. 
Whyburn as Managing Editor of the Transactions and Memoirs 
Editorial Committee; as new members of the Policy Committee for 
Mathematics: S. S. Cairns and J. S. Frame (the committee now 
consists of J. R. Kline (Chairman), Marston Morse, W. T. Martin, 
and S. S. Cairns for the American Mathematical Society; H. M. 
Gehman, Saunders MacLane, and J. S. Frame for the Mathematical 
Association of America; Henry Scheffé for the Institute of Mathe- 
` matical Statistics; E. H. C. Hildebrandt for the National Council of 
'Teachers of Mathematics. (The representative of the Association for 
Symbolic Logic has not yet been appointed.)); acceptance by Antoni 
Zygmund of an invitation to deliver the Colloquium Lectures at the 
Summer Meeting of 1953; acceptance by Marston Morse of an invita- 
: tion to deliver the 26th Josiah Willard Gibbs Lecture at the Annual 
Meeting of 1952; Committees to Select Hour Speakers have invited 
Dr. G. E. Forsythe to deliver an address at the Eugene, Oregon, meet- 
ing on June 21; Professor E. E. Moise, Summer Meeting at East 
Lansing; J. Leray, Yale University, New Haven, on October 25, 1952; 
Professor A. M. Gleason at the Annual Meeting of 1952; Professor 
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W. L. Chow for the February 1953 meeting in New York City; Pro- 
fessors Emil Artin and W. S. Massey at the April 1953 meeting in 
New Vork City. 

It was reported that the First General Assembly of the Interna- 
tional Mathematical Union was. held in Rome, March 6-8, 1952. The 
United States was represented by Professors M. H. Stone; J. R. 
Kline, Einar Hille, Saunders MacLane, and G. T. Whyburn. Pro- 
fessor Stone was elected President of the Union. 

The Council voted to approve the following dates of meetings of 
the Society : November 28-29, 1952, Purdue University ; February 28, 
1953, Hunter College; April 24-25, 1953, New York University. The 
Council voted to approve the week of August 31 for the time of the 
Summer Meeting of 1953. 

The Council voted to approve the gübstitution of Professor Irving 
'Kaplansky for Professor Reinhold Baer as a representative of the 
Society on the Board of Editors of the Ameriean Journal of Mathe- 
matics for the period June 1952 to September 1953. 

The Council voted to approve the report of the Committee on Ex- 
changes, which recommended that the policy of the Society be to 
discontinue all exchanges, after we have fulfilled our present obliga- 
tions to the University of Georgia, except that the Executive Editor 
of Mathematical Reviews be authorized to enter into exchanges of 
the Society’s publications for the benefit of Mathematical Reviews 
and that the Secretary be authorized to negotiate exchanges in order 
to further the scientific objectives of the Society, through widening 
the distribution of our ‘publications. 

The Council voted to recommend to the membership of the Society 
that the by-laws be amended as follows: (1) to eliminate the post of 
` Librarian; (2) to create a separate elected Editorial Board for the 
Memoirs and an elected Committee on Printing and Publishing; 
(3) to revise Article IX of the by-laws to eliminate the initiation fee 
and the reduced rates for early years of membership and to eliminate 
fractional years of membership; (4) to eliminate obsolete sections of 
Articles IV and VII. 

The Council voted to request the President to appoint a committee . 
to consider the problems involved in nominating officers and mem- 
bers of the Council by petition from tbe membership of the Society. 

The Council referred to the Executive Committee, with power to 
act, current problems concerning our publications. 

The Board of Trustees met Friday evening. The Board voted that 
institutional dues for the period July 1952 to June 1955 be computed 
on the basis of a page rate of $5.00. The Board voted to set the page 
charge at $10 for institutions which are not institutional members. 


by 
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Abstracts of the papers presented are listed below, those with a “4” 
after their numbers having been read by title. The joint papers num- 
bered 340, 372, 373, 376, and 381 were read by Dr. Singer, Professor 
Miller, Mr. Crispin, Dr. Juncosa, and Dr. Lukacs, respectively. 


ALGEBRA AND THEORY OF NUMBERS 


319. A. A. Albert: New power-assocsative algebras and their deriva- 
tions. 


It is now known that there exists a central simple commutative power-aseoclative 
algebra S, of degree two and dimension 4p over a field F of characteristic p. It con- 
tains a central simple algebra T, of degree two and dimension 3p. The algebra Sp 
contains a nontrivial idempotent « and is x-stable. However T, is unstable and so S, 
is also unstable. The algebra T, contains the polynomial algebra B= F[1, k], where 
k? —0 and the derivation algebra of B is the well known algebra W, of Witt. We show 
that the derivation algebra of T, is the direct sum of W, and the three-dimensional 
simple Lie algebra, and that this is the same as the derivation algebra of Sp. We also 
construct a new clase of central simple commutative power-aseociative algebras of 
degree two and dimension (#+3) f* with corresponding central simple subalgebras of 
dimension (#-++2)+*. (Received March 10, 1952.) 


320. Joseph Andrushkiw: Homoreal rings. Preliminary report. 

A ring is real if it is a domain of integrity and zero is not expressible in it as a sum 
of squares of elements different from zero. Since the field of quotients of a real ring 
is also real, any eal ring can be ordered. A ring R is termed *homoreal" if there 
exists a real ring R homomorphic with it. Dependent upon whether in R either both 
conditions of reality or only first or only second or none of them are satisfied, four 
kinds of the homoreal rings can be distinguished. A ring is homoreal, if and only if 
there exists in it a prime ideal E, different from the null ideal, with the following. 
property: a sum of equares 2; e, CE if and only if all e, CE. If R is a homoreal ring 
' of the first or second kind, each element of E different from zero is transcendental in 
the field of quotients of R. Any homoreal ring R of the first kind can be ordered in 
non-Archimedean way. There exists an order of R in which me <a where «Cc E, a is 
an element of any positive residue class of the ordered ring R/E, and m any positive 
integer. (Received March 10, 1952.) 


321i. Leonard Carlitz: A note on common index divisors. 


Let the prime f»1 (mod 3) and let C; denote the cubic subfield of Z = k(etri/»), 
By a well known theorem of Hensel, 2 is a common index divisor of C; if and only if 
$—214-2753. In this note we derive several theorems of a similar kind. We quote the 
following resulta. Let 5-1 (mod 4) and let C, denote the quartic subfield of Z. 1. , 
Then 2 is a common index divisor of C, if and only if p= 1(mod 8). 2. Let pat 
-Fb3, am 1, bm 0 (mod 2). Then 3 is a common index of G if and only if (i) 3|5 for 
pmi (mod 8), Gi) 3|e for pm5 (mod 8). Like results are obtained for G, Cy Cn. 
(Received January 11, 1952.) 7 


3221. Leonard Carlitz: A theorem of Dickson on irreducible poly- 
In connection with the study of modular invariants Dickson (Trans. Amer. 
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Math. Soc. vol. 12 (1911) pp. 1-18) determined the number of irreducible poly- 
nomlels x3 —z--ax--53, where a, bCGF(p*), 2. In the present paper the author 
first finds an asymptotic iri for the number of irreducible polynomials of a given 
degree Q(z) -z*-Fox*71-- +--+ -Hem e EGF), with assigned first coefficient c and 
last coefficient us Seccndiy hok act facmilós Goummcted eit the number of ir- 
reducibles with assigned first coefficient and last coefficient equal to a square of the 
field,-thua generalizing Dickson's result. Finally he determines the number of ir- 
reducibles with assigned first coefficient. (Received January 11, 1952.) 


323t. Leonard Carlitz: Note on trreducibilsiy of the Bernoulli and 
Euler polynomials. - 


The following special results are obtained. 1. Let p denote an odd prime. Then 
Bup1)(x) is irreducible for 13m Sp; also Balx) is irreducible for w«2* and = 
*k(p—1)ff, 1Sk<p, rg 1. 2. Ba (x)/x(x—1/2) (x —1), where 2m = k(p—1), BSD, 
is either irreducible or has an irreducible factor of degree @2m+1—p. 3. If 
pm3 (mod 4), rz1, then Ey(x)/(x—1/2) is irreducible. 4. Fay(x)/x(x — ;D is ir- ` 
reducible or has an irreducible factor of degree not less than p+1. 5. if BY denotes 
the Bernoulli number of order k in N&clund’s notation, then B® af is irreducible. 
(Received March 12, 1952.) 


3241. Leonard Carlitz: Some formulas of Oliramare. 


Dickson (History af the theory of numbers, vol. 1, p. 277) reproduces the fol- 
lowing congruences due to G. Oltramare: 1-F(wI)*m —21 (1/3)*-- (1: 5/3- 7 
-F(1*5-9/3-7-1014- - er 4m-F1), 2*--(m)*m —2!. 1(3/014-(3- 7/1: 5)! 
-F(3:7-11/1:5-9)3-- +++ (mod 4as+3), where the moduli are primes. In the 
present note it is indicated how many congruences of this sort can be obtained by 
meens of known formulas involving generalired hypergeometric series. (Received 
February 15, 1952.) i 


325i. Leonard Carlitz: Sums of primitive roots of the first and second 
kind in a finite field. 


© Let «| p*7 —1, ki| pe —1, A(3)| 3*— 1, where Ac(x) CGF[p*, z], and let a(x) be 

the linear polynomial corresponding to A,(x). Let & denote a number of GF(p**) 
that simultaneously belongs to the exponent e and to the polynomial a,(x) (as defined 
by Ore). Extending the results of a previous paper we here consider the following 
problems. 1. The number of solutions f, * * * , By of amait +--+ +o, where 
e 950. 2. The number of solutions fy * * - , fn £&, s: , 6 of amanfit be 
Hathi +++ Hatia EGF (p)). Asymptotic results are obtained in both prob- 
lems. 3. In the special case r 1, s even, a simple exact formula is obtained. (Received 
February 15, 1952.) 


326. P. W. Carruth: Products of ordered systems. 


Some miscellaneous results concerning ordered products of ordered systems are 
given (eee Day, Trans. Amer. Math. Soc. vol. 58 (1945) pp. 1-43 for definitions . 
of terms involved). For example, it is shown that the only products that are comple- 
mented or relatively complemented lattices are cardinal products. Conditions for a 
product of lattices to be a lattice and for a product of partially ordered sets to satisfy 
the ascending chain condition are given. In the proofs use is made of results of Day, 

“loc. cit. (Received February 20, 1952.) 


ns 


T 


450 AMERICAN MATHEMATICAL SOCIETY {July 


3271. Eckford Cohen: A finite didis of the Goldbach problem. 


If m>1 is an integer with factorization wp - - + pr, Pind Semen ol Ue 
residue clase ring Ra can be expressed in the form pf --- prg where OSa SM, 
(£, s) «1. This factorization is unique except for the unit E Eus the totality of ele- 
ments of the form p, are the prime elements of Ra (cf. Vandiver, Trans. Amer. 
Math. Soc. vol. 13 (1912) p. 293). The following theorem is proved: There exists a 
number g(m) such that every number of Ra is exprassible as a sum of gim) primas $n Ra 
ff and only if m has ai least ivo distinct prime faclors. For such m, the minimum value k 
af g(m) is giren by km2 if m is odd, by he 3 if m is even and has at least two distinct 
odd prime factors or if m is twice an odd prime power, aud by h=4 if mis of the form 
map rA>1, wel, $ odd, Several related theorems are also proved. (Received 
"March 10, 1952.) 


3281. Eckford Cohen: Arithmetic functions in algebraic fields. 


If A is an arbitrary ideal of an algebraic number field F, and K is a field of char- 
acteristic 0 containing all the roots of unity, then a single-valued function f is (4, K) 
arithmetic if, for every integer aC F, fla) CK, and f(a)=f(a’) for ama’ (mod A). 
It is shown that every such function is uniquely expressible as a sum of exponential 
functions of the type introduced by Hecke (Vorlesungen wher Zahlentheoris, 1923, p. 
220). It is then shown how exponential formulas for a large class of additive con- 
gruence problems in algebraic fields can be constructed. The set of all (4, K) func- 
tions forms a commutative semi-simple algebra with multiplication defined by , 
*Cauchy composition? (cf. Carlitz, Duke Math. J. vol. 14 (1947) p. 1121). (Received 
March 10, 1952.) 


329%. Eckford Cohen: Congruence representaisons in algebraic num- 
ber fields. 

Applications of the ideas in the preceding abstract are developed. The andit 
: function of Rademacher (Math. Zeit. vol. 27 (1928) p. 332) and the Hecke generaliza- 
tion of the Gauss sums (cf. preceding abstract) are discussed and applied. In particu- 
lar, EE F alain ate dcin adr an puc f a aie 
tive to an ideal modulus, is found. "Explicit formulas for the number of solutions £, of 
pm), at; (mod P^), where P is an odd prime ideal, Az 1, and p, œ, are algebraic 
integers, (a; P) 1, are derived. From this result.it is shown that every algebraic 
integer can be expreseed as a sum of three squares in the ring formed by the residue 
classes of algebraic integers modulo an arbitrary odd ideal. (Received March 10, 
1952.) 


330i. Anne C. Davis: Cancellation theorems for products of order 
types. II. Preliminary report. 

: For notational conventions see Bull Amer. Math. Soc. Abstract 58-1-77; in 
addition, “a 48” means (Fralse&, C. R. Acad. Sci. Paris vol. 226, p. 1330) that there 
exists an order-preserving mapping of an ordered set A of type a onto a subeet of an 
ordered set B of type B. Lemma I. Ifa Bey: 5, then ai least one of the following condi- 
tions must hold: (i) B= 8, (ii) there exist order types ni, us p such that am mildly: p-l- us 
(HI) there exists order types p, us, p such that y —;u--ac ptus, (iv) there exist finis 
order types » and $, »vo, such that a-y=y-¢. Lemma I implies all cancellation 
theorems of Bull. Amer. Math. Soc. Abstract 58-1-77. A further consequence of 
Lemma I is Corollary II. If a és the type of an ordered set without gaps and without 
fie st and last elemenis, and ¢ o3 = 85, then a — 8. Theorem II]. For every positive tnleger 
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8, aa SaC?a*--a* Sa". By use of Lemma I, in conjunction with Theorem III, one 
obtains Corollary IV. If a^ - B*, n a positive integer, and tf ^ (a--a ia), then amp. 
It is easily seen that Corollary IV is applicable, in particular, if a, or B, is a ecattered 
type. (Received March 10, 1952.) 


331. J: K. Goldhaber: Special types of linear mappings of algebras. 


Let M be a total matric algebra over a field whose characteristic is different from 
2, and let 9 be a linear mapping of I into M. Suppose that 9 preserves idempotents 
and nilpotents of index two, that is, for AER if 412 4 then [$(4) ] 1 9(A) and 
if 41-0 then [(A)]*=0. Then either $(4) —0 for all ACM or © is an auto- 
morphism or an anti-automorphism of 8X. This theorem does not extend to simple’ 
algebras. However, the following theorem is established: Let A be a central simple 
algebra over a field of characteristic different from 2, and let $ be a linear mapping of 
A into A such that ® maps the identity of W into the identity of A and such that for 
AGA, A and (A) have the same characteristic equation, then 4 is either an auto- 
morphism or an anti-automorphism of A. If A is a semi-simple separable algebra, 
then % induces either an automorphism or an anti-automorphism on every simple 
component of A. (Received March~10, 1952.) 


332. Marshall Hall, Jr.: Subgroups of free products. 


This is a new proof of the theorem of Kurosch that every subgroup of a free prod- 
uct G is itself a free product of factors which are either free groups or conjugates of 
subgroups of the free factors of G. It depends upon defining a semi-alphabetical well 
ordering for the elements of G, and in terms of this finding a set of elements generating 
the subgroup. This set exhibits the free factors explicitly and the proof consists in 
showing that these are indeed free factors. (Recetved March 11, 1952.) n 


333%. C. E. Rickart: Spectral permanence for certain Banach algebras. 


Let A be a commutative Banach algebra which is algebraically embedded in a 
. second such algebra B, and let ¢ be a homomorphism of A into the complex nümbers. 
If the embedding of A in B is an isometry, then Silov [Uspehi Matematiteskih 
Nauk N.S. vol. 1 (1946) pp. 48-146] has shown that certain ¢ can be extended to B. 
It is proved here that, if,A is regular in a sense defined by Silov [Travaux de l'Institut 
Mathématique Stekloff vol. 21 (1947)], then $ can always be extended to B. This 
implies that elements of A have the same spectra in A as in B and includes a result 
of Kaplansky [Duke Math. J. vol. 16 (1949) pp. 399418] concerning the minimal 
character of the norm in a Banach algebra of all continuous functions on a compact 
space. Some results are also obtained here for the noncommutative case. For example, 
let 4 be a B*-algebra (ct. Rickart, Ann. of Math. vol. 47 (1946) pp. 528-550] which is 
algebraically embedded in an arbitrary Banach algebra B. Then elements of A always 
have the same spectral radii in A as in B. If in addition the involution in A can be 
extended to B, then elements of A have the same spectre in A as in B. If the norm in 
B is invariant in A under the involution, then the norm in 4 cannot be greater than 
‘the norm in B for elements of A. (Received March 10, 1952.) 


334. Maxwell Rosenlicht: Generalized Jacobian varieties. 


A semilocal subring of the function field of an algebraic curve defines an equiva- 
lence relation among the divisors of the curve (cf. Bull. Amer. Math. Soc. vol. 57 
(1951) p. 269). A generalized Jacobian variety corresponding to this equivalence rela- 
tion can be constructed; this is a commutative algebraic group variety whose points. 
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are in a natural one-one correspondence with divisor clases of degres zero on the 
curve. If two equivalence relations, one of which is stricter than the other, are given 
on the same curve, then there is a natural rational homomorphism of one generalized 
Jacobian onto the other. The kernel of this homomorphism is a rational group variety 
whose structure can be explicitly described. A treatment of the classical 

Jacobi inversion problem is included in this work. (Received March 10, 1952.) 


335. R. D. Schafer: The Casimir operation for alternative alegbras. 


Let A be a semisimple alternative algebra of characteristic 0, and 38 be an ir- 
reducible alternative module for A. For any bilinear mapping f(a, b) of A into $8, 
define F(a, b, c) f(a, b)c+f(ad, c) —af(b, c) —f(a, bc), f*(a, b) =f(a, 5) +f, a). If 
F(a, b, c) = F(b, e, a) = — F(b, a, c), then there exists a linear mapping g(a) of $t into B 
euch that f*(a, b) =a: g(b)-g(a) b —g(a: b), where a: b and a'y denote the opera- 
tions in A+ and B+. This lemma, which is proved by means of a Casimir operation I 
aseociated with amy representation (S, T) of &, has the force of the Wedderburn 
principal theorem for the Jordan algebra attached to any alternative algebra, and 
allows for some simplification in the proof of the Wedderburn principal theorem for 
alternative algebras of characteristic 0. (Received March 12, 1952.) 


336i. Daniel Shanks: The quadratic reciprocsty law. 


The reciprocity law concerning two odd primes, P=2p-+1 and Q »29--1, is proven 
directly from the Gause Lemma in perhaps the simplest and most natural way. Con- 
sider the pg numbers: F(x, y) "*xQ—P with x«1,2,---, p and y-71,2,***,q 
and assume that there are m solutions of —p 3 F«0 and s solutions of 0« Faq. 
There is no solution of F=0 and the solutions of F<—p and of F>g may be put 
into 1-1 correspondence by the symmetrical relations: m+x=$+1 and -d-5 
=q+1. Therefore m-+#mpg (mod 2). Since, by the lemma, (Q/P) 7 (—1)* and 
(P/Q)-(—1)*, we thus obtain (Q/P)(P/Q) -(—1)*. Landau [Aws der elemen- 
larem Zaklewikeoris] by considering F«0 and F»0, proves pg— 2... [:Q/P] 
+31, [sP/Q]. By dividing F into twice as many parts; twice as much is proved. 
The partition and proof given above may also be seen geometrically on a modified 
. Eisenstein lattice. (Received March 12, 1952.) 


337. M. L. Tomber: Lee algebras of type F. 


Let 2 be a Lie algebra over an arbitrary field ® of characteristic 0, of type F, in 
the sense that 9 is the exceptional simple Lie algebra F, where Q is the algebraic 
closure of 2. It is proved that £ is the derivation algebra D(Y) of an exceptional 
Jordan algebra 3 over % and D(H) aGD (3h) if and only if JaA. The proofs employ 
the methods of N. Jacobson (Duke Math. J. vol. 5 (1939) pp. 775-783) and the result 
that any automocphism of F, (over Q) has the farm D—S-1DS for a unique auto- 
morphism S of the exceptional Jordan algebra over Q. (Received March 11, 1952.) 


338. Bodo Volkmann: Os ihe digits of real numbers. Preliminary 
report. , ' 

Let g2@2 be an integer and F= (fi, fy © + + , f.) be any block of digits in the g-adic 
system. This paper discusses the eet Xr., of real numbers in the unit interval in 
whose gadic expansion the block F does not occur. If 8(F) {p Peso el 
denotes the (possibly empty) sto the integer p with 0 c9 for which the block 
(fu Ju * * * » fp) equals the block (fi-s, fes +++, fs), let vp, be the greatest real 
root of the equation #— ie oe, yt+1—0, the sums 


4 
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being zero if (F) is empty. The Hausdorff dimension of Ky, turns out to 
be log vr,,/log g. This result was proved by E. Best (J. London Math. Soc. (2) vol. 
4T (1942) pp. 436—454) in the special case $1, ¢22 and by the author (forthcoming 
in J. Reine Angew. Math.) in the special case g =2, 422, F (1,1, - - - , 1). (Received 
March 11, 1952.) J 


- 


ANALYSIS 


339. A. C. Allen: The closure of ihe translatsons of seis of functions 
of Li, and certain applicatsons to harmonic functions. Preliminary re- 
port. 


N. Wiener (The Fourier integral, chap. 2) gave a series of theorems on the closure 
of the translations of a function of L4, the significant class of functions being con- 
sidered being those whose Fourier transforms do not vanish for any real values of 
the argument. In this paper the author gives analogous theorems for »xX» matrices 
whose elements are functions of Z4; “translation” being interpreted as “folding” with 
a certain translation-matrix; and the significant class of function-matrices considered 
being those in which the determinant, whose elements are the Fourier transforms of 
the elements of the matrix, does not vanish for any real value of the argument. As 
an application of the above, certain generalizations of the Phragmén-Lindeldf type 
theorem for harmonic functions and of Montel's theorem for bounded analytic func- 
tions are derived. The methods used, however, are applicable to a wider class of func- 
tions than those which satisfy Laplace's equation, and so have an advantage over 
methods of proof which depend on conformal mapping. (Recetved March 12, 1952.) 


340. Warren Ambrose and I. M. Singer: L4-mairices. 
It is shown that some H-systems are matrix-like. (Received March 12, 1952.) 


341. J. H. Barrett: Differential equations of nonintegral order. 


Let a be a complex number; # the integer such that 0 « Ra--831; f(x) a real func- 
tion, a a real number. I{a, a, x, f] = /Zf (f ((x—41)*7!/T (a))dt, Ra >0; Ifa, a, x, f] 
=D" Ia, a, z, f], Ra SO. For (1) use the principal value. This is called the 
Riesz-Holmgren transform. An extension of a result of Hardy's (Meseenger of 
Mathematics vol. 47 (1918) pp. 145-150) is if X >a, f(x) is Lebesgue summable on 
G3x3X, Ra>0, R8»0, then Ifa, a, z, I(B, a, x, f)] -I(a--8, a, x, f] and 
DiI {a+1, a, z, f} =I{a, a, x, fj almost everywhere on a Sz & X. Let f(x) be a 
Lebesgue summable function on 0 «x & X. y(x) is called a solution of I{ —a, 0, x, y 
cy(x)-f(3), Ra>0, 0<z<X, -provided that y(x) is Lebesgue summable, 
I{1—e, 0, x, y} exists and is absolutely continuous in x, and y(x) satisfies the equa- 
tion ae. on 0 «x « X. The differential equation is transformed into an integral equa- 
tion, which Is solved by means of an inverse of the operator: I(0, 0, x, y] 
—I (a, 0, x, y}. Let Ky Ky, +++, Kea, where ÜX«— Ra &1, be real numbers; then 
there is a unique solution satisfying the boundary conditions: Z[s —a— , 0, 0*, y] 
mK, p-0,1,:*-, &—1. Let U,(x) be the solution where K,-—0, p»q, and K,-1 
and f(x) 0. The solution of the nonhomogeneous equation is y(x) = TA U, (x) 
TÁAKO Ui (x —1)dt, x >0. (Received March 12, 1952.) 


342i. E. F. Beckenbach: A property of mean values of an analytic 
function. 


Let w= f(s) be analytic in the circle |s| <1, and let the length of the map of each 
: radius of the circle be sk Bounds are obtained for the lengths of the images of con- 
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centric circles |s| =p, 0<p<1. This extends a result of Nehari (C. R. Acad. Sci. 
Paris vol. 208 (1939) pp. 1785-1787). (Received February 29, 1952.) 


3431. Stefan Bergman: The coefficient problem in the theory of linear 
partial diferential equations. 

Let y be a solution of yes t¥yy+ Fy =0, pend / 0x3, - - +, where F is an entire 
function, Many relations between the properties of the subsequence {eno}, m 
=0, 1, 2,+++, of coefficients of a real solution ¥(x, y) = È m.a Guat, s=x+iy, 
#=x—#y, on one side and location and character of singularities of y on the other are 
independent of F. (See, e.g., Trans. Amer. Math. Soc. vol. 57, p. 299 ff). If g(s) - 
= > = Gast is a function element of an algebraic function, then the y can be repre- 
sented in the form y =Re( 2^, , Ox) where Q'9 are functions which depend only 
. upon F, and ga, *—0, 1, 2, - - - , are functions which can be represented in a closed 
form using 6-functions, their derivatives and integrals of the first kind defined on 
the Riemann's surface of g(s). Similar theorems ere derived for solutions of dif- 
ferential equations 2 7» , (34/21) + F(r!)y 0, where F(r!) is an entire function of 
rim 27 x5 (Received April 25, 1952.) 


344. Jerome Blackman: Some notes on the backward heat equation. 


Consider the classical solution of the heat equation on the infinite rod with initial 
condition (x), given by s(x, #)=/—_¢(s) exp (z—31)!/4tds. If ¢(s)=O(exp 3°), this 
integral may diverge for a certain {= T' but converge for t< T. The following problems 
are investigated: (1) Can lim x(x, #) exist as t+—T—? (2) What properties must this 
limit have if it existe? The analytic character of the limit is demonstrated; an example 
and a method of determining a class of examples is given. The methods are applicable 
to the solution of the backward heat equation tes-+#,—0 for the infinite rod, and 
demonstrate the relation between’ uniqueness theorems for the heat equation and 
uniqueness theorems for- certain types of summability of trigonometrical integrals. 
(Received March 5, 1952.) 


3451. R. P. Boas: Growth of analytic functions along a line. 


Results reported earlier (Bull. Amer. Math. Soc. Abstract 58-2-156) are improved 
as follows. Let e(x) be positive, increasing, e(x) =0(x), log xo(e(x)), and let «(x) 
‘gatisfy some minor conditions of smoothness and monotonicity; let the increasing 
sequence {Aq} of real numbers satisfy [Aap —à| z3»0 and |x—da| Selu). Then if 
» f(s) is of exponential type less than x in the right half-plane, log lf) | SOl) 
implies log |f(x)| &0(«(x)). If in addition (*) /^x-1«(x)dx converges, if f(s) is an entire 
function of exponential type lese than r, and if log |/(-£X9| 8 — B«(X). with a 
sufficiently large B, then f(x) is bounded. If f(s) is entire and of zero exponential 
type, (*) converges and [/(3-X)] is bounded, f(s) is a constant; if |a —A.| Sx” and 
log |/(332| SA, 0<p <1, then f(s) is of order at most p. The first result for func- 
tions of zero type improves a result of Levinson as far as concerns the size of e(x) 
[Gap and density theorems, New York, 1940, pp. 129-130]. (Received March 24, 1952.) 


3461. F. E. Browder: Fundamental solutions in the large for linear 
eliptic equations of arbitrary order. 

Let K be a suitably differentiable linear elliptic differential operator on a bounded 
domain D of Es. If the Dirichlet problem for X on D has at most one solution with 


zero boundary values, then there exists a fundamental solution e(x, s) of K on D. 
' If K is positive, self-adjoint, and bounded at infinity, a similar result may be estab- 


£ 


- 
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_ lished for unbounded domala, Differentiability properties as related to the differenti- 


ability of the coefficlents of K'and the relations between various fundamental solu- 
tions are studied. (Received March 12, 1952.) 


347. F. E. Browder: Green's function and the kernel function for 
linear eliptic, equations of arbitrary order. 


Let K be a suitably differentiable linear elliptic differential operator on a bounded 
domain D of E*. Then there exists a Green's function for X on D if and only if the 
Dirichlet problem for X on D with zero boundary values has only the zero solution. 
If K is positive, self-adjoint, and bounded at infinity, this result may be extended to 
arbitrary unbounded domains. If K is strongly positive and self-adjoint, there exists 
for each Poincaré domain D (Courant-Hilbert, vol. II, chap. VII) a kernel function, 


` k(x, s) defined in terms of a complete family of solutions of the equation Kx =0 in D. 


In the case of second order equations in normal form, b(x, s) reduces to the Bergman- 
Schiffer kernel function. The solution of the Dirichlet problem with boundary value 
functlen g can be represented in a-simple closed form in terms of k(x, sz). (Received 
March 12, 1952.) ` 


` 8481. Y. W. Chen: Existence of minimal surfaces with piven period 
and with given conditions on the boundary and at AE 


Let s(x, 9) =R [ap(1 +6%)-Y9(e% 1-6) 4+2Ki log w] for w| = | 9 x1; 
the real constants K and 620 are given while a and r are to be determined later. A 
simple closed Jordan curve C is given in the x, y plane. In order to satisfy the condi- 
tion that 0s/8x—15, 0s/85—0 at infinity of the x, y plane which corresponds to 
t0, one puts x(w, s)-R[a(1-F87)-U1(e:-1—5^73)]--X(u, v) and y(w, ») 
mR [ailen ew) --2K8(1--82)7U1 log w]+ Yu, v). The problem is to find the 
constants a, r and two regular harmonic functions X(s, s), Y(x,.s) in |w| <1 with 
the following properties: (1) X, Y maps the positive oriented circle |w| =1 continu- 
ously and monotonically into the negative oriented curve C, (2) x(x, s), y(x, »), 
3(#, ¥) represents a minimal surface. The problem is analogous to the classical prob- 
lem of finding by conformal transformations flows of incompressible fluids around a 
profile C, with given circulation X and uniform speed B at infinity. Here the minimal 
surface takes the place of the conformal mapping. The author uses the direct method 
of the calculus of variations to establish the existence proof for which a sufficient con- 
dition (*) is needed to guarantee the nondegeneracy of the limit functions. Various 
applications of the condition (*) are made to study the ranges of the values of K and 8 
for which the problem has a solution. The main point of the paper is to construct the -~ 
integral expression to be minimized. (Recelved February 18, 1952.) 


3491. E. A. Coddington: om Drain self-adjoint OAN REENER oper* 
ators. I. 


Let L be the formal operator L=$,(d/dx)*+-,(d/dx)*"i+ - - - --p,, where the 
fx are complex-valued functions of class C*^ on an open (possibly unbounded) 
interval (a, +b), and |po| ro Assume L*L*, where L*e(—1)*(d/dz)*(f-) 

t (— 1) (d/dz)*(9.-)3- +++ Pn Let D be the set of all «C a, b) AR 
continuous derivatives up to order s—1, xÐ abeolutely continuous on every ' 
closed subinterval, Lee La, b). Define T by Tu= Lu, for «CD. For «, 9C D,let 
[s»](o) lim [xe](z), xa, where [uvs](x) is the skew-hermitian.serni-bilinear form 
risa in Green's formula. Similarty define [ws] (b), and let (sv) = [xs] (5) — [sv] (a). 
Lf Sv (u ED] (sep) = 0 for all eem define T4 by dio for «C D. The operator 
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Te is closed, symmetric, and T} =T. For any fixed c, ee and any complex num- 
ber J, 9ip40, let E(D = {u| Lulu and x C (a, c)}. Similarly define €,(). Then 
dim G,() z7, dim €,() zi», where &-2» or 24-1 according as » is even or odd. If 
r(D) -dim G,()--dim G(/) —2», then the deficiency indices (wt, w~) of Te satisfy 
r(D --2»—* Set Sr) (9150), (D +2r—# 397 870) (91 «0). (Received March 12, 
1952.) 


350r. E. A. Spainn On ordinary eee differential oper- 
ators. II, 


Suppose the deficiency Indices (wt, w~) of the formally self-adjoint differential 


operator L are both equal to « (cf. the preceding abstract). If a, +++, a, are w 
functions in D which are linearly independent mod De the boundary conditions 
(ua) -0 (fmt, ++, c) for «C 2D are self-adjoint if (am) =0 (7, B1, - - - , c). Two 


sets of w self-adjoint boundary conditions are equivalent if they determine the same 
subeet of D. There is a 1-1 correspondence between self-adjoint extensions of Ty and 
equivalence clases of «self-adjoint boundary conditions. In case w=0, Ts is self- 
adjoint, and has a spectral representation Ty=/dE(A). In this tase let 3 be a closed 
interval interior to (a, b), and let D; be the set of all «C. CX, b) having continuous 
derivatives up to arder s —1 on 8, «(*? absolutely continuous on 8, Luc. (), ), and 
w satisfies * self-adjoint boundary conditions on 8. Define Hy by Hs (x) = Lu(x), 2C 
and Hyu(x)=0, xCEs. Then Hi is self-adjolnt, Hi = fAdE4(), and if 8(a, b), Ea) 
-—E(X), if X is not an eigenvalue of Ts. This result implies the uniqueness of the 
(suitably normalized) matrix appearing in the generalized Plancherel theorem for 
Te (Received March 12, 1952.) 


351. R. M. Cohn: Essential singular manifolds of difference poly- 

It is shown that 0 is not an e.s.m. (essential singular manifold) of the difference 
polynomial yy; +A —*. if A= 1, but is an e.s.m. if à is an element transformally 
transcendental over the difference field consisting of the rational numbers. Hence 
there can be no criterion based on the degrees and orders of the terms only for de- 
termining whether or not 0 is an es.m. of a difference polynomial. This is an un- 
expected result since the low-power theorem of Ritt provides a criterion of this sort 
for differential polynomials. It is also shown that such a criterion exists for difference 
polynomials of second order and for other special classes of difference polynomials. 
(Received February 25, 1952.) 


352. Philip Cooperman: The multiplier rule for a partial differential 
equaiton in iwo dependent and two independent variables as side con- 
dition. 


"S 
the case of a general partial differential equation in two dependent and two inde- 
pendent variables as side condition. The method used depends on the fact that the 
differential equations resulting from the variation of the dependent variables are 
greater in number than the number of multipliers. Hence, when these equations are 
regarded as equations in the multipliers, the existence of the multipliers depends on 
the satisfaction of compatibility requirements. These requirements turn out to be 
that the dependent vatlables satisfy certain relations, independent of the multipliers. 

If there are functions satisfying these relations, as well as the side and boundary con- 
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ditions, then the multipliers are given by explicit differential expressions in the de- 
pendent variables. (Received February 18, 1952.) 


353. R. B. Davis: A new boundary value problem for third-order 
partial differential equations of composite type. i 


Let G be a simply-connected region, with boundary B, for which the classical 
Green's function (for Laplace's equation) exists and satisfies a certain inequality. 
Consider the equation (reduced to the canonical form established in a previous paper) 
(1) (AN), tates + bite: tH Cha tdi tou m f, where a, b, * - - , f C! on G. (The s-curves 
are the characteristics.) Let B'C G extend from B to B, cutting every characteristic 
in G exactly once, and being tangent to none. Let gC C on B, and AC C! on G+B. 
(There is one further smoothness hypothesis on B’.) The Fredholm alternatives are 
established for the problem: xCC on G (and C on G+B), « satisfies (1) in G, # = g 
on B, Ax=k on B' (i.e., either the problem stated has a unique solution, or else the 
homogeneous problem f*$-—5-—0 has nonzero solutions). Regions are studied for 
which the inequality on the Green's function is satisfied. The methods are those of 
E. E. Levi and the preceding paper o£ the author. (Received March 10, 1952.) 


354. Avron Douglis: An elementary approach to Cauchy's problem. 
Preliminary report. 


Any solution » of a linear hyperbolic equation L&* 2, , a. (x)0!w/Ox,8t; 
TXL b.(x)9«/8x;-I-c(x)& f(x) in an even number #24 of Ee RA variables 

is characterized by an Integral relation of Volterra type in terms of its Cauchy data 
on a epace-like initial manifold I. Let C?: $(x) =0 designate the characteristic conoid 
with vertex P determined by the characteristic equation 27 , , a, (39/02) (06/8x;) 
70; let I? be the intersection of C” with I, and let A? be the part of C? intercepted 
between P and IP. Then &(P) can be represented, namely, as the sum of two integrals, 
the first involving Cauchy data of « and a finite number of their derivatives over the 
domain of integration I”, the second involving the solution # over the domain of inte- 
gration A”, (Both integrals also contain the coefficients din b, c, f and a finite number ` 
of their derivatives.) This representation was obtained by a procedure, suggested by 
Beltrami's method o£ solving the Cauchy problem for the wave equation, which is 
based upon integration (in the ordinary sense) over AP of expressions of the form 
F(x): Lu. The result is analogous to the integral representations obtained by the 
method of characteristics for the solutions of hyperbolic equations in two independent 
variables and bears, like these, on numerous questions relating to initial value prob- 
lems. (Received April 1, 1952.) . 


355. Abolghassem Ghaffari: The corresponding Reccats equations of 
the hodograph equattons. 


Deseo lis ees is Gee Une TIGE ea ie 
hodograph equations of the compressible subsonic flow (1) Pr 4s, Ody = — yy and 
to investigate their solutions. If one defines ¿= /P(PQ)-!^dr and sets R= (PQ), 
then the equations (1) may be' written in the simplified form (2) R'e: - V, Ry, — ġe 
The definitions of 4, v, t, l» 0, and the expressions of P and Q are given in'a previous 
peper (Bull. Amer. Math. Soc. voL 58). The first order equations (1) now become 
(3) gut Sti tHe 0, Yu — Seite 0, where S=—R-1R’, where primes denote dif- 
ferentiation with respect to ;. The advantage of working with the equations (2) or (3) 
is that one kas only to consider the one function R and iis logarithesic derteattse S as 
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funcions of t instead af dealing with the tro unrelated functions P and Q. Writing ¢ 
and v in the form $m Ret EL cos (mó-I-an), Y= — R Vie IG, sin (moten) and i in- 
serting these expressions in equations (3), one gets (4) FL 2m F,. Fam Â, GC. 

+2mG,+uGa=0, where A—(1/2)5' -(1/42)83, u- (1/2) — fas. If one puts 
F,/Fa mfu, Gu/Gn o gu, then the following Riccati equations for fu and ge, (5) fa tfa 

T2má-2, f tS 2mta = —n, are obiasnod, It is shown that S 2, 353, and also that 
fe amd Em wrify the conditions Of. fuf. fea C fe < fu <0. (Received 
March 5, 1952.) 


356. Samuel Goldberg: The convergence of sequences determined by 
nonlinear difference equations. Preliminary report. 


Let two real numbers z« and x; be given.and suppose that the terms of the se- 
quence (x), 4*2, 3, - - - , are determined recursively by the second order nonlinear 
difference equation with constant coefficients: Layt m Xa that do ex. td. The prob- 
lem under consideration is the determination of thoee values of x» and x; for which the 
sequence (Za) has a finite limit. The special case a=0, with the sequence (23,), is the 
problem of the iteration of the function bx!--cx-l-d. A number of special cases are 
considered where, with suitable restrictions on the coefficients, the set of values of x» 
and x, are given for which lim z, exists. The couple x», x; is said to initiate a finite 
path to the limiting value L if the terms of the corresponding sequence (x,) are, from 
some point on, all equal to L. Conditions are given under which convergence of (£a) 
can occur only in this special way. (Received March 11, 1952.) 


357. J. W. Green: Os the spherical means of a-potentials. — 


By an a-potential is meant in the present paper a potential of the sort investigated ' 
by M. Riesz, O. Frostman, and others, based upon the function 1/r*, 1 3a «3, in 
stead of the Newtonian 1/r. Only positive mase distributions are considered. An 
a-potential, #(P), is subharmonic outside the mass, but in general neither subhar- 
monic nor superharmonic on it. Frostman has shown that it satisfies an inequality 
analogous to the super-mean property; namely, A(w, P, r) &A(a)w(P), where 
A(x, P, r) is the volume average of s over the sphere of radius r and center P, and 
A(a) is a number depending only on a, but greater than 1 for à 1. In the present 
paper, the factor A (a) is studied in some detail, bounded above and below, and its 
asymptotic behavior near a*«3 found. Among other inequalities it is shown that 
3(3/a)*|1/(3—a)--27 log (1—a/3)] &4(a) 33/(3—a), and so A(a)~3/(3—a). 
The corresponding factor in the case of spherical surface means is determined exactly. 
' (Received March 10, 1952.) 


358. George Klein: On a mobil inequality of Zygmund. 
The principal result of this paper is that if S,(x) isa trigonometrical polynomial of 
order », then || V arr for 0p «1, A, being a constant depending only on 
~ p, and where ||. = (0/2 | 5. (2) | dx ] V». This is an extension of the result for 
p2i, where Á, 1, due to Zygmund (Proc. m Math. Soc. (2) vol. 34 (1932) pp. 
394-400) whose proof yields the theorem for p» 1/2. Bernstein's well known in- 
equality is the case p= œ. The theorem for power polynomials corresponding to 


Du s de AT. QUIM Y MD M. DO a ia E 


Tamarkin (Duke Math. J. vol.'3 (1937) pp. 729-739) that for 
ll. AIR ll» Here fa is a polynomial of degree s, B, depends only on f, 
and |lfal|, = (1/2, |f. (2) | d ] V». This result is also extended to the cases p>0. 
March 11, 1952.) i 
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» 3594. Walter Leighton: Qn a function of Ramanujan. 


The author of this note presents an alternate proof that the function of Ramanujan 
(1—x—ax-ExIpxB— 2 -)/(1—2t—23- x39 — ---) has the unit circle as a na- 
tural boundary. (Received March 12, 1952.) 1 


360. L. F. Markus: Global NONE of ordinary differential equa- 
tions in the plane. 


Two real differential systems $ ,: =f., y), 3 ts, y), i1, 2, with fu gi C 
and with isolated critical points (f; --£;»-0) in the plane E are c-equivalent in case. 
there exists an orientation preserving homeomorphism of E onto itself which carries 
the solution curve family of $1 onto that of $s. The topological analysis of a differ- 
ential system S is effected by certain intrinsic curves known as separatrices. A sepa- 
ratrix S is eseentially a solution curve of $ which cannot be embedded in a plane 
neighborhood bounded by exactly two solution curves o£ S plus the limit sets of S, 
and which admits a transversal. The separatrices have two important properties: 
firstly, they decompose $ in E into canonical regions each of which admits a trans- 
versal and is o-equivalent to one of three elementary types, and secondly, they 
furnish a complete set of Invariants for the o-equivalence classes of plane differential’ . 
systems, The first property permits the extension of many local theories (e.g., 
existence of an integral) of differential equations to global ones. The second property 
unifies the claselcal functlon-theoretic descriptions of differential equations. (Received 
March 13, 1952.) 


361%. M. H. Protter: On the solution of hyperbolic equations by the 
method of finite differences. 


Consider the mixed ‘initial-boundary value problem for the hyperbolic differential 
. equation (1) as, — up, tbis Ec, d m0, ama(z, ¥)>0. Courant, Friedrichs, and 
Lewy showed that the'solution of the difference equation ases — yy bite} Cyto = 0 
converged to the solution of (1) (in the case of the Cauchy problem) under a certain 
restrictive hypothesis on the ratio of the mesh sizes in the x and y directions. By dif- 
ferent selections of the difference operator it is possible to prove convergence under 
less restrictive hypotheses on the ratio of the mesh sizes. Let &, & be the mesh sizes 
in the x and y directions, respectively. One of the operators that can be considered 
in this wey is the von Neumann operator which replaces u,s(x, y) by ates(x, y +h) 
bres — 2a} ey (%, y) J-asea(x, y —h) and which leaves «yy unchanged. (Received March 
per 


362. J. H. Roberts: A nonconvergeni iteraitve process. 3 


In studying a certain heát transfer problem, Mann and Wolf were led to a con- 
sideration of the integral equation yl) =/¢(G[y(x) ]/[x¢—z)]¥")dx, where G(y) is 
continuous and strictly decreasing and G(1)=0. On a fixed closed interval [0, T] 
let ye(x) «0, and let (z), w(x), * - * be determined from the equation by the usual 
iterative process. Under the additional assumption that | AG/Ay| is bounded they 
proved that the sequence ys Ju Ya * - - converges uniformly to a solution. The present 
paper shows by a counter example that the assumption that G satisfies a Lipschitz 
condition is not superfluous. On the other hand the assumption is not necessary, since 
the desired result follows for all convex G. (Received April: 25, 1952.) 


460 AMERICAN MATHEMATICAL SOCIETY July 


` 363. David Rosen: On the behavior of automorphic functions near 
the boundary. 


The Fuchsian groups I'(A) generated by s =s-bd, s = —1/s are considered, where 
X>0. It is known, when \<2, that TrA) is properly discontinuous if and only if 
A—2 cos v/q, g=integer 23; then TÒA) is of the first kind. Otherwise, for arbitrary 
X>2, PQ) is of the second kind. Specialized continued fractions, called 4-fractions, 
are introduced whose first term is Ars, rem integer; the general term is e;/r,A, where 
ei +1, r, 7 positive rational integer ($*1, 2,* +- ). For \>2, every Mfraction con- 
verges to a real number, whereas for À «2 coe x/q, a sufficient condition for conver- 
gence is that r, +err <1 occurs for no more than [(g—1)/2] —1 consecutive values of i. 
It is shown that a substitution s’ = (as+b) /(cs--d)C- T (4) if and only if a/c is a finite 
Mfraction. Also, a/c is a parabolic point if and only if it is a finite \-fraction where a, c 
are polynomials in A. The set of limit points of I'(A) is the real axis when I'(À) is of the 
first kind; as expected, every real number has a )-fraction representation whose 
elements are computed by a *neerest integer" algorithm explicitly given. When 
T(A) is of the second kind, A>2, the limit points form a perfect nowhere dense set; 
the real numbers on this set, and only those, have -fraction representations. On 
approach to a parabolic point in a Stolz angle, an automorphic function on TÒA) has 
a unique limit. Lf the point is an infinite A-fraction, an automorphic function does not 
admit a unique limit even on vertical approach. Similar results hold for automorphic 
forms. (Received March 10, 1952.) 


3641. I. M. Sheffer: Os certain entire functions. 


An analytic function f(s) will be said to have property 7 at a point s if the se- 
quence of derivatives {f™(s:)}, »—0, 1, - - - , takes on only a finite number of dis- 
tinct values. Entire functions of form (1) f(s)=Q(s)-+ 7, A; exp {ws}, where Q 
is a polynomial and e «exp {2xi/m}, have property 7 at all points. Some theorems 
are given in which a function f(s), having property J at one point and satisfying 
supplementary conditions (e.g., having property Ñ at a second point), is shown to be 
a function of form (1). These theorems link up with a result of Sregó on power series 
whose coefficients take on only a finite number of distinct values. (Received February 
14, 1952.) d 


3651. Seymour Sherman: On the roots of a transcendental equation. 


N. D. Hayes [Roots of the transcendental equation associated with a certain differ- 
exco-differential equation, J. London Math. Soc. vol. 25 (1950) pp. 226-232] has given” 
necessary and sufficient conditions on real a; and a4 that the zeros of r(s) m se*—aie*—ay 
lie to the left of R(s)=—0. In a physical application where a1«0 and a4«0, D. F. 
Gunder and D. R. Friant [Stability of flow in a rocket motor, Journal of Applied Me- 
chanics vol. 17 (1950) pp. 327—333] give an equivalent condition. It is the purpose of 
this note to illustrate the idea of H. I. Ansoff and J. A. Krumhanal, A general stabilsty 
for lincar oscillating systems with constant hime lag, Quarterly of Applied Mathematics 
vol. 6 (1948) pp. 337-341, by applying it to the case where a; and a4 may be complex. 
(Received February 11, 1952.) ; 

366. Annette Sinclair: The zeros of an analytic function of arbsirarily 
rapid growth. 

Suppose Si, Sy, +--+ is an infinite sequence of simply connected regions whose 
closures are nonintersecting and whoee only sequential limit point is the point at 
infinity. In this paper it is proved that, for any preassigned sequence of positive 
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constants {M;}, there exists a nonvanishing integral function f(s) such that [f(s)| 
>M, when sC-.S,. More generally, necessary and sufficient conditions are obtained 
on a *Qz-set" S and a set E in C(S) in order that to every function M(s) which is 
component-wise bounded on S, there corresponds a function f(s) ‘analytic and non- 
vanishing in C(E) and such that |f(s)| >| M(s)| when «CS. (A set S is a *Qa-eet" 
if (1) its components are cloeed regions, and (2) its sequential limit points lie in C(S). 
Actually, the theorem is proved with a weaker condition substituted for (1).) (Re- . 
ceived March 14, 1952.) 


367i. D. B. Sumner: A Conlon transform ase an inversion 
formula of $niegro-differential type. 


The inversion operator E(D) for the convolution transform f(x) =f, G(x —i)ẹ(t)dt 
is given by [K(s) hr. exp (—32)G(/)di. It is shown by means of the example 
G(x) - exp (—2x)-+2 cos xB-exp (—2)-F1]7, 0«8«1, that cases where E(s) is 
meromorphic arise from kernels little more complicated than that of Stieltjes’ trans- 
form, and that the order in which the differentiating factor and the integrative factor 
of the inversion operator are applied is material. The two factors sin rD/r and 
ain vfB/sin xB(1 — D) of the invertor are represented as integrals, and the methods of 
the complex variable are employed. (Recetved January 25, 1952.) 


368. Albert Wilansky: The inset of a summabtitty matrix. 


Let A be a summability matrix, a4 the column limit lim, Ga» The inset I(A) 
is the set of sequences summable A such that > ast, converges. If I(4) (4) (the 
field of A), say A has maximal inset. If every B with (B)=(A) has maximal inset, 
say A has PMI (propogation of maximal inset). The regular matrix (Gaa 0s..-1 1/2, 
G34 0 otherwise) does not have PMI. The Cesaro and Riesz matrices have PMI. All 
these matrices are of type M and their fields cannot be distinguished by previously 
known invariants. A co-regular matrix with maximal inset has an equipotent regular 
matrix. There is a co-regular normal matrix such that no equipotent matrix has 
maximal inset. Hence there is no equipotent regular matrix. (Example is due to K. 
Zeller). The regular normal matrix gu, — 24/4 has PMI. (Received March 7, 1952.) 


3691. František Wolf: Spectral decomposition of a class of operators 
in Banack space. Preliminary report. . 


The spectral decomposition concerned is of a generalized ET, = ff APEN) 
where (1) f(A) is of clase C* in an open set containing o(A), (ii) the integral is essen- 
tially Bochner's (Bochner, Fourtersche integrals, 1932, also F. Wolf, (C, k) ssemtmability 
of trigonometric integrals, University of California Press, 1946 and L. Schwartz, TMorse 
des distributions). The clase of operators with real bounded spectrum can be char- 
acterized in different ways: (i) the resolvent Ry - O((A —Ã) =+), (ii) the polynomials 
f(A) as functions of f prove to be continuous under the of C* (cf. 
L: Siib): An equivalent class can be characterized by ||44|/ 3 Mae", k=O, 1, 
—1, . This is an extension of E. R. Lorch’s class of “weakly almost periodic” 
Me, It includes nilpotent operators of order not more than s—1. The general- 
ized “decomposition of the identity" EQ) is outside of c(4) a polynomial of order 
*»—1 and JAPE): [e£G)d*EQ) — /fG)gQ)d*EQ) which yields a corresponding 
orthogonality- property for EQ). An eigenspace Say defined as the annihilator of 
£(A) where Amiao) 50 and g(Ao) -g/Qa) m s+ mg 04) 0, is such that 
A —AsI is nilpotent in Sy If Wey - -+ kD (Ag) 0, then (4) is a scalar in 
dl LE MQ) such that e(4| MO) is 
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` exactly 2 eur and M(— «) (0), M(:) is the whole space. (Received 
March 13, 1952.) 


APPLIED MATHEMATICS 


3701. H. G. Bergmann: The boundary layer problem for certain non- 
linear ordinary differential equations. 


This paper considers a problem similar, but simpler in type, to that arising in the 
theory of buckling of circular plates. One has a pair of nonlinear ordinary differential 
equations of second order depending upon a parameter, (i) b, (x)-31(x)/2, (ii) 
kgee(x) -P(x)q(z) -0, —1 3x51, with the associated boundary conditions p(—1) 

(mbi P(1) = b, ge(—1) - gs (1) -0. When the parameter k approaches zero as a limit, 
the solutions p and g approach limit functions whoee existence and uniqueness we 
prove by variational methods. The nonuniform convergence in the “boundary layer” 
is studied by an appropriate stretching process. The limit functions satisfy the limit 
equations, but no longer satisfy all the boundary conditions. Since gs. disappears in 
the mit equation, it is reasonable that the boundary condition on q should no longer 
be met; the interesting result is that although the limit equation remains of the same 
order in ~; the boundary condition here may be lost. The paper proves that if pis . 
negative, the limit function does indeed assume this value; but if f, is positive, the 
limit function assumes instead the value ~.47271,. (Received February 13, 1952.) 


371. Jack Kotik: Linear water waves and the equation of the vibrat- 
~ dng beam. Preliminary report. 


We. cónsidér two-dimensional surface wavë onan nem aC infinie depth: The 
existence problem has been proposed for the following data: given the surface eleva- 
tion and slope at x=0 for all values of the time, — œ <#< œ. It is shown (with in- 
essential rigor restrictions) that this problem is impossible unless the prescribed func- 
tions are analytic, and (with essential hypotheses) that if the solution exists it is 
unique, as follows: in deep water the surface condition can be differentiated to yield 
$uu- $2. 0, which is formally the equation for the transverse vibrations of a beam. 
An integral representation is found for the solution from which the analyticity in ¢ 
and uniqueness follow. The main difficulty is that the source solutions do not die 
out at infinity but only oscillate with increasing rapidity. (Received March 11, 1952.) 


372. K. S. Miller and F. J. Murray: Error analysis for differential 
analysers. 


The machine solution of a system of differential equations differs from the true 
solution by satisfying somewhat different differential equations and by sporadic 
perturbations 8 during the solution process. The machine differential equations are 
considered to involve parameters a and à, such that setting a and A zero yields the 
Correct equations. à erroré raise the order of the system, a errors do not. For no A 
errors, the machine solutions, w.(x, a, 8), of practical systems (including nonlinear 
systema, with broken region of analyticity) depend analytically on a and 8. The a and 
B partial derivatives for each order satisfy a linear system of differential equations, 
with the same homogeneous part. Thus the Taylor series for s, yields the solution 
error accurately without "linearizing" the system. This error analysis for a and 8 
applies to both continuous and digital machines. When A errors are present, the solu- 
tion error is analyzed into a long range part, analytic in A, and a transient pert not 
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analytic in à. The methods thus indicated are combined to yield a discussion of the 
joint effect of all error types. (Received March 7, 1952.) 


373. K. M. Siegel, J. W. Crispin, and R. E. Kleinman: The seros 
of the associated Legendre function of order one and noniniegral degree. 


The consideration of certain problems related to the scattering of electromagnetic 
waves involves the determination of those values of the degree for which the asso- 
ciated Legendre function with a fixed real argument between —1 and 0 will vanish. 
This paper presents a method which will ‘yield numerical results more easily than 
any previously reported method. This method involves expanding P}(xs) in a Taylor 
series about integer and half-integer values of », terminating the series after three 
terms, and equating the expansion to zero. The solution of the resulting algebraic equa- 
tion leads to the zeros, which are the values of » that are desired. Although the 
coefficients in this expansion are themselves infinite series, they are rapidly con- 
vergent, and thus can be readily evaluated. The method has been applied to the 
cases xam Cos 165? and x4 cos 170°. In addition, the method provides a means of ob- 

taining quantitative results for the normalizing factors {’[P.(x)]*éx and 
J: LP. GOD Pde with the », such that P G9 =0. (Received March 5, 1952.) 


3744. R. L. Sternberg and Hyman Kaufman: A general solution 
of the two-frequency modulation product problem. I. 


Consider an arbitrary modulator whose output versus input characteristic - 


Y~ Y(X) is a continuous function of X on a finite closed interval [—a, a]. Let the 
input be x(f) «P coe (pi--05)--Q cos (gt-F9), OXP«P--Qa32P Xa. Then by ex- 
tending the method of W: R. Bennett (The biased ideal rectifier, Bell System Tech- 
nical Journal vol. 26 (1947) pp. 139-169) it is shown that the double Fourier series — 
coefficients of the output y(i) = Y(x(/)) can be approximated to within an arbitrary 
2« by simple linear combinations of the values of four new functions which were 
introduced by Bennett ànd are independent of the modulator characteristic, while 
the double Fourier series having these approximate values as coefficients converges 
and differs from the output y(/) by less than «for all £. Tables of the four new func- 
tions mentioned are in preparation for Part II of the present paper. (Received Febru- 
ary 29, 1952.) 


: 875. H. F. Weinberger: Upper and lower bounds for torsional 
rigidity. j ! 
i By an extension to multiply-connected domains of a minimum principle of J. B. 

Diaz (Proceedings of the Symposium on Spectral Theory and Differential Problems, 
Oklahoma A. and M., 1951, p. 289), the following is shown. If a region with torsional 
rigidity S be split into disjoint subregions with rigidities S; > -, Sẹ then S25, 
+-++ +.S.. This is a lower bound for S or, by transposing, an upper bound for 5i. 
Of particular interest is the region S, consisting of the simply-connected region S with 
holes Sn - -*, Sa. For the hollow square with sides 2b and 2g, the upper bound 
2.2496 (b*—a*) is so obtained. Good lower bounds for certain regions with holes are 
obtained as follows. If S, consists of the simply-connected region S with a hole 5 
and if the torsion function of S has a level line entirely outside 5; but inside a larger 
region 5 then Sz S— ss Fora regular polygon with similar hole, a circle circum- 
scribed about the bole serves as S In particular, for the hollow square $2 2.249604 
—2xa*, For small holes, the upper and lower bounds are very near to each other. 
(Received March 12, 1952.) ' 
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376. D. M. Young and M. L. Juncosa: On the convergence of solu- 
tions of difference equations to solutions of the heat equation. 


Let x(x, t) = ee Ga sin *xx exp ( —s'x*f) be a Fourier series solution of the heat 
equation te y, in R: 0 «x «1, £0, with boundary conditions &(--0, t) &x(1—0, f) 
70, 150, and initial condition w(x, 4-0) ef(x), 0 «x «1. For points (x, t) of R such 
that Mx and M%/r? are integers, M an integer, let U(x, t) satisfy the difference 
equation Uy(z, t-+h) — Un, t) =r{ Un(x--h, 2) H-Un(x—h, 12) —2U u(x, 0], where 
h-1/M, ker. Let ulz, t) be obtained from Ux(x, t) by bilinear interpolation. By 
the use of a generalization of Fejér's theorem on summability (C, 1) of Fourier series 
(D. Jackson, The theory of approximation, p. 66) the authors prove that if f(x) is 
continuous in 0 Sx &1 except for a finite number of finite jumps, if the Fourier series 
for f(x) converges, and if 0 «r 31/2, then as M— œ, lim U(x, t) —«(x, t), uni- 
formly for £z 40 and for 03x31. This generalires previous results; for instance 
Leutert (Journal of Mathematics and Physics vol. 30 (1952) pp. 245-251) has proved 
convergence for 0<r 41/4. On the other hand, Hildebrand, Bull. Amer. Math. 
Soc. Abstract 58-2-216, proved convergence for 0 <r &1/2, assuming bounded varia- 
tion for f(x). (Recetved March 12, 1952.) 


GEOMETRY 


377i. T. Minagawa and Tibor Radó: Infinitesimal rigidity of non- 
convex surfaces. 


The theorem stated in a previous communication (T. Radó, Rigidity theorems for 
non-convex surfaces, Bull. Amer. Math. Soc. Abstract 58-4-378) remains valid if the 
asymptotic condition relative to the boundary curve is dropped. At the same time, 
differentiability assumptions can be reduced to the point where the results appear in 
their natural setting. (Received February 11, 1952.) 


3781. Tibor Radó: Rigidity theorems for nonconvex surfaces. 


Let R be a simply-connected piece of surface with boundary C. Then R will be 
termed i.r.b. (infinitesimally rigid for point-wise fixed boundary) if R does not admit 
of nonidentical infinitesimal deformations leaving the boundary fixed point-wise. 
Now let S be a simply connected surface satisfying one of the following three condi- 
tions. (1) The Gauss curvature X of S is positive. (2) K <0, and the asymptotic lines 
can be taken as parameter curves for S in the large. (3) K v0, and the generators 
and their orthogonal trajectories can be taken as parameter lines for S in the large, 
and there are no “flat points” present. Theorem. If R is a simply connected piece of S 
whose boundary C has aysmptotic direction at a finite number of points at most, 
then R is i..b. Remarks. (a) Case (1) is, essentially, known, and is stated merely for 
completeness. (b) Analyticity is not assumed. (c) The result has a bearing on the 
problem of flexible, inextensible membranes. (Received January 28, 1952.) 


LOGIC AND FOUNDATIONS 


379. Ilse L. Novak: Om direct unions of algebras. Preliminary 
report. : 


The terminology used here is taken from J. C. C. McKinsey, J. Symbolic Logic 
vol. 8 (1943) pp. 61-76. Given an algebra T which is known to be a direct union of 
, algebras T,, where ¢ ranges over a given index set I, and a sentence S which holds in 
T. One wishes to determine what conditions this imposes on the factors of T. For 
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certain classes of sentences it is possible to obtain equivalent conditions which hold 
for all index sets I. If all the factors are isomorphic, more general results can be ob- 
tained. If I is finite, one can always find equivalent conditions. (Received March 13, ` 
1952.) i 

STATISTICS AND PROBABILITY 


380%. J. C. Kiefer and Jacob Wolfowitz: Stochastic estimation of the 
maximum of a regression function. i 


Let F(y| x) be a family of distribution functions which depend on a real parameter 
x, let /»d F(y|x) - M(x), and suppose that /(y— M(x))MF(y|x) 3S« e. M(x) is 
strictly increasing for x «6 and strictly pubs: for x »0. Let {as} and {ca} be se- 
quences of positive numbers such that c4—0, 2 da= e, D au, « c, aa «v. 
Let s; be an arbitrary number and define, for all s&, 24,1 = Sa -a«((9o — Yta) /Ca). Here 
5 and ^ are independent chance variables with respective distributions 
F(y|s. —c) and F(y| s. 3-c.). Under weak regularity conditions on M(x) the authors 
prove that s converges stochastically to 0. (Received February 14, 1952.) 


381. Eugene Lukacs and Otto Szász: Analytic characteristic func- 
tions. i 

We give here a proof of. the following theorem: If a characteristic function ¢(s) 
is analytic in a neighbórhood of the origin, then it is also analytic in a horizontal 
strip and can be represented in this strip by a Fourier integral. This strip is either 
the whole plane or has one or two horizontal boundary lines. The purely imaginary 
points on the boundary of the region of convergence (if this region is not the whole 
plane) are singular points of (s). A number of properties of analytic characteristic 
functions follow from this theorem: (1) In either half-plane, the singularity nearest to 
the real axis is located on the imaginary axis. (2) There are no zeros on the segment 
of the imaginary axis located inside the strip of analyticity. (3) The zeros and the 
singular points of (s) are located symmetrically with respect to the imaginary axis. 
(4) If the characteristic function of an infinitely divisible law is analytic, then it has 
no zeros inside its strip of convergence. (Received March 5, 1952.) 


3821. Jacob Wolfowitz: On the stochastic approximation method of 
Robbins and Monro. 


Let H(y|x) be a family of distribution functions which depend-on the parameter 
x. Let M(x) - /»x4dH(y| x), and suppose | M(x)| «C« » and f/ytaB(y|x) «S« o. 
Let {as} be a sequence of positive numbers such that X an= o, > a) < œ. Suppose 
that either (I) M(x) 3a—5 for x «0, M(x) za--5 for x>6 or (II) all the following 
hold: (1) M(x) «a for x«0, M(8)-a, M(x)>a for x>6, (2) for some positive ô, 
M(x) is strictly increasing if |x—0| <8 and (3) infi. sz | M(x) —a| >0 Let xı be 
arbitrary and define recursively x,,:—2z.--a4(a— ya), where Ya is a chance variable 
with the distribution H (y| za). Then z, converges stochastically to 0. This generalizes 
results of Robbins and Monro, Ann. Math. Statist. vol. 22 (1951) pp. 400—407. (Re- 
ceived February 25, 1952.) g 


` 


TOPOLOGY 

383. R. D. Anderson: On extending ihe domain of.a monotone in- 
terior mapping. ; - g: 

The author shows that if M, imbedded in S*, is a closed set of dimension not 


466 AMERICAN MATHEMATICAL SOCIETY july 


greater than 51 —2 and f is a monotone interior mapping of M onto a space Y, then 
there exists a monotone interior mapping F of S* onto a space in which Y is imbedded 
such that F(S* — M) is homeomorphic to S*— M and for any point y in Y, F~ (y) is 
f (5). (Received March 12, 1952.) 


3841. H. W. Becker: Nonplanar graphs and passive circuits, Pre- 
liminary report. 


A passive circuit is a subgrapb with two terminal-nodes. A graph which can be 
mapped on a sphere can be mapped on a plane, but this is not necessarily true of. 
p.c., hence the distinction between planar, globel, and nonglobal p.c. Kuratowaki's 
- theorem, that all nonplanar graphs contain one of two elementary n.g., the triple 
wye, or pentagon-pentacle, has this analogy: all nonplanar p.c. contain one of three 
el. n.p.c., the X (Bloch), A (Carvallo), or Y (el. sesquispheric) bridges. In any bridge, 
all terminal and unambiguous boundary branches are nonbridgers (have no negative 
terms in the transfer conductance). But in a nonplanar bridge, there is no unique pair 
of boundary meshes. Consequently n.p.c., like n.g., have no topological duals—but 
have algebraic duals with square first partial derivatives, like physical p.c., Proceed- 
ings of the American Mathematical Society vol. 1 (1950) p. 316. For 94n $13, the 
fundamental n.g. (2); 1, 2, 3, 10, 29 (a majority of a5), and the ng. (0). *-1, 4, 21, 
130, 828. For 8S5 $12, the fundamental n.p.c. (OM =j, 4, 12, 48, 200 (a majority of 
be), and the n.p.c. (b)a=1, 10, 90, 766, 6251. So far, (b)a~1.5: 81, These enumera- 
tions would all be doubled, admitting algebraic duals. The first graph and bridge- 
bridges such that neither they nor their duals are physical are (a. “1, ob)" -4. 
Reference is made to classic papers of Hasler Whitney. (Received March 21, 1952.) 


385t. H. W. Becker: The enumeration of series-parallel-bridge 
graphs. Preliminary report. 


R. M. Foster classified s.p.b. graphs by rank and nullity (Transactions of the 
American Institute of Electrical Engineers, 1932, p. 309) end formulated the atlas of 
s.p. graphs C, (International Congress of Mathematicians, 1950). Enumeration of 
all nonseparable s-branch s.p.b. graphs a, starts with the fundamental graphs as, 
called pure active bridges, Bull. Amer. Math. Soc. vol. 54 (1948) p. 76, and proceeds 
by the methods there applied to passive s.p.b. circuits ba. Topological binomial coeffi- 
cients and products reduce to ordinary ones only for networks of maximum assym- 
metry, where the branch diversity equals the number of branches; there are no such 
graphs, s «12. Thus the topological power 2*— 5, 6, 7, 8, 9, 10, 12, or 16 according 
to the symmetries involved. For 103» 313, the fundamental bridge-bridge graphs 
až" m1, 2, 3, 11; for 6S5 $13, af —1, 0, 1, 3, 4, 7, 22, 51, whence a, 1, 2, 11, 47, 197, 
837, 3689, 16456 2C... With the aid of a table of 34,4, s.p. circuits classified by di- 
versity, the analogous ās, 41s tabulated. This achieves the crose-check by1™ 2 d: a4... 
For 535312, b, 1, 6, 37, 195, 1003, 5034, 25231, 127217. Nonplanaritles few, 5. 
~1.6 5*7, additional light on the Riordan-Shannon problem. Journal of Mathe- 
matics and Physics vol. 21 (1942) p. 83. The previous procedure started from b? 

' 21,0, 2, 5, 12, 34, 113, 388, 5235 312. The two different procedures enforce a mutual 
correction and corroboration, in a census exceedingly prone to error. (Received March 
21, 1952.) 


386. A. L. Blakers:,On the realization of homotopy sequences. 


Let § =( +++ 34a +B >C aAa + + + AB 0,1) be a sequence of 
sets and single-valued functions, subject to the conditions: (1) All sets are groups, 


D 


& 
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except possibly Ci, which is a set with a unit element. (2) All groups to the left of C 
are abelian. The groups Cy, Ai, Bı need not be abelian. (3) All functions except pos- 
sibly jı: B1— C, are homomorphisms. (4) The sequence is exact. In addition if £4: Ai 
Bi, b, M EBn and f(b) f(t), then Hb, C (4). (5) A: acts as a group of 
operators on all groups of $ and-the homomorphisms of 5 are operator homomor- 
phisms. A; acts on itself by inner automorphisms, and if y: G41, c c1 CG, then 
On(a))d = QC C, . (6) Bi acts as e group of operators on all groups Bs, #21; on 
itself by inner automorphiam. (7) The operators from Ai, Bı, on Bs, #21, are related 
by alba) = (&(a)))5. (b Ba, aC 41). The algebraic properties of § are all shared 
by the homotopy sequence of any 0-connected pair. The main theorem proved about 
& is that it can be realized as the homotopy sequence of a 0-connected C. W. complex- 
pair. More specifically, there is such a pair (K, L) and an operator isomorphism of 
the homotopy sequence of (X, L) onto $. Moreover, all Whitehead products in (X, L) 
are trivial. (Received March 6, 1952.) ‘ 
E ^ 


387. M; L. Curtis: The Poincaré-Lefschets duality theorem for closed 
Brouwer manifolds. 


Let S be a closed connected -manifold (not assumed to be triangulable) and G, I 

be, respectively, an arbitrary abelian group and the group of integers. Let 3C, H’, H 

be a cohomology theory and two homology theories with coefficient groupe G, I, G. 

Assume there exists a cap product ( pairing X and H’ to H. If Ay (S) is isomorphic 

with I and s, is a generator of Hy (S), let 4: 9€ (S)—H. ,(S) be defined by &«(w) 

-w. This paper is devoted to showing that under these circumstances each 
' ¢ (r0, 1, - ++, #) ia an isomorphism onto. (Received March 12, 1952.) 


388s. S. P. Diliberto: Existence of cubical maps. Preliminary report. 


Let K and L be finite Euclidean polyhedra which are subdivided into cubes, and 

let f:| K[ | L| be a continuous map. It is shown that there exist cubical maps f, 
approximating f (paralleling the existence of simplicia! maps when X and L are cut 

into simplices): for «>0, there exist subdivisions K and L and a continuous map 

fc [K| [L| such that G) dist (f, f) <e (ii) f. is ehomotopic to f, (iii) if | 4*| isa 
. £-cube of K, there exists a q-cube (q Sp)| B*| of L such that f(| 4») =| B1], Gv) f. 
induces a natural map Cj: C(K)—C,(L) where 8Cj,— Cj. By standard methods 

one obtains subdivisions and L and a vertex map f, satisfying the nearness properties 

G), Gi) and such that if a, are vertices of | 4*|CK, there exists | Bt|€D such that 

f(a.)€: | B*| (q poeeibly greater than p). K is the 2m- sth subdivision of K, m =dim X 
and x» «dim L. f, is extended to K so as to have properties (iii) and (iv). (Received 

March 17, 1952.) f : 


. 389. Mary E. Estill: A primitive dispersion sei of the plane. 


R. L. Wilder, in his book, Topology of manifolds, makes the following definitions. 
“If M is a connected set and D a subset of M such that M — D is totally disconnected, 
then D may be called a dispersion set of M. If no proper subeet of D is a dispersion 
set of M, then let us call D a'primitive dispersion set of M." And Wilder raises the 
question of the existence of a primitive dispersion set of the plane. In this paper an 
example is given of a primitive dispersion set of the plane. (Received January 28, 
1952.) d 


390%. R. H. Kyle: Calculation of $nvariants of a quadratic form. 
It is convenient to have methods of calculating the invariants of a quadratic form 
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which do not involve a preliminary reduction to canonical form. Let f be a quadratic 
form with integer coefficients, and p be an odd prime. Let the elementary divisors 
of the matrix of f be trimr’ ph, with d, =e, when rii «f Sr, and ey «ea. Put s, 
= Ži e(n—na). Let {f} denote the collection of subforms of f obtained by drop- 
ping all but r variables of f. Then there exists at least one subform g in [f] euch 
that |g| 979 is an in prime to p. Moreover if g, k are two such subforms, the 
Legendre symbols (leo P. (|A| p/p) are equal and define a unit e(p). The 
alp) are invariants of the class of f, and are calculable without reduction to canonical 
form. The rr, 6n e(?») provide a complete set of local invariants of f at odd primes. 
The invariants (|fs|/p) defined in B. W. Jones, The arithmetic ihsory of quadratic 

` forms, are given by ({fs|/p) a(p)as(p) and the Minkowski units c,(f) in tutn are 
given by ¢,(f) = (—1/p) [Jdal /p) where g= 27'(—7i-2: DIT’ being taken 
over those k such that s, is odd. (Received March 12, 1952.) 


391%. R. H. Kyle: Embeddings of the Moebius band in. S. 


A rectangle ABCD is embedded in S with AD identified with CB. The boundary 
ABCD of the Moebius bend thus constructed forms a knot J, and the line joining the 
midpoints of AD and BC forms a knot k called the center knot of the band. The 
linking number »(k, I) gives the number of twists. It ia shown that given an oriented 
knot k and an odd integer », an oriented knot / can be constructed in a well-defined 
way, 80 that } is the boundary of a Moebius band having k for its center knot and 
» twists. Conversely if two Moebius bands M, M' have boundaries which are equiva- 
lent to each other but not to a circle, then there exists a semilinear mapping of S* 
onto itself sending M” onto M. Thus distinct pairs (k, ») define distinct knots except 
in the special case (circle, +1), and the invariants of & are also invariants of }. This 
gives a complete classification of a subclass of the parallel knots, analogous to H. 
Seifert’s classification of doubled knots in Sckiingknoten, Math. Zeit. vol. 52 (1949). 
(Received March 12, 1952.) j 


392. R. H. Kyle: The quadratic form of a knot. 


The quadratic form of a projection of a knot was defined by L. Goeritz, Knoten 
und quadratischs Formen, Math. Zeit. vol. 36 (1932). It was shown that the Minkow- 
aki units c,(f) of this form are invariant under combinatorial transformations, but 
the question of topological invariance remained unsettled. H. Seifert, in Der Ver- 
schiangungstxcarianion der syklischen knolonwberlagerungen, Abh. Math. Sem. Ham- 
burgischen Univ. vol. 11 (1935), exhibited the connection between the quadratic 
form and the two-sheeted covering of the knot. He gave an example of two knots 
which can be distinguished by the linking invariants of this covering but not bythe 
Minkowski units, and he asked whether an example of the opposite case could be 
found. A negative answer to Seifert's question is given by expressing c»(f) as a product 
of certain of the linking invariants The topological invariance of the Minkowski units 
is an immediate consequence of the topological invariance of the linking numbers. ` 
(Received March 12, 1952.) 


3931. J. C. Moore: A new proof of ike Blakers and Massey iriad 
theorem. 


The theorem states that if (X; A, B) is a triad such that X = A\/B, A and B are 
open in X, A, B, and their intersection are arcwise connected, (X, A) is m-connected, 
"22, (X, B) is n-connected, «22, then the triad (X; A, BJ is (m-I-w)-connected (Bull. 


1 
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Amer: Math. Soc. Abstract 57-2-164). Let re Af AB. Let D be the space of paths in 
X which start at xe and end in A; let E be the space of paths in X which start at x» 
and end in B, and let Y =DU E. Then the triads (X; A, B) and (Y; D, E) have iso- 
morphic triad homotopy groupe, and Y has trivial homology groups. Therefore it is 
sufficient to prove the theorem in the special case where X has trivial homology. In 
this case A is (m —1)-connected, and B is (s — 1)-connected. Let C= Af VB, and let A be 
the diagonal of A XB. A is homeomorphic with C. H,(A X B, A) = {0} forgim--»—1 
by the Künneth theorem. Therefore r(A XB, A) = {0} for gSm-tn—1. These facts 
imply sX; 4, B) = {0}, qam-+s, by standard methods. (Received January 28, 
1952.) 


3941. J. C. Moore: Ow the homotopy groups of spheres. 


Using the concept of generalized covering space of G. W. Whitehead (Fibre spaces 
and the Eslenberg homology groups, Bull. Amer. Math. Soc. Abstract 58-2-267) it 
is proved that for p a prime the p-primary component of ws,(S*) is a cyclic group of. 
order $, and that x,(5*) has no elements of order p for 2p «q«4? —3. Let Zp denote 
a cyclic group of order f. Then using the relative Hurewicz theorem and the results of 
J. P. Serre (Ann. of Math. vol. 54 (1951) pp. 425—505) it is proved that if E?:w¢(S*) 
+r S") is the double suspension homomorphism, then for # odd the induced 
homomorphism Eyire(S*) QZ,—x,44(5**3) @Z, is an isomorphism for q « (s--1)p —3. 
Combining these results with those of Serre, it is proved that for «odd re( S") Zp = {0} 
for &--2p —3 «g «n--4p —6, and the ?-primary component of x«42, 3(S*) is a cyclic 
group of order ù. It is also proved that for # even and »52, a(S") DZ, {0} if 
qn —1 and &4-2p —3 «9 «min {2n+2p—4, n+4p—6}, and the pprimary com- 
ponent of rejep—s(S*) is a cyclic group of order p. (Received February 7, 1952.) 


3951. J. C. Moore: On the homotopy of the union of iwo spheres with 
a poini in common. 


Let z«—S*. Then S*\/S* is defined to be the subset S*x {xe} U {xe} XS* of 
SX S”. Let X be the space of paths in S*X S» which start at (xo xa), and end in 
S*VS*. H,(X) is a free abelian group with k generators for g=(k+1)s—h, kl, 
and trivial for other values of g>0. Then it is proved that x,(X) -x,(S*71) 
"LSA XK S971) Ox (Sm X Sx Se) for gS 5n—6. This is used to extend some 

results of G. W. Whitehead on the distributive law for the composition operation 
' (Ann. of Math. vol. 51 (1950) p. 215). (Received February 1, 1952.) 


3961. J. C. Moore: On the relative Hurewics theorem. 


The formulation of the Hurewicz theorem of J. P. Serre (Ann. of Math. vol. 54 
(1951) p. 491) is extended to the relative case. The theorem then reads that if (X, A) 
is a pair such that X and A are connected, simply connected, uniformly locally 
connected spaces whoee homology groups are finitely generated, k is a field, and 
HX, A; k) = {0} for0 3g «5, then (X, A) 8k - {0} for0 Sg «s, and s. (X, 4) Ok 
is isomorphic to H,(X, A; k). The theorem is then applied to prove that if E:x,(5*) 
—rea(S**) is the suspension homomorphism for s odd, and if aC-x,(S*) is an ele- 
ment such that E(a) «0, then a has order a power of 2. The Blakers and Maseey triad 
. theorem is extended to read that if (X; 4, B) isa triad such that X, A, B, and A( B 
are connected, simply connected, uniformly locally connected spaces with finitely 
generated homology groups, (X, A) and (X, B) are 2-connected, & is a field, 
HX, A; k)m {0} for gam, and H,(X, B; k) - (0] for qs, then x,(X; A, B) Sk 
= (0] for qgám-+n. (Received February 6, 1952.) 


470 AMERICAN MATHEMATICAL SOCIETY 


` 


397i. Moses Richardson: Solutions of irreflexive relations. Pre- 
liminary report. 

The concept of solution of an irreflexive binary relation is defined in J. von Neu- 
mann and O. Morgenstern, Theory of games and economic behavior, Princeton, 1944, 


where it is proved that if the relation is strictly acyclic, a solution must exist. Ina . 


previous note (Bull. Amer. Math. Soc. vol. 52 (1946) pp. 113-116), the present 
author proved that if the graph of the relation contained no odd cycles modulo 2, 
solutions exist. The assumption of asymmetry in this note was unnecessary. In the 
present paper, the investigation of various sufficient conditions for the existence of 
solutions of irreflexive relations, in which no assumption is made as to symmetry or 
transitivity, is continued. In particular, it is proved that if the graph is finite and 
contains no odd oriented cycles, then solutions exist. This result improves on the 
previous one since intransitivity is no longer required, thus making the result appli- 
, cable to the theory of games. The proof uses a new method but still employs the theory 
of linear graphs. Still weaker but more complicated assumptions, as well as extensions 
to infinite systems, are studied. (Received February 14, 1952.) 


398%. P. M. Swingle: Densely looped $ndecomposable connexes. 


Let S be the plane. C is a densely looped indecompoeable connexe if C is connected 
and for each pair R, R' of mutually exclusive regions where C- Rys0s4C R’, one of 
these, R say, is such that its boundary plus S—C contains a continuum which 
bounds a domain and separates C: R'. There exists in S a compact indecomposeble 
connere (and a compact indecomposable continuum) which is not a densely looped 
indecomposable connexe. Each compoeant of a compect indecomposable continuum 
is itself a densely looped indecomposable connexe. Let C be a densely looped inde- 
composable connexe contained densely in a domain of S and N be a finite set of limit 
points of C. Then CN is a densely looped indecomposable connexe. Let D be a 
compact connected domain in S, C be a connected subeet of D, K’ be a composant of 
an indecompoeable connexe in D -(S—C) where both X’ and D and C and D have the 
' same closure; then C is a densely looped indecomposable connexe. (Received March 
10, 1952.) i 


399t..C. T. Yang: On cohomology theories. 


It is proved that for fully normal spaces the Alexander-Kolmogoroff cohomology 
theory agrees with the unrestricted Čech cohomology theory for arbitrary coefficient 
groups. A natural isomorphism between these two kinds of cohomology groups is 
actually constructed. The following corollaries result: (1) For compact Hausdorff 
spaces the Alexander-Kolmogoroff cohomology theory agrees with the Čech co- 
homology theory (Spanier, Ann. of Math. (1948)). (2) The homotopy axiom for the 
Alerander-Kolmogoroff cohomology theory holds for fully normal spaces and hence 
all of the Alexander-Kolmogoroff cohomology groupe of convex subeets of linear metric 
spaces are trivial. (3) The extension, reduction, and hence map excision theorems hold 
for the unrestricted Čech cohomology theory. (4) If a fully normal space has Lebesgue 
dimension at most s, then all of its Alexander-Kolmogoroff cohomology groups in 
dimensions above s vanish. (Received February 22, 1952.) i 


L. W. COBEN, 
Associate Secretary 


THE APRIL MEETING IN CHICAGO 


The four hundred eightieth meeting of the American Mathematical 
Society was held at the University of Chicago on Friday and Satur- 
day, April 25-26, 1952. There were about 270 registrations, including 

. the following 229 members of the Society: 


W. R. Allen, J. W. Armstrong, K. J. Arnold, Louis Auslander, W. L. Ayres, Rein- 
hold Baer, W. R. Ballard, P. T. Bateman, A. F. Bausch, Henry Beiman, Leon Benson, 
Gerald Berman, S. F. Bibb, R. H. Bing, R. P. Boas, W. M. Boothby, Raoul Bott, 
D: G. Bourgin, Joseph Bram, Richard Brauer, R. H. Bruck, R. C. Buck, P. B. 
Burcham, A. S. Cahn, A. P. Calderón, R. H. Cameron, K. H. Carlson, W. B. Caton, 
Lamberto Cesari, K. T. Chen, E. W. Chittenden, H. M. Clark, F. M. Clarke, M. D. 
Clement, Harvey Cohn, E. G. H. Comfort, A. H. Copeland, Sr., V. F. Cowling, 
H. Crisler, C. W. Curtis, M. M. Day, B. V. Dean, John DeCicco, J. C. E. Dekker, 
E. Deskins, Allen Devinatz, Flora Dinkines, W. F. Donoghue, L. A. Dragonette, 
* Roy Dubisch, W. F. Eberlein, B. J. Eisenstadt, H. M. Elliott, Benjamin Epstein, 

M. H. M. Eser, H. P. Evans, R. L. Evans, Trevor Evans, H. S. Everett, G. M. 
Ewing, E. R. Fadell, Chester Feldman, R. C. Fisher, Isidore Fleischer, J. S. Frame, 
Evelyn Frank, L. E. Fuller, R E. Fullerton, M. P. Gaffney, David Gilbarg, A. M. 
Gleason, Casper Goffman, H. E. Goheen, Michael Golomb, A. W. Goodman, S. H. 
Gould, L. M. Graves, R. L. Graves, E. L. Griffin, T. E. Hagensee, Franklin Haimo, 
P. C. Hammer, Gerald Harrison, H. L. Harter, Charles Hatfield, L. J. Heider, R. G. 
Helsel, I. N. Herstein, J. J. L. Hinrichsen, I. I. Hirschman, Vaclav Hlavatý, D. L. 
Holl, T. C. Holyoke, S. P. Hughart, Ralph Hull, J. R. Isbell, W. E. Jenner, Meyer 
Jerison, R. E. Johnson, G. K. Kalisch, Samuel Kaplan, Irving Kaplansky, William 
Karush, Chosaburo Kato, M. W. Keller, J. B. Kelly, L. M. Kelly, J. H. B. Kemper- 
man, D. E. Kibbey, Fred Kiokemeister, S. C. Kleene, Erwin Kleinfeld, Fulton Koehler, 
L. A. Kokoris, Marc Krasner, A. H. Kruse, M. Z. Krxzywoblocki, E. P. Lane, R. E. 
Langer, Leo Lapidus, C. G. Latimer, J. R. Lee, R. A. Leibler, R. B. Leipnik, D. J. 
Lewis, S. D. Liao, B. W. Lindgren, O. I. Lito, T. C. Littlejohn, A. J. Lohwater, 
Lee Lorch, M. F. McFarland, J. D. McKnight, C. C. MacDuffee, Saunders MacLane, 
Morris Marden, E. P. Merkes, J. M. Miller, J. M. Mitchell, M. A. Moore, G. W. 
Morgenthaler, E. J. Moulton, H. T. Muhly, S. B. Myers, W..M. Myers, Jr., Zeev 
Nehari, O. M. Nikodým, Katsumi Nomizu, E. A. Nordhaus, E. P. Northrop, R. J. 
Nunke, E. J. Olson, E. H. Ostrow, R. R. Otter, M. H. Payne, Sam Perlis, J. K. Peter- 
son, L. E. Pursell, A. L. Putnam, C. R. Putnam, Gustave Rabeon, R. A. Raimi, 
. O. W. Rechard, P. V. Reichelderfer, Haim Reingold, R. B. Reisel, Daniel Resch, 
P. R. Rider, G. S. Ritchie, R. A. Roberts, Alex Rosenberg, P. C. Rosenbloom, Arthur 
Rosenthal, W. C. Royster, H. J. Ryser, R. G. Sanger, A. C. Schaeffer, H. M. Schaerf, 
O. F. G. Schilling, Lowell Schoenfeld, J. R. Schoenfield, W. T. Scott, D. H. Shaftman, 
M. E. Shanks, V. L. Shapiro, S. S. Shu, Edward Silverman, R. J. Silverman, M. F. 
Smiley, A. H. Smith, E. S. Sokolnikoff, E. H. Spanier, E. J. Specht, George Springer, H. 
E. Stelson, B. M. Stewart, J. A. Sullivan, C. T. Taam, H. P. Thielman, R. M. Thrall, 
W. J. Thron, E. F. Trombley, C. K. Tsao, S. M. Ulam, W. R. Uta, N. H. Vaughan, 
Thirukkannapuram Vijayaraghavan, Bernard Vinograde, G. L. Walker, D. W. Wall, 
Sylvan Wallach, M. J. Walsh, S. E. Warschawski, D. R. Waterman, M. S. Webster, 
M. T. Wechsler, André Weil, L. M. Weiner, H. H. Wicke, L. R. Wilcox, K. G. Wolf- 
son, W. D. Wood, F. B. Wright, L. C. Young, P. M. ends W.T. FORMS Datel 
Zelinsky, J. L. Zemmer, Antoni Zygmund. 
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By invitation of the Committee to Select Hour Speakers for 
Western Sectional Meetings, Dr. S. M. Ulam of the Los Alamos 
Scientific Laboratories addressed the Society at 2 r.m. Friday on 
Combinatorics and analysts. 

There were a total of eight sessions for the presentation of con- 
tributed papers. Three were held on Friday at 10:30 A.M., two on 
Friday at 3:15 p.m., and three on Saturday at 10:30 a.m. One of 
the concurrent sessions on Saturday morning was a special session 
for the presentation of papers which arrived in the Providence office 
after the deadline. Presiding officers at the various sessions were 
Professors Richard Brauer, R. H. Bruck, R. H. Cameron, Michael 
Golomb, L. M. Graves, S. C. Kleene, Zeev Nehari, E. H. Spanier, 
and J. W. T. Youngs. 

Abstracts of the papers read follow. Those having the letter “+” 
after their numbers were read by title. Paper number 403 was read 
by Professor Copeland, number 411 by Dr. Rosenberg, number 430 
by Dr. Hammer, number 441 by Professor Warschawski, number 451 
by Professor Ewing, and number 452 by Mr. Cahn. Mr. Blair waa 
introduced by Professor M. F. Smiley, Mr. Feit by Professor R. M. 
Thrall, Mr. Fettis by Professor P. R. Rider, and Mr. Allen by 
Professor O. H. Hamilton. 


ALGRBRA AND THEORY OF NUMBERS 
400. R. L. Blair: Ideal lattices and the structure of rings. 


A ring A is said to satisfy condition C or D (C, or D,) in case the lattice of ideals 
(right ideals) of A is complemented or distributive, respectively. The principel results 
are the following. A ring A which is semi-simple in Jacobson’s sense (Amer. J. Math. 
vol. 67 (1945) pp. 300—320) satisfies C (C.) if and only if A is isomorphic with the 
discrete direct sum of simple rings (of simple rings with minimal right ideals). If A 
satisfies Cn then 4 e M-]- M*, where M is the maximal regular ideal of A (Brown and 
McCoy, Proceedings of the American Mathematical Society vol. 1 (1950) pp. 165- 
171) and M* is tae annihilator o£ M. The rings M and M* satisfy C, and M* is bound 
to its radical (M. Hall, Trans. Amer. Math. Soc. vol. 48 (1940) pp. 391—404) which 
is nilpotent of index two. An ideal (right ideal) I of A is s-irreducible in case B( ACCET 
for ideals (right ideals) B, C of A implies that BCI or CCI. (Cf. L. Fuchs, Comment. 
Math. Helv. vol. 23 (1949) pp. 334—341.) A ring A satisfies D (D,) if and only if each 
ideal (right ideal) of. A is the intersection of all s-irreducible ideals containing it. 
Finally, if A is a semi-simple ring which satisfies D,, then A is isomorphic with a sub- 
direct sum of division rings. (Received March 12, 1952.) 


401. K. T. Chen: A group ring method for finttely generated groups. 
Let G be a finitely generated group, and J a ring with unit element. One may as 
sume G= F/R where R is a normal subgroup of a free group F with free generators 
Zi © t t , Za Let a factor group M/N, FD M )N, be an invariant of G such that, if 
G has another presentation, the correspondingly defined factor group is isomorphic 
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-with M/N. For example, M/N=[F, F]/[F, R] is such a factor group. Then the 
quotient ring J.M/(N—1)& is also an invariant of G, where (N—1), is the ideal 
generated by all s—1, «C- N, in JM. Let X, -++ , X4 be noncommutative inde- 
terminates, Denote by A the ring of all formal power serien in the form Dan 
ay Dm, oa, Xs oo Xip iis sa CJ. Define €: JF—A such that $(s) =1+X, 
and (ua) magia), WES. Then SIN 1)ac) is an invariant of G. (Received 
March 13, 1952.) 


402. F. Marion Clarke: Note on quasi-regularsty and the Perlis- 
Jacobson radical. 


diesel [obs Gc cub Ud io dE E oak 
“arbitrary” algebra or ring R [Bull. Amer. Math. Soc. vol. 48 (1942) pp. 128-132; 
Amer. J. Math. vol. 67 (1945) pp. 300-320] is shown to require any one of the fol- 
lowing properties of weak aseociativity or commutativity: P1. If x and s are respec- 
tively left and right quasi-inverses of a quasi-regular element y of a right quasi-regu- 
lar right ideal of R, then (xy)s —x(ys); P2. The left and right quasi-inverses of a quasi- 
regular element of a right quasi-regular right ideal of R are equal and unique; P3. 
If R has odd characteristic and R@ consists of the same elements with the same 
addition as in R but with multiplication defined r- s= (rs-4-5r)/2, then a quasi-regular 
element of RC? has the same unique right quasi-inverse in R and in R(O. It is shown 
that P1, P2, and P3 are equivalent in rings of odd characteristic and that analogous 
properties are equivalent with reference to any quasi-regular element of R. (Received 
March 12, 1952.) 


403. A. H. Copeland and Frank Harary: A a aati of îm- 
plicative Boolean rings. 


An implicative Boolean ring is defined in terms of a dl aen operation and | 
the usual Boolean operations. However it is shown in this paper that such rings can 
be characterized in terms of familiar ring concepts only. More specifically, a Boolean 
ring B can contain such a croés-product if and only if it is isomorphic to its quotient 
rings modulo the non-unit principal ideals. The isomorphisms enable one to set up a 
semigroup of transformations (not necessarily unique) of B into B. These are one- 
parameter transformations where the parameter is a nonzero element of the Boolean 
ring. The product of the transformations defines the croee-product of the parameters. 
The inverse o one of these transformations, when defined, is an implication which is 
neither strict nor material. ‘The implication can be extended to elements for which the 


inverse does not exist and can be given a logical interpretation. (Received March 7, 
1952.) ‘ 


404. W. Feit: The formula for the degree of the skew representations 
of the symmetric group. 


By A. Young’ s well known method, each irreducible representation of the sym- 
metric group on # letters can be associated with a lar diagrain: containing # 
nodes, which can be denoted by (à, ---,a&4) where 2 a=", a£ -° 2an20; 
the degree oF the aimeciatei-represcnta fion in thamuniber af etandand oSA di 
(04, * - - , Gm). In giving a proof of the Murnaghan-Nakayama recursion formula, 
G. de B. Robinson considers what he calls skew diagrams and associates with each of 
these a representation of the symmetric group; such a representation he calls a skew 


i 


D 


474 AMERICAN MATHEMATICAL SOCIETY [July 


representation. Each skew diagram may be denoted by (a, * - +, a«) — (b, © °°, ba) 
where gb, 1-1, --,m, (2, +++) Ga), (b, ++, ba) are regular diagrams. The 
object of this note is to give the explicit formula for the number of standard orderings 
of such a skew diagram, which is also the degree of the representation associated 
with it. The number of orderings of (a1, + + + , Gm) — (bi * * © , bm) is n! det (s), where 
s,,—1/(¢,—b.—j+4)1, n= 22a.— $b The proof of the formula is by induction. 
(Received March 12, 1952.) 


405. J. S. Frame: Character values for a fixed class $n ihe symmeiric 
groups. Preliminary report. 


To each irreducib]e representation Fa of the symmetric group Sw corresponds a 
partition diagram of m nodes arranged in a rows of a, nodes (0 San Sa) and in 
œ columns of a} nodes Osa... Sal), where J a= > a? =m. Define at each node 
the hook length ky =a,—i+a! Ta (that is, one more than the sum of the nodes to 
the right and below) and the diagonal deviation d,, =j —i. Let k = [J 4, be the product 
of the m hook lengths and let sım ? /(j —1)* be the sum of the kth powers of the m 
diagonal deviations d,;. Then the degree of Fa is fa= ml/h. The second main result 
of the paper is to express as a polynomial in the s, the common value e... of the 
fa equal characteristic roots of the matrix of Fa that represents the sum of the 

«ie... elements in that clase of Sa whose permutation cycles contain respectively 
a+1, b-F1, c-1, - --, 1, 1 symbols, Thus aomio mm, wms, w= 1 — (m*—m)/2, 
eaim icm Mou (2,5 —3)n, eu -55n—4n—(m1—13m--16)n/2, oHe 

= (s; —355-25)/6, etc. These and similar formulas give the values in each 
S deu A E | mfatisie. . - / Cobe.. . of all symmetric groups 
Sw, and make evident the familiar relations between associated characters. (Received 
March 13, 1952.) , 


406. L. E. Fuller: A canonical form for a mairix Vidi. o e 
idéal ring modulo m. ` 


The basic canonical form is for # an integral power of.a prime. The elements in 
these residue class rings are either units or divisors of zero. In the canonical form 
chosen, every diagonal element is a power of the prime of the modulus and is de- 
termined in a prescribed order. Every element is then a multiple of the diagonal of its 
row; every element above the diagonal is a multiple of the next higher power of the 
diagonal of its row. Also every element is either “reduced” modulo its column diagonal, 
or is zero. The Hermite canonical form for a field can be shown to be a special case, 
although in general this form lacks the triangular property. Uniquenese can be 
proved by an induction on the order in which the diagonal elements are chosen. To 
extend this result to the general case, the forms for each of the relative prime factors 
of m are determined. These are then combined by congruence methods using an ex- 
tension of the Chinese remainder theorem. (Received February 27, 1952.) 


407. I. N. Herstein: A theorem on rings. 


In his paper A theorem on division rings (Canadian Journal of Mathematics vol. 3 
.(1951) pp. 290-292) Kaplanaky proved: Let R be a semi-simple ring with center Z, 
and suppoee that for every x in R some power (depending on x) is in Z (x*@CZ). 
Then R is commutative. One might well ask what conditions on a ring R with center 
Z having x*)C-Z might prevent commutativity. We prove: Let R be a ring with 
center Z having x“) in Z for all eR. Then if R is not commutative, the commutator 
ideal of R must be a nil-ideal. As a consequence we have that if R has no nil-ideals and 


f 
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satisfies sŒ Z, then it is commutative. These results contain that of Kaplansky 
cited above, and in a sense are the best possible. (Received February 25, 1952.) 


408. R. E. Johnson: On ordered domains of $ntegrity. 


Let K* be the nonzero elements of a domain of integrity K. An element a of K* 
is' called even if there exist » elements b, c, - - - , d of K* such that a is a product of 
the 2# elements b, c,---,d, b, & - -- , d in some order. Denote by S the additive 
semigroup generated by the even elements of K*. The principal theorem of this paper 
is that X is orderable if and only if SC K*. This extends toa domain of integrity a 
result of Szele'a (On ordered skew fields, to appear in the Proceedings of the American 
Mathematical Society) that a division ring D is orderable if and only if the additive 
and multiplicative semigroup generated by the nonzero squares of elements of D is 
contained in D*. (Received March 3, 1952.) 


409. Erwin Kleinfeld: Simple alternative rings. 

Let R be any alternative ring. If a, b, c are in R and the pairsa, c and b, c are 
anticommutative, then (c*, R)(a, b, c) *0. Thus if R is a division ring of character- 
istic »*2, squares of associators and commutators are in the center of R. This leads to 
a relatively short and simple proof that R is either associative or a Cayley-Dickson 
division algebra over its center, a result previously obtained by R. H. Bruck and the 
author (Proceedings of the American Mathematical Society vol. 2 (1951) pp. 878- 
890) and by L. A. Skoenyakov (Ukrain. Mat. Zurnal vol. 2 (1950) pp. 70-85), the 
latter restricting himself to characteristic 5*3. Let S be a simple alternative ring of 
characteristic »#2, 3. Then with the aid of the above identity it is shown that S is 
a Cayley algebra if and only if S contains pairwise anticommutative elements a, b, c 
such that (a, b, c) is not a divisor of zero. S is a Cayley-Dickson division algebra if 
and only if S is not asociative and (a, b, S) =O whenever (a, b) =0. The author con- 
jectures that all simple alternative rings are either aseociative or Cayley algebras. 
(Received January 17, 1952.) 

410. D. J. Lewis: Cubic Diobhanine equations. 

The following theorem is establish: If F(x, x& >- - , xà) is a cubic homogeneous 
polynomial with rational coefficlents and if » is sufficiently large, then F(x) «0 pos- 
sesses a nontrivial, rational, integral solution. The proof consists in establishing the 
existence of a nonsingular, p dn] linear transformation m= 2; «y, such that 
F(z) -G(y) and G(y m, 34 0,7 ::,0) 7 27 ay’, 56s. L. G. Peck [Amer. 
J. Math. vol. 71 (1949) pp. 387-402] bas shown that such diagonalized polynomials 
always have nontrivial solutions puce s is sufficiently large. (Received March 7, 
1952.) 


‘A411. J. E. McLaughlin and Alex SRoseaberg: Zero divisors and 
commutativity of rings. 

A Zorn ring is an associative ring in which every non-nil left ideal contains a 
nonzero idempotent. If the left zero:divisors in a Zorn ring A form a proper left ideal, 
that ideal is the radical of 4, and A is a division ring modulo its radical. Conversely, 
if A is‘a division ring modulo its radical, the set of left zero divisors is either 4 or 
its radical. If a Zorn ring A properly contains its center and all the rero divisors are in 
the center, then A is a division ring or A is a field F modulo its radical. In the latter 
case the center of A maps onto a field Z modulo the radichl, and F is either a purely 
inseparable extension of Z or has transcendence degree greater than'1 over Z. This 
generalizes a theorem of Herstein (Proceedings of the American Mathematical Society 


L 


476 AMERICAN MATHEMATICAL SOCIETY July 


vol 1 (1950) pp. 370-371). If the notion of left zero divisor is replaced by left topo- 
logical zero divisor, similar theorems hold for Banach algebras. (Received March 11, 
1952.) 


4121. H. W. E. Schwerdtfeger: Mairices commuting with their own 

G. Ascoli has shown (Rendiconti Sem. Mat. Torino vol. 9 (1950) pp. 245-250) 
that a nonderogatory function matrix X(t) which commutes with its own deriva- 
tive X’(#) has necessarily all its values commutative: X(s) X(0) e X(t)X(s). In the 
present paper this theorem is proved again for an awalyéic nonderogatory matrix X 
=~ X (1) that satisfies the condition X X' = X'X. By making use of induction and of the 
fact that any two matrices commuting with a nonderogatory X are commutative, it 
is shown that the derivatives of all orders are commutative: XW) XU) = XOX% 
($ 7=0, 1, 2, - ++). If moreover the characteristic polynomial of X is separable, 
then a constant matrix T can be found such that TXT is diagonal. The supposition 
that X is nonderogatory may be dropped if X is a 2X 2-matriz, or if X(i) is mx» 
and quadratic in t. The same is shown for #=3 and X(#) cubic in 4. ae 
6, 1952.) 


ANALYSIS 


413i. H. D. Block and Buchanan Cargal: Arbitrary mappings. 


This paper consists of generalizations of some of H. Blumberg's results concerning | 
arbitrary functions (Arbtirary point transformations, Duke Math. J. vol. 11 (1944) 
pp. 671-685). In particular those results concerning the existence of (i) a residual set, 
each point of which is of homogenous inexhaustible functional approach, and (ii) an 
everywhere dense set, with respect to which the function is continuous, are shown to 
hold in much more general types of spaces. As might be anticipated, the proofs are 
considerably simpler in the more general case. (Received March 10, 1952.) 


4144. R. P. Boas and R. C. Buck: Expansion of analytic functions 
“in polynomial series. II.. 


To facilitate the study of the representation of analytic functions by means of 
series of polynomials, the following terminology is introduced. Given a function 
y (t) = ca" regular at zero and with ca s40 for & «0, 1, - - - , a function f(s) - $a s* 
aids ee aie abd ADM siis By meuus of suiutegal Cub. 
form, functions f(z) of y type r correspond one-to-one with functions F(te) which are 
regular in |w| >r and vanish at infinity. This enables the authors to extend earlier 
results ori the representation of entire functions to functions of finite y type. For ap- 
propriate choices of y results are obtained for most of the better known basic sets of 
polynomials, in particular, for the Laguerre, reversed Laguerre, Hermite, and ultra- 
spherical polynomials. (Received March 6, 1952.) 


415. R. C. Buck: Admissible sequences with vanishing differences. 


A sequence {aa} is admissible if there is an entire function f(s) of exponential type, 
and of type less than + on the imaginary axis such that f(s) a, for s& 0, 1, 2, » e, 
Let bam A"ao™(—1)* 97, „Ciba {cn} is admisible if and only if $ /b,s* is on 
the interval —1 S750. The interpolating function f(s) is then (ML)- 0} Cobu 
. where ML denotes Mittag-Leffler summability. Suppose that lim sup tes 


^ 
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Then, if ba=0 for a set of # of density greater than 1/3, {aa} is admissible; if the 
density is 1/2, the interpolating function f(s) is of zero type. If b 2:0 for all s, {as} 
is again admissible, and f of zero type. This is also true if ba 2«>0 for all » except a 
subeequence [X4] for which Asp —,— œ. (Received March 14, 1952.) 


416. A. P. Calderón: A general ergodic theorem. 


The validity of the individual ergodic theorem for nonabelian groups of trans- 
formations is investigated. Let Ê be a measure-space of finite total measure and G 
a locally compact group of measure-preserving transformations of € satisfying suit- 
able measurability conditions. Let N, be a family of compact open symmetric neigh- 
borhoods of the identity in G' depending on #>0 and such that NN, C. Ness. Then if 
| Nu| <k| N,| where | N,| stands for the left invariant measure of N, there exists a 
subset R of the reals of density 1 such that for every function F(x) integrable in É 
the averages | N.| 1 /w,F(gx)dg converge almost everywhere in x as {+ through 
R. A dominated ergodic theorem in the form of Pitt holds for these averages. As a 
consequence of the latter a theorem of Dunford-Zygmund’s type is proved. (Received 
March 12, 1952.) 


417i. A. P. Calderón: A sion on invariani measures. 


The following theorem is established. Let É be a measure space of finite total 
measure and Ga group of one-to-one transformations of € preserving measurable 
sets and sets of measure zero. Then if G is measurable in the sense of von Neumann, 
a necessary and sufficient condition in order that there exist a measure invariant with 
respect to the transformations of the group and absolutely continuous with respect to 
the given measure u is that for every measurable set A, u(4) 50 imply that inf u(gA) 
>0, gC G. (Received March 12, 1952.) 


418. R. H. Cameron: A generalisation of the Poisson formula for the 
solution of the heat flow equaiton. 


In this paper a solution is given for the differential equation 81G/8t —a8G/0t 
+6(, £)G 0 subject to the boundary conditions G(t, + &) «0 and G(0, t)=o(t). 
Under suitable smoothness, etc., conditions on 6 and c, it is shown that a solution is 
given by the Wiener integral G(t £—/c exp {r*/jo[#(1—s), 2rx()--r]as] 
-o[2rx(1)+£ |dex, where r= (t/a)!/3. This reduces to the Poiseon integral solution of 
the heat flow equation when 0m0, (Received November 13, 1951.) 


419. V. F. Cowling: On the disiribuiton of the values of the parkos 
sums of a Taylor series. 


The object of this paper is to generalize the results of a preceding paper by the 
author (Proceedings of the American Mathematical Society vol. 2 (1951) pp. 732- 
738). In the paper referred to it was shown that if the points of affix axs, S, k 
m=1,2,--++, (a740, hemi, 2,-+-,), lay in a certain region E=E(V) of the 
complex plane for sC-Z, then the values of the partial sums S;(z)=ao+ais+ - -- 
+a, k=1, 2, - -, &, would be complex numbers such that for s@Z the points 
corresponding to these numbers would be contained in a predetermined region V. In 
the present paper we replace the region E by a number of regions and require only 
that certain subeets of the quantities ERE fall in these regions for s& Z. The follow- 
ing result is a simple application of these methods. Let P(s) -as-Faus-- - + + +-ass* 
where a,»40,,¢—0, 1,- , k. Suppose 0€«r; S1, $91, 2, - - -, k. Then P(s) has all 
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its zeros interior to the circle |s| 3Max [((n--D/n)|as/ai|, (n4-1)/n)|a/a4], +, 
(ri-1)/7)] as./as| ]. (Received December 24, 1951.) 


420. Allen Devinatz: On posihve definite functions. Preliminary 
report. ' 


Let Q be a convex set in the s-plane which is symmetric with respect to the real 
axis and contains the origin. Necessary and sufficient conditions are given for a con- 
tinuous complex-valued function f(s), defined on Q, to be written in the form f(s) 
= [f.i exp (2h +453) V (h, h), where x and y are respectively the real and imaginary 
parts of sand V(t, h) is a bounded monotone increasing function. The numbers b; 
and b may take on the value œ, and a; and a, the value — œ. The main condition 
is that 277, , atf (5-1) 20 for all finite sets of complex numbers (a, >- , an} 
and all sets {s;, * * * , sa} which range over a certain convex subset of Q. The methods 
employed use the techniques of operators in Hilbert space and the theory of reproduc- 
ing kernels (N. Aronszajn, Trans. Amer. Math. Soc. vol. 68 (1950)). The results ob- 
tained generalire previous results of the author (Bull. Amer. Math. Soc. Abstract 
57-1-30), contain a result of M. Krein (C. R. (Doklady) Acad. Sci. URSS. N.S. vol. 
26 (1940) pp. 17-22) and contain a corrected version of an incorrect theorem stated 
by S. Livshitz (C.R. (Doklady) Acad. Sci. URSS. N.S. vol. 44 (1944) pp. 3-7, 
Theorem 3) for which the author has a counter example. (Received March 13, 1952.) 


421. W. F. Donoghue: Causality and quanium mechanics. Pre- 
liminary report. 


A theory is the specification of a linear algebra, R, which is determined by the 
observables, and a set of states on R. It is physically correct to assume that the linear 
spen, R’, of the states is weak-star dense in R*, the algebraic dual of R, and weak-star 
bounded there. The Krein-Milman theorem then provides a full set of pure states in 
R* if not in K'. The theory is causal (may be embedded in a causal theory) if and only 
if all of the pure states in R’ (R*) are sharp, in von Neumann's terminology dispersion- 
lese. It is established that the causality of a theory (or the possibility of extending it 
to a causal theory) is equivalent to the commutativity of R. The postulates for 
quantum mechanics used by von Neumann as well as those suggested by Segal fall 
into the framework considered, and the celebrated theorem of von Neumann follows 
from less restrictive hypotheses. Since the causality question reduces to a problem 
concerning the commutativity of R, it follows that those physical theories which at- 
tempt a causal interpretation of quantum mechanics differ from the orthodox formu- 
lation of that theory in the specification of R: that is, in the theory of measurement. 
(Received March 10, 1952.) 


422. R. L. Evans: Solution of linear ordinary differentsal equations 
containing a parameter. , . 

Consider the differential equation (1) y(9— 221 Anp, A, zr) D —0 where: 
G) 2,0, 2) = L omni b» 0; a, X "a are such that all b, (à, x) /Api, converge 
wherever |x| <s, and |à] >)s, (ii) s and p are positive integers and the m,’s are 
non-negative integers, (iii) [—4/5] is the greatest non-negative integer contained 
in ( —4/f), and (iv) x is a complex variable and à is a large complex parameter. Equa- 
tion (1) has a regular point at x 0 and it may also be said to have a turning point 
there if one or more ss, exceeds zero. If the given initial conditions define (2) y? (A, 0) 
=(jl) Org bau? (0, 1,-++, 8-1) convergent whenever |A| >Ao, then (1) 
and (2) together have a solution of the form (3) y, zx) € Ding Zogo bap er, 


D 
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which converges wherever ES «x, and lal >As. The formula for computing the un- 
known ba.g’s is given. This new application of old results yields a solution of a broad 
clase of initial value problems, including many involving turning pointa. Examples of 
such problems are presented. (Received April 10, 1952.) 


423:. Seymour Ginsburg: On a relation between sels and elements. 


Let E be any nonempty-set and H = {hk} a family of subsets of E. Let R be a rela- 
tion such that x RH holds for one and only one element x in each k, and Ga the sub- 
set of E consisting of those elements x in E for which xRH holds for at least Na sets 
k in H. Denote by p(A) the power of A. If H is the family of all finite subsets of the 
uncountable set E and Na< (BZ), then (Ga) =p(E). If Na p(E), then Ga may be 
empty. This modifies a result of Fodor and Ketskemety (Fund. Math. vol. 37). If H 
is the family of those subeets of E which are of power N, each, where N, Sp(E), and 
if Na=p(E), then (Ga) - P(E). (Received March 3, 1952.) 


4241. Seymour Ginsburg: On the number of distinct sums of trans- 
finite sertes obtained by permuting the elements of a iransfinite sequence. 
Let N toa) be the number of distinct sumis of. all the A-type series obtained 
by permuting the elements of the sequence of ordinal numbers (aja. Generalizing 
two results of Sierpinski (Fund. Math. vol. 36) it ie shown that if « is a regular ordinal 
then N(? tcu) 2 tcu Nt. Furthermore if a, = ciapi, then there existe an a, sequence 


{ae } such that NO ecw, ap) =N- If wy is a regular ordinal and {at} ecu is a nondecreas- 
' ing sequence of ordinals, then NO as, at) 71. (Received March 3, 1952.) 


425i. Seymour Ginsburg: Ordinal inequalities. 


Let {ag}eca and ÍA]ga be two increasing sequences of ordinal numbers whose 
limits are a and 8 respectively. In terms of the Cantor normal form of a and of $, 
necessary and sufficient conditions are given for the limit of the sum and the product 
of the two sequences to equal the sum and the product of the limits of the sequences. 
(Received March 3, 1952.) 


4261. Seymour Ginsburg: Real functions on posets. 
Let P be a poset with no minimal element. A single-valued, reel function on P 


S 


has a limit a if, to each element p» of P, and e>0, there corresponds an element ` 


ilo, €) of P such that pı Spe and |f(p)—a| <e for pipi. The usual results‘on sum, 
difference, multiplication, and quotient of limits hold. In addition, a poset P can 
be imbedded isomorphically into an everywhere branching poset Q (Day, Oriented 
systems, Duke Math. J. vol. 11) by an isomorphism g. Furthermore, a function & of 
Q onto g(P) can be found which has the following two properties: (1) &[g(p)] ~g(p); 
and (2) if f is any function on P, then the function fe, which is defined by fa [g(2)] -/(£) 
for p in P, and fe (q) =fa [k(g) | for q in Q, has a limit a on Q if and only if f has a limit 


a on P. Thus, in a certain sense the real functions on everywhere branching posete 


are the most general as regards limits. (Received March 10, 1952.) 
427. R. L. Graves: The Fredholm theory in Banach spaces. 


It is possible to generalize the qualitative, nondeterminental aspects of the classical 
Fredholm theory to a completely continuous operator, K, on any Banach space; in 
particular the resolvent may be expreased as the quotient of two entire functions, 
say R(s) - DET (1—2K)/det (1—sK). It has been pointed out that the coefficients 
of the particular entire functions used by Fredholm in the classical case may be ex- 
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pressed in terms of the traces of the interates of the operator, where trace K 
= f, K (x, x)dx. For an operator, K, on a general space, define trace K as the sum of 
the characteristic values (with multiplicity) and trace |x| as the sum of the corre- 
sponding absolute values. When trace | K | < ©, this definition of the trace makes the 
Fredholm formulas applicable, and only minor modifications are necessary when 
trace | K»| « «. Further, if || £, —X]|—0, where K, is finite ranged, and trace | X,| 
SM, then det, (1—sK4)—det,, (1 —X) and DET, (1—sX,) DET: (1—2K) uni- ' 
formly on compact sets. (These entire functions correspond to thoee used by Carle- 
man.) Again, minor modifications give similar results when trace | K?| 3M. This 
yields as particular consequences the determinental results of Fredholm and Carle- 
man. (Received March 11, 1952.) 


428. E. L. Griffin: On semi-finite rings ; 


Let M be a ring of operators on a Hilbert space H of arbitrary dimension, with 
M' as commutant. If M and M" are finite rings, then there exists a positive definite. 
operator C belonging to the center of M which generalizes von Neumann's invariant 
C for factors. Although the trace in M is always strongest continuous, it is strongly 
(weskly) continuous if and only if C is a bounded operator. If two such rings are 
*-isomorphic in such a way that their coupling operators correspond under the iso- 
morphism, then there exists a linear isometry implementing the isomorphism. 
Further, one can prove that: 1. The strongest topology is purely algebraic. 2. The 
strong and weak topologies are not purely algebraic but depend on the coupling’ 
operator C. 3. C is the identity if and only if M and M’ are conjugate isomorphic. 4. 
If C is bounded, then each positive linear functional on M is a finite sum of func- 
donals of the form (Ax, x), ACM, xCH. These results can be extended to semi- 
finite rings (which are rings such that every nonzero projection contains a finite non- 
zero projection) by introducing ratios of cardinals as formal scalars. (Received March 
17, 1952.) 


429i. E. L. Griffin: Jsomorphisms of rings of type III. Preliminary 
report. 


A ring of operators is of type III if each of its nonzero projections is an infinite 
projection. This paper extends the results of our previous paper On sewx-fintis rings 
(see preceding abstract) to rings of type III. In particular, the notion of coupling 
operator is generalized and one obtains the Theorem: If an ssomorphism between two 
rings of type III links the coupling invariants, then tha isomorphism is implemented by 
a kwear tsometry. This result leads to the following resulte: 1. Ths strong and weak 
topologies are purely algebraic in rings of type III, 2. The strongest topology ts purely 
algebraic in general rings, and 3. The strong and strongest topologies coincide in rings 
of type III. The methods used here are essentially the same as those used in our 
previous paper Ow seneé-finite rings. (Received April 8, 1952.) 


430. P. C. Hammer and Andrew Sobczyk: Monotonic sei functions 
and convex sets. 


Let G be a real-valued nondecreasing set function (including possibly + and 
— in its range) defined for a clase $ of subsets of a set M. To each point x in M 
let there be associated a class S (x) of sets in the domain of G. The aseociation 
(œ, S (z)) is called exclusive if no set in S (x) contains x. The association (x, S (x)) is 
called farflusg lf y in the complement of xC-S (x) implies always that there exists a 
set YES (y) such that Y 2X. A functional g(x) is defined as the supremum of G(X) 
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for all XES (x). Let C(r) be the set of points of M such that g(x) Sr. For a farflung 
and exclusive association (x, S (x)), C(r) is either the entire space M, or C(r) is the 
intersection of all sets YES (y) for all y such that G(Y) >r. In particular, if M isa 
linear topological space and each element of S (x) is closed and convex for every x, 
then C(r) is a closed convex set. Appropriate properties of continuity and of regularity 
at infinity are defined for set functions to yield boundedness, closure, and other de- 
aired properties of the associated families of convex sets. (Received March 12, 1952.) 


4311. P. C. Hammer and Andrew Sobczyk: Subconvex and quasi- 
convex functtonals. ` 


A real-valued functional f(x) defined for all points x in a linear space M is said 
to be subconvex if and only if f(x) =f(%) implies always that f(ax.+(1—a)x:) 
Sf(x), 0<a<1. A functional f(x) is said to be qwasi-comsex if and only if f(axm 
+(1—a)xs) Smax [f(z), f(x)], 0«a«1. The following results are obtained. (1) 
Every convex functional is subconvex and quasi-convex. (2) Every quasi-convex 
functional is subconvex. (3) A monotonic nondecreasing function of a quasi-convex 
functional is quasi-convex functional. (4) Every continuous subconvex functional is 
quasi-convex. (5) The set of points x such that f(x) Sr is a convex set, called the 
r-iruncated set of f(x), if f(x) is quasi-convex. (6) Given any one-parameter family of 
convex sets C(r) subject to certain hypotheses, there exists a quasi-convex function 
f(x) such that each C(r) is the r-truncated set of f(x). Generalized forms of convexity 
are defined, and properties of corresponding functionals derived. N.B. Profeseor W. 
Fenchel has written that he had also defined quasi-cogsexity in a manuscript yet to be 
published, (Received March 12, 1952.) ' 


432. I. I. Hirschman: Some density theorems obtained from ihe. 


theory of quast-analytic functions. 

Let f(x)CL,(— o, o) (185 « o) and let X be a subset of the real line R. We 
define T,(f, X) as the closure in L,(— ©, «) of the finite linear combinations of the 
functions f(x —£), EC. X. A sufficient condition is given for T,(f, X) = T,(f, R). For ex- 
ample it [|f (x), 5(log (#+e))*, & —0, 1, - - - , and if lim supre (2/x1) log log X(/) 
>1 where X(é) is the number of elements of X in [—4, t], then T,(f, X) -T,(f, R). 
Let M,($, X) be the closure in L,(— œ, œ) of the finite linear combinations of the 
functions $(x) exp(ixt), ROX. A sufficient condition is obtained for M,(¢, X) 
= M,($, R). As an example, if e(x) exp (|x|/log (|| -9)€ L,(— », ©) and if 
lim sup... (2/xt) log log X (/) 21, then M,($, X) = M,($, R). These results depend 
upon the distributions of the zeros of quasi-analytic functions. (Received January 7, 
1952.) 


433t. Ernest Ikenberry and W. A. Rutledge: Convergence of ex- 
pansions 4n the Hermite polynomials H.(hw). 


Hille has shown that an expansion of the form f(s)™ $ o, f. H.(s), s=x-+4y, 
converges in a well defined strip —r<y<r in the s-plane (Duke Math. J. vol. 5 
(1939) pp. 875-936). In this paper, expansions of the form g(te) exp (— khi?) 
x 253 £x (b, b) Hs(hto), where b and k may be complex numbers, are considered. The 
region of convergence in the w-plane is a strip of width 2r/| 4|, where r=r(k, k) 
=—lim sup {(1/(2m))log (2*r[s/2]| t, &)|}. The equation r(h, k) =0, for a 
given k, defines a curve in the &-plane which divides this plane into two regions: C, 
the region in which r>0, giving values of & for which there exists a strip of conver- 
gence in the w-plane, and D, the region in which r «0, giving values of & for which 


Y 
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there exists no strip of convergence. For the class of functions P(w) exp (—am’), 
where P(w) is any entire function of order lees than two, or of minimal type if of 
order two, the region C is the region in the k-plane for which R(k—1—a/h*) < —1/2. 
An optimum value of &, for given k, is obtained by maximizing a function K(k). (To 
. be published in the Journal of Mathematics and Physics.) (Received March 10, 
1952.) 


434. J. R. Lee: Addition theorems in absiract spaces. 


This paper discusses the existence and properties of solutions of addition theorems 
of the form f. (&--&) =G.[fi(&), UAR , fal); RR), obs ; fa(£9], i=l, nt, 98 where 
f.(£) are functions having values in an arbitrary Banach algebra with unit element, 
and G, are analytic or, in some cases, rational functions. The existence of solutions 
depends on known scalar solutions ¢,/({), holomorphic in some neighborhood of 
t=O and with values in a domain A where Gila, * * * , aa; Bu * °°, Bal are holo- 
_morphic. The case for » «1 was discussed by N. Dunford and E. Hille [Bull. Amer. 
Math. Soc. vol. 53 (1947) pp. 799-805] where, also, the assumption that ¢(0) be- 
longs to the domain of holomorphism of G(a, B) was eseential. Certain addition ' 
formules that were excluded from consideration previously may now be handled by 
making use of a aet of n formulas. (Received March 11, 1952.) 


435. R. B. Leipnik: Extension of sises. 


If F is a set of subsets of A, let «Fm (scr B, cFe- Unc zB, 8F-oF—*F. Let 
R be the reals (or a lattice ordered abétlian group). A function u upon subsets of A to 
R is called a size if and only if OSu(8F) 3 ? acr u(B) whenever 8FCdomain u and 
FC domain u. By restricting suitably the domain of 4, the concepts measure, outer 
measure, dimension, metric, and generalized Menger metric are included. A general 
extension theorem is proved for sixes, using metric and measure methods. (Received 
March 14, 1952.) 


436t. Josephine M. Mitchell: The kernel function in the geometry of 
matrices. II. - i ' 


Let D be the domain defined by ZZ’ «I, where Z is a rectangular m X» matrix 
of complex numbers, Z' its conjugate transpoee matrix, and J the identity matrix. 
We already have shown that the kernel function of the domain D is K(Z, Z^ 
-V-[det (7—22^]-* (ZED), where V-is the Euclidean volume of D (Bull, 
Amer. Math. Soc. Abstract 57-4-343). Here the asymptotic behaviour of K(Z, 2) 
is studied as Z approaches a point Ze on the boundary of D. It is found that if 
det (I-ZgZ,,) -0 (r-H1&j &m) but det (I—Z«Z,) 940, Ze being the matrix con- 
sisting of the first j rows of Zs, then linfz .s,d***K (Z, Z^) = V-31[2 det (I—ZeZ,,) ">, 
where d is a certain positive definite quadratic form in Z and Z—4Z in a specified 
manner. The case in which Zs is a unitary matrix is also studied. Also an asymptotic 
form is obtained using the characteristic roots of the matrix ZZ/ in place of 
det (I—ZaZ,). Similar results hold for symmetric and skew symmetric matrices. 
(Received March 11, 1952.) : 


437. G. W. Morgenthaler: A dtsirtbution theorem. 


Let {¢.(x)} be any uniformly bounded system of orthonormal, real-valued func- 
tions on a finite interval [a, b]. Let {as} be an arbitrary real sequence satisfyi 
ay=o(Aw) where Ay=(a,ta,t+--- -+ay)¥2+0. Then independently of [a 
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_ there exists a subsequence [4 (x) } and à bounded function f(x) such that for any set 

EC [a, b], m(E) »0, the distribution function of Ay! $^» , ases (x) on E tends to a 
limit distribution whose characteristic function is (m(E)) ifa expí — Q3/2)f(z) } dx, 
as N— «, (Received March 17, 1952.) 


438i. G. W. Morgenthaler: T. heorems on series of Walsh functions. 


Let (v.(x)] be the Walsh orthonormal function defined on [0, 1], and let S,(x) 
and b,(x) denote respectively the sth partial sum and (C, 1) mean of the series 
(S) 2, aua (x). By *-]-" is meant the operation of addition as defined by N. J. Fine, 
and {m} shall always refer to a lacunary sequence #an/#,>q>1, of positive integers. 
The following results, analogous to well known results for trigonometric series, can 
be established: (1) If S,(t)—s and 0a, - O(1/sm), then S,(£--a.) —s provided the 
sequence ((t-I-a,)] is free of dyadic rationals from some place on. (2) If (S) is the 
Fourier series of f(x) in L, and 3(x) = [lim sup, Sa(x) | < œ, then g(x) =[lim inf, S.(x)] 
>— o, and f(x) =271{3(z)+4(x)} p.p. (3) If pz a, « co, then there exists a “con- , 
tinuous” f(x) (i.e. lf t) ars is small with ¢>0) corresponding to each sequence 
{si} such that at the place s the Fourier coefficient of f(x) is as. (4) If the partial 
sum of the series 2, , awe (x) oscillate finitely at each poiht of an interval, then 
2 kd | as <+. (5) If Die Gwa, (x) converges (or is only summable by a Toeplitz 
method) on a set E, (E) 20, then 25, a,« «. (6) The distribution function of 
Ay Èis amka (x) relative to a fixed set E, m(E) >0, converges to the Gaussian dis- 
tribution with mean value zero and unit dispersion, provided ax«*o(Axw), An 
— (aj +a t -+ e +a)", (Received March 17, 1952.) 


439. W. M. Myers: A functional associated with a continuous trans- 
formation. | 


Let T: s=t(w), »X— Re, be a continuous transformation from a simply-connected 
polygonal region Rs in the Euclidean plane into Euclidean three-space. Then the 
transformation T is a representation for a surface S. T. Radó (Length amd area, 
Amer. Math. Soc. Colloquium Publications, vol. 30, 1948) defines a functional a(T), 
which he shows is independent of the representation T' for the surface, and he calls 
G(T) the lower area of the surface. In defining a(T), Radó uses finite collections of 
disjoint domains. Let a:(T), * - - , a4(T), respectively, denote the functionals which 
arise when finite collections of (1) disjoint simply-connected polygonal regions, (2) 
disjoint finitely-connected polygonal regions, (3) simply-connected Jordan regions, 
with disjoint interiors, (4) finitely-connected Jordan regions, with disjoint interiors, 
and (5) disjoint simply-connected domains, are used rather than finite collections of 
disjoint domains in the definition of a(T). It is shown that a,(T) =a(T), 1, - -*, 5, 
and, consequently, any of the above types of collections of sets may be used iii place 
of finite collections of disjoint domains in defining the lower area a(T). (Received 


March 10, 1952.) , 
440. P. C. Rosenbloom: Perturbation theory for linear operators ina 
Banach space. š ` 


Let T' be a linear transformation of the Banach space X into itself, let zo be an 
eigen-vector corresponding to the eigen-value As and let x? be an eigen-vector of the 
adjoint transformation T? with the same eigen-value. Let X, be the set of x such that 
x, (x) =0, and suppose that T'.—4I, as a transformation of X; into itself, has a - 
bounded inverse. It is shown that if U is a bounded linear transformation of X into 
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itself such that || U]| is sufficiently small, then there exist a unique eigen-vector z(U) 
and corresponding eigen-value A(U) of the transformation Te+U which are close to 
xo and às respectively and such that z$(x(U)) mx? (0). Effective methods for com- 
puting (U) and A(U) are given and the rate of convergence is estimated explicitly. 
These functions have Fréchet differentials at U=0; the formulas for these contain as 
special cases those of Born, Heisenberg, and Jordan for Hermitian operators in 
Hilbert space. Explicit estimates are obtained for the error in using these formulas for 
approximations to x(U) —x« and A(U) —A4. These results are related to recent results 
of L. V. Kantorovich and F. Wolf. (Received March 12, 1952.) 


441. P. C. Rosenbloom and S. E. Warschawski: Polynomial ap- 
proximation io solutions of variational problems in the complex domain. 
Preliminary report. 

The mapping function of a simply-connected domain bounded by the curve C 
can be characterized by the variational problem: to minimize Jol f(a) ds where f' 
ranges over the class of functions in H(2, C) such that f(se) =0, f (se) = 1. Let Pa(s) 
be the extremal polynomial when the competing functions are restricted to the poly- 
nomials of degree not greater than s. We obtain estimates for the rate of con- 
vergence of P, to f for a very wide class of curves C. This problem is a special case of 
the best approximation to a given function f(s) in H(2, C) in the sense of La on C by 
polynomials of degree not greater than s: We obtain an estimate for.the rate of con- 
vergence in terms of the rate of convergence of the ordinary Fourier expansion of 
Fl¥te*) ](9/ (0)? on 036 32x, where x(w) maps |t| «1 onto the exterior of C. 
This result can be extended to the clase H(p, C), p>1. In these results mild smooth- 
ness conditions are imposed on C.i Analogous results, however, are also derived for 
polygonal domains. It should be emphasized that all estimates are given explicitly in 
terms of the geometrical properties of C. (Received March 12, 1952.) 


442. W.C. Royster: Convexity and starlikeness of analytic functions. 


Necessary and sufficient conditions are found such that a function f(s) regular on 
an arbitrary arc I' having a continuously turning tangent maps T onto a curve which 
is convex or starke with respect to a given point. Some consequences of these condi- 
tions are obtained for certain families of curves in the s plane. (Received February 
11, 1952.) 


443. V. L. Shapiro: Square summation and localizaison of double 
trigonometric series. 


Let T, € neta) and T Y m,a -——— be two double trigonometric 
series whose coefficients dea and bma are o(1/(|m| --1P (|| +1), 033-231, 
max (A, ») «1, A920. Associate to each series its Riemann function F(x, y) and 
Fix, y) obtained by formal double integrations. Thus Filz, y) =agoe%y"/4 — (44/2) 
+ OL (m/mes — (22/2) $, (Goa/w e+ 2 n (Ga / mn) t9, Designate the 
square partial sums of Ti by Se = > ex dm|.in) Xx Fuad’), The principal result of this 
paper is that if F, and F, are equal in any closed domain contained in the interior of 
the fundamental square Q, then 71 is square equisummable (C,(1— (X--3))) with Ti 
uniformly in any interior closed sub-domain. The method of proof is based on the 
notion of formal products as developed by Rajchman and Zygmund. This paper 
also shows that equisummability cannot be carried beyond (C,1) through the use o£ 
formal products, and consequently that localization with square summation is not 
comparable to that using circular summation. (Received March 12,.1952.) 
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4444, V. L. Shapiro: Summability of double trigonometric integrals. 


Let ¢ be a complex-valued additive function of a set (B) on every figure in the 
plane. Furthermore let the total variation of ¢ over a circle of radius 1/2 with center 
at (u, ») be o((#*+5%)7), y>—1. The first principal result of this paper is that 
there exists a trigonometric series T= J ims aro 9? with coefficients , Gma 
—o((ss3-1-w1)?/9) such that T is circularly equisummable (C, y-+1) with the integral 
far mr? de(u, v). The second result concerns itself with square equisummability 
where the total variation of é over a square of side 1 with center at (w, s) is 
e(1/(|w| --1(|»] +1) and where az. -o(1/(m| --DN[s| 2-09, 033-031, 
max (A, ¥)<1, A»z;0. It is shown that T is square equisummable (C, 1—(A+y)) 
with the integral fr,eert)d¢(«, s). The method of proof involves the notions of 
formal products and of convolutions of set functions and follows the pattern set forth 
by Zygmund in his paper Os irigonomeiric integrals where analogous results for the 
real line were first obtained. (Received March 12, 1952.) ; 


445t. M. F. Smiley: Right H*-algebras. 


Following a suggestion of H. T. Muhly, Ambrose's definition of H*-algebras 
(Trans. Amer. Math. Soc. vol. 57 (1945) pp. 364—386) is weakened by requiring that 
only the right multiplications R, have adjoints Re. The resulting system is called a 
right H*-algebra A, and A is called proper in case A has no nonzero right annihilator 
and the mapping x—«x* is continuous. Examples of proper right H*-algebras which 
are not H*-algebras are easily given by introducing an equivalent norm in a (full) 
matric H*-algebra. Conversely, minor modifications of the proof of Ambrose show 
that every proper right H*-algebra A is obtained from a proper H*-algebra A: by 
introducing an equivalent norm in each of thé simple components of Ai. Hence proper 
right H*-algebras are dwal in the sense of Kaplansky (Ann. of Math. vol. 49 (1948) 
pp. 689—701). (Received March 13, 1952.) 


446t. C. T. Paani: On nonoscillatory differential equations. 


Let f(x) belong to L(0, R} for every large R. Equation (1) y" --f(x) y 0 is called 
disconjugate in an Interval I if each solution (40) of (1) has not more than one zero 
in I. If I is either closed or open, and if open it need not be bounded, it is proved in 
this paper that (1) is disconjugate in I if and only if there exists some function A(x) 
which is absolutely continuous on every cloeed interval contained in J and satisfies 
+s —f(x) almost everywhere in I. Using this criterion the following main re- 
sult can be easily proved: Assuming that f(x) and g(x) belong to L(a, ©) and letting 
(1) be the equation if f(x) in (1) is replaced by g(x), if (1) is nonoscillatory in I 
(a €x « œ) and if fzf(x)dxz | fF g(x)dx| for xa, then (1^) is also nonoscillatory in 
I. This is a generalization of a theorem of E. Hille (Nom-oscillation theorems, Trana. 
Amer. Math. Soc. vol. 64 (1948) pp. 234-252). An explicit sufficient criterion is given. 
Also a self-adjoint differential equation of the third order is discussed. (Received 
March 11, 1952.) 


447. C. T. Taam: The boundedness of the solutions of a differential 
equation in the complex domain. 


Consider (1) W"+Q(s)W=0, where Q(s) is analytic. Let x be real and write 
Oz) =q (2) tiga), m (x) and a(z) being real-valued. Further set &(z) = /¢[|a¢—a(z)| 
+|q(x)| ldr, where a>0. In this paper it- is proved that along the positive 
real axis every solution W(s) (40) of (1) satisfies W(x) -O(exp [2~a-"%9(x) ]) and 
lim sup | W(x)| exp [271a7/36(x) ] >0 as x— ©. Hence every solution W(x) is bounded 
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on the positive real axis if there exists a-positive constant a such that ¢(x) is bounded. 
If Q(x) is real, these reduce to the same results as obtained by N. Levinson (The 
growth of the solutions of. a differential equation, Duke Math. J. vol. 8 (1941) pp. 1-10). 
It is also shown that W(x) behaves like sine function for large x if $(x) is bounded. 
. Applying these results to certain regions in the s-plane, sufficient conditions for the 
boundednese of the solutions WO: in these regions are then obtained. (Received 
March 11, 1952.) 


4481. D: R. Waterman: A. convergénce theorem for Dirichlet series. 


It is known that if g(s) = 2 ` cas* is analytic in |s| <1 and maps à domain in the 
interior of the circle with an arc (a 30 48) in its boundary into a region of finite 
area on the Riemann surface of g, then) c.e" is (C, k) summable, k >0, almost every- 
where in (a, B) if c, - o(s*). Fork=0, this result of Zygmund is seen to be a localiza- 
tion of the celebrated “finite area" principle of Féjer. The condition c, *o(1) is neces- 
sary for the existence of one point of convergence. The same result may be proved 
for a Dirichlet series f(s) = ur with the condition on ¢ replaced by a(n) 
= max m | DSHS Ga| =o(n*). For convergence the condition a(m) =o(1) is 
shown to be necessary. The principal tool is Zygmund’s theory of formal multiplica- 
tion af integrals which is used to reduce the problem in the half-plane to the problem 
in the circle. (Received March 13, 1952.) 


449. D. R. Wakeman On an integral of Marcinkiewicz. 


If (s) is of class H, p>0, one may define £(6) = (/,(1—2)| (oe) | do] Y, 
£* (6) = ((1/9)/. (1 —p)de Jf," &/ (os) P (p, t—9)dt} Y3 (P is, of course, the Poisson kernel 
for the circle), and s(0) = "LU fap €' | tico] V1 where ( is the rotation (by angle 6) of a 
region in the interior of the circle and contained between two chords meeting at s= 1 
to form an angle y. If f(6) is of class Le p» 1, one defines u(6) = { f ([F(02-0) + F(6 —1) 
—2F(6) Ms 1 where FẸ) is any primitive of f(6). For £(8) Littlewood and Paley 
nd els, lls. >°0. For g(6) they proved an analogous result but for p22 
integral. This was extended to p>1 by Zygmund who also gave this result for 
bé Marcinkiewicz function n(8) and a result analogous to that on g for s(@). Here these 
results are extended in the same form to functions similarly defined for the Hille- 
Tamarkin clase JC, in the half-plane. (Received March 13, 1952.) 


APPLIED MATHEMATICS 


450% H. D. Block: Laws of attraction having a certain generalised 
Newtontan property. 


Consider a central force law having an aseociated potential energy of interaction 
V = mimw(7) for two point masses of mass m and =, a distance r apart, with v(r)C- C! 
for r 20. The following question is answered. Which of these force laws have the prop- 
erty that two uniform (or more generally, radially symmetric) spheres of radii a and b 
have as potential energy of Interaction é(a, b)m;my(r), where m, and # are the 
masses of the spheres, r is the distance between the centers, and ¢ is a suitable func- 
tion of the radii. If one specifies in addition that the energy vanish at infinity, or 
that it be monotone and bounded at infinity, then one finds that only the Coulomb 
and the Yukawa meson potentials have the required property. The details will ap- 
pear in the Journal of Mathematics and Physica. (Received March 10, 1952.) 
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451. H. D. Brunk and G. M. Ewing: The approximation of doublè 
iniegrals by means of line iniegrals. 


` Given an integral I= ffg(r, 6)drdo, it is shown that a certain line integral Ia 
along a suitable spiral T'a of parameter a converges to I as a— «. Conditions on the 
eet R over which J is taken, on the integrand g, and on the class of spirals Ta which 
will serve are such as to generalize a result of J. E. Wilkins, Jr. (Bull. Amer. Math. 
Soc. vol. 55 (1949) pp. 191-192) in all of these directions. In case g(r, 0) wp(r)q(8) 
and the spiral is @=a/tp()dw, useful bounds on the error |I—Iz4| are obtained. 
(Received March 11, 1952.) 


452. A. S. Cahn and D. S. Saxon: Modes of vibration of a suspended 
chatn. 


A method is described for calculating the characteristic frequencies of a suspended 
inextensible chain vibrating with small amplitude in the plane of the catenary forming 
the equilibrium configuration. An asymptotic solution of the linearized equations of 
motion is obtained such that the a of the results increases as the mode num- 
ber increases and/or as the catenary becomes flatter. (Received February 25, 1952.) 


453. H. E. Fettis: Some properties and applications of ihe incom- 
plete Bessel function. Preliminary report. 


The function j,(s, 6) defined by j»(s, 8) = [Iau 9 cos pede has recently become im- 
portant in the theory of unsteady air forces in compreseible media at subsonic speeds. 
The Bessel function of integral order, J,(s), is found as a special case when d=: 
jo(s, x) -x(5)*J,(x). Various properties of the function j,(s, 6), such as differentlal 
relations and recurrence formulae, analogous to those already known for the Bessel 
, function, are derived. Some additional functions related to j,(s, 6) are also discussed, 
and the application of these functions in nonstationary subsonic airfoil theory is 
indicated. (Received January 8, 1952.) ` 


454: Fulton Koehler: Estimation of errors in the Rayleigh-Rits 
method for eigenvalue problems. 

Let a positive definite, self-adjoint eigenvalue problem be given by the differential 
equation Ly=)y, with boundary conditions. Consider the two variational problems 
of minimizing the expressions /¢L¢dP and f(L¢)%4P where ¢ is a linear combination 


of the first » admissible functions of a given set V4, ya, > - * , and /¢*dP =1. The roots 
of the characteristic equations of these problems are denoted by ui Sua : ^ Site 
and ana HERE in: and one has M Su Srn k=l, 2, - - - ,, where X, is the kth 


eigenvalue. Let G(P, Q) be the Green's function for the equation Ly=0 with the 
given boundary, conditions and let K(P, Q) - /G(P, X)G(X, Q)dX. One then has 
X, —e dr Su, SA, where e = f//(K —A)*dPdQ, and A is the best approximation 
to X in the L! sense by a sum of the form 2 vies WLP (D) (Q). If fiU; n) and 

£X(P; n) are the approximate elgenfunctions corresponding to the roots ua and rp 
each will differ in the mean from an eigenfunction corresponding to X4 by a constant, 
depending only on k, times e. The same is true in the sense of uniform approximation 
for the function n if /GY(P, Q)dQ is bounded; and it is true for the function f,, with 
«, replaced by «^, if G(P, Q) ia bounded. The results stated can be extended in 
slightly modified form to problems of the type Ly=dpy, where p 50. (Received 
March 14, 1952.) 
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455. M. Z. Krzywoblocki: On isotropic turbulence in magneto- 
hydrodynamics of compressible fiuids. 


Batchelor and next Chandrasekhar originated and developed the theory of iso- 
tropic turbulence in magneto-hydrodynamics of incompressible media, In the present 
paper the author derives the equations of isotropic turbulence in magneto-hydro- 
dynamics of compressible fluids under the assumption that all the stationary random? 
variables are dependent. (Received February 11, 1952.) 


456%. M. Z. Krzywoblocki: On particular integrals of a system of 
nonlinear parital differential equations. 

A system of nonlinear partial differential equations of arbitrary order and degree 
by means of a suitable transformation function is transformed into a system of 
ordinary differential equations. The latter one can be solved by means of computing 
devices. The proposed method theoretically allows to solve any system of such equa- 
tions. The only limitations from a practical standpoint are due to the capacity of the 
existing computing devices. (Received February 11, 1952.) 


457. Daniel Resch: Some Baecklund transformations of second order 
partial differential equations. 

Consider two surfaces s -s(x, y) and s' =s (x, y") and four given relations among 
the first-order elements of these surfaces. If it is possible to find a one-to-one map- 
ping between these surfaces so that the given relations are satisfied at corresponding 
points, then the relations constitute a Baecklund transformation between the surfaces. 
If the unprimed quantities and alternatively the prime quantities are eliminated from 
the given relations, it is possible, in general, to obtain also a correspondence between 
a partial differential equation in s(x, y) and one in s' (x^, y). C. Loewner, A transforma- 
tion theory of the bartial deferential equations of gas dynamics, NACA TN 2065 (1950) 
extended the problem to show that systems of partial differential equations can be 
similarly connected. In the present paper, similar methods are used to find extended 
Baecklund transiormations that will connect second order partial differential equa- 
tions in three independent variables. If the given relations are linear in the dependent 
variables s and s', and their first-order derivatives, then they constitute, with certain 
restrictions on the coefficients of the linear expressions, a Baecklund transformation 
of a class of hyperbolic partial differential equations into the wave equation in two 
spacial dimensions. The transformation is in general different from a coordinate 
transformation. (Received March 11, 1952.) 


GEOMETRY 

458. E. F. Allen: A »ne-point conic of a triangle. 

A generalization of the nine-point circle configuration is obtained by setting 
£g"x--ry, instead of s—z-1Hy in the inversive geometry of Morley and Morley. It is 
shown that a nine-point ellipse of a triangle inscribed in an ellipse can be obtained by 
a general interpretation of the coordinate s as well as by a projective transforma- 
tion. The line of images of a point on a circle is shown to be a special case of the line 
of images of a point on a central conic. Perpendicular lines are particular cases of 
conjugate lines. (Received March 10, 1952.) 
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459. Gerald Berman: Finite projective pont Rime: and differ- 
ence sels. 


Let S be the set of residue classes of integers modulo q-!--»--1, let 
d, (£—0,1, * ++, m) bea difference set modulo q, and let L, be the subset of S contain- 
ing the m-+1 residue classes corresponding to d; 4-5 (j=0, 1, * - - , m). James Singer 
[A theorem in finite projective geometry and some apphcations to number theory, Trans. 
Amer. Math. Soc. (1938) pp. 377-385] showed that if the elements of S are taken to 
be points with collinearity defined by the sets L; (¢=0, 1, - -, q—1), then S isa 
projective plane. In this paper the difference sets corresponding to PG(2, m) where 
m= p* (p a prime integer) ere studied with the aid of Galois fields, and simple con- 
structions are given for them. The following two conjectures made by Singer are 
proved: (i) The difference set td, ($—0, 1, - - - , ww), where (t, 9) =1, is equivalent to 
d, (1—0,1, - ++, m) if and only if tis a power of p modulo q. (ii) If d, ($—0,1, - - -, m) 
and d,’ ($—0, 1, - - , m) are any two difference sets modulo q, there exists an integer 
t for which £d, ($0, 1, - - - , m) is equivalent to d; ($70, 1, - - - , m). This shows 
that there are exactly $(g)/3* inequivalent difference sets corresponding to PG(2, m). 
(Received March 13, 1952.) 


4601. D. G. Bourgin: Separation of convex sets. 


Let E, be a simplex in Ra. Results are obtained for the separation of pairs of 
simplexes in R. by hyperplanes parallel to the faces of Ea. (Received March 13, 
1952.) 


461%. V. G. Grove: On generalized curvatures. 


Springer and Dekker generalized the geodesic curvature of a curve on a surface. 
These are called the union curvature, and the hypergeodesic and supergeodesic curva- 
. tures. These curvatures are made to depend upon the union curves of a congruence, 
or hypergeodesic or supergeodesic curves according to the kind of curvatures, We 
show that these curvatures are but special cases of a more generalized curvature which 
may be developed with no use whatever of union curves, or hypergeodesic curves or 
supergeodesic curves. In addition a new curvature, called by us the relative curvature 
Ky is found. In particular if the relative curvature of a curve vanishes at a point, 
the principal normal of the curve coincides with the line à with respect to which the 
relative curvature is defined. Moreover this relative curvature, and in particular the 
curvatures of Springer and Dekker, may be found from the geodesic curvature of the 
curve and the normal curvature of the surface in the direction of the tangent to the 
curve by simple projections. (Received February 18, 1952.) 


4621. V. G. Grove: The quadric of Lie. 


"A geometrical characterization of a generic point g of the quadric of Lie of a sur- 
face S at a point z is found as follows. Let the asymptotic curves and tangents be 
called the &- and s-curves and &- and tangents. As is known, reciprocal lines h, h 
may be defined without the use of the quadrics of Darboux. The line h intersects the 
#- and s-tangents in points r and s respectively. The line h intersects the loci of r and s 
as x generates the v-curve and #-curve respectively in points s:, m. Let & be the har- 
monic conjugate of z with respect to z;, £. Let I be the harmonic conjugate of x with 
respect to the focal points on 4. The generic point g is the harmonic conjugate of x 
with respect to k and I. Eee pepe (Received February 18, 
1952.) 
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463i. P. C. Hammer dnd Andrew Sobcyzk: Semispaces in En. 


_ Let bea point in E, x21, and let E, Exa,-+*, Eemx be a descending 
set of linear varieties with dimensions given by the subecripts. Let Hy be one of the 
two k-dimensional relatively open halves of E; separated by Fx s, for b»1,2, >, m% 
The union Sw HA Hà - - -Ha is called a semispace at x or merely a semispace, 
Then the following results are obtained. (1) Every semispace is convex. (2) The re- 
flection of a semispace S at x through x is a semispace, called the complementary semi- 
space of S. (3) If x is in the complement of a convex set C, then there is a semispace 
at x which contains C. (4) Every convex set which is not E, is the intersection set of a 
class of semispaces. (Received March 12, 1952.) 


4644, A. R. Schweitzer: Theorems in Grassmann's extensive algebra. 
Let X*x,Ei4-xE4 and Y= yE tHE where E, and Fa are perpendicular unit 


. vectors. Then the following theorems are derived from the relation: e- Q(Y, X) 


=m noh (3:98 — m) QUE, E) where « —] H-x, and Q(Y, X) is an operator on 
X which transforms X into the vector Y. I. If Y'and X have equal lengths, then 
QUY, X) cos (Y, X) --sin (Y, X) QU, E). That is, Q(Y, X) ee* where i—Q(Ex Ei) 
and 8 (Y, X), the angle measured from X to Y. Also Q(Y, X) is equal to Q(Y, Ex) 
divided by Q(X, Ei) where Q(Y, Ej) =y «QU, EX) and Q(X, Ei) zi 4-3, E). 
II. If Q(Y, X) = —Q(X, Y), then X and Y are perpendicular and have equal lengths. 
In the preceding it is assumed that the length of a linear vector is positive. (Received 
March 10, 1952.) 


i 


~ 1 


Locic AND FOUNDATIONS 
4654. A. R. Schweitzer: A classification of mathematics. 


The content of mathematics is separated into three categories: I. Pure mathe- 
matics, including arithmetic of number systems, algebra, and analysis; II. Applied 
mathematics, including geometry, topology, Grasemann's extensive algebra, physics, 
dynamics, and relativity theories due to Minkowski, Einstein, and Eddington; III. 
Speculative mathematics, including foundations, logic; and philosophy. These cate- 
gories are not mutually exclusive. Thus Grasemann's algebra may be interpreted 
(1) as a theory on number systems, (2) as relevant to the foundations of geometry, 
(3) as including vector calculus, the mathematics of engineering, and tensor calculus, 
the mathematics of relativity. In the above classification *analysis" includes theories 
on functional equations such as difference equations, differential equations, integral 
equations, integro-differential equations, and the author's equations in iterative com- 
position of functions (including “quasi-transitive” equations). A type of functional 
equations is fundamental for the calculus of variations. (Received March 10, 1952.) 


4664. A. R. Schweitzer: A link between the history of mathematics 
and the history of philosophy. 


In ancient philosophy number mysticism is prominent. Thus in the Pythagorean 
school the *tetractys" was considered sacred (compare Burnet, Early Greek philos- 
0pky, London, 1908, p. 113). In the philosophy of Empedocles reference is made to” 
the four roots of all things (Burnet, loc. cit, p. 264). Also in the Scriptures the 
number four is frequently mentioned; see, for example, Genesis 2 (10), 13(14); 
Exodus 28(16), 20(2); II. Samuel 12(6); Job 11(18), (19); Proverbe 30(15), (18); 
Ezra 1(5), (6); Daniel 7(2), (3); Revelations 4(6), 6(1)-48), 7(1), 14(7), 21(16); 
Epbesians 3(18); Luke 19(8). On the mathematical side P. G. Tait (Encyclopedia 
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Britannica, 11th ed., vol XXII, p. 718) remarks, “The word 'quaternion' properly 
means ‘a set of four.’ In employing such a word to denote a new mathematical method 
Sir W. R. Hamilton was probably influenced by the recollection of its Greek equiva- 
lent, the Pythagorean Tetractys (rerpaxis, the number four) the mystic source of all 
things." (Received March 10, 1952.) 


TOPOLOGY 
467%. D. G. Bourgin: Topologies for complexes. 


The simplicial complex K is required to be the union of all its # skeletons. Define 
the full topology of a product space by an open base composed of products of open 
seta, one in each space. Let Ki be the barycentric derived of K. If K is imbedded in a 
product space of closed intervals one for each vertex and the full topology is supposed 
for the product space, the induced topology In K may be referred to as the convex 
topology. If Ki is similarly imbedded and the topology on K is determined by the 
natural map from the convex K; to K, the induced topology may be shown equivalent - 
to the weak topology. The order of fineness is given by geometric, natural, convex, 
weak. With the aid of the imbedding the key theorem is established that in the weak 
topology K is paracompact. (Recetved March 13, 1952.) 


. 468. E. R. Fadell: Unessential identifications in singular homology 
theory. 


Let M denote a Mayer complex and M' a subcomplex of M. Radó (T. Rad6, 
An approach io singular homology theory, Pacific Journal of Mathematics vol. 1 
(1951) pp. 265—290) terms the subcomplex M’ an uneseential identifier for M provided 
the natural homomorphism r: M—M/ M' induces an isomorphism onto between the 
corresponding homology groups. Let R denote the singular complex introduced by 
Radó (T. Radó, loc. cit.), S the singular complex introduced by Eilenberg (S. Eilen- 
berg and J. A. Zilber, Serm-ssmpiscial complexes and singular homology theory, Ann. of ' 
Math. vol. 51 (1950) pp. 499-513) and e: R—S the natural chain mapping from R to 
SS. Furthermore, let BF, 95 denote the barycentric homomorphisms of R and S respec- 
tively. The main purpose of this note is to show that the nuclei of of*, 95 form un- 
eseential identifiers for R and S respectively, The first of these results is an improve- 
ment over certain results obtained by Radó and Reichelderfer (T. Radó, loc. cit., 
P. V. Reichelderfer, Ox the baryceniric homomorphism in a singular complex. To 
appear in the Pacific Journal of Mathematics). (Received January 17, 1952.) 


469%. P. C. Hammer and Andrew Sobczyk: Generalised closure of 
sets, Preliminary report. , 


Let M be a set of points and let Si and $1 be classes of subsets of M neither of 
which includes tHe null set. Let T be a transformation with domain $ ; and range $ s. 
A subset C o£ 'M is called T-closed if and only if XES „n X C C implies always that 
T(X)C.C. The complement of a T-closed set is called a T-open set. The following 
properties follow: (1) The set M and the null set are T-closed and T-open. (2) The 
intersection set of a class of T-closed sets is 7-closed; the union set of a clase of 
T-open sets is 7-open. (3) There exists a unique minimal 7-closed set containing 
any subset X of M. This set is called the T-closwre of X and is designated X. (4) For 
every pair of subsets X, Y of M, FJ Y. 2X Y. With proper limitations on M and 
definitions of $ u S s and T, one may obtain ordinary closure, symmetry of any kind, 

, and convexity as special instances. Relations are studied between T-cloeure and other 
methods of defining a semi-topology in a set (for examples, suppreseion of some of 
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the Hausdorff axioma for open sets or neighborhoods, weakening of the requirements 
for a partial-order topology). (Received March 12, 1952.) 


470. S. D. Liao: Os secondary obstructson of sphere bundles. Pre- 
liminary report. p ` : 

Let B be an orientable sphere bundle with (i) base space B which is a finite con- 
nected complex, (ii) total space E, (iii) fiber S*, and (iv) projection ¢. Consider the 
Gysin's sequence: -- - —^H*(B, Z) >Y EME, Z)-*H'(B, Z) —H*"(B, Z)9* -> 
—^H*(B, Z)—* H*«(E, Z)—'H*^(B, Z)—^--- , where Z=the group of integers. 
Suppose that the primary obstruction of B vanishes, Then e is a homomorphism 
onto and ¢* is an isomorphism into. Let f be a cross section of B over B*t!(—the 
(*--1)-skeleton of B). Then the secondary obstruction Z*H(f) is defined. Let c 
CAE, Z) be such that e(c) the unit of the cohomology ring H(B, Z). Then 
&(f) -c— e*f*(c) EHME, Z) is defined independently of the choice of c and is a homo- 
topy invariant of f over B=. The main aim of this paper is to show that (i) $*Z*'1(f) 
mow Jof) —Sgi(f) for » 22 where w* is the 2nd Whitney characteristic clase of 
B; Gd e*Z*'*(f) -e(f)  T*6(f) for » —2 where T is the 2-periodic map of E induced 

‘naturally by the 2-periodic map of S? that sends each point to its antipodal. The 
corresponding homotopy classification theorems of croes sections over B*'! are also 
obtained. (Received March 10, 1952.) 


471t. G. R. Livesay: T'wo theorems on ihe two-sphere. 

(1) Let S= ((z, y, C E| x3+y+ - 1], and let X be a simplicial subdivision 
of S such that if ¢ is a simplex of K, then the image of ¢ under the map 5, a reflec- 
tion in the center of S, is another simplex of X. Let M and N be closed subcomplexes 
of K such that if ow M, owGN, then peu Cc M, pow N, and M+N=—K. If M has 
no component containing two diametrically opposite points of S, then there are two 
diametrically oppoeite points in & component of N. (2) If 8 is any angle such that 
0362/2, and f is a mapping of S into the reals, then there are two diameters of S, 
forming an angle 9, at the four end points of which f has the same value. This extends 
a theorem of F. J. Dyson [Ann; of Math. vol. 54 (1951)]. (Received January 18, 
1952.) `~ 


472. Katsumi Nomizu: On the cohomology of compact homogeneous 
spaces of nilpotent Lie groups. 

It is known by A. Malcev that any compact homogeneous space of a connected 
nilpotent Lie group can be expreseed in the form M —- G/D where G is a simply con- 
nected nilpotent Lie group and D a discrete subgroup. The first purpose of this 
paper is to prove that the cohomology algebra of M (with real coefficients) is iso- 
morphic with the cohomology algebra of the Lie algebra g of G. (The isomorphism 
of the first and second cohomology groupe has been shown by Y. Matsushima, 
Nagoya Math. J. vol. 2 (1951).) From this theorem some results on the Euler char- 
acteristic and Betti numbers of M; which are analogous to the known results on 
homogeneous spaces of compact Lie groupe, are obtained. The second purpoee is 
to show that the complex of G-invariant differential forms on M is isomorphic with « 
the complex of invariant cochains of g. From these results an example of a compact 
homogeneous space of a noncompact Lie group for which the theory of invariant 
integrals o£ E. Cartan does not hold is obtained. (Recetved March 11, 1952.) 


J. W. T. Younes, 
Associate Secretary 


THE MAY MEETING IN FRESNO 


The four hundred eighty-first meeting of the American Mathe- 
matical Society was held at Fresno State College, Freano, California, 
on Saturday, May 3, 1952. Approximately 75 persons attended, in- 
cluding the following 59 members of the Society: 

H. L. Alder, H. M. Bacon, W. G. Bade, A. K. Bell, L. D. Berkovitz, E. W. Beth, 
F. C. Biesele, W. W. Bledsoe, L. M. Blumenthal, F. H. Brownell, J. G. van der 
Corput, P. H. Daus, Douglas Derry, D. J. Ewy, F. D. Faulkner, G. E. Forsythe, 
N. S. Free, R. M. Hayes, M. R. Hestenes, P. G. Hodge, P. J. Kelly, L. D. Kovach, 
Cornelius Lanczos, B. J. Lockhart, Charles Loewner, M. W. Maxfield, L. F. Meyers, 
E. D. Miller, F. R. Morris, T. S. Motzkin, Ivan Niven, L. J. Paige, T. K. Pan, 
R. S. Phillips, D. H. Potts, W. T. Puckett, F. M. Pulliam, C. H. Rawlins, Jr., R. 
M. Redheffer, J. B. Robinson, R. M. Robinson, Leo Sario, M. M. Schiffer, I. J. 
Schoenberg, Abraham Seidenberg, R. G. Selfridge, M. A. Shader, Max Shiffman, 
W. H. Simons, T. H. Southard, M. L. Stein, Robert Steinberg, C. B. Tompkins, 
J. L. Ullman, W. R. Wasow, M. A. Weber; František Wolf, H. H. Wolfenden, F. H. 
Young. 


By invitation of the Committee to Select Hour Speakers for 
Far Western Sectional Meetings, Professor I. J. Schoenberg, of 
the Institute for Numerical Analysis, National Bureau of Stand- 
ards, Los Angeles, delivered an address entitled On smoothing 
operations and related topics. Professor Schoenberg was introduced by 
Professor Ivan Niven. There were sessions for contributed papers in 
the morning and afternoon, presided over by Professors F. R. Morris, 
H. M. Bacon, and P. H. Daus. Following the meeting there was a 
guided tour of Pine Flat Dam, now under construction. 

Following are abstracts of papers presented at the meeting. Papers 
with abstract numbers followed by “t” were presented by title. Paper 
number 490 was presented by Professor Steinberg, number 498 by 
Professor Kelly, and number 502 by Dr. Forsythe. Dr. Reid was in- 
troduced by Dr. J. W. Odle and Mr. Bennett by Professor F. C. 
Biesele. - 

ALGEBRA AND THEORY OF NUMBERS 


473t. D. R. Morrison: Boolean product rings. 


A Boolean product R o B is defined for every ring R and every Boolean ring B, 
differing from the tensor product in that the left distributive law, r o (h +h) =r o b 
+r», holds only if 5b 0 or 2r=0, Every nonzero element of R o B is uniquely 
. expressible in the form 2 ^ , 1, o by, where r, vér, 40, b, 40, bb, =0 for ssi. Where 
they are meaningful, the commutative and associative laws and the distributive 
laws with respect to weak direct sums apply to the Boolean product operation, and 
GF(2) is a unit with respect to the operation. The idempotent Boolean ring (R o B)* 
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(aee Bull. Amer. Math. Soc. Abstract 58-1-52) is isomorphic to R* o B. If R is bi- 

' regular, so is Ro B and relations are determined between the ideals of R, B, and 
Ro B. For any Boolean ring B, and any prime, p, GF(f) o B isa p-ring. Conversely, 
for any p-ring R, R* is a Boolean ring and R is isomorphic to GF) o Rt. This estab- 
lishes a correspondence between Boolean rings and f-rings, which is biunique up to 
an isomorphism. (Received March 13, 1952.) 


474. T. S. Motzkin: The mulit-index transportation problem. 


Let Xa. cap) 0871, 755,00 (021, $1, +++, 9), be unknowns. For a given 
r, r71,--: , 5—1, make all choices k= (tgi < ->> «horam ouesum, D. It is 
shown that the extreme solutions of the system 2 xea,...e "C Xam -an 20 (the 
summation running over all a, with trét, * * * , t+) lie, for every giveu system of 
constants c, in the ring generated by the ci, if and only if r=1 and no more than 
two a, exceed 2. (Received March 13, 1952.) 


4751. R. M. Redheffer: Power series and algebrasc numbers. 


Suppose f(s) - Scaas* is rational, is regular at s=0, has algebraic coefficients, 
and is not a polynomial. Let m be the multiplicity of that root in the denominator of 
f which has maximum multiplicity. Then (apart from a set of at most m values of s) 
the value of the function: g(s) = > a,s*/n! is transcendental when the value of s is 
algebraic, (Received March 17, 1952.) 


476. Abraham Seidenberg: Some basic theorems in diferential 
algebra (characteristic p, arbitrary). 


The theorem of the primitive element, the chain theorem, and the Hilbert Nulistel- 
lensatz, all appropriately formulated, are established for differential algebra of 
arbitrary characteristic. Simplified proofs of the known results in the case of character- 
istic 0 are included. The theory of transcendency and the 1e theory o separability are also 
considered. (Received March 13, 1952.) 


ANALYSIS 


4771. R. E. Bellman: Some mock pitdysbia equations. Pre- 
liminary report. 


The equation (1) w;-*w, "usx,, was used by J. M. Burgers, Proc. Acad. Sci. 
Amsterdam vol. 43 (1940), as a mathematical model to illustrate the theory of 
turbulence. It was shown by E. Hopf, Comm. Pure and Applied Math. vol. 3 (1950), 
that this equation could be linearized by means of the change of variable, 
x= —2u(log à), $ satisfying the equation u$». It is shown in the present paper 
that u= —2u(log 4). 97 —2u(log $9), furnishes a solution to the two-dimensional 
analogue ,of (1), F ss Iv, =u (tee t+Myy), 9:719 0s (See Hyry), if  satinfies 
the equation ($s 1-955) =$, and similarly for three dimensions. These explicit solu- 
tions may now be used, following the one-dimensional treatment of Hopf, to de- 
termine rigorously the behavior of the solutions as 1—9. If the pressure terms are 
included in the hydrodynamical equations, the equation for $ it u (dus Fory) +po =o. 
(Received March 17, 1952.) 


478. F. H. Brownell: Vector analysts on real separable Hilbert 
space. Preliminary report. 


r M 
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Consider complex-valued functions ¥(f) over fEh, the square summable real se- 
quences and the prototype of real separable Hilbert space. Following Hille, for auit- 
able functions ¥ one can define the notion of a vector derivative Vy(f), where for 
¥ real VA (f) Ch with |[ul|3| y (4-9) —9) — (9), 9| —0 as [|| 0, sE This can 
be interpreted in terms of the 4 coordinate derivatives, and using basis coordinates the ` 
generalized Laplacian V! can be defined invariant under change of basis. In order to 
integrate on h and still have an abelian group, it seems 4 must be reduced to some 
square summable infinite torus X, X= {xGh| -ke «xe Sia each s] with 9: *(k)* 
X--o required, a modification of Jessen's torus integration. This gives a locally 
compact abelian topological group, whieh thus possesses Fourier transforms with 
inverses, and one can verify the expected relationship of Fourier transforma to partial 
derivatives with respect to ha coordinates, as-well as to the generalized Laplacian’ 
V3, (Received March 13, 1952.) 


479%. R. S. Phillips: On the generation of semt-groups of linear | 
operators. 1 


Let T(t) bea semi-group of linear bounded transformations on a Banach space 
X to itself, strongly continuous on [0, ©) with T(0) =I. Set a(t) =log Izel and 
' define @(w) to be the Banach algebra of set functions a where |lal| = /7 exp [»(01|da] 
and the product is given by convolution.’ Let wesinf w(t)/E and set (A, a) 
= f, exp (At)da for Re (4) Ses Assume further that limy-s suptze [«(t) —e(£4-5)] 
X t, Then a necessary and sufficient condition that a(t, *) be a semi-group of mono- 
tone nondecreasing functions in @(w) (with $[d, a(t, -)]—1 as t—0 uniformly in every 
bounded subset of Re (A) Ses) is that M log.&[A, alt, -)] -»-4-/; (exp [Aua] 
—1)dy+a where m 20, a is réel, and W(£) is monotone nondecreasing on (0,' ©) satis- 
fying the conditions fd « » and fT exp [w(t)—cst]dy<o. For a semi-group 
a(t, +) of this description S(t) = f; T(é)dalt, £) ia again a semi-group of linear bounded 
transformations on X to itself, strongly convergent to I at £0. If A is the infinitesimal 
generator of T( and B that of S(t), then for x in the domain of A, Bx e mAz 
f. [exp (—wst)T()z—x]dp+ax. In addition if Xs belongs to the spectrum of A, 
then [As a(t, -)] belongs to the spectrum of B. (Received December 18, 1951.) 


480: R. S. Phillips: Perturbation theory for semi-groups of linear 
operators. . 


Those properties of a semi-group of linear bounded operators strongly continuous 
to the identity at the origin which persist under a linear bounded perturbation of the 
infinitesimal generator are called stable. It is shown that the property of being a 
' semi-group or a group is itself stable. If A generates T(s) and A+B (with B 
bounded) generates S(s), then S(s) = 2555 Sals) where So(s)™T(s) and S,(s) 
m {iT (s—o)BS,a(c)do. If T(1) is uniformly continuous for s>0, then so is S(s). 
However the property of being eventually uniformly continuous is not stable. If T(s) 
is holomorphic in a sector and bounded near the origin in every sub-sector, then the ` 
same is true of S(s). If the resolvent of A is completely continuous, then so is the 
resolvent of A+-B. It is possible to develop a “finite” elementary divisor theory for 
A when the resolvent of A is completely continuous. If A(s)=A-+B(s) where A is 
the infinitesimal generator of a semi-group of operators and B(s) is a strongly con- 
tinuously differentiable family of bounded linear operators, then there exists a unique 
strongly-continuous one-parameter family of bounded linear operators U(s) such 
that dU(s)x/ds = A (s) U(s)x for all x D(A) and such that U(0) =T. (Received Febru- 
ary 22, 1952.) ; 
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4811. R. M. Redheffer: A basis theorem for partial differential equa- 
Bons. 


Let X=(x, 7, s,- - - , w) denote the independent variables, U= U(X) the de- 
pendent variable, and V € (U, U» - + +) a finite-dimensional vector with U and some 
of its partial derivatives as components, A pertial differential equation is an equation 
of form f(X, V) —0. If f is continuous and if a linearly closed family of solutions Ue 
solves f(X, V) —0, then there is a-finite system of linear homogeneous partial dif- 
ferential equations A: V=0, B- V=0, -- - , such that (1) each Ua solves the system 
and (2) each solution of the system solves f(X, V) —0. The result follows from simple 
properties of finite-dimensional vector spaces. (Received March 17, 1952.) 


4821. R. M. Redheffer: Differential equations and the Huygens 
| principle. 

Let U(x, y) ue E ERR where A is TN A 90, A vá oo; 
and let U satisfy one and the same partial differential equation for a]l F giving suff- 
ciently strong convergence of the integral. Then log A(/) is equal almost everywhere 
to an algebraic function of ?, and the functions U all are solutions of one and the 
same linear homogeneous partial differential equation with constant coefficients. 
(Received March 17, 1952.) 


483. R. M. Redheffer: Operators and the Huygens principle. 


Let 9« be a clase of operators which transfer a disturbance f(x, y) from xa to 
xb: f(b; y) =¢eaf(a, y). These give an abstract formulation of Huygens’ principle in 
one dimension. Assuming linearity, a closure condition £u, * herds, and boundedness in 
two senses, representation theorems are given. The simplest result (for “uniform 
media”) is $a - T 1A* *T, where T is the Fourier transform in the L* sense, T7! the 
inverse transform in the L sense, and A(s)-L» for all p. (Received March 17, 1952.) 


484. W. P. Reid: On the relaxation method of solving differential 
equations. 


Allen and Severn (Quarterly Journal of Mechanics and Applied Mathematics vol. 
4, Part 2 (1951) p. 209) have stated that “It is, in fact, only to problems of jury type 
that the relaxation method is directly applicable,” where jury type means equal num- 
ber of boundary conditions at each of two points. This statement is incorrect. The 
relaxation method may be applied directly to solve differential equations of any 
order with the » boundary conditions distributed in any way among P points 
(18 P an). Their method of raising the order of the differential equations to make 
them of jury type is a method of fooling oneself and results primarily in extra work. 
These remarks, by the way, apply also to problems governed by partial differential 
equations. Also, the applications of the relaxation method have apparently been re- 
stricted so far to bounded regions. This is not neceseary. The region may be un- 
bounded, and a condition may or may not be specified at infinity. (Received March 
10, 1952.) 


4851. Leo Sario: An extremal method on arbitrary Riemann surfaces. 
I. 

A method is indicated for constructing a function which minimizes & prescribed 
expression m in a given clase F of functions defined on an arbitrary Riemann surface 
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R. Consider the clase {P } of analytic functions with the development P=p-+ip i 
=1/s+ 2 aw” in a fixed parameter disc K: |s| 31, and with a single-valued 
,real part on R. Write a Re (a4) and denote by 8 the (ideal) boundary of R Let A 
be a real parameter, ^—133131. Then (1) there is in {P} a unique principal function 
Py=pytipet/s+ Qoa aw’ which minimizes the expression m=): 2rat /spdp. 
(2) This minimum is m (p) = (x/2) [(1--3)*as — (1—3)92.1] where a—Re (a). (3) 
1 (5) — (pr) =D(p—fr), the Dirichlet integral. (4) Py e (13:3) P4/2-F (1 3) P-4/2. 
(5) e Saa for functions p with fspdpz0. Definition: the P-spas opa i—a. 
(Oop — min (2/x) fapdp = (2/x) fabedpo. (7) 1/er min (1/2x) D(f) = (0/22) D(fd) where 
(f) is the class of single-valued harmonic functions f on R with the development 
f- Ye in K, Re (b) -1, and fof - (P, — P)/or. (8) The class [P } de- 
generates to a single function if and only if the P-span vanishes. These results remain 
valid for the subclass {Q} of {P}, defined by the restriction fdp =0 along each di- 
viding cycle on R, if the P-span is replaced by the corresponding Q-spes. For planar 
surfaces, {Q} consists of single-valued analytic functions and the Q-span coincides 
with Schiffer's span. Earlier results concerning the span appear as special cases. 
(Received March 10, 1952.) 


486i. Leo Sario: An extremal method on arbitrary Riemann surfaces. 
II. 


The boundedness of 4—f: and q-1—« (Q.:—Q: for planar surfaces) is used to 
establish a unified approach to classification problems on Riemann surfaces. The 
following abbreviations are employed: H, harmonic single-valued nonconstant; X, 
barmonic single-valued nonconstant, such that the conjugate function has no periods 
along dividing cycles; A, analytic single-valued nonconstant; W, meromorphic . 
nonconstant; B, bounded; D, with a finite Dirichlet integral; E, omitting a set of 
values with positive area. By combinations of letters, classes of functions are denoted 
with the corresponding combinations of properties. Let Oy be the class of Riemann 
surfaces not admitting functions belonging to a given clases F, Denote by Sp and Sq 
the classes of surfaces with vanishing P-span or Q-span,' respectively. Then (1) 
Onx( Ousp-Omp- Sp, (2 Ox» Oxsp-Oxp-Se, (3) Owz-O4K O4b. Earlier 
results, concerning H and A, are included in these relations. The ‘last equality (1) 
states that there are functions HD on R if and only if the Parpen vanishes. The rela- 
tions (2), applied to planar surface, express existence Properties of single-valued 
analytic functions. (Received March 10, 1952.) 


4871. Leo Sario: Construction of functions with prescribed properties 
on Riemann surfaces. 


Let G be the complement R—D of a compact subdomain D of an open Riemann 
surface R, D being bounded by a finite set a of analytic Jordan curves, The (ideal) 
boundary of R is denoted by B. Let v be a si valued function, harmonic on a, let 
à be a real parameter, —1 SA S1. Denote by {u} the clase of single-valued harmonic 
functions in G with «= on a, fadg m0. There exists in {w} a unique function s 
which minimizes the expression /swdg--A/a«ds&. The function s is aseociated with 
v by a norma! linear operator Ly. This theorem remains valid for the subclass [se 
of {u} defined by the restriction ‘/d@—0 along every dividing cycle. Both s and s 
are constructed by the extremal method reported in the above abstracts, The linear 
operator method (Trans Amer. Math. Soc. March 1952) leads to the following 
theorem. Let s be a single-valued real function on D, harmonic on a. The condition 
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fads --0 is necessary and sufficient for the existence of a function p on R such that 
(1) p—s is harmonic on D, (2) f/suds4- f .udé is minimized by p among all harmonic 
functions « in G with =~ on a and fdg —0 along a (or elsé along every dividing 
cycle). (Received March 10, 1952.) 


488. Leo Sario: Capacity of the boundary and of a boundary com- 
ponent. I. , 


Let A(s) be a harmonic function in [s] Si with &(0) =0. Write i |si -Fk(s). 
Denote the curves |s] -471, L | =1 by a and b, respectively. Lemma: min, s— mins s 
Si. On an arbitrary open Riemann surface R with (Ideal) boundary B, let {S} 
be the class of analytic functions with the development S=s4+43 =log s+ 2. as” 
in a parameter disc Isl a1, and with a single-valued real part s. There is in TS} a 
unique principal function Ss such that min fasds = {asedts. Definition: the capacity of 
B is Como where kae (1/2x) fasadrs. For planar domains, Cs coincides with the 
conventional (logarithmic) capacity. Consider the class {uv} of analytic functions 
with a single-valued modulus on R and with the development U= 2 "77 b, (b =1) 
in |s| 31. In iu), there is a unique principal function Ug=e% such that min D(U) 
=D(Up)=1C,”. Suppose now B is analytic. For every analytic function te with 
single-valued uodulus on R euch that [e| SC,", the relations |w] «| Us|, w (0) <1 
hold unless w=e'*Us. Denote by M the class ot nonconstant analytic functions with 
single-valued modulus on an arbitrary Riemann surface R. The subclasses of, func- 
tions with bounded modulus dr with finite Dirichlet integral are denoted by MB and 
MD, respectively. There are functions MB or MD on Rif and only if Cs >0. (Received 
March 10, 1952.) 


489%. Leo Sario: Capacity of the boundary and of a boundary com- 
ponent. II. 


Let y be a fixed boundary component of an arbitrary Riemann surface R with 
boundary B. Consider the subclass | T] of {S} defined by fds = 2x along every cycle 
separating y from s=0, and [ds -0 along every other cycle. There exists in {Tha 
unique principal function Ty such that min født — fø diy. Definition: the capacity of 
a werd component y is Cy=e™ with ky=(1/2x) fold, Let { V} be the subclass 

of {U} defined by fd arg «2x along cycles separating y from s=0, fd arg ue 0 
along other cycles. On a planar R, there is in {V} a unique principal function V, 
=eTy such that min D(V) - D(V4) =r”. There exist on R univalent bounded or 
univalent Dirichlet bounded nonconstant functions if and only if the capacity of at 
least one boundary component is positive. (Received March 10, 1952.) 


490. Robert Steinberg and R. M. Redheffer: Simultaneous irigo- 
nomeiric approximation. 

Given real functions f(z) and g(x) in L*, how small can I= fi Jœ) Hee) 
—9 a | dx be made by a suitable choice of the real of" 5 ibly subject to 
the constraint 27, , 0, SM? Expressions for the minimizing a; "s and the mini- 
mum J are obtained. In the unconstrained case, J can be made arbitrarily small as 
n— © only for conjugate functions f(x) and g(x) if bx, but for arbitrary functions 
if 0 «b «x. The latter case leads to matric relations analogous to the ordinary Parseval 
identity, The following limitations on the approximation are obtained: (1) In general, 
there is no series approximation (a,” independent of x) for which I-30. If there is a 
series approximation, it is unique. (2) The following classes of function pairs f, g 


f 
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are equivalent: (a) Those which admit a polynomial approximation with J-+0 and 
Lis, oy” SM. (b) Those which admit a series approximation with I-+0 and n 
3 M. Hence, in general, the approximation in (a) is not possible. (Received March 
17, 1952.) 


491. J..L. Ullman: "Hankel determinants in function theory. Pre- 
liminary report. - . : 


Consider the power series aos 1 4-a4s 1-- - + + f(s), and let A(m, k) be the Hankel 
determinant of order k with dw,- as the element in the ith row and jth column. To 
each sequence of integers [ks], associate the number [k, ] =lim supara | A (s, ka) |^, 
p(s) -1/(h.(*--k,—1)). Hadamard proposed the problem of finding constructive 
means of determining the singularities of an analytic function from the coefficients 
of a single Taylor series expansion. In this direction he showed (J. Math. Pures AppL 
(4) voL 8, p. 101) that when the elements of [k,] are equal, [k. ]' is related to certain 
poles of f(s). Pólya (Math. Ann. vol 99, p. 687) considers the case in which 
litte. k,/(n--À.) «20, and shows that the [k.]' are related to the entire set of 
singularities of f(s). The large gap in these results suggested that [k.]' for the case 
litte ka = ©, lita S ha/("-+h,) «0, in which the rate of growth of k, is intermediate 
. to the other cases, would be related to intermediate properties of f(s). A precise rela- 
tionship is established for functions f(s) = fiiu(t)/(5—3), n (I) real and nondecreasing 
on (0, 1). Of independent interest is a generalization of the well known fact that if 
A(0, k) is ultimately zero, then u(t) is a step function; namely, it is shown that if 
limao | 4(0, &)| ^ —0, then u(t) has zero derivative on ©, 1), except for a set of 
measure zero. (Received April 15, 1952.) 


492. W. R. Wasow: Asymptotic solution of the differential equation 
of hydrodynamic stability in a domain containing a transtiton point. 


. The differential equation w0--2 75 , DA 371, b,(z)u-9 —0, with 
be(0) =0, bó (0) »40, by(0) »40, is studied, in a complex neighborhood S of x =O, for large 
values of the complex parameter X. The a,(x) and bi(x) are supposed to be analytic : 
in S. This problem is important in the study of the onset of turbulence in viscous 
flows. In a paper in Ann. of Math. vol. 49 (1948) pp. 852-871, the author constructed 
a fundamenta! system with known asymptotic behaviour in a ring-ahaped domain 
surrounding the origin. It is now shown—independently of that.paper—that the 
differential equation above possesses a fundamental system which, for large à, is 
approximated, everywhere in S, by functions that can be simply and explicitly ex- 
pressed in terms of solutions of the differential equation y(9 -A*(xy' -- y) =0. The 
asymptotic properties of this latter differential equation are known from another 
paper by the author (Ann. of Math. vol. 52 (1950) pp. 351—361). Thus it is poeeible 
to give a complete asymptotic analysis in S of the more general differential equation, 
f Ida c a M OE (Received March 3, 
1952.) 


APPLIED MATHEMATICS -` : 
493. P. G. Hodge: Upper and lower bounds on ihe yield load of a 
square slab with a centered circular cutout. Preliminary report. Í 


If an elastic-plastic body is loaded with a set of loads P, the collapse load cor- 
responding to P is defined as the amallest loads uP, where p is a.ecalar, under which 
the body will exhibit unrestricted plastic flow. ‘The present paper is concerned with a 


-— 
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thin square slab with a centered circular cutout, subjected to uniform tensile stresses 
on each pair of opposite sides. The cutout factor X 1s defined as the largest multiplier à 
such that if (T,, Ty) represents any collapse load for the square without cutout, the 
square with a cutout will not collapse under any load less than (AT,, AT). Upper and 
lower bounds are then found for the cutout factor. The analysis is based on the as- 
sumptions of plane stress and Tresca's yield condition. (The results presented in this 
paper were obtained in the course of research conducted under Contract NTonr-35810 
between the Office of Naval Research and Brown University.) (Received March 10, 

1952.) i 


494. Cornelius Lanczos: The smallest root of the characteristic equa- 
tion. 


In vibration problems the absolutely smallest eigenvalues of the generally non- 
symmetric and nonreal matrix A are of specific interest. Since the usual iterative 
procedures suppress the small eigenvalues in favor of the large ones, a preliminary 
inversion of A is customarily demanded. The present procedure analyzes the problem 
in the orthogonal reference system of the Hermitian matrix C* A*A. The basic 
equation is written in the form Cx—XA*x0. The smallest eigenvector xo.of C is 
considered as the zeroth approximation of x. In first approximation x —x«-|-Àxi where 
xı la the solution of a linear set of equations. The associated quadratic equation gives 
a (generally complex) à which is close to the absolutely amallest eigenvalue of A 
and which can be further refined. This method, if applied to ordinary algebraic equa- 
tions, yields a simple and convenient algorithm for approximating the absolutely 
amallest root of an algebraic equation. (Received March 4, 1952.) 


495t. R. M. Redheffer: Antennas with obstructions. 


If T, T are direct and inverse Fourier transform operators and A(s) 
mexp i(h?—u)V9, k—2x/A, then ATITA" operating on the original far pattern 
F(u) gives the perturbed far pattern Fe(s) due to an obstruction at x+=a character- 
ized by the transmission function £(y). Let an arbitrary obstacle be characterized by 
T(x, $), the transmitted plane wave in “direction” s= (2x sin 0)/X given a unit in- 
cident plane wave in “direction” «. Then (2x)V3F4(v) - A^* fA*T(u, v) F(u)du, and 
hence ¢(y) exists if and only if T(s, v) - (s —2), for some 9. A dense set in é, f, or F 
yields a dense set in Fo, whence are obtained conditions of pattern realizability and 
methods of computation. The perturbed pattern is approximable as a finite sum of 
expressions TA*/(x —b), the transform being taken as a Sommerfeld contour integral. 
Another approach gives modified Bessel functions. For estimates of Fo.we hhve 
Fem FACH, where H exp (—$mu), given explicitly, is slowly varying for some m. 
(Received March 17, 1952.) 


496i. R. M. Redheffer: Inhomogeneous dieleciric media. 


Let R be the complex reflection of a slab in which the dielectric constant is a con- 
tinuous function of one coordinate, «= «(x). If s= —1i(1--R)/(1— R) and — ka — «'/w; 
then w satisfies ('/«)' --(2x/X)3& —-0. Formulas are given for R(s) in terms of 3(s), 
and for s(x) for every termination from s(x) for one. The polar form s™re satisfies 
rdó/dr —-tan 6(e*—1)/(a1--1) when e is real, whence is obtained a condition for 
realizability of a prescribed s. Regarding the medium as limit of thin uniform slabe 
gives a physical interpretation to the method of “product integration." (Received 
March 17, 1952.) y 
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GEOMETRY 
497. L. M. Blumenthal: Boolean geometry. I. ' 


A Boolean metric space B is obtained by associating with each pair of elements 
b, q of a set an element d(p, q) of a Boolean algebra as distance, so that d(p, q) -0 
if and only if p=q, d(, g)=d(q, p), and dlp, q) +d, r) 2d(p, r) (+, D denote 
Boolean addition and inclusion, in the wide sense, respectively). Boolean geometry 
studies the invariants of B under the group of congruences (.e., distance-preserving 
mappings). Any Boolean algebra is a space B with d(p, q) = pg --?/q (juxtaposition 
and ' denoting Boolean product and complementation, respectively) and this paper 
begins the systematic study of these Boolean geometries by developing linearity 
notions and the theory of metric segments. Defining these in a suitable manner, they 
are shown to possess many properties of segments in ordinary metric spaces. Th 
(1) the length of a segment 5, is the distance d(a, b) of its end elements, (2) if 
S, are segments and b is metrically between a, c then their set-union is a segment S^, 
and (3) for m>4, any m-tuple of B is on some segment if and only if each triple of the 
m-tuple has that property. (Received February 26, 1952.) 


498. P. J. Kelly and L. J. Paige: Symmetric perpendicularity in 
hilberi geometry. 

Define a family F of curves as follows: Every curve C in F is a simple, closed, 
convex curve. If supporting lines at p and gon C meet at w, and £ is any secant through 
w, cutting C at m and #, then supporting lines at m and s exist, intersecting on pXq. 
The authors prove that the family F consist» of all ellipees and all nondegenerate 
triangles. This result is used to show that the hilbert geometries in which perpendicu- 
larity is symmetric are hyperbolic geometries. (Received February 18, 1952.) 

.. 499. T. K. Pan: Characterisation of the Gaussian curvature of a 
surface. 

Let V, b a hypeen tas a © Rud sede Sur Let s be a vectot- 
field in Vy. Define the mean curvature of v at a point P as the square root of the 
sum of the squares of its s—1 principal curvatures at P (the author's paper on Normal 
curvature of a vector-field, to appear soon in Amer. J. Math.). It is found that the 
hyperspherical curvature at P of V, is equal to: (1) the product of the extreme mean 
curvatures of vector-fields in V, at P, (2) the square of the product of the extreme mean 
curvatures of asymptotic vector-fields in V, at P, (3) the product of the mean curva- 
tures of the # vector-fields at P corresponding to the principal directions for the 
Ricci tensor Ry when V, is minimal. New interpretations of the Gaussian curvature 
of a surface S in an ordinary space are obtained: (1) the Gaussian curvature of S at 
P is the product of the principal curvatures of any two distinct conjugate vector-fields 
in S at P, (2) the Gaussian curvature of S at P is the negative of the equare of the 
magnitude of the Gaussian representation of a unit arc along an asymptotic line from 
P in S. A simple proof of the theorem of Enneper is derived. (Received March 21, 
1952.) 

Locic AND FOUNDATIONS 


500. D. W. Bennett: A set of axsoms for the natural numbers. 


Let N be a set for which the following axioms are satisfied: I. There exists a 
mapping f of the set of all nonempty subsets of N onto N. II. For any nonempty sub- 
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set P in N, f(P)EP. III. There exists a reversible mapping g of the set N onto the 
set of all elements of N except f(N). IV. For any subset P of N such that f(P) »f(N), 
E (P) EP. The axioms are seen to involve no concepts except the familiar idea of 
mapping one set onto another. They lead immediately after appropriate definitions 
of *1" and “successor” to Peano’s postulates for the natural numbers, and con- 
versely. (Received March 12, 1952.) 


501. E. W. Beth: Existence of complete models for extensions of the 
first-order predicate calculus. 


Let T be a complete extension of the first-order predicate calculus. Every set S of 
expressions A(x) containing a free variable x defines, for every model M of T, a sub- 
set M(S) of the set of all elements of M. Let S be finite; then, obviously, M(S) will 
be nonempty if and only if S is consistent with T. For an infinite set S which is con- 
sistent with T, the set M(S) will not, in general, be nonempty for every model M of 
T. But it follows from the theorem of Ldwenheim-Skolem-Gddel-Malcev that there 
is a model My of T which is complete in the following sense: for any set S, M4(S) 
will be nonempty if and only if S is consistent with T. It follows that M,(S) is non- 
empty if and only if, for some model M of T, M(S) is nonempty. For &-2,3,- -- 
an analogous result can be proved for sets of expressions Á (£, xs - * * , xx) contain- 
ing k free variables. (Received March 12, 1952.) 


STATISTICS AND PROBABILITY 


502. G. E. Forsythe and J. W. Tukey: The extent of n random unit 
vectors. i 


Let Wi, ---, Wa be random unit vectors which are independently and uniformly 
(with respect to  — 1 dimensional measure) distributed on the unit sphere'in s-dimen- 
sional space. Let A, be the extent of these vectors, i.e., the signed s-dimensional volume 
of the perallelotope built on them. If W, has cartesian coordinates tu, then A. 
edet (t). A short geometrical proof of the following is given: for s2%2 the ratio 
|Aa/Asa| is the product of s—1 independent positive quantities, each of which'has 
the same incomplete beta distribution dF(w)*«T(»/2)(rT(n/2—1/2)T(1/2) ] 
* «(079/3(1 —)7Utdg: the ratios As/As 1, ` + * , A/A, å are Independent; the odd mo- 
ments E(A**") «0; the even moments E(Ag) =al(m+2)1 - - - (#+2k—2)1{01 21 -.- - 

. Qk—2)l] 1 (w(n-E-2) - + - (a4-2à—2)] 7. It is shown that the moments can also be 
obtained from the moments for the generalized variance; see S. S. Wilks, Biometrika 
vol. 24 (1932) pp. 471-494, esp. pp. 476-477. The second moment E(A,) had been 
given by S. Krochmal [Leningrad. Universitet. Uchenye Zapiski vol. 83, Ser. Mat. 
Nauk 12 (1941) pp. 150-198; Mathematical Reviews vol. 7 (1946) p. 487]. (Received 
March 10, 1952). 


TOPOLOGY: 
503r. Barrett O'Neill: Essential sets and fixed points. 


Let f be a self-map of a compact polyhedron X. A subeet 4 of X is defined to be _ 
essential if every map in some neighborhood of f in XX has a fixed point in A. Criteria 
are established that a subset be essential and that a subset contain an essential fixed 
point, as defined by M. K. Fort. The main tool is a fixed point index for sets similar 
to that of Leray and others. Án elementary proof is given of the existence of an index 
and further properties derived. In special cases the essentiality of A is related to the 
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homological properties of f, A, and X. Mape of locally compact spaces are considered 
through their compactifications. Using Cech theory, thé methods apply to nonpoly- 
hedral spaces. (Received April 24, 1952.) 


504. R. H. Sorgenfrey: Mappings of plane convex seis. 


It is an almost immediate consequence of a theorem of Borsuk that if C is a com- 
pact convex set of width w in a euclidian space and f is a continuous real-valued map- 
' ping defined on C, then some inverse set under f has diameter at least as great as w. 
It is shown that if C is planar, then some inverse set has a component of diameter at 
least as great as :0(3/1) /3 in general and, in case C is centrally symmetric, at least as 
great as (31/2) /2. Simple examples exist to show that these numbers cannot be im- - 
proved. (Received March 12, 1952.) 


W. T. PUCKETT, 
Acting Associate Secretary 
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BOOK REVIEWS 


` Cours de cinématique. By R. Garnier. Vol. 1, Cinémaisque du point ei 
du solde. Composiion des mouvements. 2d ed. Paris, Gauthier- 
Villars, 1949. 44235 pp. 


Vol. 2, Roulemeni ei viraiton. La formule de Savary et son exiensson à 
l'espace. 2d ed. Paris, Gauthier-Villars, 1949. 8-+287 pp. - 


Vol. 3, Géomdirie ei cinématique cayleyennes. Paris, Gauthier-Villars, 
1951. 124-376 pp. 3000 fr. 


Kinematics, as a domain linking geometry and mechanics, has 
always been a favorite subject of French. geometers. These lectures 
by Garnier provide a new general presentation following the work 
of Mannheim and Koenigs, somewhat in the manner of G. Darboux's 
classical work on differential geometry. 

After an introduction to vector analysis the first volume begins 
with point kinematics with many geometric applications, e.g. to 
geodesics. In the kinematics of the one-parameter continuous mo- 
tions of a rigid body the distributions of velocity and acceleration at 
each instant are investigated in detail. The third chapter covers 
composition of motions and the theorem of Coriolis. The final chapter 
of this volume is devoted to the determination of a one-parameter 
motion by integratión of ite infinitesimal elements. 

In the second volume, chapter 5 discusses plane motions, roulettes 
and the Euler-Savary formula for the curvature of paths, with appli- 
cations to cycloids. Chapter 6 discusses spherical motions in a cor- 
responding way. The next chapter discusses one-parameter motions 
in space, again in infinitesimal form and only as far as they depend 
only on derivatives of the first order. The last chapter of thi8 volume 
contàins corresponding considerations for derivatives of the second 
order. í 

The third volume is especially original, containing kinematical 
considerations for non-euclidean geometry, introduced either in the 
projective fashion of Cayley and Klein or by conformal mapping - 
into euclidean space. In the elliptic case Garnier also uses the spher- 
ical mapping of Hjelmslev, Fubini, and Study. Chapter 10 is devoted 
to this geometrical introduction of non-euclidean geometry and its 
motions. Chapter 11 contains differential-geometric investigations of 
curves and surfaces, velocity and acceleration distributions. Chapter 
12 contains among other things a translation of the Euler-Savary 
formula. The concluding chapters 13 and 14 contain differential- 
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geometric considerations of first and second order for motions in 
space, beginning in particular with the study of ruled surfaces and 
axial planes, then of orbits and envelopes. 

There is an appendix containing two notes, one on the concepts of 
surface area and volume, the other on non-euclidean mechanics of 
points and rigid bodies. Numerous exercises and figures and a de- 
tailed index enliven and facilitate the use of this distinguished work. 
Many-parameter motions and integrals of kinematics are hardly 
touched upon. 

W. BLASCHKE 


Dscttonary of mathematical sciences. Vol. 1, German-English. By Leo 
Herland. New York, Ungar, 1951. 235 pp. $3.25. 


This is an ambitious and fairly successful attempt to provide ' 
mathematicians with the English equivalents of German mathe- 
matical terms. The arrangement, the typography, the elaborate sys- 
tem of cross-references and illustrative phrases are all excellent. In 
most cases the author has avoided the obvious pitfalls of using the 
English cognate word instead of the English idiom, or of always using 
the same translation for the same German word. Thus for example 
Fakultdi comes out correctly as “factorial,” and Sats in compounds 
is “theorem,” “law,” or “condition” according to the context. Pre- 
sumably for the benefit of anyone who has to listen to lectures in 
German, the spoken use of such words as hoch (as in fünf hoch ein 
Viertel) is included. The chief adverse criticisms which have to be 
made are a lack of completeness and a lack of accuracy, both of 
which could have been avoided if the author had consulted specialists 
in several branches of mathematics, as he did consult specialists in 
commerce and statistics for the technical terms in these fields. The 
dictionary also covers such fields as logic, physics, and astronomy to 
some extent, but the comments in this review will be confined to its" 
coverage of mathematics proper. 

According to the preface this dictionary centers “about the major 
subjects of mathematics and geometry” [one wonders what the 
author considers mathematics to be, if geometry is not a part of it]; 
it “does not claim completeness, although the aim has been to in- 
clude all important terms.” As far as concerns arithmetic, elementary 
algebra, the less specialized forms of geometry, calculus, the elements 
of set theory and of the theory of functions, the coverage is quite 
thorough; a brave attempt has been made to cover abstract algebra; 
but topology and applied mathematics are practically omitted. The 
latter omission seems particularly serious since applied mathematics 
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contains an abnormal number of technical terms whose meanings 
are not readily guessed from their appearance. To select a few 
examples at rdndom, one does not find hebbar, and the translations 
given for heben do not illuminate the missing word; Simplex, Zele, 
Spaltung, Primends are all missing; Deckung, Bedeckung, and Über- 
deckung are not there, although decken is, in contrast to a spirit of 
inclusiveness which leads to separate entries for x-Achse, y- Achse and 
s&-Achse; the German words for “layer,” “beam,” “plate,” “buckle,” 
“viscous” are missing, and Schale, Torsion, beugen appear in geometri- 
cal or optical senses but not in mechanical,ones. In algebra, Verband 
is perhaps the most serious omission; another kind of lattice is, 
however, represented by Gitter. One misses schlicht, and the omission 
cannot be excused on the grounds that the German word is fre- 
. quently used as its own translation, since on the one hand it is also 
frequently rendered by “univalent” and on the other hand Nul- 
siellensais is correctly rendered in this dictionary as *Nullstellensatz.” 
Only “convolution” and not “Faltung” is given as the translation 
of Fakung. As technical a term as totalposiiiv is there, but not 
vollmonoton or vollsieisg; there is a column of Quadrat- words, but not 
quadraifres. iat 

There are only a few quite serious incorrect translations. The 
author correctly gives vollhommen as “perfect,” but fails to realize 
-that perfekt (in algebra) should be “complete.” Mehrdeuttg is trans- 
lated as “ambiguous,” which is incorrect at least when applied to 
functions. However, too often only one of several common meanings 
is given: Ansats appears only as applied to the “arrangement of an 
equation”; ganz, as applied to a function, is missing; one can mtttetlen 
a meaning or a motion, but not a theorem or a paper; Verzerrung is 
“deformation” but not “distortion”; Esmheii appears as a unit of 
measurement or a number, but not as a unit in the algebraic sense. 

Less serious are translations not conforming to current English 
usage, such as “permanently convergent series" for unbedingt kon- 
vergente Reihe; Monotonte=“monotony”; Quader = “right parallele- 
piped”; umfassen (a set) = "comprebend"; phasisch = “phasic.” Na- 
iürliche Zahl is rendered only as “natural number,” not as "positive 
integer”; semtkonvergent, as “semiconvergent,” not as “asymptotic”; 
and Tetlerketiensats comes out quite literally as “divisor chain con- 
dition.” Some translations such as these would do no worse than lead 
a German to write unidiomatic English; but others would be likely 
to confuse anybody who has to consult mathematics in both lan- 


guages, 
Deficiencies such as these seriously limit the usefulness of this dic- 
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tionary either for the student or the working mathematician. In its 
present form it can be of considerable help, but it can hardly be , 
considered authoritative. It is to be hoped that a second edition of 
increased scope and greater accuracy will be prepared. If the defi- 
cienciea of the present edition can be remedied and its good qualities 
retained, it will be of great value to mathematicians. 

R. P. Boas, JR. 


The mathematical theory of plasiscity. By R. Hill. Oxford, Clarendon 
Press, 1950. 10+356 pp. $7.00. ; 


Although it is more than eighty years since the foundations of the 
theory of plasticity were laid by Tresca, Saint Venant, M. Lévy, and 
others, plasticity is still a very young science. After a first strong 
wave of interest (about 1913-1930), work in this field has slowly but 
steadily increased and recent years have seen a marked upsurge of 
interest; this can best be illustrated by the fact that in 1950 no fewer 
than four very serious books on the subject appeared, by A. M. 
Freudenthal (Wiley), by R. Hill, by A. Nadai (McGraw-Hill), and 
a comprehensive survey report by P. G. Hodge’ (Brown University 
Notes); in 1951 followed a textbook by Prager and Hodge (Wiley). 
Among those works, Freudenthal's book differs from the others by 
its wider scope; plasticity as understood in the other books forms 
only a chapter, although one of central importance, in Freudenthal's 
approach, since his viewpoint is primarily that of a physicist and 
technologist. Hill's book is an advanced and comprehensive text, in- 
tended'as an orientation for engineering scientists and applied mathe- 
maticians rather than as a textbook for students; on the other hand 
Hodge and Prager's useful and interesting book is planned for stud- 
ents on an intermediate level. 

Hill's important book presents those aspects of plasticity siih s0 
far have been more or less “mathematicised”; by this word we mean 
that a rational theory which formis part of a larger scientific unit (the 
science of mechanics) is formulated in mathematical terms. This is 
true in particular for that part of plasticity theory which is known 
today.as the theory of the “ideal” or “perfect” plastic body. Such a 
body is described mathematically by the system of equations at the 
basis of the theory. We may, however, point out a few features: 
(a) The equations deal only with strebses and deformations at a fixed 
moment; after the whole configuration is determined for an instant 
the investigation may be repeated if necessary for the next moment; 
(b) thermal phenomena are disregarded; (c) work hardening and 
related phenomena are in general neglected, etc. 
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The characteristic features of an ideal plastic material, as con- 
trasted to an elastic one and described in the equations of plasticity, 
are very roughly the following: (1) While in an elastic material 
there is a one to one correspondence between strain and stress, a 
completely plastic material flows under constant stress (if only one 
stress component o matters, then, go"; or, in general, a certain 
function of the stress tensor remains constant throughout the plastic 
flow). (2) A relation is assumed between stress tensor and (total) 
strain velocity tensor (rather than between stress tensor and (elastic) 
strain tensor). Mathematically, the whole setup consists of ten equa- 
tions (nine differential equations and one finite equation) for the 
following ten unknowns: six components of the symmetric stresa 
tensor; Z, three components of the flow velocity vector, 3, and a non- 
negative scalar function A(x, y, z). The equations are (a) three 
equilibrium equations for Z, (b) the yield condition, a finite equa- 
tion which singles out the five-dimensional manifold of admissible 
stresses, (c) the six relations between stress and strain velocity; in 
the fully plastic state stresses are proportional to strain rates with 
the factor of proportionality A. This looks similar to the basic rela- 
tion of viscous fluid theory; the decisive difference is, however, that 
there the proportionality factor u, the viscosity, is a material con- 
stant while our À is an unknown function of the space coordinates. 
Of these last six equations five only are independent since they are 
such that incompressibility holds, in the form div $—0; these equa- 
tions, generally called the Lévy-Mises or Saint Venant-Mises equa- 
tions, are strictly applicable only to a fictitious material in which 
elastic strains are zero. The strain equations of Prandtl (1924) and 
Reuss (1930) take into account not only plastic but also elastic 
strains. At any rate the complete general system of ten equations is 
too complicated for actual applications. f 

The first three chapters of Hill’s work form a preliminary unit, 
where the physical and mathematical foundations are explained (for 
the general three-dimensional case) and some general theorems, state- 
ments of uniqueness, some extremum principles, etc., are considered. 
A second group, in Chapters IV and V, concerns some plastic-elastic 
problems. As long as the loads acting on a metal are sufficiently small, 
the body is elastic; as the loads are increased plastic regions begin to 
appear which successively grow in size; the plastic zones are, how- 
ever, restrained from actual flowing (“contained plastic state") by 
the remaining atill elastic material (think of the expansion of a 
cavity by internal pressure in a thick-walled shell). Finally the plastic 
regions may spread and merge to such an extent as to make actual 


1952] BOOK REVIEWS - 509 


plastic flow possible; then the elastic deformation is negligible com- 
pared to the much larger plastic deformation, and the corresponding 
idealization is a rigid plastic type of material with the Lévy-M ises 
equations valid. In problems of contained plastic strain the material - 
is plastic-elastic; the complete solution, based on the Prandtl-Reuss 
equations, involves a calculation of stress and deformation in the 
elastic as well as in the plastic region; the boundary between these 
regions is in general unknown (the same is true for the rigid plastic 
boundary in the other problems). So far only elastic-plastic problems 
of a simple type have been solved; it may, e.g., happen that all 
elements of the metal reach the yield limit simultaneously so that 
no plastic-elastic boundary need be found, as in the combined torsion 
and tension of a cylindrical bar; in other problems; like that of the 
torsion of a prismatic bar, elastic and plastic zones exist side by side 
but other simplifications prevail. Then follow the problems, exten- 
sively investigated by several authors, of the expansion of a spherical 
shell and of a cylindrical tube by internal pressure; the presentation 
is based on the author's own work (with coauthors). 

The central part of the book, formed by Chapters VI-IX, deals, 
for plane motion, under conditions of “plane strain,” with problems 
where a plastic rigid material may be assumed. Here we have a type 
of problem amenable to mathematical methods. For the fully plaatic 
material there are now six equations and unknowns (or five after 
elimination of A); the unknowns are the three components Cs, dy, 
T of È, the two components Ys, t, of $ and A; the equations are (a) 
two equilibrium conditions, (b) the yield condition in the form 
(c, —6,)!--4T! -const., (c) three relations between the stress and 
strain rate tensors. Here, (a) and (b) are three equations for Os, oy, T 
alone, so that the five equations fall into two sets, as long as no 
boundary conditions are considered. 'The set (a), (b) is nonlinear but 
of the “reducible” type, i.e., after elimination of one stress-variable by 
means of (b) there remain two partial differential equations which, 
as in compressible fluid theory, can be transformed into two linear 
equations, for example by means of an exchange of dependent and 
independent variables. The theory of these stress equations has been 
extensively investigated. If the tensions are known, the last two equa- 
tions for the velocities are linear; it turns out that the characteristics 
of the “stress equations,” and of the “velocity equations" are always 
real, coincide with each other, and bisect the angles of the principal 
stress directions (which are also the principal strain rate directions). 
The elegant theory of this “slip line field” is clearly dnd completely 
exposed in VI, including also some numerical methods based on the 
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finite difference equivalents of the basic equations referred to the 
slip lines. 

Chapters VII-IX deal with applications of the theory to actual 
problems. Unfortunately the "static determinacy" of the &tress equa- 
tions is in general lost in actual problems, since the boundary condi- 
tions concern stresses and velocities. While one can always find partial 
solutions of the stress equations, without considering velocities, the , 
correct stress solution of a specific problem can be found in this way 
only if there are sufficiently many pure síress-boundary-conditions. 
In this case, after the correct stresses have been found, we may solve 
the boundary problem of the second group, i.e., of the velocity equa- 
tions. If, however, the boundary conditions do not fall into two such 
groups, the whole problem must be dealt with more or less simul- 
taneously. In addition, the boundaries between rigid and plastic 
regions are not known beforehand so that we have certain conditions 
along free boundaries. Hence the solution will often be based on a 
method of systematic trial and error where we experiment with 
assumed plastic rigid boundaries, or with guessed solutions. In addi- 
tion to these essentially mathematical difficulties, a great difficulty in 
boundary problems of plasticity consists often in the definition and 
setting up of the problem, that is, in the determination of the right 
boundary conditions. In this difficult task one would much like to 
complement the mechanical knowledge and intuition by means of 
mathematical information, which, however, is often not available; 
we are thinking of general existence theorems as they exist in hydro- 
dynamics or elasticity theory, which would help to decide what 
groups of stress- and velocity-boundary conditions determine a 
solution. 

However, a dendek number of actual problems have been set 
up, solved, and discussed, particularly in recent years, and Hill has 
contributed much to this work. Chapter VII deals with so-called 

“steady state” problems, ie., problems where stress- and velocity- 
field do not vary in time. The history of the changes through which 
the steady plastic state is reached is not taken into account. The 
chapter contains much of the author's own work. It would lead too 
far to talk to mathematical readers about "sheet drawing,? *sheet 
extrusion,” etc. Non-steady problems are those where stress—and 

, velocity—field are varying in time; this variation may be such as to 
preserve geometric similarity (*quasisteady?), or no such restriction 
may hold. Again much of the author's work is incorporated; problems 

of wedge indentation, of compression of a wedge, etc., belong to this 
class. If, However, a rectangular block of plastic rigid material is 
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compressed between rough rigid plates (shorter than the block), 
geometric similarity is not maintained. Finally, in Chapter IX, plane 
problems are discussed which require the consideration of „an elastic- 
plastic material. ; 

In Chapter XI, which deals with “miscellaneous topics," two 
further mathematically similar plane cases are discussed, “plane 
strain of a more general plastic material," and "plane stress." Both 
make it necessary to abandon the particular simple yield condition 
mentioned above, a fact that greatly complicates the mathematical 
situation. While the basic equations in VI-IX are everywhere hyper- 
bolic, with real orthogonal characteristics, the, more general equations 
are in general partly hyperbolic, partly elliptic or parabolic (and no 
longer orthogonal); since the stress equations are not linear, the 
regions of this varying behaviour depend on the specific solution 
considered. Essential parte of the theory are given; some of the results 
seem to be true under more general conditions than those stated. 

Chapter X gives the basic equations and some applications for the 
case of axtal symmeiry. Here, just as in the plane problem, there are 
only two independent variables; there are, however, four nonvanish- 
ing stress components, and the stress equations, as they are, are not 
statically determined. Chapter XII offers an introduction to non- 
isotropic problems. 

All through the book there are very complete bibliographical 
notes, in addition to an author index and a subject index at the end 
of the book. f l 

The reviewer admires Hill's accomplishment:, in addition to re- 
porting so much published work, he has filled out many gaps by 
original remarks and contributions, thus achieving a unified presenta- 
tion. It may, however, be said that, occasionally, when the reviewer 
sought instruction regarding a specific problem it was found very 
hard to follow the explanations. Returning, in such a case, to the 
original paper—by Hill—the desired information was readily ob- 
tained. Probably such, things are unavoidable in a work so rich in 
content. By the way, the reviewer wonders why the useful tool of 
graphing a streamline pattern in order to impart in one view a picture 
of a velocity distribution is not used (in problems of plane strain a 
simple stream function, V/(x, y), exists with d)/dx =v, o /0y = ~v). 
There were instances when the reviewer could not approve of a 
mathematical presentation or of an argunient. But at any rate, even 
apart from the question of taste, such details are of minor interest, if, 
as in this book, the difficult task of expounding critically and in a 
unified way so much novel research work has been so successfully ac- 
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complished. We join the author in his hope that his work “will at- 
tract engineers and applied mathematicians to a field which well 
rewards study and research.? 

H. GEIRINGER 


\ 


Fourier transforms. By I. Sneddon. New York, McGraw-Hill, 1951. 
12-+542 pp. $10.00. ! 


It is the aim of the author to discuss various types of integral trans- 
forms from an elementary mathematical viewpoint and to demon- 
strate how they may be applied to various boundary value problems 
which arise in the physical and engineering sciences. Accordingly, 
some basic aspects of these transforms are discussed in the first three 
chapters of this text. Chapter one is concerned with the Fourier, 
Laplace, and Mellin transforms for one variable as well as the multiple 
Laplace and Fourier transforms. It is unfortunate that the complex 
form of the Fourier transform was not included here, for then one 
could see that there is no basic distinction between these transforms. 
That is, what may then be accomplished by the unilateral transform 
of Fourier may be-equally well accomplished by the unilateral La- 
place transform, etc. The second chapter contains a discussion of 


Hankel transforms (real case) as well as the relation between the real - 


multiple Fourier transform ‘and Hankel transforms. It closes with a 
discussion of dual integral equations of a special class which has been 
discussed by Titchmarsh and his collaborators. The closing chapter 
of this part of the book is devoted to a discussion of the finite Fourier 
and Hankel transforms. These transforms are infinite series of the 
Fourier or Fourier-Bessel type which arise naturally in Sturm- 
Liouville expansion theory. The application of these finite trans- 
formations to appropriate boundary value problems simply states 
that one is aware of the correct form of the expansion in advance. 

The remaining seven chapters are concerned with the applications 
of these mathematical methods to many ordinary and partial dif- 
ferential equations which arise in the physical and engineering sci- 
ences. No specialized knowledge of physics is assumed and the re- 
maining background is discussed with the view of supplying the neces- 
sary differential equations and their subsidiary conditions. We find, 
in the second portion of the book, applications drawn from vibration 
theory, elasticity, hydrodynamics, and heat conduction as well as 
some problems drawn from atomic and nuclear physics. 

The book closes with three appendices. The first one is ETENE 
with some properties of Bessel functions, while the second one dis- 
cusses the method of steepest descent and some numerical methods. 


\ 
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The last section provides a table of useful transforms of the various 
types discussed. i 

Some of the recent work involving the use of the integral equation 
of the Wiener-Hopf type is conspicuous by its absence. It is in these 
topics that Fourier methods come to the forefront because, for the 
most part, there are no other methods available. Such a discussion 
would also serve to accentuate the importance of the role of func- 
tion-theoretic methods in the integral transforms discussed in this 
text. 

ALBERT E. HEINS 


Vorlesungen über Differential- und Iniegralrechnung. Vol. I1. Diferen- 
tialrechnung auf dem Gebieie mehrerer Variablen. By A. Ostrowski. 
Basel, Birkh&user, 1951. 482 pp. 67 Swiss fr. 


Volume I of this work appeared in 1945, and was reviewed by the 
present writer (Bull. Amer. Math. Soc. vol. 52 (1946) pp. 798-799). 
The first volume was devoted to the structure of differential and 
integral calculus for functions of a single variable, and to the develop- 
ment of the rules of calculus as they apply to the standard elementary 
functions. This second volume carries the study of limits and con- 
tinuity further than was done in the first volume, and deals with a 
variety of additional topics. There are eight chapters. A third volume 
is planned to complete the work. It will deal with integral calculus in 
relation to functions of several variables. 

Chapter I is entitled Znfinite sets. After a discussion of denumerable 
and nondenumerable sets, the chapter is mainly taken up with the 
concepts of point set topology for Euclidean space. Chapter II treats 
the theory of limits and continuity for real functions defined on seta 
in Euclidean space. Chapter III deals with infinite sequences and 
series, beginning with the concepts of limits inferior and superior for 
sequences. A prominent place is given to a useful but apparently 
little known theorem of Cauchy, which reads as follows: Suppose 





0<41<A1< +++, A. as n— o, and let {a,} be any sequence. 
Then 
Ayu a a 


This holds as well if d= + œ. There are numerous applications of 
this theorem, among which is a proof of one of the forms of l'Hospi- 
tal's rule (in Chapter IV). The treatment of series of constant terms 
follows standard lines. There is a generalized form of Raabe's test, 
but the very useful test of Gauss is omitted. The discussion of uni- 
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form convergence includes Dini’s theorem and a general theorem on 
the exchange of order in repeated limits (essentially the theorem asso- 
ciated with Moore and Osgood). The chapter concludes with a proof 
of the Weierstrass approximation-theorem by Lebesgue’s method. 
This ie the longest chapter in the book. There is a wealth of material 
in the numerous exercises. 

In Chapter IV, entitled Completion of differential calculus, the 
majority of the space is devoted to partial differentiation. The author 
calls a ‘function s=f(x, y) “differenzierbar” if it has first partial 
derivatives, and “differentiable” if it has a total differential ds in the 
gense of an approximation to As, linear in Ax and Ay. A notion of 
being uniformly “differenzierbar” is introduced, and in terms of this 
notion a theorem on necessary and sufficient conditions for dif- 
ferentiability is stated. This notion is also used to give a sufficient 
condition that fey=fye. Chapter V contains a thorough treatment of 
implicit function problems for one or more equations, the attendant 
discussion of Jacobians, and some, consideration of the theory of 
extrema. Sufficient conditions in the latter theory are discussed in 
the two variable case only. The chapter ends with a proof of the 
Hadamard determinant inequality, using the Lagrange multiplier 
rule. Chapter VI, on methods of numerical approximation, includes 
topics in interpolation, numerical differentiation and integration, 
and iterative methods of solving equations. Formulas for error terms 
are discussed in all cases, and convergence theorems for Newton’s 
method are given. Chapter VII deals with arc length and, for plane 
curves, with curvature and related topics. Rectifiability is discussed 
. in terms of continuous functions of bounded variation, but most of 
the chapter is on a more elementary level. The topics in Chapter 
VIII are: vectors, the Frenet formulas, envelopes of families of sur- 
faces, and the first fundamental quadratic form for a surface. 

The text should prove very valuable as a permanent reference for 
students taught from it. It could also be used to good advantage asa 
reference by teachers of advanced calculus in this country, particu- 
larly on account of the extensive collection of exercises; which occupy 
nearly 30% of the page space of the book. A large proportion of the 
exercises are new in the textbook literature. They contain much in- 
formation of interest. In contrast to the situation in volume I, the 
diagrams are of a uniformly high standard of execution. ' 

The only serious adverse criticism-which the reviewer has to 
present deals with the first two chapters. The treatment of point set 
topology is unsatisfactory in several respects. The author beclouds 
the concept of a point of accumulation by introducing the notion of a 
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point set whose elements need not all be distinct points and talking 
about points of accumulation of “sets” of this kind (he regards a 
sequence {Pa} as such a set). Now, a “point set” in this latter sense 
is in reality a function (a sequence being a function defined on the 
positive integers). There is no need-to introduce the concept “point of 
accumulation” except in the sense that'is customary in topology. 
Strict adherence to this point of view makes for clarity and for leas « 
' difficulty on the part of students. All that the author wishes to ac- 
complish can be done by suitable discussion of points of accumulation 
of a set and their relation to convergent sequences chosen from the 
set. A second criticism relates to the author’s definition of a closed 
set as one which contains all its points of accumulation and ts bounded. 
This departure from the usual definition spoils the duality between 
open and closed sets, complicates the statements of many theorems, 
and has no advantages apparent to the reviewer. The topological 
definition of connectedness is not given; the definition which is given 
on p. 39 (connectedness by polygonal paths) is unsatisfactory, ex- 
cept for open sets, and the remarks about connected regions on p. 42 
puzzled the reviewer. The intermediate value theorem for continuous 
functions is not presented as a connectedness theorem. 
ANGUS E. TAYLOR 


Conformal mapping. By Z. Nehari. New: York, McGraw-Hill, 1952. 
8-+396 pp. $7.50. 


This is a textbook that will fill two needs. The author has designed “ 
the first four chapters to serve as the basis for a one term introductory 
course in complex variables, while the remainder of the book can be 
used in a graduate course in conformal mapping. It is claimed in the 
preface that only a knowledge of advanced calculus is necessary to 
read this book. (Perhaps a slightly better knowledge of the properties 
of real numbers is actually assumed than is given in most courses in 
advanced calculus.) 

In Chapter I, the properties of harmonic functions in the plane are 
developed. The author discusses the solutions of the boundary value 
problema of the first and second kinds, introducing the Green's and 
Neumann's functions, and the harmonic measure. The first chapter 
closes with a derivation of the Hadamard variation formula giving 

the dependence of the Greén’s function on the domain. 

“The complex number system is explained in the first part of 
Chapter II, culminating in a discussion of sequences and series of 
complex numbers. Áfter an analytic function is defined to be one 
which has a derivative, the connection between analyticity, the 
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Cauchy-Riemann equations, and the Taylor series is demonstrated. 
The chapter concludes with a study of the elementary functions. 
Chapter III is devoted to the complex integral calculus, collecting 
together those topics which relate to the Cauchy integral theorem 
and formula. To lay the groundwork for the numerous extremal prob- 
lems to be encountered, Chapter IV takes up normal families of 
analytic functions. 

Chapter V is devoted to the conformal mapping of simply-con- 
nected domains, beginning with an extensive study of’ the linear 
fractional transformations. Then Schwarz’s lemma leads the way to 
the study of bounded analytic functions. The Riemann mapping 
theorem is proved together with the continuity of the mapping 
function on the boundary of a smooth Jordan region. On a more 
practical level, the functions mapping polygons and domains bounded 
by circular arcs onto a half-plane are found. Several extremal prob- 
lems in the class of functions univalent in |s] <1 are solved, includ- 
ing the distortion theorems and certain coefficient problems. The 
principle of subordination is introduced to solve extremal problems 
in larger classes of functions, dropping the univalency requirement. 
The chapter continues with a discussion of the Bergman kernel func- 
tion for simply-connected domains, and closes with the mapping of 
nearly circular domains. . 

In Chapter VI, the mappings produced by certain special functiona 
are studied. Included are the rational functions of second degree, the 
exponential and trigonometric functions, and the elliptic functions. 
The last chapter deals with the mapping of multiply-connected do- 
mains onto canonical domains. The existence proofs here are based 
upon extremal problems analogous to the one used in proving the 
Riemann mapping theorem, lending unity to the book. The Dirichlet 
problem for multiply-connected domains is then discussed. The book 
ends with a treatment of several special extremal problems: maximiz- 
ing outer area or minimizing inner area, the Bergman kernel function, 
and bounded functions in multiply-connected domaina. 

The author has ended each section with a long list of carefully 
selected problems, many of which will present a challenge to the 
student. The book, written in an informal style, is very readable. In 
some places, however, this informality leads to carelessness in stating 
hypotheses. For example, in Chapter I, the author states, “the 
boundary value problem of the second kind can be reduced to a 
boundary value problem of the first kind.” He then gives a proof of 
this statement ignoring the fact that the domain must be simply- 
connected. In fact, in the following section, he notes that connectivity 
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was not referred to in the preceding section; but “these results are 
true regardless of whether the domains in question are simply-con- 
nected or multiply-connected.” He does at least point out here that 
one does have to worry about single-valued conjugate harmonic func- 
tions in multiply-connected domains. Another example appears when 
the Cauchy integral theorem is proved for functions with a deriva- 
tive on the boundary and later, in proving the symmetry principle, is 
used for functions only continuous on the boundary. Also in Chapter 
VII, the author claims “to prove the existence of the solution of the 
Dirichlet problem in the case of a general domain of finite connec- 
tivity,” not stating how general. In reality, he proves it for domains 
bounded by smooth Jordan curves. The reviewer regrets that the 
lucid style of the author was not utilized to give a textbook presenta- 
tion of the theory of prime ends, which would have been appropriate 
in a book of this type and is lacking in the literature. It is also rather 
unfortunate that the author followed the only too prevalent custom 
of claiming that this work, being a textbook, need not be documented. 
No references to original sources or to other works are given. This is 
true even when, in general discussions, the author makes statements 
he does not prove in the book. The value of this excellent book to the 
graduate student would have been enhanced considerably if it had 
also furnished a key to further study. 
G. SPRINGER ' 


The theory of functions of a real variable. By R. L. Jeffery. (Mathe- 
matical Expositions, No. 6.) University of Toronto Press, 1951. 
134-232 pp. $6.00. 


This book consists of two distinct parts. The first part (Chapters 
I-V) gives a general introduction to functions of a real variable, 
measure, and integration, while the second part (Chapters VI and 
VII, with Chapter VIII as a kind of appendix) treats the problem of 
inverting the derivative of continuous functions, leading to the 
Denjoy integrals, and studies the derivates and approximate deriv- 
ates of functions of a real variable on arbitrary linear sets. The 
author himself, who in previous papers has made some valuable con- 
tributions to these topics, considers the presentation of this second 
part as the main purpose of his book. In both parts only functions of 
one real variable are discussed. 

After an introduction concerning the real number Dd. Chapter 
I deals with sets, sequences, and functions and Chapter II with metric 
properties of sets. Here the author considers only the outer ineasure of 
a set A, called by him the metric of A and designated by |A|". Two 
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sets A and B are metrically separated if for e» 0 there exist two 
open sets aA and BB with |af|°<e. If A and its complement are 
metrically separated, then A is measurable and |A |? is designated by 
[A | , the measure of A. In the statement of Theorem 2.15 one has to 
add the condition “provided that | 4,| is finite for some #.” Chapter - 
III introduces the Lebesgue integral in the classical Lebesgue manner. 
Immediately after the definition of the Lebesgue integral, “for pur- 
poses.of comparison and contrast," the Riemann integral is also 
defined and discussed in one short section. Later, an analogous repre- 
sentation of the Lebesgue integral is given, depending upon a sub- 
division of thé domain on which the function is defined. Chapter IV 
discusses properties of the Lebesgue integral, including integrability 
of sequences and integrals containing a parameter, and finally gives a 
detailed proof of the ergodic theorem. In Chapter V the Vitali cover- 
ing theorem is firet proved and then applied to a discussion of metric 
density of sets and to the proof of the theorem that a functon f(x) . 
of bounded variation on a set A is differentiable almost everywhere on 
A; the summability of this derivative is also proved. This chapter is 
concluded by a short introduction to functions of sets. 

Chapter VI gives a systematic and thorough discussion of the prob- 
lem of inversion of derivatives. In particular, the case of a finite, but 
non-summable, derivative of a continuous function F(x) in an 
interval [a, b] is studied; F(x)— F(a) can here be determined by at 
most denumerably many operations on F’(x), and so the general 
Denjoy integral, in the very comprehensive form of W. H. Young, is 
obtained. Finally, descriptive definitions of the special and general 
Denjoy integrals are discussed; in this last section of Chapter VI 
some results are only stated, but not proved. ^ 

Chapter VII is devoted to the study of derivates and approximate 
derivates (or, as the author says, approximate derived numbers). 
Besides the Weierstrass nondifferentiable function, the Besicovitch 
function without unilateral derivatives is also discussed, in the in- 
terpretation given to it by E. D. Pepper, but with different methods. 
'Then, for arbitrary functions f(x) defined on arbitrary sets, the four 
principal derivates and their mutual relations, as well as the ap- 
proximate derivates and their relations, are studied systematically. 
The author here essentially gives a detailed discussion of the very 
general results obtained by him in Ann. of Math. vol. 36 (1935) pp. 
438-447. He now modifies his definition of the four principal ap- 
proximate derivates of f(x) on a set A, bringing it into the following 
more concise and inclusive form: The upper right approximate 
derivate of f(x) at the point x over the set A4,D*f, is the supremum 
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of the numbers a for which 


f — f(z) fo. 
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for a'set £ of right density greater than zero at x. For the discussion. 
of these approximate derivates the notion (already used by him, loc. 
cit.) of a function f(x) metrically separable relative to the set A is 
essential; that is, for every a the two sets A [f(x) <a] and A [f(x) zia] 
have to be metrically separated. At the end of this chapter, relations 
to H. Blumberg’s investigations on arbitrary functions [Acta Math. 

vol. 65 (1935) pp. 263-282] are algo outlined. 

The last Chapter VIII discusses the Riemann-Stieltjes integral 
and, in connection with it, linear functionals. The author finally indi- 
cates how this leads to the idea of the distributions of L. Schwartz. 

So we see that many interesting topics are treated in this book. 
Moreover, the presentation is very careful and readable. 

ARTHUR ROSENTHAL 
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BREF MENTION 


Einführung in dis Funktionentheorte. By L. Bieberbach. 2d ed. Biele- 
feld, Verlag für Wissenschaft und Fachbuch, 1952. 220 pp., 43 figs. 
12.60 DM. \ 


The present volume is a second revised edition of Bieberbach’s 
well known Einfuhrung $n die Funktionentheorte. It is intended for 
the reader who possesses a modicum of classical real analysis. Ap- 
plications of complex variable methods to hydrodynamics and poten- 
tial theory are treated. In general, emphasis is put on those aspects of 
classical complex function theory which are of interest in the applica- 
tions. In addition to the usual standard material of a first course on 
the theory of functions of a complex variable, there ia a section on 
practical aspects of conformal mapping which includes a brief ac- 
count of Bergman's orthogonalization methods. . 

A number of sections are followed by supplementary material 
which serves in part as exercises and in part as indications of further 
developments of the subject matter treated in the corresponding sec- 
tion. In this connection the proof due to Ankeny of the fundamental 
theorem of algebra which is based directly on the Cauchy integral 
theorem is worth mention (pp. 85-86). 
MAURICE HEINS 


NOTES 


The First General Assembly of the International Mathematical Unton 
was held in Rome, Italy, March 6-8, 1952. The Unione Mate- 
matica Italiana acted as host to the Assembly. 

The following eighteen countries were represented by official dele- 
gates: Australia, Austria, Belgium, Denmark, Finland, France, Ger- 
many, Greece, Great Britain, Italy, Japan, Netherlands, Norway, 
Peru, Spain, Switzerland, the United States of America, and Yugo- 
slavia. Poland sent two observers, while Portugal sent one such repre- 
sentative. UNESCO was represented by Professor R. Berker of the 
Department of Natural Sciences, while the International Council of 
Scientific Unions was represented by Dr. R. Fraser of the Liaison 
Office, ICSU and UNESCO. The United States was represented by 
Professor Marshall H. Stone, Chairman of the United States Delega- 
tion, Professors J. R. Kline, Einar Hille, Saunders MacLane and 
G. T. Whyburn. 

_ It was the unanimous opinion of the United States Delegation that 
the meetings were & decided success. 

The General Assembly voted to convene its next ordinary meeting 
in connection with the International Congress of Mathematicians 
scheduled to be held in the Netherlands in 1954. 

The following officers were elected: 


President: M. H. Stone (U.S.A.) 

1st Vice-President: E. Borel (France) 

2nd Vice-President: E. Kamke (Germany) 

Secretary: E. Bompiani (Italy) 

Members-at-Large of the Executive Committee: 
W. V. D. Hodge (Great Britain) 


S. Iyanaga (Japan) 
B. Jessen (Denmark). 


The Nachrichten der Oesterreichischen Mathematischen Gesell- 
schaft has recently begun to publish international mathematical ` 
news. Of special interest to the editors are such items as permanent 
changes of position and temporary travels abroad. Since the Inter- 
national Mathematical Union is studying the possibility of using the 
Nachrichten as its official news bulletin, the journal may soon ac- 
quire & large international circulation and be of great value to all 
mathematicians. The members of the Society, and especially chair- 
men of departments of mathematics or their deputies, are cordially 
requested to inform the editors of all up-to-date mathematical news. 
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Items concerning the United States should be sent to Paul R. Halmos, 
Eckhart Hall, University of Chicago, Chicago 37, Illinois. 

Asa tribute in memory of the late Professor Abraham Wald, who 
wag killed with Mrs. Wald in an airplane accident in India, December 
13, 1950, a group of friends and colleagues are establishing a fund to 
help in defraying the expenses of a college education for his two 
children Betty, eight years old, and Bobby, now four. Trustees of 
the fund are Theodore W. Anderson, Howard Levene, and Mortimer 
Spiegelman. Contributions may be made payable to Wald Memorial 
Fund and may be sent to Howard Levene, Box 23 Fayerweather, 
Columbia University, New York 27, New York. 

Associate Professor E. S. Kennedy of American University of 
Beirut, Lebanon, has been serving as Fulbright Lecturer at Tehran 
University, Iran. 

Dr. Murray Gerstenhaber of Harvard University has been awarded 
a Frank B. Jewett Postdoctoral Fellowship of the Bell Telephone 
Laboratories for 1952-1953. 

Professor M. H. Heins of Brown University has received a Presi- 
dent’s Fellowship for study in Europe in 1952-1953. 

Dr. Henry Helson of Yale University has been awarded a Frank B. 
jewett Postdoctoral Fellowship of the Bell Telephone Laboratories 
for 1952-1953. 

Professor I. I. Hirschman of Washington University has been 
awarded a Guggenheim Fellowship and will spend the year 1952- 
1953 as a member of the Institute for Advanced Study. 

Professor O. E. Neugebauer of Brown Univeraity has been awarded 
the John F. Lewis prize of the American Philosophical Society. 

Mr. E. T. Onat of Brown University has been awarded a Frank B. 
Jewett Postdoctoral Fellowship of the Bell Telephone Laboratories 
for 1952-1953. 

Professor Herbert Robbins of the University of North Carolina has 
been awarded a Guggenheim Fellowship and will spend the year 
1952—1953 as a member of the Institute for Advanced Study. 

Dr. A. L. Blakers of Lehigh University has been appointed to a 
professorship at the University of Western Australia. 

. Dr. A. W. Boldyreff of the Sandia Corporation has accepted a posi- 
tion as a research specialist at North American Aviation, Downey, 
California. 

Mr. C. W. Bostick of the University of Illinois has accepted a 
position as analyst with the Armed Forces Security Agency. 

Mr. H. N. Browne of Harvard University has accepted a poaition 
with the ENIAC Branch, Aberdeen Proving Ground, Maryland. 


522 n NOTES July 


Dr. W. C. Carter of the Ballistic Research Laboratories has ac- 

cepted a position as senior engineer in the computing department of 
‘the Raytheon Company, Waltham, Massachusetts. 

Associate Professor Herman Chernoff of the University of Illinois 
has been appointed to an associate professorship at Stanford Uni- 
versity. 

Professor Arnold Dresden of Ssarthimore College has retired. 

Dr. Louig Garfn of the Insurance Department of the State of 
Oregon has accepted a position as associate actuary with the Pacific 
Mutual Life Insurance Company, Los Angeles, California. 

Professor R. E. Gilman of Brown University is on leave of absence 
and has accepted a position with the Weapons Systems Evaluation 
Group, Department of Defense, Washington, D. C. 

Dr. R. E. Graves has accepted a position as mathematician with 
the Goodyear Aircraft Corporation, Litchfield Park, Arizona. 

Assistant Professor Simon Gruenzweig of Lincoln University has 
been appointed to a professorship at Philander Smith College. 

Miss Emilie V. Haynsworth of the University of North Carolina 
has been appointed to an assistant professorship at Wilson College. 

Mr. D. W. Hullinghorst of the U. S. Army Base, San Francisco, 
has accepted a position as hydrologist with isdem and Porter, 
Engineers, New Orleans, Louisiana. 

Dr. W. G. Lister of Yale University has TE appointed to an 
assistant professorship at Brown University. 

Professor R. W. Marriott of Swarthmore College has retired. 

Mr. Paul Meier of Philadelphia Tuberculosis and Health Associa- 
tion has accepted a position at the Forrestal Research Center, 
Princeton, New Jersey. 

Assistant Professor Daniel Orloff of Southern Illinois University 
hag accepted a position as mathematician with the Bell Aircraft 
Corporation, Buffalo, New York. 

Assistant Professor I. H. Roge of the University of Massachusetts 
has been appointed to a visiting professorship at Mòunt Holyoke 
College. 

Mr. M. A. Shader of Stanford University has accepted a position 
as aeronautical research scientist with the Ames Laboratory, National 
Advisory Committee for Aeronautics, Moffett Field, California. ~ 

Mr. D. J. Smith has accepted a position as engineer with Breeze 
Corporations, Newark, New Jersey. \ 


Dr. R. H. Stark of the Los Alamos Scientific Laboratory has ac- ` 


cepted a position as research associate with the Knolls Atomic Power 
Laboratory, Schenectady, New York. 
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Mr. Arthur Stein of the Ballistic Research Laboratories has ac- 
cepted a position as ordnance engineer with the Ordnance Ammuni- 
tion Center, Joliet, Illinois. 

Assistant Professor J. W. Warwick of Wellesley College has ac- 
cepted a position as scientific consultant with the Harvard College 
Observatory, High Rolls, New Mexico. = 

Miss Betty R. Weber of the University of South Carolina has ac- 
cepted a position as engineer with Melpar, Incorporated, Alexandria, 
Virginia. 

The following promotions are announced: 

Dorothy L. Bernstein, University of Rochester, to an associate pro- 
fessorship. 

W. C; Doyle, Rockhurst College, to a professorship. 

W. T. Fishback, University of Vermont, to an assistant-professor- : 
ship. 

I. I. Hirschman, Washington University, to an associate professor- 
ship. , 

D.' B. Houghton, "Franklin Institute, to Acting Chief of the An- 
alysis Section. 

A. W. Landers, Brooklyn College, to an associate GA 

W. S. Massey, Brown University, to an associate professorship. 

D. R. Ryan, Gonzaga University, to an associate professorship. 

M. C. Sholander, Washington University, to an associate professor- 
ship. 

Dr. Harold Weintraub, Tufts College, to an assistant professorsbip. 

The following appointments to instructorships are announced: 
California Institute of Technology: Dr. H. A. Dye, Mr. F. B. Fuller; 
< Fresno State College: Mr. D. J. Ewy; Princeton University: Dr. L. J. 
Snell. 

‘Professor Guido Castelinióva; president of the Dierademan Na- 
zionale dei Lincei, died on April 27, 1952. , 

Mr. H. R. Bassford of the Metropolitan Life Insurance Company 
died on March 12, 1952, at the age of sixty-three years. He had been 
a member of the Society for twenty-seven years. ` 

Dr. L. L. Jackson died on March 28, 1952, at the age of Pen ey ne 
years. He had been a member of the Society for fifty years. 

: Mr. J. J. Newman of Columbia University died on September 10, 
1951, at the age of twenty- -three years. 

Dr. C. D. Perrine died on June 17, 1952, at the age of eighty- three 
years. : 
Mr. R. E. Powers died on January 31, 1952, at the age of seventy- 
six years. He had been a member of the Society for forty-one years. 
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SOME ASPECTS OF THE SEQUENTIAL DESIG. 
OF EXPERIMENTS 


HERBERT ROBBINS 


1. Introduction. Until recently, statistical theory has been re- 
stricted to the design and analysis of sampling experiments in which 
the: size and composition of the samples are completely determined 
before the experimentation begins. The reasons for this are partly 
historical, dating back to the time when the statistician was con- 
sulted, if at all, only after the experiment was over, and partly in- 
trinsic in the mathematical difficulty of working with anything but 
a fixed number of independent random variables. A major advance 
now appears to be in the making with the creation of a theory of the 
sequential design of experiments, in which the size and composition 
of the samples are not fixed in advance but are functions of the ob- 
servations themselves. . ; à 

The first important departure from fixed sample size came in 
the field of industrial quality control, with the double sampling in- 
spection method of Dodge and Romig [1]. Here there is only one 
population to be sampled, and the question at issue is whether the 
proportion of defectives in a lot exceeds a given level. A preliminary 
sample of s; objects is drawn from the lot and the number x of de-, 
fectives noted. If x is less than a fixed value a the lot is accepted with- 
out further sampling, if x is greater than a fixed value b (a <b) the 
lot is rejected without further sampling, but if a&x Sb then a second 
sample, of size m, is drawn, and the decision to accept or reject the 
lotis made on the basis of the number of defectives in the total sample 
of mi--n, objects. The total sample size » is thus a random variable 
with two values, s; and s;--*4, and the value of s is stochastically . 
dependent on the observations. A logical extension of the idea of 
double sampling came during World War II with the development, 
chiefly by Wald, of sequential analysis [2], in which the observations 
are made one by one and the deciaion to terminate sampling and to ac- 
cept or reject the lot (or, more generally, to accept or reject whatever 
statistical *null hypothesis" is being tested) can come at any stage. 
The total sample size n now becomes a random variable capable in 
principle of assuming infinitely many values, although in practice a 
finite upper limit on # is usually set. The advantage of sequential 
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over fixed-size sampling lies in the fact that in some circumstances 
the judicious choice of a sequential plan can bring about a con- 
eiderable reduction in the average sample size necessary to reduce the 
probability of erroneous decision to a desired low level. The theory of 
sequential analysis is still very incomplete, and much work remains 
to be done before optimum sequential methods become available for 
treating the standard problems of statistics. 

The introduction of sequential methods of sampling freed sta- 
tistics from the restriction to samples of fixed size. However, it is 
not only the sample sise that is involved in the efficient design of an 
experiment. Most statistical problems met with in practice involve 
more than one population, and in dealing with such problems we 
must specify which populaiton is to be sampled at each stage. An 
example will serve to clarify this point. Suppose we are dealing 
with-two normally distributed populations with unknown means 
Hi, p and variances oj, o3, and that we wish to estimate the value of 
the difference ui—ys. In order to concentrate on the point at issue 
we shall suppose that the total sample size, s, is fixed. There remains 
the question of how the n observations are to be divided between the 
two populations. If #:, 4 denote the means of samples of sizes 11, ns 
` from the two populations, then 4;—44 is an unbiased estimator of 
1 — uia, with variance o? e (c1/m) + (o3/m). For fixed n =n- cisa 
minimum when 5;/5 c/c. If the latter ratio is known in advance, 
all is well. If this ratio is not known, but if the sampling can be done 
in two stages, then it would be reasonable to draw preliminary 
samples of some size m from each of the two populations and to use 
the values so obtained to estimate o;/o;; the remainder of the n — 2m 
observations could then be allocated to the two populations in ac- 
cordance with the sample estimate of c1/os. The question then ‘be- 
comes, what is the best choice for m? If m is small, no accurate esti- 
mate of 01/0, can be made. If m is large, then the remaining »—2m 
observations may be too few to permit full utilization of the approxi- 
mate knowledge of o1/0%. (This kind of dilemma is characteristic of 
all sequential design problems.) More generally, we could consider 
schemes in which.the observations are made one by one, with the de- 
cision as to which population each observation should come from 
being allowed to depend on all the previous observations; the total 
sample size n could be fixed or could be a random variable dependent 
en the observations. 

Despite the total absence of theory, a notable pioneering venture in 
the spirit of sequential design was carried out in 1938 by Mahalanobis 
[3] to determine the acreage under jute in Bengal. Preliminary sur- 
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veys were made on a small scale to estimate the values of certain 
parameters, a knowledge of which was essential to the efficient de- 
sign of a subsequent large scale census. In a subsequent publication 
[4] Mahalanobis called attention to the desirability of revising the 
design of any experiment as data accumulates. The question, of 
course, is how best to do this. 

We are indebted to Wald for the first significant contribution to the 
theory of sequential design. His book [5] states the problem in full 
generality and gives the outline of a general inductive method of 
solution. The probability problems involved are formidable, since 
dependent probabilities occur in all their complexity, and explicit 
recipes are not yet available for handling problems of practical inter- 
est. Nevertheless, enough is visible to justify a prediction that future 
results in the theory of sequential design will be of the greatest im- 
portance to mathematical statistics and to science as a whole. 

In what follows we shall discuss a few simple problems in sequential 
design which are now under investigation and which are different 
from those usually met with in statistical literature. Optimum solu- 
tions to these problema are not known. Still, it is often better to have 
reasonably good solutions of the proper problems than optimum solu- 
tiona of the wrong problems. In the present state of statistical theory 
this principle applies with particular force to problems in sequential 
design. ; 


2. A problem of two populations. Let A and B denote two sta- 
tistical populations (coins, urns, manufacturing processes, varieties 
of seed, treatments, etc.) specified respectively by univariate cumula- 
tive distribution functions F(x) and G(x) which are known only to 
belong to some class D. We shall suppose that the expectations 


ay — f o. Be f 9 


exist. How should we draw a sample xi, x4, -> > , x from the two 
populations if our object ts to achieve the greatest possible expected valus 
of the sum Saxi t > «Bx 

For example, let 4 and B denote two coins of unknown bias, and 
suppose that we are allowed to make tosses, with the promise of 
getting $1 for each head but nothing for tails. If x, 1 or 0 according 
as heads or tails occurs on the sth toss, then S, denotes the total sum 
which we are to receive, and a and B (0 Xa, 8 $1) are the respective 
probabilities of obtaining heads on a single toss of coins A and B... 

As a general intuitive principle, whenever we feel pretty sure from 
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the results of previous observations that one of the two numbers a, 
B is the greater, we shall want to devote more of our future observa- 
tions to that population. Note that there is no terminal decision to 
make; that is, we are not interested in estimating a—§ or in testing 
the hypothesis that æ B, etc., after the sample is drawn. The whole 
problem lies in deciding how to draw the sample. There certainly exist 
practical situations in which the present problem represents more 
nearly what one wants to solve than would any formulation in terms 
of testing hypotheses, estimating parameters, or making terminal 
decisions. In fact, the problem represents in a simplified way the 
general question of how we learn—or should learn—from past experi- 
ence. A reasonably good solution of the problem must therefore be 
found if mathematical statistics is to provide a guide to what has 
been called by Neyman [6] inductive behavior. 

To begin with we shall consider the special case already mentioned 
in which A and B are coins and the unknowns a and f are the respec- 
tive probabilities of obtaining heads (x;*1) on a single trial. Let us 
take as an example of a possible sampling rule the following. 

Rule R, For the first toss choose A or B at random. Then, for 
t=1,2,---, if the sth toss results in heads, stick to the same coin for 
the (32-1)th toss, while if the sth toss results in tails, switch to the 

other coin for the (¢+1)th toss. 

' .— What are the operating characteristics of the rule Ri? The succes- 
sive tosses represent the evolution of a simple Markov chain with 
four states, (A, H), (A, T), (B, H), (B, T), and with transition prob- 
abilities which are easily written down; for example, the probability 
of a transition from (A, H) on the sth toss to (A, T) on the (¢-+1)th 
toss ia 1 —a. Let p; denote the probability of obtaining heads on the 
sth toss. To avoid trivialities we shall suppose that «a and B are not 
both 0 or both 1; then |a--8—1]| «1. It is easy to show that 


(2) Pi = (a+ B — 1): + (a+ 8 — 2af), 

from which it follows that ‘ l 
: a+p-2 a + B — 2a 

3 E -pef MR cu 

(3) $7 (a8 ) fi 2— (a4 B) 2— (a 4-8) 

and hence that 

a+ B — 2af a 


-y+ 
2-(a«*8 1-7 





(4) lim $; = 
toa 


where we have set 
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ho RUNI ier. 
2 2 
It follows that in using the rule R;, 
\ » VES 2 8 
(66  . tim E(=*) = tim (E) ou ; 
au n moa n f 1— Y 


Now, if we knew which of the two numbers a, £ is the greater, then 
by using the corresponding coin exclusively we could achieve the 
result 


G Y= 





Ss 
(7) B(=)=mar@ Mert. | 
Hence it is natural to take the difference 


a 3 
© MAB R= +a — (y+) = af1-—*_| 20 
1 1-39 
as a measure of the asymptotic Joss per toss, by a person who uses R;, 
due to ignorance of the true state of affairs. It is easy to show that 
L(A, B, Ri) has its maximum value, M,=3—29&,172, when a=0 . 
and 8 —2—21/2€2,586 or vice versa. Thus a person using R; will, for 
' large n, lose on the average at most 17.2 cents per toss due to ig- 
norance of which is the better coin. On the other hand, consider the 
rule Ro which consists in choosing one of the two coins A, B at random 
, and then sticking to it, come what may (or in tossing the two coins 
alternately). The corresponding quantity L(A, B, Ro) is easily 
seen to have the value (y 4-6) —y 0, which has its maximum, Mo 
—1/2, when a —0 and B'* 1 or vice versa. Clearly, Ri is considerably 
better than Ro. ` 
The rule Ro makes the choice of the coin for the sth toss inde- 
_ pendent of the results of previous tosses, while R; makes this choice 
depend on the result of the (¢—1)th toss only. For the most general 
rule R the choice of the coin for the sth tose will depend on the results 
xı, °° + , X: Of all the previous tosses. For any such rule R let 


(9) L(A, B, R) = max (o) ~ E (=*) 


where E denotes expectation computed on the basis of a, B, and R, 
and let 


(10) M.R) = max [L.(4, B, R)], 
l J (ap) 


& 
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(11) g(a) = min [24,(R)]. 
(2) 


It would be interesting to know the value of ¢(n) and the explicit 
description of any “minimax” rule R for which the value $(s) is 
attained. 

A much simpler problem is: do there exist rules R such that 


(12) lim Z,(4, B, R) 20 for every A, B? 


We shall see in the next paragraph that the answer is yes, not only 
in the cage of the coins but for any two populations. 

Returning to the general case in which A and B are arbitrary 
statistical populations for which the values (1) exist, consider the 
sampling rule R defined as follows: let — ' 


1-aj;a4-::-«aGa. 4, 


(13) 
. 2-h«hÓ ccc <<: 


be two fixed, disjoint, increasing sequences of positive integers of 
density 0; that is, such that the proportion of the integers 1,2, * * * , s 
which are either a's or b's tends to 0 as n— «. We define inductively: 
if the integer + is one of the a's, take the sth observation, x; from 
population A, if 4 is one of the 6’s, take x; from B, and if 4 is neither 
one of the a's nor one of the b’s, take x; from A or B according as the 
arithmetic mean of all previous observations from A exceeds or does 
not exceed the arithmetic mean of all previous observations from B. 
It can be shown to follow from the strong law of large numbera that 
with probability 1, 


Su 
(14) lim — = max (a, p). 
n>n » 
This in turn can be showa to imply the relation 
Sx x 
(15) lim (>) = max (a, B), 


roe # 
so that 
(16) im L4, B, R) = max (a, 6) — tim (=) = 0 
for any A, B such that a, B exist. 
3. Some other problems of sequential deaign. The problem of 
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§2 can be generalized in various ways. For one thing, we can let the 
total sample size n be a random variable, either independent of the 
observations or dependent on them. As an example of the latter case, 
suppose in the problem of the two coins that we have to pay a fixed 
amount c for the privilege of making each tose. We may then decide 
to stop tossing whenever it seems pretty certain that max (a, 8) «c; 

, this amounts to a special case of a problem of three populations. We 
can even consider the case of a continuum of populations. Suppose 
we can apply a certain treatment to some plant or animal at any 
intensity 0 in some interval, and let F(x, 0) be the cumulative dis- 
tribution function of the response x to the treatment of intensity 0. 
The expected value 


(17) ad) = f zar 0), 


the "regression" of x on 0, is assumed to be unknown. Let {6,} de- 
note any sequence of @ values, chosen sequentially by the experi- 
menter, and let {x,} denote the corresponding sequence of responses, 
so that each x; has the distribution Pr [x; &x] = F(x, 0,). (I) Suppose 
a(0) bas a unique maximum at some unknown point 0. How should 
the experimenter choose the sequence (&.) in order to maximize the 
expected value of the sum S,=x,+ - : ++, or, alternatively, in 
order to estimate the value of 6)? (II) Suppose a(0) is an increasing 
function of 0 which takes on a given value o at some unknown point 
69. How should the experimenter choose the sequence {6,} in order to 
estimate the value of ĝa? Problem I is the problem of the experi- 
mental determination of the maximum of a function when the ob- 
servations are subject to a random error; Problem II is fundamental 
in sensitivity testing and bioassay. 

It is clear that in both of these problems the choice of each 9, 
should be made to depend on the responses x1, - + - , x, at the previ- 
ous levels 8j, - - - , 0; of the treatment, so that we are dealing with 
problems of sequential design. The non-sequential study of Problem 
I was initiated by Hotelling [7] (see also [8]), but no sequential 
theory has yet been published. Problem II has been considered by 
Robbins and Monro [9]; their method is as follows. Let de ] bea 
sequence of positive constants such that 


(18) Sake, Dasa 


let 6; be arbitrary, and set 
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(19) Ont = On + Galo — Sa) (n= 1,2,+++). 
Then under certain mild restrictions on F(x, 0) it can be shown that 
(20) ` lim 0, = be in probability. 


In this and other problems, any sequential design with reasonably 
good properties is likely to find an appreciative audience. This will 
encourage the use of random sampling methods to fnd empirical 
approximations to the operating characteristics of sequential designs 
when a full mathematical solution is difficult. An empirical study of 
the rapidity of convergence in (20) has been made by Teichroew [10]. 


4. The problem of optional stopping. To fix the ideas, let x be 
normally distributed with unknown mean @ and unit variance. Sup- 
pose we wish to test the null hypothesis, Ho, that 0 —0 against the 
alternative, Hi, that 00. The standard statistical test based on a 


sample of fixed size n is the following. Let S,—zi4d- --- +x, and: 


reject Ho in favor of H; if and only if ` 
(21) S, > an, 


where a is some constant. The probability of rejecting Ho when it is 
true will then be 


Q2) ` (a) 1 — &(a), 
where we have set 

1 
(23) (x) = aon e- gy, 


and by choosing a large we can make e(a) as small as we please. For 
example, if a 23:09 then e(a)£.001. 

Suppose now that Ho is true but that an unscrupulous experimenter 
wishes .to get an unwary statistician to reject it. If the sample size s 
has not been agreed upon in advance the experimenter could adopt 
the technique of stopping the sampling as soon as the inequality (21) 
is verified. The law of the iterated logarithm of probability theory 
implies that with probability 1 the inequality (21) will hold for in- 


P 


finitely many values of n if the sampling continues indefinitely, no , 


matter how large the value of a. Hence the experimenter is “sure” to 
come eventually to a value.of s for which (21) holds, and by stopping 
the experiment at this point he will cause the statistician to reject Ho 
even though it is true. This fact immediately vitiates the use of (21) 
as a test of Ho if there is any possibility that optional stopping may be 
involved. 

‘The simplest way for the statistician to guard against the effect 


i 
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of pona stopping is to insist that the size of the sample be fixed i in 
advance of the experimentation. Such a restriction would often be 
too rigid for practical use. The statistician might therefore content 
himself with setting limits m $5 &n on the sample size which will be. 
flexible enough to meet the contingencies of experimentation but 
narrow enough to eliminate the worst effects of optional stopping. To | 
this end the statistician would like to know the value of the function 


(24) g(m1, tà, o) = Pr [S, D en? for some m, Sn S ml, 

where the x, are independent and normal (0, 1). It is quite easy to 

establish the inequality f 
' 1— &(a) 





s na 
(25) - g(ni 93, o) < ATH a where = —, 
"n ed 
/ Peewee, : 
A — IMs ' 


which is useful when ) is not too large, and sharper inequalities can 
no doubt be devised. 

The problem of optional xpupuE has received little attention in 
statistical theory. (See, however, [11], especially pp. 286-292.) One 
need not assume that the experimenter is consciously trying to de- 
ceive the statistician—the two are often the same person—to recog- 
nize the desirability of devising methods of statistical analysis which 
‘would be relatively insensitive to the effects of optional stopping. 
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PARTITIONING CONTINUOUS CURVES 
R. H. BING 


I. INTRODUCTION 


1. The continuous curve. By a continuous curve we mean a com- 
pact, locally connected, metric continuum. For definitions of locally 
connected, continuum, and other terms used in this paper, see either 
[18] or [21]. Those who like to visualize topology concretely may 
wish to think of a continuous curve as a chunk out of Euclidean 
3-space—one that is connected (all in one piece), one that is bounded 
(lies on the interior of a sphere), and one that is locally connected 
(nearby points belong to small connected subsets). A wad of paper, 
an irregularly shaped rock, or the earth itself may be considered as . 
examples. However, our remarks about continuous curves will apply 
equally well to those in Euclidean spaces of all dimensions and to 
those in a Hilbert space. 

When Jordan first introduced the term continuous curve, he, de- 
fined it analytically to be the image (in the plane) of a straight, line 
interval under a continuous transforntation. It was not until over 
twenty years later that it was discovered that any compact locally 
connected metric continuum was the image of a straight line interval 
under a continuous transformation and conversely. This interesting 
and unusual discovery adds spice to the study of mathematics [24, 
p. 12]. Another interesting aspect of this discovery is that it was 
made independently by two mathematicians, Hahn and Mazur- 
kiewicz. Since Peano had shown earlier that a square plus its interior 
is the image of a straight line interval, a continuous curve is some- 
times called a Peano continuum. 

In this discussion we shall be interested in the continuous curve it- 
self and not the continuous transformation of an interval. Hence, we 
use the definition in the first paragraph rather than the analytic one. 
In this discussion we shall be interested in the structure of a continu- 
ous curve. 


2. Examples of continuous curves. A straight line interval, a 
square plus its interior in the plane, and a cube plua its interior in 
3-space are examples of continuous curves. In fact, any closed #-cell 
or n-simplex is an example. One can get a less familiar continuous 
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curve by taking a continuum which is the sum of a finite number of 


dissimilar continuous curves. . 

If M is any compact point set whatever, it is poesible to obtain a 
continuous curve by adding to M a countable collection of arcs We 
use this fact in constructing the following two examples of continuous 
curves which we shall use. i 


r 


UN d UE ub 
DEL uu fl -A mi 
HU d ui Mn UII 
HL — il dM - dI 
M n UN d 
UL d uj Uo f 
D tt TIE [ui 
UD uin HL — QU 
E ul d ui 
«MO 3 
it HI Ut 
ee U igi 

Fic. 1 


EXAMPLE A. Let M be the cartesian product of a straight line 
interval and a Cantor set. Form a continuous curve by adding to M 
a decreasing sequence of horizontal straight line intervals as indi- 
cated in Figure 1. These intervals extend from (0, 1/2) to (1, 1/2), 
and (0, 1/4) to (1/3, 1/4), from (2/3, 1/4) to (1, 1/4), from (0, 3/4) 
to (1/3, 3/4), - - -. 

EXAMPLE B. It is shown in [5] that there is a bounded continuum 
S in Euclidean 3-space that is irreducible with respect to separating 
3-space and has the property that if two of its subcontinua intersect, 
one is a subset of the other. The continuum SS is 2-dimensional. It is 
called hereditarily indecomposable because no subcontinuum of it is 
the sum of two proper subcontinua of the subcontinuum. A continu- 
ous curve M may be formed by adding to S the sum of a decreasing 
sequence of mutually exclusive arcs. If K is a subset of M irreducible 
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with respect to separating M, each component of K is indecom- 
posable. 


3. Partitioning. An interval can be partitioned. This fact is used 
in defining the integral of a continuous function over an interval. 
"Uif(x)dx =lim S7f(E,) Ax; where £, isa point of and Ax, is the length 
of the ith element of the partitioning of [a, 5].) l . 

In studying a square plus its interior it is sometimes convenient 
to partition it into small pieces. For example, in integrating over a 
square region, we may partition it into small rectangles (if we use 
rectangular coordinates) or into pieces of other shapes (in polar 
coordinates for instance). 





Fic. 2 


A partitioning of a continuous curve M is a finite collection G of 
mutually exclusive connected open subsets of M whose sum is dense 
in M [6]. If the mesh of G is less than e (each element of G is of di- 
ameter less than e), G is called an e-partitioning. The essential dif- 
ference between a partitioning and a grating [13, p. 279] is that the 
elements of a partitioning are connected. It is much like a grille de- 
composition [15]. 

In defining the integral over a plane domain R (ffef(x, y)d.S 
-lim (mesh of partitioning 0) ^/(£, 7)AS,) we do not need to 
impose the conditions that the elements of the partitioning are either 
connected, mutually exclusive, or open. However, we shall be using 
partitionings in connections where these properties are important. 


$. 
Lu 


, 


1952] PARTITIONING CONTINUOUS CURVES 539 


4. Decreasing sequence of partitionings. If G and H are two ` 
partitionings of the same continuous curve, G is called a refinement of 
H if each element of G is a subset of an element of H. In Figure 2, the 
> partitioning represented by light lines is a refinement of the one repre- 
sented by heavy lines. A sequence Gi, Gs, - - - of partitionings is 
called a decreasing sequence if, for each positive integer 1, Gmi is a 
refinement of G; and the mesh of G; approaches 0 as $ increases with- 
out limit. f 





Fic. 3 


While it is apparent that there is a decreasing sequence of parti- 
tionings of a square plus its interior, it is not so obvious that every 
continuous curve has such a sequence of partitionings. However, it is 
true that any continuous curve has such a sequence. This has given 
us new information about the continuous curve. 


5. Purpose of paper. It is only within the last three years that it 
has been known that each continuous curve can be partitioned, [6; 4; 
_ 15; 16]. It is the purpose of this paper to point out some recent de- 
velopments, to show ways in which a continuous curve can be parti- 
tioned, and to point out analogies between the ways in which a 
square plus its interior can be partitioned and the ways in which an 
arbitrary continuous curve canbe partitioned. Details of sorne proofs 


te 
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are included for completeness, but some readers may prefer to skip 
them. 


II. BREAKING A CONTINUOUS CURVE INTO TWO PIECES 


1. The type of division needed. If one pursues the proper attack, 
it is not difficult to show that any continuous curve can be parti- 
tioned. However, if one gets off on the wrong track, considerable diff- 
culty may be encountered. 

Suppose it is desired to partition a continuous curve into pieces of 
diameters less than a fixed positive number e. A straightforward 
method of attack is to divide the continuous curve into two pieces, 
divide each of the two pieces, and continue this procedure until an 
e-partitioning results. However, unless certain precautions are taken, 
this method does not succeed. l 

If e=1, M is a square plus its interior, and at the first stage it is 
partitioned into two pieces as shown in Figure 3, the above procedure 
will not lead to a partitioning. The common boundary of D; and D; 
is a part of the closure of the graph of ysin 1/x and neither D, 
nor D, is the sum of a finite number of connected subsets each of 
diameter less than 1. 

A set has property S if, for each positive number e, the set is the 
sum of a finite number of connected subsets each of diameter less 
than e. This notion was used by Sierpinski and when R. L.. Moore 
used it later, he called it property S [19; 17; 18]. 

A precaution to take in partitioning a continuous curve is to divide 
it at each step so that the pieces have property S. 

We shall be interested in the following result [6]. 


THEOREM 1. 7f H and K are two mutually exclusive closed subsets of 
a continuous curve M, there are two mutually exclusive open subsets 
Dy and Dx of M containing H and K respectively such that (a) each of 
Dy and Dx has property S and (b) M=Dy4+ Dr. 


Before proving this theorem, we shall review the method of con- 
structing a set with property S. 


2. Gradual growing process. This is a method used to tong sets 
with property S. Compare with [22; 21]. 

A set H is said to egrow into a set H’ in a set M if M contains F’, 
each point of H” belongs to a connected e-subset (subset of diameter 
less than e) of H' that intersects H, and for some positive number 6, 
H' contains all connected &subsets of M that intersect H. 

Let M be a'set with property S, H be a subset of M, and e be a 
positive number. Suppose one wishes to obtain a subset of M with 
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property S which contains H but no point whose distance is more than 
€ from H. Such a set can be obtained by the following gradual grow- 


ing process. Let a, @, - - - be a sequence of positive numbers whose 
sum is no more than e. Let H e-grow into a set Di in M, Dı e-grow 
into a set D in M,---, D; €41-grow into a set Din in M,---. 


Then the sum D, of Di, Ds, - - - is an open subset of M, has property 
S, contains H but no point at a distance more than e from H. ` 


3. An attempt to divide. One might try to prove Theorem 1 by 
letting each of the sets H and K grow gradually in M into mutually 
exclusive open subsets whose sum is dense in M. Some diffculty may 
be encountered in trying to keep the two subsets from intersecting - 
and at the same time making their sum dense in M. This difficulty 
could be overcome if we could answer the following question in the : 
affirmative. Nos 

QuEsTION. Does there exist a positive integer s such that the fol- 
lowing result holds for each continuous curve M, each positive num- 
ber e, and each pair of mutually exclusive closed subsets H and K of 
M? If Ris a finte subset of M such that each point of R belongs to an 
arc in M of diameter less than e that interseds H--K, there are two 
collections An and Ax of arcs satisfying the following conditions: 

(a) Each -elementi of Ag intersects H but not K and each element of 
Ax tntersects K but not H nor any element of Ag. 

(b) Each element of R belongs to an element of An+Ax. 

(c) Each element of An+Ax is of diameter less than ne. 

We cannot let »=1 and always get such collections Ag and Ax, 
for let M be the sum of the interval from (—10, —1) to (10, 1) 
and the interval from (—10, 1) to (10, —1), H={(—10, 1)}, K ` 
= {(10,1)}, R= ((—10, —1), (10, —1)}, and e=11. Had the answer 
been in the affirmative for 5 1, the attempts made in [15] to parti- 
tion a continuous curve might have succeeded [16]. 

Since we do not know the answer to the above question, we shall 
get some other results before proving Theorem 1. 


4. A crude division. Before proving Theorem 1, it is convenient 
` to prove a weaker theorem. 

THEOREM 1’. Theorem 1 is true if condition (a) is replaced by the 
toeaker condsisons that Da has property S and Dx has only a finite num- 
ber of components. 

There are two essentially different methods of proving Theorem 1’. 


One method is due to Whyburn [22, Corollary, p. 137]. He considers 
an uncountable family of sets^with property S such that of any two 
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' of the sets, one contains the closure of the other. He shows that one 
of the sets can be modified so that it still has property S and the 
complement of its closure has a finite number of components. 

An essentially different method is to let H grow gradually and K 
in a wild fashion to form sets Dg and Dx satisfying the conditions 
of Theorem 1’ [6]. This method is similar to another attack we shall ' 
use later so we include the details. 

Details of second method of proof of Theorem 1’. The open subsets 
Dy and Dx are formed by permitting H and K to grow so that H 
grows in a convergent fashion. The procedure is as follows. 

We use p(p, q) to denote the distance between p and q. 

Suppose that, at the sth stage, H and K have been enlarged to sets 
H; and K; such that p(H;, K,)>0 and each point of M belongs to an 
arc in M of diameter less than 1/2‘ that intersects H,-FK, Let R; 
be a finite subset of M such that each point of M belongs to an arc 
in M of diameter less than 1/2"*! that intersects R,. For each point 

. f of R, let A, be an arc in M — Hi, from p to a point of K; if there is 

‘one; if there is no such arc Ay, let B, be an arc of diameter less than 
1/2: in M — K; from p to a point of Hy. 

Use H! to denote H, plus the sum of the B,'s, K? to denote K; 
plus the sum af the A,’s, and 3; to denote p(H/, Kl). Let Himm 
= {pl p lies on an arc of diameter less than 8,/3 in M that intersects 
Hi ] and Kyi (el? lies on an arc of diameter less than 8,/3 in M 
that intersects K? 

Since H; has é,- grown into Hi for e, —57/(251.3) an the e,'s have 
a finite sum, > ,H,- Dy has property S. 

Since K; has only a finite number of components uid each com- 
ponent of Ki intersects Ki 9 K,-- Dx has tay a finite number of 
components. 

Since no point of M is at a distance of more ETT 1/2'! from A; +K,, 
M= Dg+Dr. 2 


5. Proof of Theorem 1. By using Theorem 1’, it is shown in 
Theorem 3’ of the next section that for each positive number e, 
there is an epartitioning of M. We use this result in establishing 
"Theorem 1. For each integer 4, let G; be a 1/2-partitioning of M. 

The general idea is to let both H and K grow gradually into sets 
Dx and Dx. Suppose at the sth stage H and K have been enlarged 
to A; and on so that p(H;, K,)>0 and H,-+-K; intersects each ele- 
ment of G;. Let {p,} be a finite number of points such that each 
element of Gin contains an element of [5,] and each point of {p,} 
lies in an element of G;. 

If there is an arc in both M — H; and an element of G; from p; toa 


i 
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point of Ky, let is be such an arc; if there is no such arc, let B; bean 
arc in both M — K; and an element of G; which is irreducible from: 
f; to H.. 

Let o(H!, Ki)=8, where H/ is the sum of H; and all the B,'s 
while K/ is the sum of K, and all the 4,’s. 

Suppose H, {p| there is an arc in M of diameter less than 8,/3 
from p to H? ] and Kyi—{p| there is an arc in M of diameter less 
than 54/3 from p to K{}. 

The sets H, and K; have e-grown into H,4 and Ki, where 
€, 7 7 / (2*1 3). Hence, the sets Dy = 2H; and Dx ^ 5 K; have prop- 
erty S. Since H,+X; intersects each element of Gi, M = Da + Dx. 


III. PARTITIONING 


1. Treating S-sets as continuous curves. It ia necessary that a 
set M have property S in order to be partitionable. (A set M is 
partitionable if for each positive number e, there is an e-partitioning 
of it.) The converse is true but it is not so obvious. However this 
converse follows from the facts that a continuous curve is partition- 
able and that any connected set with property S can be imbedded in 
a continuous curve so that any partitioning of the continuous curve 
produces a partitioning of it with no larger mesh. 

If G is a partitioning of a continuous curve, the pieces of G are not 
continuous curves. However, if these pieces have property S, they 
can be satisfactorily dealt with. 

Suppose M is a connected set with property S and R(p, q) is the rel- 
ative distance for M, that is, R(5, g) is the greatest lower bound of 
the diameters of all connected subsets of M containing p +g. It may be 
shown that R(p, q) preserves the topology of M and the diameter of 
any connected set is not increased under R(p, q). Hence, any e-parti- 
tioning of M under the metric R(f, g) is an e-partitioning of it under 
its original metric. 

If we add only enough points to M to make it complete under 
R(5, q), the resulting set W” is a continuous curve. Any e-partitioning 
of M" induces an e-partitioning of M. In fact we have the following 
result [6, Lemma 1; 21, pp. 154-158]. ` 


THEOREM 2. If M ts a connected set with property S with a relative ` 


distance metric, M' ts the complete enclosure of M, and D is a connected 
open subset of M’, then M-D is a connected open subset of M. 


2. Crude partitioning. Before showing that a continuous curve can 
be partitioned in various fashions, we show that it can be parti- ' 
tioned in some manner. ' 
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THEOREM 3’. For each posiitve number e and each continuous curve 
M, there is an partitioning G of M. 


We use the following corollary which results from applying 
Theorems 1’ and 2 to each component of M. 


COROLLARY OF THEOREM 1’. Suppose thai the set M has property S 
and that H and K are two of tts subsets such that p(H, K)>0. Then M 
contains two mutually exclusive open subsets Dg and Dx containing H 
and K respectively such that Dg--Dx ts dense in M, Dg has property S, 
and Dx has only a jintte number of components. 


The general idea in proving Theorem 3’ is to use Theorem 1’ and 
divide M into two pieces Dg and Dx so that Dy has property S, 
Dx has only a finité number of components and is of diameter less 
than e. We apply the corollary of Theorem 1’ to Dg and divide it into 
two pieces one of which has property S and the other of which has 
only a finite number of components each of diameter less than e. The 
procedure is continued so as to get an e-partitioning of M. 

DzrAns oF PROOF or THEOREM 3’. Let (pi, Pa +--+, fn) bea 
finite subset of M such that no point of M is at a distance as much as 
e/4 from {p,}. Let K, be the set of all points of M that are at a‘dis- 
tance from f, of less than e/4 and H, be the set of those that are at 
a distance from f, of more than e/3. 

Applying Theorem 1' to M, we find that there are mutually exclu- 
sive subsets Dg, and Dx, of M containing H, and K; respectively such 
that Da,t+Dxe,=M, Dg, has property S, and Dx, has only a finite 
number of components. The components of Dx, are of diameters less 
than e and are elements of G. We divide the components of Dx, 
further. 

If Dy, intersects both H, and Kis, we apply the corollary of Theo- 
rem 1’ to Dg, and find that there are open subsets Dy, and Dx, of 
Dy, containing A;-Dz, and K4: Dg, respectively such that Dg,+Dz, 
is dense in Da, Da, has property S, and Dx, has only a finite number 
of components. The components of Dx, are elements of G. If Ky does 
not intersect Dz,, we do not add elements to G at this stage but let 
Dg,-7Dnz, ` 

The process is continued. For each positive integer + less than n—1 
for which Dg, intersects both H.41 and Ki we apply the corollary 
to Da, and get mutually exclusive open subsets Dx,,,, Dx,,, of Dz, 
containing H,:Dg, and K;i:Dz, respectively such that Dz,,, 
+Dr,,, is dense in Da, Du, has property S, and Dx,,, has only a 
finite number of components. If Dy, does not intersect Kip we sup- 
pose Dz; "0 and Daim Dz,. 


, 
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The elements of G are the components of Dx, Dx,,-- +, Dr, 
and Dn, 


3. A more useful partitioning. If G is an arbitrary partitioning of a 
continuous curve as described in Theorem 3', it may not be the mem- 
ber of any decreasing sequence of partitionings because some ele- 
ment of it may not have property S. However, if we use Theorem 1 
instead of Theorem 1', we obtain the following extension of Theo- 
rem 3’. 


THEOREM 3. For each continuous curve M and each posttwe number e 
there ts an S asic G of M such that eack element of G has prop- 
erty S. 


A SANNE whose pieces have property S is called an S-parti- 
tioning. If its mesh is less than e, it is an e-S-partitioning. 


4. Decreasing sequence of partitionings. Theorem 2 may be ap- 
_ plied to any set with property S to Bet the following ee of 
Theorem 3. 


COROLLARY OF THEOREM 3. For each possisve number e and each set 
M with property S, there ts an €S-partitioning of M. 


Using the corollary we find that if G is an S-partitioning of a con- 
tinuous curve and e is a positive number, each piece of G may be 
e-S-partitioned. Hence, we have the following useful result [6]. 


THROREM 4. Each continuous curve has a decreasing sequence of 
partitionings. 
IV. CORE REFINEMENTS ` 


In Figure 2, the partitioning represented by light lines is a core 
refinement of the one represented by heavy lines. 

A partitioning is regular if each of its elements is the interior of its 
closure. This prevents pieces from having unnecessary boundary 
points. 

If the partitioning H is a refinement of the partitioning G, the ele- 
menta of H which have a boundary point in common with the bound- 
ary of an element of G are called border elements of H. Other ele- 
ments are called interior elements. 

The partitioning H is called a core réfinement of the partitioning G 
if the following conditions are satisfied: 

(a) Each border element of H is adjacent to an interior element. 

(b) For each element g of G, the closure of the sum of the interior 
elements of Hin g is connected. 


à 
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(c) Both G and H are regular partitionings. 

In [8] additional conditions were used in defining a core refinement 
for brick partitionings but we shall not need them here. We regard the 
interior of the closure of the sum of the interior elements of H in g as 
the core of g. 

In some of the applications of partitionings, use is made of the 
' following result. i i 


THEOREM 5. For each continuous curve M there is a decreasing se- 
quence Gi, Gs, - - - of parittionings of M such that Gus ts a core refine- 
ment of Gi. ; 


DETALLS or Proor. We prove this theorem by showing that if G 
is a regular S-partitioning of M and e is a positive number, there is an 
:€-S-partitioning H which is a core refinement of G. 

For each element g of G, let H’ be a regular e-S-partitioning of g. 
There is a dendron T in g that intersects each element of H’. Let H” 
be a regular S-partitioning of g that refines H’ and has a mesh less 
than the distance between T and the boundary of g. 

Each element 4” of H” with a boundary point on the boundary of 
g is a subset of a border element of H. If hk’ is the element of H’ con- 
taining k”, the border element k of H containing k” is the interior ' 
of the closure of the sum of all elements k of H” such that there is 

‘an arc in À' from A" to k that does not intersect the closure of any 
element of H” whose closure intersects T. All elements of E" not in 
such a border element of H are interior elements of H. 


- V, THE CONVEXIFICATION PROBLEM 


1. The method of solution. A metric is a convex metric for a con- 
tinuous curve M if for each pair of points of M there is a point of M 
halfway between them. In 1928 Menger raised [14] the question as 
‘to whether or not each continuous curve has a convex metric that 
preserves its topology. During the following twenty years a number 
of contributions [1; 3; 9; 10; 12] were made toward the solution of 
this question but it was not until the notion of partitioning was 
introduced that the final answer was given [6; 15]. 


THEOREM 6. Each continuous curve has a convex metric. 


'The fact that each continuous curve has a decreasing sequence 
Gy, Gs, - - - of partitionings is used in showing that each continuous 
curve has a convex metric. Each piece of each G, is assigned a size and 
the distance between two points p, q is defined in terms of the sizes 
of the chains from p to q whose links are elements of the G;'s. 
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2. Definition of convex metric. Let Gi, Gy, - - - be a sequence of 
partitionings of M such that G, is a core refinement of G: and the 
mesh of Gan is less than one third the distance between any two 
nonadjacent elements of G,. 

The elements of G; are assigned a size of 1/2 Each border element 
of Ga is assigned a size equal to one half the size of the element of Gs 
containing it. Each interior element of G is given a size equal.to 
1/(291. Npa) where N, is the number of elements in Gii 
- If K is a continuum which is equal to the closure of the sum of the 
elements of G,, the sth size of K is the sum of the sizes of the ele- 
ments of G, in K. We define E,(5, q) as the minimum of the sth sizes of 
all continua containing p+g. It may be noted that if E, q) is the 
sth size of K, then K is the sum of a chain Cj, Cs, - - - , Ca of con- . 
tinua such that Ci contains p, C, contains q, C, itenati C, if and 
only if | &| $1 and C, is the closure of an element of Gi. The con- 
vex metric for M is D(p, q) =lim E; (, q). 
` We note that D(p, p) =0 and D(p, q) Z0. Also D(p, q) =D(q, p) be- 
cause E,(p, q) = E.(q, b). 

If p, q, r are three points, E,(p, q) -E,(qg, r) Z Ep, r) because if 
K,, and Ke are continua with sth sizes containing p+q and q+r 
respectively, the sth size of the continuum K,,4- K is no more than 
the sum of the sth sizes of K,, and K,,. Hence; D(x, y) satisfies the tri- 
angle condition. 

We now show that if p is a limit point of the set A, then D(p, A) =0. 
Since Ei(p, q) +1/2 & Evid, g), Db, g) SE, g)+1/2'. How- 
ever, there is a point g of A such that p+g belongs to the closure of 
the same element of G;. Then D(p, g) $1/2*! and D(p, a) (a element 
of A) is not bounded from 0. 

We now show that if p is not a point of the closed set “A, D(p, A) 
>0. Suppose $ is an integer such that no element of G, is adjacent to 
both an element of G, whose closure contains p and also to an element 
of G; whose closure intersects A. If e is the least of the sizes of the 
elements of G, we shall show that D(p, A) ze. 

If K is a continuum containing f, intersecting A, and having. an 
(5-- E)th size, K contains 2^ elements g of Ga such that g is a border 
element of G;,, and lies in border elements of Gu, Gus, + + ^, Gia 
The size of g is as much as e/2* and the (*-I- &)th size of K is more than 
e. Hence, for each point a of A, Eim(p, a) » e and D(p, a) ze 

We show that the metric D(x, y) is cónvex by showing that if 
p and q are two points, there is a point halfway between them. Let 
K be a continuum containing p+ of sth ‘size E,(p, q). Then K is 
the sum of two subcontinua K, and K, containing p and g respec- 


r z 
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tively each of whose sth sizes differ from one half the sth size of K 
by less than 1/24 There is a point r; in K,-K, such that neither 
E.(p, r) nor £,(g, r.) differs from E,(p, g)/2 by more than 1/2*. If 
r is a limit point of n,m, - - - , it is halfway between p and q under 
the metric D(x, y). 

Although a solution to the convexification problem has been given 
by means of partitionings, it would still be interesting to see the 
answer given by other methoda. 


3. Unique segments. If a circle 18 given a convex metric, for each 
point p there is a point q and two points ri, r, such that both ri and ra 
are halfway between p and gq. There is not a unique segment from 
p tog. 

Although under a convex metric there is not a unique segment be- 
tween each pair of points of a circle, there is a dense subset of a circle 
such that each pair of points of this dense subset is joined by a unique 
segment. In another paper I shall show that each continuous curve 
has such a convex metric. The result may be stated as follows. 


THEOREM 7. Each continuous curve has a dense subset R and a convex 
metric D such that each pair of points of Rare the end points of a unique 
segment under D. 


For the surface of a sphere, there is a convex metric and a positive 
number e such that each pair of points whose distance apart is less 
than e are end points of a unique segment. It would be interesting to 
know a topological characterization of such sets. 

A closed n-cell in a Euclidean space has a convex metric such that 
if two segments intersect in more than one point, the sum of these 
two segments is a segment. It would be interesting to obtain a topo- 
logical characterization of continuous curves that can be given such 
a convex metric. 

Each continuous curve with a convex metric that gives unique seg- 
ments can be shrunk to each of its points in a very nice fashion. One 
might wonder if those continuous curves with such nice convex 
metrics could be characterized by the fashion in which they can be 
shrunk to points. 


VI. MAPPING CONTINUOUS CURVES ONTO INTERVALS 


1. Introduction. We have seen that if H and K are two mutually 
exclusive closed subsets of a continuous curve M, M can be divided 
` into two mutually exclusive open subsets Dg and Dx containing H 
and K respectively such that each of the sets Dy, Dx has property S. 
^ We shall now see how uncountably many such divisions can be made. 
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We map M onto a straight line interval [0, 1] so that H goes into 
0, K goes into 1, and the inyerse of each nondegenerate connected 
subset of [0, 1] has property S [4]. Then except for a countable 
number of points x of [0, 1], the collection of components of T! [0; x) 
and T-'(x, 1] is an S-partitioning of M. We use (a, b] to denote the 
closed interval [a, b] minus the point a. ` 


2. Details of the transformation. To prove the theorem regarding . 
the mapping of M onto [0, 1] we first prove the following lemma. 


LEMMA FOR THEOREM 8. Suppose Cy and C4 are mutually exclusive - 
closed subsets of a continuous curve M, M — C, (11, 2) has property S, 
and e £s a postisse number such that C; (jx) can e-groto into M— Ci. 
Then for each postive number 5, M contains mutually exclusive open 
subsets Dı and Ds satisfying the following conditions: 

(a) C: can &grow into D, and (e--0)-grot into M—D,. 

(b) M—(D,+D,) can 0-grow into M — (Cid C4). 

(c) D; and M — D, have property S. zr 


Proor or Lemma. Let G be a y-S-partitioning of M — (Ci4- C4) 
where y is leas than either 5 or p(Ci, C3)/3. 

Let A, be a finite collection of arcs in M — C; (ij) such that each 
of these arcs is of diameter less than e, each intersects C;, and each 
element of G intersects both an arc of A; and also an arc of 4a. 

Let G' be a y’-S-partitioning of M—(Ci--C3) which refines G, 
where y’ is less than the distance between C; and any arc of A; (tj). 
Let R’ be the closure of the sum of all elements g of G' such that g 
either lies in an element of G not adjacent to Ci-- Cs or g lies in 
an element of G adjacent to C, and g intersects an arc in A, (i=j). 
Then R is the sum of R’ and the closure of all elements g’ of G' of 
the following sort: g’ lies in an element g of G which is adjacent te 
C, but R’ separates g’ from C, in g +C;. 

We define D, to be the interior of the closure of the sum of C, and 
all elements of G' which do not lie in R but lie in an element of G 
adjacent to Ci. ` 

Each point of D;— C; belongs to an arc intersecting C; and lying in 
both D, and also in the closure of an element of G. This shows the first 
part of condition (a) is satisfied. An arc showing that the secoad part 
of this condition is satisfied may be obtained by going out an ele- 
ment of A; and then continuing in the closure of an element of G. 

To see that condition (b) is satisfied, note.that each point of M 
—(C,;+C,) belongs to an arc that intersects- R and lies in both 
M — (Ci 4- C3) and also in the closure of an element of G. ; 

Condition (c) is satisfied because G’ is an S-partitioning. 


| 550 R. H. BING [September 


' THEOREM 8. If Hand K are mutually exclusive closed subsets of the 
continuous curve M, there is a continuous transformation T of M onto 
the interval [0, 1] such that (a) T(H) =0 and T(K) =1, (b) if Wis a 
nondegenerate connected subset of [0, 1], T-(W) has property S, (d) 
tf 0 belongs to W, each component of T—(W) intersects H and sf 1 be- 
longs to W, each component of T-1(W) intersects K. 


We prove this result by repeated applications of the preceding 
lemma. To get- a start we obtain Cı = T-1(0) and C e T-1(1). Let G 
be an e-S-partitioning of M where e-p(H, K)/3. Then C; is the sum 
of the closures of all elements of G whose closures intersect H plus 
all points that this sum separates from K. Similarly, Ci is the sum of 
the closures of all elements of G whose closures intersect K plus all 
points that this sum separates from H. 

In our first application of the lemma we use T-(0), T—(1), 1/2 
for Ci, Cy, 5. The sets M—(D,+D,), Di, D, we obtain are called 
T0/2y, 7-10, 1/2, T-(1/2. 1]. 

In our next application of the lemma we let T-1(0), 7-![1/2, 1] 
a= 7-71(1/2) 3-T7(1/2, 1], 1/2, 1/4 be the Ci, Cs, e, 8 of the lemma 
and denote by T-1(1/4), T-i[0, 1/4), T—1(1/4, 1] the sets M 
—(D,+D)), Di, D, obtained. 

In general, suppose that T'-![0, i/2'] and T-![($4-1)/25, 1] 
have been defined. We apply the lemma using T-![0, 4/2], 
T—[(G+1)/2%, 1], 1/24, 1/21 for Ci, Cs, e, 8 and denote by 
T-![(2¢-+1)/2#1], T-1[0, (26+1)/2#), T-1((24-+-1)/21, 1] the sets 
M-— (Di4-D4), Dı, D, obtained. 

After T-!(x) has been defined for all numbers of [0, 1] of the form 
x 4/21, the definition of T is continued in a continuous fashion— 

‘that is, T7! (x) is the intersection of all closed sets 77! [/27, ($4-1)/2:] 
for which $£/2/ x S (14-1)/2. 

In the next section we need to use the following information about 
the transformation T. 


THEOREM 9. If T is a continuous transformation mentioned in Theo- 
rem 8, then except for a countable number of values x (03x81), 
both T-1[0, x) and T-(x, 1] are uniformly locally connected. Further- 
more, tf M ts the closure of a uniformly locally connected domain D and 
B is a subset of the boundary of D, except for a countable number of 
values x, each point of T (x): B ts a himi joint of both T-1[0, x)-B 
and T-(x, 1]- B. 


A set D is uniformly locally E if for each positive number 
e there is a positive number 8 such that each pair of points of D 
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whose. distance apart is no more than 8 belongs to a connected sub- 
set of D of diameter less than e. i 

The proof of Theorem 9 is contained in the proof of Theorem 5 of 
[4]. 





Fia. 4 


VII. Brick PARTITIONING 


Figure 4 shows two ways in which a square plus its interior may be 
partitioned. The partitioning represented in Figure 4b is called a 
brick partitioning. A partitioning G is a brick partitioning if each of 
its elements is wniformly locally connected and equal to the interior 
of its closure while the interior of the sum of the closures of each 
pair of elements of G is uniformly locally connected. If G is a brick . 
partitioning, not only can the elements of G be subdivided so as to 


form a partitioning G' which refines G but also adjacent elements of G, 


and part of their common boundary can be added eo as to form a par- 
titioning G” such that G refines G”. 

In Figure 2, the left-most piece of the partitioning shown by heavy 
lines is not uniformly locally connected. Also, the interior of the sum 
of the closures of the two left-most pieces is not uniformly locally 
connected. If the;three left-most pieces are replaced by the interior 
of the sum of their closures, a brick partitioning results. 

Wilder showed [24, Theorem 3.4, p. 79] that if p is a point of a 
continuous curve M and D is a domain containing p, there is a uni- 
formly locally connected domain E containing p and lying in D. 
However, to-get a brick partitioning, we need to know that there is 
such a domain E such that M — E is uniformly locally connected. We 
get this result from Theorems 8 and 9. : 

It would be interesting to know if a modification of the methods 
used by Wilder would give this result. It appears that Moise had this 
in mind in [15]. i : 

Repeated applications of Theorems 8 and 9 show the following 
result [4]. ; ie 
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THEOREM 10. Each continuous curve has a EPEA sequence of . 
brick partitonings. 


The first part of Theorem 9 is used in getting the elements of the 
partitionings to be uniformly locally connected and the second part 
is used to get the interior of the sum of the closures of two elementa 
to be uniformly locally connected. 


VIII. THE BOUNDARIES OF THE PIECES 


1. Locally connected boundaries. In partitioning a square plus its 
interior as shown in Figure 4, the boundaries of the pieces are continu- 
ous curves and can be partitioned. If M is a finite complex and G is 
the collection of simplexes of M which are not part of the boundary . 
of any other simplex, the elements of G have boundaries which are the 
sums of a finite number of continuous curves. These boundaries can 
be partitioned. (G may not be.a brick partitioning.) 

One might wonder if each continuous curve can be partitioned so 
that the boundaries of the pieces are locally connected. However, 
Example A (Figure 1) described in $1 shows that this is not always 
possible. If the continuous curve is partitioned into pieces of di- 
ameters less than 1, each piece which is not a subset of a horizontal 
line has a boundary with uncountably many components. 

However, in the partitioning of Example A, each component of 
the boundary of a piece of a partitioning is either a point or an 
interval and is therefore locally connected. One might wonder if 
each continuous curve can be partitioned so that the components of , 
the boundaries of the pieces are locally connected. Example B of §1 
shows that this is not always poseible. 

It would be interesting to be able to characterize the types of con- 
tinuous curves that can be partitioned into pieces with nice bound- 
aries. 

2. Dimensionally regular partitlonings. Suppose that M ig an 
n-dimensional continuous curve. It is known that for each positive 
number e there is an open ecovering H of M such that no point of 
M is covered by more than s--1 elements of H [11]. 

A partitioning G of the n-dimensional continuous curve M is 
called dimensionally regular if it is regular (each piece is the interior 
of its closure) and if the following inequality is satisfied when 
j&n41. 


Dimension (intersection of any j boundaries) S s +1 — j. 


In another paper I shall prove the following result. 
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THEOREM 11. There is a decreasing sequence of dimensionally ERN 
partstionings for each n-dimensional continuous curve. 


It may be noted that the boundaries of the pieces will be of dimen- 
sion less tham m. 


IX. APPLICATIONS OF PARTITIONINGS 


The study of partitionings throws light on the structure of con- 
tinuous curves and is of interest aside from its applications. In fact, 
I regard the result that any continuous curve is partitionable as more 
interesting and topologically important than any of its applications. 

The first use made of the fact that any continuous curve is parti- 
tionable was to solve the convexification problem as mentioned in $V. 

In studying a continuous curve M, one may consider a decreasing 
sequence of finite open coverings of M. A decreasing sequence of 
partitionings might be used instead. For example, in showing that 
each connected open subset of a continuous curve is arcwise con- 
nected, one may use chains whose links are connected open sets to 
define the arcs [18]. Chains whose links are pieces of partitionings 
could be used instead. This was done in the following application. 


1. The Kline sphere characterization. A nondegenerate continu- 
ous curve M is topologically equivalent to the surface of a sphere if 
and only if it satisfies the following two conditions: 

(a) No pair of points separates M. 

(b) Each simple closed curve separates M. 

Several mathematicians contributed to the proving of this result ([25] 
and other references in [7]). The final link was in showing that condi- 

. tions (a) and (b) also imply that no arc separates M [7]. This was 
done by showing that if there is an arc which separates M, there is a 
simple closed curve that does not. The simple closed curve was con- 
structed by means of chains whose links are open sets. By using the 
notion of brick partitioning, the above result was strengthened [4] 
by showing that condition (b) could be replaced by the following 
weaker condition: 

(b') Each simple closed curve whose complement has property S 
separates M. 


2. Basis with connected intersections. A countable basis for a con- 
. tinuous curve is a countable collection Di, Ds, - - - of open subsets 
such that if p is a point and E is an open set containing f there is an 
integer +(p, E) such that D, contains p and lies in E. If S is a square 
plus its interior, there is a countable basis for S whose elements are 
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the intersections of S with interiors of circles with rational radii and 
rational centers. The intersection of any two elements of such a basis 
is connected. One might wonder if each continuous curve has such a 
basis. i 

E. E. Floyd noticed that if G is a brick partitioning of M and H is 
the collection of all open sets & such that for some point p, k is the 
interior of the sum of the closures of all elements of G whose closures 
contain p, then the intersection of any two elements of H is connected. 
Consequently, Floyd and I showed [8] that any continuous curve 
. has a countable basis such that the intersections of the elements of 
this basis are connected and uniformly locally connected. 


3. Characterizing 3-space. Suppose H and K are two sets such 
that for each positive number e there are e-partitionings Gg and Gr 
of H and K respectively and a 1-1 correspondence between the ele- 
, ments of Gg and the elements of Gx such that two elements of Gg 
have a common boundary point if and only if the corresponding 
elements of Gx have a common boundary point. One might wonder 
if this implies that H is homeomorphic to K. It does not because if 
H is a square plus its interior and K is the sum of H and a straight 
line interval that intersects H in just one point, there are such par- 
titionings Gg and Gx. However, it is possible to use the notion of 
partitionings to characterize certain sets. 

The two-manifold can be partitioned so that the boundary of the 
elements of the partitionings are simple closed curves. Some 3-mani- 
folds can be partitioned so that the boundaries of the pieces are simple 
surfaces (topologically equivalent to the surface of a sphere). It is 
an open question as to whether or not all compact 3-manifolds with- 
out boundary have this property. The 3-manifold obtained by adding 
an ideal point at infinity to ordinary Euclidean 3-space is called 
a 3-sphere. In fact any set homeomorphic to it is called a 3-sphere— 
for example, the surface of a sphere in Euclidean 4-space. Using the 
notion of partitioning, we can get the following characterization of a 
3-sphere [2]. 

A necessary and sufficient condition that a continuous curve M bea 
3-sphere ts that one of its decreasing sequences of regular parittionings 
Gi, Gs, + - + have the following properties: 

(a) The boundary of each element of Gi 1s a simple surface. 

(b) If the boundaries of two elements of 9 G; intersect, this tntersec- 
Hon 4s a 2-cell. l 

(c) The intersection of the boundaries of three elements of G: 4s one-' 
dimensional ai each of sis points. 


M 
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(d) If g is an element of Gia (g = M 3f $—1) the elements of G, may 
be ordered gi, gs, © © © , ga so that the boundary of g, (j=1,2,--+, m) 


sniersects the boundary of g plus the boundary of p-ga- >>- b gia in 
a connected set. 


4. Simultaneous partitlonings. In'a forthcoming paper [20] Garth 
Thomas shows that if the continuous curve M, is imbedded in the 
continuous curve Mi, there is a partitioning Gs of M, such that the 
intersections of M, and the elements of Gs give a partitioning G1 of Mi. 


X. QUESTIONS 


We have already raised certain questions in the preceding sections 
but we mention some more here. . 

1. If M is locally simply connected, can it be partitioned into 
simply connected pieces? ` 

2. If M ià a chain from H to K where each of the sets H and K 
contains only one point, is there an open transformation satisfying . 
the conditions of Theorem 8? Whyburn shows such a transformation 
in [23] if M is 1-dimensional. If the dimension of M is finite, is there 
such a transformation such that T-!(x) is of dimension less than the 
dimension of M? 

3. Is there a decreasing sequence of partitionings Gi, Gs, * - - of M 
and a bóundary operation carrying subsets of G; into subsets of Gy41 
that gives a homology theory? 

4. Suppose Mi and Mi are two continuous curves such that one 
can be given a convex metric with unique segments but the other can- 
not. Is there an essential difference between the types of partition- 
ings that M; and Mi; can have? 

Many other-things could be said concerning’ partitioning, but there 
is much to learn. We summarize the results of this paper in one 
sentence: Any continuous curve can be partitioned in somewhat the 
same way that a square plus its interior can be partitioned. 
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THE UNIVERSITY oF WISCONSIN 


THE FIFTH SYMPOSIUM ON APPLIED MATHEMATICS 


The Fifth Symposium on Applied Mathematics of the American 
Mathematical Society was held at the Carnegie Institute of Tech- 
nology, Pittsburgh, Pennsylvania, on Monday and Tuesday, June . 
16-17, 1952. The subject of the Symposium was Wave moiton and 
vibration theory. Attendance at each of the sessions was approxi- 
. mately 100. The following 119 persons, including 64 members of the 
Society, attended. 


L. R. Alldredge, Julius Ashkin, S. B. Batdorf, E. G. Begle, R. A. Berg, Walker 
Bleakney, J. L. Bogdanoff, J. I. Bohnert, G. F. Carrier, Subrahmanyan Chan- 
drasekhar, C. C. Chang, Abraham Charnes, Peter Chiarulli, Norman Davids, C. R. 
DePrima, F. C. DeSua, G. P. Dinneen, R. C. DiPrima, W. S. Dorn, R. J. Duffin, 
Nat Edmonson, J. J. Eisenhuth, T. A. Elkins, Sabri Ergun, R. L. Evans, J. B. 
Fanucci, H. E. Fettis, E. T. Frankel, J. B. Freier, Bernard Friedman, P. R. 
Garabedian, A. Garren, Edward Gerjuoy, R. D. Glanz, H. J. Greenberg, Mayo 
Greenberg, P. N. Gustafson, George Habetler, G. H. Handelman, H. W. Handsfield, 
Duncan Harkin, C. D. Harris, A. E. Heins, G. S. Heller, R. G. Helsel, D. S. Hoffman, 
J. P. Hoyt, W. S. Jardetzky, Fritz John, W. P. Jones, Edna Keitzer, T. B. Kham- 
mash, Martin Krakowski, J. M. Lande, E. H. Lee, Solomon Lefschetz, G. F. Leger, 
C. E. Lemke, Martin Leseen, Harold Levine, H. G. Lew, J. A. Lewis, C. C. Lin, 
B. W. McCormick, N. W.. McLachlan, S. S. McNeery, Wilhelm Magnus, L. E. 
Malvern, M. H. Martin, R. C. Meacham, C. T. Molloy, E. W. Montroll, T. W. Moore, 
G. W. Morgan, David Moskovitz, C. E. Mullan, D. J. Newman, Simon Ostrach, 
N. A. Patton, W. H. Pell, R. C. Prim, Eric Reissner, L. P. Rosenberry, E. A. Saibel, 
S. A. Schelkunoff, M. E. Scherberg, Albert Schild, Morris Schulkin, R. J. Seeger, 
Hyman Serbin, D. H. Shaffer, R. Skinner, M. F. Smith, Marvin Stern, Eli Sternberg, 
Andrew Sterrett, J. J. Stoker, T. T. Tanimoto, Olga Tauseky, J. S. Taylor, M. O. 
Taylor, T. Theodorsen, W. B. Thompeon, John Todd, L. R: Turner, H. C. Volkin, 
E. G. Volterra, J. C. Warner, W. H. Warner, B. R. Weber, Herschel Weil, E. B. 
Weinberger, Alexander Weinstein, H. J. Weise, Paul Weise, Bernard Weitzer, E. A. 
Whitman, W. R. K. Wu, Arthur Zeichner. 


Dormitories, lounges, and dining facilities were made available to 
those attending the Symposium by the host institution. On Monday 
afternoon, Symposium members were guests of the Department of 
Mathematics at a tea, held in the Exhibition Room of the Fine Arts 
Building, and on Monday evening at a social gathering, held in the 
Faculty Club. 

Dr. J. C. Warner, President of this Carnegie Institute of Tech- 
nology, extended greetings from the Institute to Symposium mem- 
bers at the first session on Monday morning. 

The program of the Symposium consisted of 15 invited addresses. 
The papers were presented in the following order (in those cases 
where two authors are named, the paper was presented by the first- 
named author). 
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1. C. C. Lin: Hydrodynamic stability. 

2. Subrahmanyan Chandrasekhar: T'he stability of fluid motion in 
the presence of the magnetic field. 

3. P. R. Garabedian: On free surface flows. . 

. 4 G. F. Carrier and W. H. Munk: On the difusion of tides into 

permeable rock. 

5. J. J. Stoker: Water waves. 

6. Walker Bleakney: Review of significant observations on the Mach 
refiectson of shock waves. 

7. N. W. McLachlan: Os the solution of non- linear diferential equa- 
tion to hydraulics. 

8. E. W. Montrall and Mayo Greenberg: Scattering of plane waves 
by a soft obstacle. 

9. Harold Levine: Variational methods in boundary wales problems. 

10. Wilhelm Magnus: Infinite matrices associated with a diffraction 
problem. 

. 11. A. E. Heins and H. Feshbach: On the coupling of two half planes. 
12. E. H. Lee: Wave propagation sn helical compression springs. 
13. Alexander Weinstein and J. B. Diaz: On the wave equation and 

the equation of Euler-Poisson. 

14. Solomon Lefschetz: On ihe Lienard equation. 

15. R. J. Duffin and Albert Schild: On some vibration problems. 

The presiding officers at the sessions were, respectively, Professor 
Peter Chiarulli, Dr. T. Theodorsen, Dr. S. A. Schelkunoff, and 
Professor E. A. Saibel. 

At the beginning of the last session, a resolution of thanks to the 
Carnegie Institute of Technology, the Department of Mathematics, 
and the Committee on Arrangements was adopted unanimously. 

The papers presented at the Symposium will be published as 
Volume V of the Proceedings of the Symposia in Applied Mathe- 
matics by the McGraw-Hill Book Company. E 


A. E. HEIS, E. G. BEGLE, 
‘Chairman of the Committee Secretary of the Soctety 
on Arrangements 


THE JUNE MEETING IN EUGENE 


The four hundred eight-second meeting of the American Mathe- 
matical Society was held at the University of Oregon, Eugene, 
Oregon, on Saturday, June 21, 1952. A total of 173 persons registered 
for the meeting, including the following 86 members of the Society: 

C. B. Allendoerfer, N. C. Ankeny, T. M. Apostol, B. H. Arnold, M. G. Arsove, 
G. A. Baker, R. W. Ball, C. R. Ballantine, J. P. Ballantine, R. A. Beaumont, R. F. 
Bell, J. S. Biggerstaff, Z. W. Birnbaum, Gertrude Blanch, R. N. Bradt, J. V. Break- 
well, J. L. Brenner, B. W. Brewer, F. H. Brownell, D. G. Chapman, Harold Chatland, 
Paul Civin, B. H. Colvin, K. L. Cooke, C. M. Cramlet, E. L. Crow, G. B. Dantzig, 
D. B. Dekker, Douglas Derry, W. J. Dixon, Melvin Dresher, L. A. Dye, E. A. Fay, 
G. E. Forsythe, J. W. Gaddum, R. S. Gardner, K. S. Ghent, M. A. Girahick, E. G. 
Goman, C. H. Gordon, F. L. Griffin, Margaret Gurney, S. G. Hacker, M. E. Haller, 
A. J. Hoffman, V. E. Hoggatt, Mark Kac, J. M. Kingston, M. S. Knebelman, L. M. 
LeCam, D. H. Lehmer, R. B. Leipnik, J. C. R. Li, A. E. Livingston, Eugene Lukacs, 
M. W. Maxfield, A. S. Merrill, W. E. Milne, T. S. Motzkin, A. F. Moureund, W. L. 
Nicholson, O. M. Nikodym, Ivan Niven, A. R. Noble, T. G. Ostrom, D. B. Owen, 
T. S. Peterson, J. H. Raymond, P. V. Reichelderfer, R. A. Rosenbaum, Herman 
Rubin, W. G. Scobert, R. G. Selfridge, W. L. Shepherd, Judson C. Smith, Andrew 
Sobczyk, R. D. Stalley, W. M. Stone, Gabor Szego, F. H. Tingey, G. E. Uhrich, J. L. 
Ullman, J. G. Wendel, R. F. Williams, R. J. Wisner, F. H. Young. 


By invitation of the Committee to Select Hour Speakers for Far 
Western Sectional Meetings, Dr. G. E. Forsythe, National Bureau of 
Standards, Los Angeles, California, delivered an address entitled 
Solving linear equations is not irtotal. Dr. Forsythe was introduced 
by Professor W. E. Milne. There were sessions for contributed 
papers in the morning and afternoon, presided over by Professors 
Gabor Szegö, R. A. Beaumont, and R. A. Rosenbaum. 

Following are abstracts of papers presented at the meeting. Papers 
with abstract numbers followed by “#” wére presented by. title. 
Paper number 505 was presented by Professor Apostol, number 518 
by Dr. Wendel, number 523 by Dr. M. W. Maxfield, number 531 
by Professor Civin, and number 556 by Professor Reichelderfer. 
Dr. J. E. Maxfield was introduced by Dr. M. W. Maxfield and Pro- 
feasor Hostetter by Professor W. T. Puckett. 


ALGEBRA AND THEORY OF NUMBERS 


505. D. R. Anderson and T. M. Apostol: The evaluation ef. Ramanu- 
jan’s sum and generalisations. 


Ramanujan obtained an Gneo for the sum R(s; k) of the sth powers of the 
primitive kth roots of unity in terms of the Mobius function »(m), namely, R(s; b) 
= 2 aca) da(k/d), where d runs over the divisors of the g.c.d. (s, k). The authors 
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reduce this sum to a closed form, R(m;,k) =cu(b)o(a)/$(c), where $(w) is Euler's 
totient, a= (s, k), b k/a, and c (a, b). Similar formulae are obtained for sums of 
the form 2 ^aa /(d)g(k/d)u(k/d), where g(x) is multiplicative and f(s) is completely 
multiplicative. Also, a connection is established between these generalized sums and 
certain exponential sums involving sth powers of kth roots of unity. (Received May 
5, 1952.) 


506. N. C. Ankeny: An application of algebraic geometry to number 
theory. : 

Let f(X) bea polynomial whoee coefficients are rational integer De&ne N(f(X), p) 
as the number of different values f(s) (mod p) for $—0, 1, - - - , p—1 with f a prime 
number. The author then finds neceseary and sufficient conditas on f(X) such that 
lim, N(f(X), p)/p exists, and further shows that if the limit exists it depends only 
upon the degree of f(X). The method is based on the ideas of A. Weil on algebraic 
curves over finite fields. Some applications are given. (Received May 5, 1952.) 


507t. H. W. Becker: Eels vectors. 


W. C. Eels, Amer. Math. Monthly vol. 21 (1914) pp. 269-273, gave an extensive 
table of solutions of the Diophantine system: (/) x!--y!-- s! m N, (u) x1 - y! - v*. Taking 
x and £ odd, from the solution (11) of (2), R. D. Carmichael, Diophantine analysis, 
(1915) p. 38, is derived the Eels vector of the first kind: 4, # = (M!-- N*--P1--Qn1 
AMP +NQO =T EZ, xm (M N P3XEQUn1—-4(MN—PQ?!-X1—Y. y 
-4(M1— NP34 (MN— PQ) -2X Y, s-4(M!4- NY--P1--QD (MP 4- NO) -2TZ, 
in which both component Pythagorean triangles are primitive. Another primitive 
solution, in which however the component triangles are not necessarily primitive, has 
m= pmrs, qurt—si—n in (11). The case g=0 gives t, #mri tst, x emt— s m (r3 523, 
y= rs(r3 — 53), s 27353. E.V. of the second kind, (1), (0) y*--5! =y? appear on solution 
of (m--g?) (51-1- 99) - [7] in (11). There are no E.V. of the second kind with three of 
m, 5, P, q odd: this is Spunar's theorom, Amer. Math. Monthly vol. 24 (1917) p. 393, 
proven under the impression that it was actually a proof of the impoeeibility of Martin 
vectors meeting the conditions (t), (x), (e), and (te) z!--s! = wt, E.V. of both kinds (on 
reduction) are corollaries of (9), Carmichael, ibid.: /, x e (M?-I-Q1R?)3 E RI(N!--P1)3, 
y=AR(MN —PQR)(MP --NQR), x-2R[(P* — NX)(M! — QRY) -CLMNPQR], v 
—2R(P3-- NY (M+R). If further z T. y e Fs, this is Frenicle’s problem, Dickson's 
History, vol. II, pp. 184-186. (Received May 8, 1952.) 


508t. H. W. Becker: Wiliams vectors. 
In his Algebra, 1832, p. 419, J. D. Williams challenged his contemporaries with 


the'Diophantine simultaneous equations (t), (x), (v) above, and gave the probably: 


simplest solution #, 3, x, y, s, £ = 185, 680, 153, 104, 672, 697. This was erroneously 


, stated to be erroneous by Zerr, Amer. Math. Monthly vol. 15 (1908) p. 17, Dickson's 


History, vol. II, p. 492 (despite Cunliffe, 452, and Ward, 506). The system reduces 
to ur m (P+F) (WTP) = (33 etg?) (9 Pp?) — n, 2GA) - 2efgh m y, for which 15 
types of solution are considered, £»4[ 1551: (0.1)u —- [1], r= [3; (0.2 p=, yt]; 
(0.3) » - u[ 3; (0.4) w=»; and (1.1), etc., according as 1, 2, or 4 of $, j, k, are squares. 
Many primitive parametric and numerical solutions are tabulated, including 16 with 
1 «10*, such as: (0.1) 975, 952, 495, 840, 448, 1073; (0.2) 1073, 561, 952, 495, 264, 
1105; (0.3) 925, 3444, 533, 756, 3360, 3485; (1.3) 2175, 2431, 1092, 1881, 1540, 2665; 
(11.2) 533, 765, 520, 117, 756, 925; (II.3) 1073, 520, 975, 448; 264, 1105; (IV.3) Wil- 
liams’ example. Valuable preliminaries to or paraphrases of the problem are in Dick- 
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son, ibid., pp. 406—407, 428, 505—507, 630—634, 644—646, 667-668, Carmichael, ibid., 
chap. IV. The system has at least 5 different geometric interpretations, as the obvious 
parallelopipedon of volume vys, and Hero triangle with sides w*, v*,-x!-I-z! and area 
ryz, Turrere, L'Enseignment Mathématiques vol. 18 (1916) Arithmogeometrle. 
(Received May 8, 1952.) 


509%. H. W. Becker: Petrus and Carmichael vectors. 


Williams’ problem was revived by R. D. Carmichael, Diophantine analysis, p. 23, 
ex. 8. His triadic solution (unpublished) takes off from 24-25 and ex. 6, ibid. (Hillyer), 
and is more general than the included Euler triad, Dickson's History, vol. II, p. 474. 
All solutions of 9/4 = (abcd (a1 — b*) (c1 —4?)) 3 — (a, b, c, d), t (a! 09) (ca Ed?), w, x 
-4abcd + (a3 —5Y)(c*t—d*), v, s-—2(acT bd)(ad bc) are referred to as Carmichael 
vectors; they are type (.1) W.V. The first solution is (5, 2, 6, 1). Many explicit 
perametric solutions are developed from cognate relations in Dickson, ibid., pp. 
172-176, 449, 459-474, 493, 511, 527, 661. There is a triadiration transform, 
T [(a, b, c, d), (a, b, c*, d*) |= (c, d, c*, d*), the latter often a maverick numerical solu- 
tion yet to be generalized. There is a'congruent number transform, Q(a, b, c, d) 
> ((a3--b13)*, 4ab(a!—b3), (c*--d*)2, 4cd(ct—d?)), where Y! has 7 square factors, the - 
maximum possible. Petrus (1674), Dickson, ibid., pp. 446—450, 2, 4, 6, 8, demanded 3 
numbers such that their 6 sums and differences are squares. The solution is a sub- 
clase of C.V. Petrus gave a transform P by which every P.V. = P(W.V.). Remarkably, . 

P1-Q. The inverse Petrus transform: ((DXU)/2)3—1, y, ((DX)/2) 1 —$, v, 
((U x X)/2)/1— x, x, correlates known, or ylelds new, W.V.; e.g., Euler's P.V., Dickson, 
ibid., p. 450, with a misprint which should read q- —(f*-gor- ML (Received 
May 8, 1952.) 

510%. H. W. Becker: Pythagorean teirahedrons, hexahedrons, and 
graphs. Preliminary report. . 


Dickson's History, vol. II, pp. 221-224, reports tetrahedrons with rational faces 
and volume, yet none whose four faces are Pythagorean triangles. But the six com- 
ponents of a W.V. can be rearranged to form such a Pythagorean tetrahedron, of 
integer volume xys/6, with two right angles at each of two vertices. From this point 
of view, each W.V. or P.T. depends on (#—$%) (K1 —22) = ($969 —419*). (e01 — ptu!) zt, 
2 (tober) V2 e 2o40 x in two ways. So, automatically appear many explicit parametric 
solutions of these forms, for general or square values of the Greek letters, numerical 
solutions of which were supplied by Euler and Gerardin, Dickson, ibid., pp. 448, 458, 
505, 661-662. Every Petrus vector is of types (— .1), (—IV). Any two P.T. with a 
common face make a Pythagorean hexahedron. Evety P.T. s, v, x, y, s, t transforms 
to four others: ty, sx, wy, xy, x, tv; «s, Dy, xs, ys, wy, wv; wv, I3, Ly, xs, PE, ty; Lx, M9, Hx, 
zz, iy, fu, each having three faces similar to three faces of the P.T. transformed. Thus 
from the first C.V. is derived the first P.H., whose base triangle is 1105, 1073, 264, 
with edges 448, 520, 975, and 495, 561, 952 at the apices. But the regular graph of ten 
' branches, the pentagon-pentacle, all of whose ten triangles are Pythagorean, is im- 
possible. In general, what graphs admit of Pythagorean triangulation? Weed 
May 8, 1952.) 


o 9321. Lentárd Carlitz: Congruences connected with three-line latin 
rectangles. 


Let K,—X(3, w), the number of reduced three-line latin rectangles. Riordan 
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(Amer. Math. Monthly vol. 59 (1952) pp. 159-162) has proved the congruences 
happ™2hs, Ky,ym2X_ (mod p), where p is a prime >2 and ks is related to X, by 
means of a certain recurrence. In the present paper it is proved that for arbitrary sm, 
haze 2h, Kap 2"K, (mod m). Indeed if we put Af(s) —f(s-I-m) —29f(n), AY (m) 

mAATIf(m), then we have A'kmA'K, m0 (mod m) for rz i. (Received April 17, 
1952.) 


512t. Leonard Carlitz: Congruences for the ménage polynomials. 


Put U,- U, (t) - Stal where *,,, denotes the generalized ménage number. 
Riordan (Duke Math. J. vol. 19 (1952) pp. 27-30) has proved the congruence U,1,. 
m (i? —1) U, (mod p), where p is a prime >2. In the present paper it is shown that 
U.1,,m(£—1)9' U, (mod m), where m is an arbitrary integer. (Received April 17, 
1952.) 


513¢. Leonard Carlitz: Some congruences for Bernoulli numbers of 
higher order. 


S. Wachs (Bull Sci. Math. (2) vol. 71 (1947) pp. 219-232) proved BY’? 
m0 (mod $?) for p prime 23. The writer (Pacific Journal of Mathematics vol. 2, no. 2 
(1952)) improved this to BZ% m0 (mod p) for p>3. In the present paper the con- 
gruence BY!” mpre (mod 2 for p>3 is obtained. The writer had also proved B® 
m 51/2 (mod p’). This is improved to BY m —p(p— 1) 1/2 (mod p) for p »3. (Received 
April 21, 1952.) 


514. Leonard Carlitz: Some special equations tn a finite field. 


_ In the first part of the paper asymptotic formulas are obtained for the number of 

solutions of equations of the type fi(fi) + - * - +/-(t-) =a, where the f: are polynomials 
with coefficients in GF(g); use is made of some theorems of Mordell. In the second 
part exact formulas are obtained for the number of solutions of equations of the form 
Oltu «+, te) mfl +++, 0), where Q denotes a quadratic form while f is an 
arbitrary polynomial satisfying certain restrictions. In the latter problem the [, are 
also permitted to be polynomials in GF[g, x] of degree <m. (Received March 18, 
1952.) 


515i. Leonard Carlitz: Weighted quadratic partitions over a finite 
field. 
, This note is concerned with the evaluation of sums of the type S= J elh. 
+ ++++2dt,) extended over all (CC GF(g) such that QQ + -, f) =a, where 
a, ACGF(g) and ela)me™ i, ta)matar+-+++a? ", g=p, p»2. The 
evaluation of S depends upon the Kloosterman sums > fp e(af+st-'), and 
Erelt ter), where y(t) = -+1 or —1 according as ¢ is a square or a non- 
square of the field. (Received March 18, 1952.) 


5164. C. W. Curtis: A nots on noncommutatsve polynomials. 
An integral domain R (i.e. an associative ring without divisors of zero) is said to 
have property (M) in case any two nonzero elements of R have a nonzero common 
right multiple. Property (M) is necessary and sufficient that R can be imbedded in a 
right quotient division ring. A ring S containing Ris an extension of type O of R if S 
contains an element x not in R such that each element of 5 can be expressed uniquely 
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in the form 27 xir, r,ER, where rx=xT(r)+D(r), T(r), D(r)C R. In this note it 
is proved that if S is a ring containing an integral domain R with property (M), such 
that S is the join of a well ordered sequence of subrings beginning with R, where 
each subring is an extension of type O of the preceding, then S is an integral domain 
with property (M). In the case of a single extension of type O of a division ring, this 
result is due to Ore (Ann. of Math. vol. 34 (1933) pp. 480—508). A consequence of the 
result is that the general enveloping algebra of a solvable Lie algebra over a field of 
characteristic zero has property (M). (Received April 28, 1952.) 


517t. H. A. Dye: On group representations of finite type. 


It is proved that a connected locally compact group G having a faithful strongly 
continuous unitary representation in a finite W*-algebra M is the direct product of a 
vector group and a compact group. The group G will be separable if M is countably 
decomposable. Applied to connected Lie groupe, this result subsumes a theorem of 
Segal and von Neumann on unitary representations of semi-simple groupe (Ann. of 
Math. vol. 52:(1951) pp. 509-517) and yields the following analogue in the solvable 
case: the kernel of a strongly continuous unitary representation of a connected 
solvable group in a finite ring contains the commutator subgroup. Another corollary 
concerns the dimension-type of group representations: factors of type II, do not arise 
among the W*-algebras enveloping strongly continuous unitary representations of 
connected locally compact groups. Similar results have been conjectured and proved 
independently by R. V. Kadison and I. M. Singer. (Received May 5, 1952.) 


518. Melvin Hauener and J. G. Wendel: Ordered vector spaces. 


An ordered vector space is a vector space V over the reals, simply ordered under a 
relation > and satisfying the usual axioms. Examples are furnished by spaces Vr 
defined as follows: T is a simply ordered set, Vr'is the linear space of those real func- 
tions f which take nonzero values on well-ordered subsets of T, with f>0 meaning 
that f(t) >0, where to is the least /C T at which f(#) 0. A subspace of Vr is called 
large if it contains the characteristic functions of the points of T, and the truncations 
of its elements, g being a truncation of f in case for some ts, g(t) =f(#) or 0 according 
as EIoor tate Theorem: The ordered vector space V is isomorphic to a large subspace of 
a uniquely determined Vr. The chief tool in the proof is a notion of equivalence in the 
set of positive elements of V: x~-y means that ax <y «bx for some real a, b>0. The 
equivalence clasees [x] are simply ordered by the rule [x] « [y] if and only if z»cy, 
all c» 0. T is the set of all equivalence classes, with this ordering. The construction of 
the isomorphism of V into Vr is begun by mapping an arbitrary system of representa- 
tives of the equivalence classes onto the characteristic functions of the respective 
points of T, and is completed by transfinite induction. (Received June 15, 1952.) 


519. D. H. Lehmer: Certain character matrices. 


Let x(&) be a real nonprincipel character modulo the prime p (Legendre symbol). 
The paper is concerned with the square matrices Ma (a0, 1, - - - , p —1) of order 
P-—1 whoee general element dy -x(a-1-54-7). For each M, it is possible to give explicit 
formulas for its determinant, its inverse, its characteristic roots, two of its latent 
vectors, and even the general element of its kth power, the latter depending in a 
peculiar way on the Fibonacci numbers in case ay40- Such matrices are useful in 
testing the correctness and efficacy of different matrix methods. (Received May 9, 
1952.) " 
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520r. O. I. Litoff: On the equality of three subgroups of the general 
linear group. Preliminary report. 
Let GL,(R) be the group of nonsingular #X# matrices with elements in R. Let 
© U,(R) be the subgroup of all elements of determinant 1. Let T be the group generated 
by the transvections (J. Dieudonné, Bull. Soc. Math. France vol. 71 (1943) pp. 27- 
45). It is known that if R is a division ring (Dieudonné, loc. cit.) or the integers 
mod f* (J. Brenner, Ann. of Math. vol. 39 (1938) pp. 472-493), then T= U and 
(except when #=2 and 2 is not invertible) T == C (commutator subgroup). This paper 
extends these results to the case in which R isa commutative ring with unit which is - 
either Euclidean or a valuation ring. Recently Hua and Reiner (Trans. Amer. Math. | 
Soc. vol. 71 (1951) pp. 331-348) have given a different proof that U=C in the case 
of the integers. (Received May 8, 1952.) 


5211. O. I. Litoff: On the normal subgroups of ihe general linear 
group. Preliminary report. 


This paper generalizes a classical theorem on the normal subgroupe of the general 
linear group over a field (for example, J. Dieudonné, Bull. Soc. Math. France vol. 71 
(1943) pp. 27-45) and a result of Brenner (Ann. of Math. vol. 39 (1938) pp. 472-493) 
for the integers mod f*. Let R bea commutative valuation ring with unit which may 
have divisors of zero. (If #=2, it is further assumed that 2 is invertible and that the 
residue class field of R is not the field of three elements.) For any ideal I in R let NY 
be the (normal) subgroup of all A in GL.(R) such that ACcenter (mod I) and Nr 
be the (normal) subgroup of all 4 in U,(R) such that A *1 (mod J). For any normal 
subgroup N, let J be the smallest ideal such that NC N*. Then NJC NC. Nj. (Re- 
ceived May 8, 1952.) ` 


522. J. E. Maxfield: Normal k-tuples. l 


The definition of a normal k-tuple to the scale r is analogous to the definition of a 
normal number to the scale r. By use of a theorem stating that a k-tuple is normal if 
and only if a certain number derived from the »tuple is normal and by use of, the 
concept of k-dimensional uniform distribution (mod 1), moet of the known results 
on normal numbers are extended to tuples. Further, it is shown that if A is a regular 
k by k matrix with rational elements and B is a normal b-tuple, then y= pA is'u 
normal k-tuple. Let P be any permutation of the digits 0, 1, - - - , r—1, and let Pa 
be the number obtained from a by performing the permutation on all the digits of 
a. If B (ai, ax, * * - , œa) is normal to the scaler, then so are: (1) (a, ***, aya, 
Pay, a41,°°*, ax) and (2) the k-tuple obtained from £ by the application of P to 
the -digits bu, bam, bim, © **, where the sth k-digit is the #tuple composed’ of the 
mth digits of the a, to the scale r, (Received May 2, 1952.) . 


523. J. E. Maxfield and Margaret W. Maxfield: The existence of pri- 
mative roots (mod p") that are less than p. 

It is proved that for any odd prime p there is a primitive root (mod.p*) between | 
0 and p. This result is a corollary to the theorem of the paper, which applies to any 
divisor d>1 of (p) as exponent rather than to ¢(~) alone. With the problem broken 
into cases according to whether d is not divisible by 2, divisible by 2 once, or divisible 
by 2 more than once, it is shown that an integer b can be found whose period (mod p) 
is d but whose period (mod p?) is pd. An inductive argument extends the result to the 
. modulus p". (Received April 28, 1952.) 
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524. M. J. Norris: Cofinally concentrated directed systems. 


A directed system is said to be cofinally concentrated if the cardinal of a set of 
elements not after a given arbitrary element is always lesa than the cardinal of the 
system. The main result is that every cofinally concentrated directed system has a 
well-ordered cofinal subset. (Received May 5, 1952.) 


5251. W. L. Parker and B. A. Bernstein: On uniquely soloable 
Boolean equatsons. : 


Whitehead obtained a criterion for the unique solvability of a Boolean equation. 
'The criterion is convenient when the equation is expreseed in terms of logical addition, 
multiplication, and negation. The authors of the present paper obtain additional con- 
venient criteria for the unique solvability of a Boolean equation expressed in terms 
' of the logical operations, as well as suitable criteria for the unique solvability of any 
Boolean equation or system of Boolean equations expreseed in terms of the ring 
operations of symmetric difference and multiplication. For each type of uniquely 
solvable equation or system of equations the solution is given in a form appropriate 
to the type. In the discussion of the Boolean ring equation a normal ring form of the 
equation is used and a simple relation between this form and the normal logical form 
is obtained. Systems of Boolean ring equations, linear and nonlinear, are studied with 
the help of *complexes" ; systems of » linear equations in # unknowns are also studied 
with the help of ring determinants. In an incidental note a criterion is obtained for 
determining if the roots of one of two Boolean equations are also roots of the other. 
(Received April 28, 1952.) . 


5261. Dov Tamari: On one-sided linear homogeneous equations in 
general rings. 


A (linear) equation with the unknowns on the right of the coefficients is a right 
equation, and a system of right equations is a right system €. Solvable means non- 
trivially solvable in the ring of coefficients R, and similarly solution means a nontrivial 
solution. R may contain divisors of zero and is said to have the property P, if for any 
two n ER, a,»£0, there exista 6,C R such that a:b; = asbh p60: existence of C.R. M. »*0. 
One can extend to such rings the theorem, classical in fields: A system of s right linear 
homogeneous equations in s--1 or more unknowns is solvable. The straightforward 
proof, essentially different from the usual elimination process which can not be ap- 
„plied, is simpler than the classical one for fields. It is based on shortest solutions, i.e. 
‘solutions having the least number >0 of nonzero components. If R is not P, but Py 
elimination can be applied to €. But as (generally) ©, has no solution, this does only ` 
transform the Diophaniias problem and is more useful to decide the eventual unsolv- 
ability of a specified system. (Received May 8, 1952.) , 


527%. Dov Tamari: On the embedding of general Lie rings in quotient 


R[X] be a locally fimite ring (not necessarily an algebra in the narrow sense) . 
of Lie polynomials, i.e.: R any ring; X a finite or infinite set of symbols; ań xa 
GER, zx X); [xs x] mm nmm 2 [Ye (VIER), and any fimits subset WX 
contained in a finite subset Y such that R|F ] is a Lie (sub)ring. voc gay Mace are 7 
ee least one O-standard form $ 0.. <n, 
xh. * (z, «2; in ©), and R[X] is represented om the set R(X) pening 
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(commutative) polynomials. The construction of formally nonirivial C.R.(L.)Ms. in 
R[X] reduces to solving a system of right (left) linear homogenous equations in 
R (see preceding abstract). For sufficiently high degrees of the unknown standard 
forms the number of unknowns exceeds that of equations. If the fundamental thearem 
on systems of right (left) linear homogeneous equations is valid in R, any two 
P, QC R[X] of degree Sm with nE Y have at least C.R.(L.)Ms. of any degree rz com 
where cy=1/(1—274*) and y card Y a natural number. If the representation by 
standard forms is «xique, R[X] is a proper Lie ring, and formally nontrivial is always 
nontrivial; with, R also R[X] is regular (r., L). This shows the embeddability of the 
Birkhoff-Witt algebras in fields of quotients by the well known construction of Ore. 
(Received May 8, 1952.) sf 


ANALYSIS 
528. M.. G. Arsove: Functions of potential type. 


A function w representable as the difference of two subharmonic functions is 
called 3-subharmowic. With the introduction of the characteristic function T(t) 
(Functions representable as differences of subharmonic functions, Proceedings of the 
International Congress of Mathematicians, Cambridge, 1950) the concept of order 
and the theory of functions of finite order (famillar for entire meromorphic functions) 
extend to entire &subharmonic functions. A complete entire -subharmonic func- 
tion Is said to be of potential type provided it has order zero and its mass distribu- 
tion has finite total variation; we have as a criterion that lim... [T;(t)/log r] exist 
finitely. Let E be a bounded nonpolar Borel set and q the equilibrium distribution of 
the unit mase on E. Under the norm ||w|| =| fxtedg| Hina [T-(w) /log r] functions 
of potential type form a Banach space, and thereby play the fundamental role of 
completing the space of potentials. Moreover, a number of further problems that. 
arise naturally in potential theory can be solved only in terms of functions of potential 
type. (Received May 5, 1952.) 


529, R. P. Boas: Entire functions with negative seros. 


A theorem of Valiran [Ann. Fac. Sci. Univ. Toulouse (3) vol. 5 (1914) pp. 117—257] 
states that for an entire function f(s) of order less than 1 with real negative zeros the 
conditions (1) log /(r)-^x csc xpr*, r— », and (2) s(r)o-r* are equivalent; here w(r) 
is the number of zeros of absolute value not exceeding r. For recent simplified proofs 
see Bowen [Quart. J. Math. Oxford Ser. vol. 19 (1948) pp. 90-100], M. Heins [Ann. 
of Math. (2) vol. 49 (1948) pp. 200-213]. Paley and Wiener [Fourior transforms in the 
complex domain, New York, 1934, p. 70] proved a theorem for functions of order 1 
which is equivalent to saying that when p=1/2 and f(0) —1, (1) and (2) are equiva- 
lent to f/?x^*'log|f( —)| dx - —»*. The author shows that for 0 «p «1 and 0 «e«1, 
(1) and (2) are equivalent to fæ {log|/(—s)| -r cot xsw(x) \dewa(p—o)t 

* (cot xp~cot xc)r* *. {Received May 2, 1952.) 


530;. R. C. Buck: On a theorem of Pólya. 


A new and very simple proof is obtained for the following well known theorem; let 
J(s) be entire, of order one and zero type, and let f(s) -O(»') fors -0, t1, +2, +> 
then f(s) is a polynomial of degree r at most. The proof depends on the use of the func- 
tion G(s) = 20s A*f(0)s^. After a preliminary reduction, this is shown to be entire 
and bounded in the balf planes xg; —1/2 and x3 —1/2, so that G(s) is constant, 
and from this f(s) is a polynomial. (Received May 5, 1952), 
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531. Paul Civin and H. E. Chrestenson: The mulitplicsty of a class 
of perfect sets. i 


Let the perfect set P be formed in the following way: Let [0, 2r] =p}. At the mth 
stage of the construction remove the open interval d"** from pf and call the remaining 
intervals piii Px $e1,:...,29. Let msp- (d;/P; ), and && 
msp $ (Pu Pu PR [PR N. K. Bary [Fund. Math. vol. 9 (1928) pp. 
84-100] showed that the hypotheses (1) «x o(1) and (2) && —O(1) implied that P 
was a set of multiplicity for trigonometrical series. She also conjectured that (2) was 
superfluous. S. Verblunsky [Acta Math. vol. 65 (1935) pp. 291-305] introduced a 
lemma to establish the Bary conjecture. The authors indicate the falsity of the 
Verblunaky lemma and prove that the multiplicity follows in the intermediate case 
in which (2) is replaced by && &o(1/supa <a «). (Received May 2, 1952.) 


532. K. L. Cooke: The asymptotic bekavior of the solutions of 
linear and nonlinear differential-difference equations. 

Consider the equations (1) w/(¢+1) =a(t)w(4)+0(i)e(¢-+1) and (2) w’(é+1) 
ma(t)u(t) Hul) +D(m(t), w¢+1)), where De 2 iz: buy (u(t) (4-1). al), 
b(t), and the 5,,(/) are assumed to be real and continuous for 42s. It is also supposed 
that [5,0] Sb, and that the series Yo: buty converges for all sufficiently small 
|x| and |»| ., The boundary condition is «(£) = g(t) for tei ato--1, where g(t) isa 
given continuous function. Bellman (Ann. of Math. vol. 50 (1949) pp. 347-355) has 
studied (2) in case a(1) —a« and b(t)5o as t—-|- ©. Using transform methods, the 
author shows that if a(é)~ae+(a./é) + * * - and b(f)e-5o--(bi/D) 3- +++ as toto, 
the linear equation' (1), subject to the stated boundary condition, has a unique 
solution for t» £«. If S denotes the root of largest real part of the equation (3) se*— boe* 
—aom0, and if 8 is the residue of (aie 7*--b))/(s—b,—ao£*) at S, this solution is 
ORADAN!) as 1 4- o, If all the roots of (3) have negative real parts and if | g(4| 
is sufficiently small over the initial interval, the same conclusions are valid for (2). 
(Received April 29, 1952.) 


533. H. A. Dye: The unttary structure in finie rings of operators. 


A W*-algebra (= weakly-closed self-adjoint algebra of operators on Hilbert space) 
is called »on-atomic if it contains no minimal projections. By means of a theorem of 
Liapounov on the range of non-etomic vector-valued measures, it is shown that (1) 
the weak closure of the set of projections in any non-atomic W*-algebra fills out the 
positive part of the unit sphere, and (ii) the weak closure of the set of unitary oper- 
ators in e non-atomic W*-algebra containing no purely infinite projections fills out the 
entire unit sphere. This fact is then used to characterize the algebraic and spatial 
types of a finite non-atomic W*-algebra M in terms of its unitary structure. Here, by 
definition, the sniary structure in M is the group My of unitary operators in M _ 
viewed as a uniform space in the uniform structure induced by the weak topology. 
Two such structures My and Ny are called isomorphic if there exists a biunivalent 
mapping ¢ of My on Ng which is a group isomorphism, a unimorphism, and which 
satisfies (iI) mil, where i (—1)/1. Each *-isomorphism between two non-atomic 
finite W*-algebras M and N induces an isomorphism between their unitary structures, 
and conversely, an isomorphism between the unitary structures in M and N hasa 
unique extension to a *-isomorphism of M on N. A corresponding notion of strong 
isomorphism is defined between unitary structures which serves to characterize the 
corresponding rings up to unitary equivalence. (Received May 2, 1952.) 


i 


568 AMERICAN MATHEMATICAL SOCIETY [September 


538. Abolghassem Ghaffari: On -the existence of himi cycles of a 
certain nonlinear diferential equation. 


The author considers the nonlinear differential equation (1) dy/dx = [y(t +7 
—2x—3) (x+y — 2x —8) +2 | [x (x+y? — 2x —3) (1-473 — 2—8) —»]" and discusses ' 
the behavior of its characteristics in the large. It is shown that the only critical point 
of (1) is the origin which is an unstable focus. In polar coordinates p, 6, the equation (1) 
transforms into (2) dp/d@=p(p*—2p coe 0—3)(p!—2p cos 0—8), which is discussed 
incompletely by H. Poincaré (Oeweres, vol. I, p. 83). Using as Poincaré's topo- 
graphical system the circles p constant, one finds that the curves of contacts are the | 
origin and the circles p!—2p cos 0—3 =0 and p!—2o cos 0 —8 «0, so that the regions 
0 «p«1, p>4 are acyckc and the annular region 1<p<4 is doubtful. As the circles 
pi, p44 are of the same sign (positive), there exists an even number of limit 
cycles in the region 1 «p «4. The doubtful region can be divided into two smaller’ 
doubtful regions e: «p « C and C«p«p, by the auxiliary circle without contacts 
C: g*—2p coe 0—11/2 =O. It is found that the sign of C is negative and thus different 
from those of pı and p4; therefore each of the two smaller doubtful regions is a mono- 
cyclic region. Then the equation'(1) has, besides the equator, two limit cycles and 
the characteristics are compoeed of three families of curves spiralling away from the 
origin and the limit cycles. (Received May 2, 1952.) 


535. I. M. Hostetter: Boundary value solutions from the general 
solution of certain partial differential equations. Preliminary report. 
Let R be the position vector of a point R of space and f(M -R) an arbitrary func- 
tion. Direct substitution of & =f(M -R) in the homogeneous space linear differential 
equation $:VVs «0 shows that for f to be a solution M must satisfy the condition 
M-®-M=0. If © is nonsingular and definite then M must be of the form PHQ 
where P and Q satisfy the conditions P.-$ -P=Q-®-Q, P-®-Q=0. The totality of 
all solutions f(P -R--4Q -R) where P and Q satisfy these conditions is the general 
solution of $:VVu —0. If w is defined on a boundary e, let Q, or P, depending upon 
E nature of the solution sought, represent the points of the boundary. If, say, Q, 
a set of » such points, then wma, JCP, RHQ, -R)Ac, and consequently 
m -RQ -R)de, is a solution. If f is property chosen, the boundary conditions 
will be satisfied. The method is extended to obtain the solution of boundary value 
problems of special types of nonhomogeneous equations and leads directly and simply 
to the usual solutions of the standard boundary value problems. (Received May 8, 
1952.) 


5364. M. S. Klamkin: Generalization of Clasrawu s differenisal equa- 
‘tion and the analogous difference equation. 


Clairant’s equation is generalized to Fle, s53::-:, Se-1)™0 where s 
= ry (Hl aty te s], y edry/dxr. The solution is obtataed by differentiating 
F=0, which yields dy/dx*=0. Thus y= 90°) a,x*/rl where Flao a1, +++, a4.) =O. 
The analogue of the generalized differential equation as a difference equation is 
F(s& 8, >*t, Sa) m0 where s 2774 — (—1)'Copete Auu. The solution is ob- 
tained by considering AF «0, which "yields A't,=0. Thus wa 2 ^3 GC where 
Flas, Gu °° * , Ga) 0. (Received May 7, 1952.) 


537i. V. L. Klee: Convex sets 4n linear spaces. IIT 
(The first two papers of this series appeared in Duke Math. J. vol. 18 asi 


195] ` THE JUNE MEETING IN EUGENE "569 


‘pp. 443-466 and 875-883) wr EET T the collection of all sets 
XC Í such that for each finite-dimensional linear variety VOL, XMV is open in the 
natural “Euclidean” topology of V. It is proved that the linear space (L, T) (L 
topologized by T'as its family of open sets) is locally convex if and only if dim LZ Ne; 
and for dim L7» Ne L actually contains a closed convex proper subeet which inter- 
sects every nonempty open convex subset. This answers negatively a question raised 
earller [loc. ct., p. 447, (Qa) ]. Supplementing an earlier result [loc. cit., p. 462, 
(12.4) ], the following are proved: dim L «Ns if and only if every p*+-functional on L 
majorizes at least one linear functional; dim L SNo if and only if every lower semi- 
continuous ECan on L- majorizes at least one linear functional. (Received 
May 8, 1952.) i 


538. R. B. Leipnik: New extsience proof for semt-linear elliptic 
Axiomatic inversion ‘theory (cf. Axiomatic Perron inversion, Proceedings of the 
International Congress of Mathematicians, Cambridge, 1950, Vol. I, p. 462) is applied 
to eemi-linear elliptic partial derivative equations to obtain existence theorems, The 


results are in some respects stronger than those based on the theory of completely 
- continuous operators in Banach space. (Received May 7, 1952.) 


5391. Norman Levinson: The treatment of the irregular singular point 
for differential equations by the Phragmén-Lindelof theorems. ` 


The system of differential equations dtw/ds — s A (s) w, where w is a vector, s a 
complex variable, r an integer 20, and A(s)—Ao+Ais +A t+ > + with As 
Ai, +++ constant matrices, can have s= œ as an irregular singular point. Formal 
solutions are known to exist. Recasting the system into a system of integral equations, 
by a well known procedure, the existence along any radial direction (or similar curve) 
of actual solutions for which the formal solutions are asymptotic is well known. The 
proof that the actual solutions are represented asymptotically by the formal solutions 
in certain sectors of the cómplex plane, due in the general case to Trijitzinsky, is 
more complicated. It can be shown that by use of familiar Phragmén-Lindelbf 

‘theorems (Problems 331 and 340 of Vol. 1, part III, of Aufgaben und Lekrsdizs by 
Pétya and Sregd) the result along radial directions (or similar curves) implies the 
result in the appropriate sectors of the complex plane, thereby simplifying the proof 
considerably. (Received March 13, 1952.) 


540. A. E. Livingston: Some Hausdorff means which exhibi the 
Gibbs’ phenomenon. 


The regular Hausdorff means of order s, with kernel g(x), for the sequence du(x) 
= Sop. tin kx/k are given by hae(z) = 27, 4 Conda(z) SP Adel), with g(0--) 
ee) £(1) — £(0) 1, and g(x) of bounded variation on the interval Oax &1. Otto 
Szász (Trans. Amer. Math. Soc. vol. 69 (1950) pp. 440-456) has shown that if x, 
40+ and &x,—6 3 © as n— c, then k,.,(x.)—/, Si (ax)dg(x) (Si (x) /A(ein t/tdi). 
Define F(g) -maxs»e Q/x)f Si (ax)dg(x). If Fg) >1, then the sequence k.,(x) . 
exhibits the Gibbs’ phenomenon. The author proves that if the N points of jump 
of the step-function kernel sw(x) are linearly independent over the rationals, 
then F(sy) >1. For N —2, he shows that every s(x) satisfies F(5) >1. (Received Feb- 
ruary 18, 1952.) 
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541t, E. R. Lorch: A curvature study of convex bodies in Banach 
spaces. 

Let € be a real Banach space with norm ||x]l. Let r>1. Write G(x) -r7i|]|. 
Suppose that é(a, £) =G(x+ay+ 6x) is twice continuously differentiable. Write the 
derivatives at a 8-0 as G(x), Gp (x), etc. Suppose pr for x540, y%0, Gy(x) 
20 (implying that the curvature of the unit sphere in ® is positive). It is shown 
that G,(x) is a bounded linear functional f(y) in :8* with ERER -|zl7. Further, 
Gys(x) is bilinear in y, s and is a bounded linear functional g(s) for each y. If x0 is 
"fixed, the mapping y—6,«(x) is 1-1 bounded linear of B into B*. If f(y) CB* assumes its 
Lu.b. at x, then f(y) =XG,(x), X0. If there is an L>0 such that Ujj] S Gr(2), 
then 48 is uniformly convex and the mapping bise is 1-1 strongly continuous 
(nonlinear) from $8* onto 88. Also the mapping y—Gy (x) for fixed x»0 is bicontinu- 
ous linear of ® onto 8*. If for L>0, X »0, Lll 365) Xlll] (im- 
plying curvature of unit sphere is bounded away from 0, œ), $8 is isomorphic to a 
Hilbert space. The mapping x—4G,(x) is a strong homeomorphism of % onto 8* 
which maps the unit sphere of $8 onto that of $8*. (Received May 6, 1952.) 


542. O. M. Nikodým: On accesssbilaty tn convex sets $m abstract 
linear spaces. 

Let E be a convex set containing at least two points, in abstract linear infinite- 
dimensional real space L where, no topology is suppoeed. By lin E we understand, 
with V. L. Klee, Jr., the set of all points C L such that there exists x- E where the 
half-open rectilinear segment [z, y) belongs to E. Klee has given an example of E 
where lin? E»élin E. The question whether the relation lin? E »4lin? E is possible lias 
not been answered yet. In this respect the following theorems hold true: I. For every 
ordinal a where [Ga « Q there exists E with lin? Ezslin*? E, II. If the Hamel basis 
of L is countable, then for every E there exists a « Q with lin? E»lin**t E. III. If 

' the Hamel basis is not countable, there exists E with lin? E»lin**! E for every 
a « à. IV. For every E we have lin? E -lin?*! E. V. The linear closure of E coincides 
with lin E and is a convex set. This paper is part of the work under a cooperative 
contract between A.E.C. and Kenyon College. (Received May 5, 1952.) 


5431, H. S. Shapiro: Maximum-minimum duality in extremal prob- 
lems. Preliminary report. 


It is known that certain maximum problems in the theory oí functions can be asso- 
ciated with- minimum problems, and solved by exploiting this interrelation. For ex- 
ample, Macintyre and Rogosinski, Acta Math. vol. 82, state the result: “Let K(s) 
be regular in |s| <1 except for a finite number of poles, and lim supr. icon 
« «. Let If) =| (1/21) fiqaf(s)K(s)ds| and 7t -|E-+elly. Then max I(f) over 
all fH, with |[fl],s1 equals min J(g) over all gC Hy. The max and min are at- 
tained by f; and gı such that (1) | A/D f775.(69)K:(e6)de| -l5^]l ol», 
where SR LUN From (1) much further information is then deduced, leading in 
many to the determination of fi, Ki, and max J(f). (In the above, 
|| Fl, - Folle denotes al ee ; Hy is the clase of f(s) regular in |s| «1 
for which lim supra || fee] € 9; 1a 93 ©, and 1/p+1/p’=1.) The author gives 
a simple proof of the above theorem, using the Hahn-Banach theorem and F. Riess’ 
theorems on the representation of linear functionals over the space Lp. The generality 
of the author’s method permits him to extend the above result in several ways, for 
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example: more general kernels X, more general domains than the unit circle, and 
replacement of the class H, by a corresponding class of polynomials. The underlying 
reason for maximum-minimum duality is seen to be the fact that the norm ofa linear 
functional relative to a subspace X; of a Banach space € equals the distance in the 
conjugate space £* of T from the annihilator of Xi. (Received May 21, 1952.) 


544. Andrew Sobczyk: Generalised measures and functionals of 
testing functions. 


A-continuous linear functional f($) on the space (w) of bounded sequences is of 
the form f(¢) = f¢(t)¢F, where F is a finitely additive set function on all subsets of the 
set T of positive integers. If r(t) is the characteristic function of XC T, then F(X) 
=f(¢x). For a nonlinear functional g(¢) on (s), the equation G,(X) =g(a¢x) asso- 
ciates with g(¢) a one-parameter family of set functions; in this paper set functions 
are studied to advantage from the point of view of functionals on (m). Characteriza- 
tions are obtained of conver, quasi-convex, monotone, subadditive, finitely and 
countably-many valued set functions, in terms of the aseociated functionals. Prop- 
erties are determined of the clase of two-valued set functions modulo the clase of 
two-valued additive set functions. Similarly nonlinear functionals on the linear topo- 
logical space (D) of the Schwartzian theory of distributions, and how they correspond 
to nonadditive set functions and multiple-layers, are considered. Other spaces of 
testing functions than (D) and (m), appropriate for other families of sets than Borel 
fields and the family of all subsets of T, also are introduced, and the corresponding 
functionals and generalized measures are studied. (Received May 7, 1952.) 


545. G. E. Uhrich: A generalised hyperbolic differential equation. 
Preliminary report. 


An examination is made of the partial differential equation Dox »f(zi, +++ , Za; 
#, Diu, <> > , Dau) in which Dyw (p-—1,--- , m) is a partial derivative of- the de- 
pendent variable w with respect to the independent variables x; * * * , <a, the order 
of Dox exceeds that of each of the other derivatives involved, and further its order 
with respect to x, (k—1,---, #) is not exceeded by the order with respect to xa of 
any of the other derivatives. When a certain set of functions called “initial determina- 
tions" are given, and when these functions together with the function f of the equa- 
tion satisfy a set of specified conditions, the existence of a unique solution « 
muzi, * * * , Xa) of the differential equation is insured. (Received May 8, 1952.) 


546. J. L. Ullman: A notion of capacity for distributions. 


In an investigation of the relationship of Hankel determinants whoee elements are 
the coefficients of a Taylor series to the singularities of the corresponding function, it 
was shown that the following notion of- average capacity played a significant role. 
Let u(i) be a nondecreasing function, constant outside the interval (0, 1), let E be the 
eet of ¢ for which u(t.) —4( —«) >0 for all «20, and let Ej be the subset of E in the 
closed interval te 1). The average capacity of E,, denoted by 7(4,, x), is defined as 
lim sup, |Ma yio, where Mim fp--+ f; Wohi ++, adalh) --* data), 
Vi - ++, t= [Ti ios (hh). Let à be the lower bound of p for which 7(E,, x) 
7-0, and let f(s) = fu (t)/(—s). The problem is to give a function-theoretic character- 

"ixation of the behavior of f(s) in a neighborhood of Ey. The following representsa per- 
tial solution, namely, it is shown that lim,.. f(x-1Hy) —f(x—ty) =0 for almost all x in 
the interval (A, 1). This is proved by first showing that u(/) has derivative zero except 
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for a set of measure rero in the interval (A, 1), and an important step is the generaliza- 
tion of a relationship due to Edrei (Compositio Math. (1939), Proposition 7, p. 65). 


(Received May 9, 1952.) . 


547i. Albert Wilansky: The basis in summabsisty space. 


Let © be the sez (1, 3, 55, P, +- ], where i= {1, 1, 1,- }, = (0,0,- 

0, 1, 0, --- } (1 in the kth place). S. Mazur (Studia Mathematica vol. 2) proved 
that & is fundamental in the field of a summability matrix if and only if it is of type 
M. A matrix A is said to have the PMI property if for every equipotent B, > bats 
converges for every x summable-B, where b, e limzauy. The (C, 1) matrix has the PMI 
property, the Norlund matrix (pem fi 1, f» 0 for b» 1) has not. Theorem. 9 ts a 
basis for the field of A «f and only «f. A has the PMI property. Principal tool: a known 
lemma on biorthogonal sets and the result: A has the PMI property if and only if 
| uon <M, M depending on x, for all w, # and each x which is summable A. 
(Received April 23, 1952.) > 


‘APPLIED MATHEMATICS 


548. Gertrude Blanch: Note on the numerical solution of differential 
equations tncoloing linear differential operators. 


This note is concerned with the numerical solution of equations of the type Ty 
+ F(y, x)= 0, where T is a linear differential operator, and initial conditions are given 
at the origin of the system. It is'shown that when the solutions of the homogeneous 
equation are known, then the computations can be so arranged that the contribution 
to the integral from the upper limit, at each step of the numerical procese, when y is 
still unknown at the upper limit, drops out. The method involves, essentially, using 
the integral representation of the system. Thus it is not necessary to employ the usual 
method of first approximating y by an open integration formula and then iterating 
the solution until the desired accuracy is obtained; the solution can be obtained by 
mere quadratures. The method is especially succeseful in the important case when the 
differential operator has constant coefficients and is of low order. An example is given, 
and it is shown that for some range of parameters entering into the differential 
operator, the method of using the integral representation leads to numerical processes 
that are easier to manage than the ordinary routine for stepwise integration. (Re- 
ceived May 5, 1952.) 


549. R. G. Selfridge: Approximations with least maximum error. 


For certain classes of approximating functions, where each class forms an # param- 
eter family, it has been shown that the approximation with the: least maximum error 
to a function on a given interval is that with its error curve having abeolute extrema 
of alternating sign, and with at least #-+1 such absolute extrema. This paper shows 
that this is also & sufficient condition for least maximum error for a different clase of 
approximating functions. An iteration process is described that has been used to 
find the approximations, but no proof of convergence is given. (Received April 24, 


.1952.) 


. 550. W. M. Stone: A form of Newton's method with cubic converg- 
ence. 
Using the generalired Taylor expansión of Hummel and Seebeck (Amer. Math. 
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Monthly vol. 56 (1949) pp. 243-247), a formula is presented for the root of an equa- 
tion, f(x) **0, in terms of values of f(x) and f'(x) at points on either aide of the root. 
Advantage lies in the propetty of cubic convergence without the necessity of evaluat- | 
ing second derivatives; if f(x) is a scantily tabulated transcendental function, con- 
siderable interpolation may be avoided. (Received May 19, 1952.) 

GEOMETRY 

551%. C. M. Fulton: The projecting tensor. 

This paper deals with a. Riemannian space V, of » dimensions imbedded in a Rie- 
mannian space Vw of m dimensions. The projecting tensor is defined as a tensor be- . 
longing to the subspace V.. Given any tensor at a point of Ve its projection on V, 
can be found with the aid of the projecting tensor. Proper multiplication and subse- - 


quent contraction o these tensors yield the projection. The procedure also leads to a 
simple interpretation of the covarlant derivative. (Received April 16, 1952.) 


552% P. C. Hammer: Diameters of convex bodtes. Preliminary re- 
port. 2 

A convex. body C in E, is taken to be a closed bounded convex set with interior 
points. A diameter of C may be considered as a chord of C which is a longest chord 
in its direction. The ratio in which an interior point of C divides a chord through it 
is taken as the ratio of the larger (or equal) pert to the whole. The maximum such 
ratio for a point x is designated by r(x). Two results are: (1) If x divides a chord 
ab of C in the ratio ax/ab —r(x), then if y is any point on xb, ay/ab=r(y). (2) Every 
diameter of a convex body C is intersected by c other diameters of C. Since it is 
known that the chord ab mentioned above is necesearily a diameter, if we designate 
by F(r) the set of diameters of C each of which is divided by a point in its maximum 
ratio r «1 then the family of seta F(r) descends as r decreases to the minimum value, 
re of r(x). (Received April 18, 1952.) : 


553%. P. C. Hammer and Andrew Sobczyk: Planar line famulies. 
III. 


A family F of lines is said to be outwardly &-fold if it covers points exterior to 
some circle continuously precisely k-fold, including points at infinity. An outwardly 
k-fold family may be represented by the equations (1) x sin a— cos a— $.(a) 0, 
where dm +1, £2, t» if be2s,ori-0, ti, 42,---, tn if k=20-+1. Necessary 
and sufficient conditions that equations (1) represent an outwardly k-fold line family 
are: (a) 2,(a) are continuous for OSaQx, (b) the upper and lower right and left 
derivatives of p,(a) are uniformly bounded, (c) &(0) = —p (r), += t1, £2,--°, 
x^, and also ¢=0 if $ is odd, (d) it is poesible to choose the sign of subscripts so that 
Pla) > f, (a) for j <i and for all a in [0, r]. (Received April 18, 1952.) 


. TOPOLOGY i i ’ 


5544, D. O. Ellis and H. D. Sprinkle: Topology in B-meirised 
spaces. Preliminary report. 
Let B be a c-complete Boolean algebra. A eet 5 with a distance function taking 


values in B and having the formal properties of a metric is called a B-matrised space. 
An example is B itself with the autometrized distance function (David Ellis, Autom 


7 


574 AMERICAN MATHEMATICAL SOCIETY 


eirizod. Boolean algebras I, Canadian Journal of Mathematics vol. 3 (1951) pp. 87- 
93). The distance topology induced in a B-metrized space (see David Ellis, Geometry 
in abstract distance spaces, Pub. Math. Debrecen vol. 2 (1951) pp. 1-25) by the 
Kantorovitch topology of B is considered. Cauchy sequences, completenesi, and re- 
lated questions are studied. As an interesting application the following are demon- 
strated: A topological space is O-dimensional if and only if it is a space of uniform 
structure defined by a filter having a symmetric idempotent base. Any Tı space, S, 
whoee topology is compatible with such a uniform structure is metrizable over the 
Boolean algebra 25X4, One also finds that B itself under its autometrized topology is 
always complete (this was shown by Löwig using a different definition of Cauchy se- 
quence than ours). (Received April 17, 1952.) 


5551. S. T. Hu: The homotopy addition theorem. 


The homotopy addition theorem is a fundamental assertion which relates the 
element of the homotopy group determined by a map of a cellular sphere to thoee 
determined by the partial maps on the cells of the sphere. It is used in the proof of 
the Hurewicz Isomorphism Theorem and is also a consequence of iti However, in the 
mathematical literature, one can not find an explicit proof of this elementary but 
important aseertion concerning homotopy groupe. In the present paper, an elementary. 
proof of the homotopy addition theorem is given. It is elementary in the sense that it 
is based only on the definition of homotopy groups together with a few well known 
properties of homtopy which were elementarily proved iu the mathematical literature. 
The proof is given in a completely detailed and formalized way. (Received May 2, 
1952.) : 


556. Tibor Radó and P. V. Reichelderfer: Remarks on the topology 
of Euclidean spaces. r 


The purpos of this note is to indicate simple methods by which many of the 
classical theorems in the topology of Euclidean s-space may be derived from the 
eight basic axioms for the relative cohomology groups of compact pairs of Hausdorff 
spaces proposed by S. Eilenberg and N. E. Steenrod in Foundations of algebraic ' 
topology, Princeton University Press. First, an elementary proof is given for the 
theorem that the cohomology group H*(F) of a compact subset F of Euclidean 
s-space is trivial. Almost as a corollary it is shown that if F is a compact subset of 
Euclidean s-space for # 2;2 such that the complement of F is connected, then H*1(F) 
is trivial This result is used to derive a proof of the invariance of the interior and of 
the frontier in Euclidean s-space. (Received April 21, 1952.) 


W. T. PUCKETT, 
Acting Associate Secretary 


BOOK REVIEWS 


Artthmetical questions on algebraic vartelies. By B. Segre. London, 
Athlone, 1951. 5-55 pp. 10s. 6d. 


This book is based on three lectures given 5s the author in King’s 
College, London, in March 1950. He describes it in the preface as 
“an account of the more important problems in which algebraic 
concepts and methods have proved fundamental in overcoming arith- 
metical difficulties, or where arithmetical notions and results have 
played a róle in algebraic geometry." The exposition is throughout 
very condensed, as might be expected on comparing the amall size 
of the book with the large field covered. Results are quoted largely 
without proof, or with only an outline of the ideas used in the proof; 
there is however an excellent and extensive bibliography, by means of 
which the reader attracted by any of the subjects touched on can 
have no difficulty in informing himself more fully. 

The first chapter, presumably corresponding to the first lecture, 
deals with quadrics in an arbitrary commutative field y. First is. 
considered the rather exceptional case where y has characteristic 2, 
and in particular where it has only two elements; here the conic is 
not self-dual, as all its tangents pass through a fixed point, and every 
line through this point is a tangent, though its point of contact may 
not belong to y but to a quadratic extension of y. Another peculiar 
result is that the tangent lines to a general quadric surface (in the 
field of order 2) form a linear congruence; the surface has a unique 
tangent in each of its nine points, and these are all the lines meeting 
a particular pair of skew lines, which are the only lines in space not 
meeting the quadric at all. Most of the rest of the chapter exhibits 
how much ofthe ordinary theory of quadrics in the real field remains 
valid for an arbitrary field, so long as the latter is not of character- 
istic 2; as a typical result of this kind we may quote the theorem 
that every quadratic form in s variables is equivalent in y (i.e., can 
be transformed by a reversible linear transformation with coefficients 
in y) to one of the form 


yiyi d: d yi + OCs, +++, Be) 


where the y's, ys, and s's are some or all of the new variables (so 
that 2h+ksm) and the equation $(s1, ---:, 2;) - 0 has no solution 
in y except (0, - - -, 0); moreover, if two expressions in this form 
are equivalent in y, the numbers 5, k are the same' for both (this is 
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Li 


the generalisation of Sylvester’s theorem) and the forms ¢ are equiva- 


“lent in y. 


The second chapter deals mainly with applications of geometry to 
the problem of finding rational solutions of given algebraic equations 
or systems of equations. As a preliminary example, a set of quadratic 
and cubic equations in six variables is studied, and shown to define 
a reducible curve in Ss, whose constituents are examined separately 
for rational points. Methods applicable to the general cubic in four 
variables are given, depending largely on the theory of the lines on 
the cubic surface; these exhibit ten possibilities in an arbitrary field, 
of which only one (the familiar figure of 27 lines) occurs in an alge- 
braically closed field, and only four in the real field, but all ten in the 
rational field. Results are quoted by which the equation 5; x «0 
can be solved completely (by polynomials with integer coefficients 
in #— 2 parameters) except when 5*3, 5, 7, or 9. A number of quartic 
forms in four variables, and the “biaxial” equation $(x, y) —y/(s, w) 
(where $, V are any two forms of the same order, with nonzero dis- 
criminants) are treated in something the same manner. Finally some 
study is given to what the author calls Severi-Brauer varieties, 
namely those which are birationally equivalent to linear spaces, 
either in y or in some extension of y, the transformation being with- 
out exceptional points. The main problems here are, under what 
circumstances the transformation can'be made in y; if it cannot, 
what is the least extension of y in which it can be made; and what is 
the simplest model (in some defined sense, such as a minimum order 


. model) to which such a variety can be reduced by a birational trans- 


formation in y, without exceptional points. In the study of these 
problems, the anticanonical system is the tool chiefly used. 

'This leads naturally up to the third chapter, which is mainly de- 
voted to problems of rationality, especially to the type of extension 
of y which may be needed for the rational parametrisation of unira- 
tional or birational varieties, defined in y. Recent results on the gen- 
eral complete intersection of any number of quadrics are given; this 
variety is birational if the number of variables is sufficiently great 
compared. with the number of equations. The book ends with the 
problem of under what circumstances an isomorphism between 
transcendental extensions of two fields implies the existence of, or 
(more strongly) is necessarily itself an extension of, an isomorphism 
between the ground fields; and with some applications of the results 
of Chapter I to the study of the birational self-transformations of a _ 
surface by means of the quadratic intersection form of its base. 

Patrick DUVAL 
i 
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Finite deformation df an elastic solid. By F. D. Murnaghan. New York, 
|^. Wiley, 1951. 64-140 pp: $4.00. 


Apparently intended as a text, this book follows the growing 
custom of beginning with an introductory chapter containing pure 
mathematics neither necessary nor sufficient for the applications : 
which follow. The student is deterred from accepting the results 
without question by frequent interjections of “(why?),” “(prove 
this)," and other commands, and the pedagogical usefulness of the 
works is attested by the numerous simple exercises. The pages, whose 
crowding with symbols and parenthetical expressions in the text sug- 
gest that the publisher confused the manuscript with some work on 
topology or algebra, are rather frightening to look at. 

The author maintains that the theory of finite deformations is 
most easily presented and understood by the use of matrices. “Do 
. not fall into the error of regarding them as a complicated device in- 
vented by mathematicians to make the theory of elasticity harder 
than it actually is,” he warns. However, the book did not furnish : 
recreational reading to the reviewer, who finds the author's former 
tensorial treatment in the American Journal of Mathematics, 1937, 
not only more complete but also by virtue of its compact explicit- 
ness easier to grasp. At one point the author reverts to tensors, al- 
though taking care to advise readers to skip this passage, and later 
- in the solution of special problems in curvilinear coordinates he 
employs without derivation equations which would develop naturally 
if an invariant formulation had been given to start with. 

About forty pages are required to derive the classical equations 
of finite elastic strain. Next the author develops what he calls *the 
integrated linear theory? of hydrostatic pressure. This theory is ob- 
tained by taking the expression for change of volume in the linear- 
ized theory, then supposing the Lamé constants are linear functions 
of pressure, then integrating the result. He shows that by suitable 
choice of the constants occurring it is possible to get very good agree- 
ment with some of Bridgman's experiments. The numerical details 
are presented in full. 

To consider the author's theory, let us repeat € of his Saabs 
tion. of the classical proof of the existence of stress-strain relations 
(pp. 55-56). Writing T for the stress matrix, y for the strain matrix, 
f. and p, for the density before and after deformation, J for the 
matrix of gradients of deformed with respect to undeformed positions, 
V for the mass density of the energy of deformation, and using a 
star to denote transposition, he says: *Since [the principle of con- . 


M 
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servation of energy] must hold for an arbitrary volume V, of our 
deformable medium, we have (why?) 


Tr U3AT(*)7189) = pa S. 


Since y is (by hypothesis) a function (written symmetrically) of m 
we have (by the very definition of a differential) & — Tr ((0U/9m)65) 
(show this), and so 


Tr ic EN = p, Tr (= in. 


Since this relation must hold for an arbitrary (symmetric) matrix , 
én, we have (whyr)... 


T= par hye 
an 


The reader notes that if y were allowed to depend on T here, the au- 
thor's formula for &j would become ò =Tr ((OW/dn)dn+ (0/0 T) 8T), 
and the proof would fail, That is, the classical finite strain theory 
requires that for a given point in the medium at given temperature or 
entropy, y be determined by the strain 7 alone, independently of the 
existing stress. Thus the author’s assumption that the Lamé con- 
stants are functions of pressure would appear inconsistent with the 
theory of finite strain, and some readers may prefer to regard his 
“integrated linear theory” as an isolated semi-empirical result. The 
foregoing remarks are not to be confused with the well known results, 
discussed by the author on p. 65, that if an isotropic elastic body is 
really subject to initial hydrostatic pressure po, but we choose to 
neglect that fact and treat it as if it were unstressed, we can get 
correct results for small strains if we simply replace À by A+ fo, 
u by &— po. ' 

The remainder of the book is devoted to the case when the strain 
energy is approximated as a cubic function of the strain components. 
From the general considerations of Reiner [Amer. J. Math. vol. 70 
(1948) pp. 433-446], which are not discussed by the author, it can 
be shown that to this degree of approximation the classical formulae 
relating shear stress to angle of shear, twisting couple to angle of 
twist, etc., will not be altered, although the characteristic phe- 
nomena of nonlinear elasticity will appear in their simplest form as 
new stresses not present at all in the linear theory. The author . 
works out the form of the cubio terms for the various types of crystals. 
In the following discussion of simple tension, simple shear, compres- 
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sion of a circular cylindrical tube and of a spherical shell, and torsion - 
of a circular cylinder, no mention is made of the general solutions 
valid for arbitrary strain energy whichhave recently appeared in the 
literature [R. S. Rivlin, Philos. Trans. Roy. Soc. London. ser. A 
vol. 241 (1948) pp. 379-397, and other papers]. New, however, is 
-the calculation of the second order change of dimensions in a state of 
simple shearing stress, as distinct from a simple shear displacement, 
and of the similar change of dimensions of a circular cylinder in 
. torsion. 

'The only historical references in the book tell us that Jacobians are 
named after Jacobi, the Lamé constants after Lamé, besides giving 
the dates and nationalities of these two persons. Apart from a single 
reference to some experimental data, the only literature citations are 
to the author's other texts. While this practice has become the rule in 
volumes intended for the pedagogical and undergraduate market, its 
extension to serious works does not seem altogether commendable to 
this reviewer. The publishers present this.book as an “authoritative 
exposition.” Inclusion of the recent results in finite strain theory ob- 
tained by Signorini, Reiner, Rivlin, and Green and Shield, which 
seem deep and significant to the reviewer, would not have been un- ` 
welcome. MEE 

In the preface the author states: “If the mathematical treatment 
given here serves tó stimulate the procurement of experimental 
knowledge of these phenomena we shall have attained our aim." 
Abundant and detailed experiments on the very large strain of rub- 
ber have been reported by Rivlin from 1947 onwards. In the re- 
viewer's opinion, the results of these experiments fully. confirm the 
predictions of the general theory of elasticity, while showing that the 
second order approximation employed by the author is insufficient. 

C. TRUESDELL 


Lectures in abstract algebra. Vol. I. Basic concepts. By N. Jacobson. 
New York, Van Nostrand, 1951. 12+217 pp. $5.00. 


This is the firat volume of a projected three volume work designed 
to give a general treatment of abstract algebra. This volume gives a 
comprehensive introduction to abstract algebra and its basic con- 
cepts. The next two volumes will be more specialized in nature. The 
second one will deal with the theory of vector spaces and the final 
volume with field theory and Galois theory. 

The present volume is well organized and excellently written. A 
considerable number of exercises are given that vary greatly in dif- 
ficulty. ; 
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After a short introduction on set theory and the syatem of rational 
integers the author begins with'a preliminary treatment of semi- 
groups and groups. Non-associative binary compositions are dis- 
cussed briefly. This is followed by a fairly orthodox treatment of 
rings, integral domains, and fields. The third chapter deals with 
: various types of extensions of rings and fields, such as the field of 
fractions of an integral domain, polynomial rings, and simple field 
extensions. 

- The next chapter contains a discussion of factorization theory for , 
commutative semi-groups and integral domains. It is shown that the 
unique factorization theorem holds for principal ideal domains and 
for Euclidean domains. Unique factorization is also discussed for 
polynomial rings over rings which have unique factorization. 

In Chapter V the author discusses groups with operators; general- 
izing many of the earlier results on groups and group homomorphisms. 
The isomorphism theorems are proved and this leads up to a proof of 
the Jordan- Holder theorem. This is followed by a diacusgion of the 
concept of direct product and a proof of the Krull-Schmidt theorem. 
Infinite direct products are discussed briefly. 

The first part of the sixth chapter deals with the dics of modus. 
Ascending and descending chain conditions are discussed and a proof 
is given of the Hilbert basis theorem. The second half of this chapter 
contains a discussion of ideal theory in Noetherian rings. It is shown ' 
that every ideal can be represented as the intersection of primary 
ideals and two uniqueness theorems are proved about this intersec- 
tion. 

In the final chapter an introduction to the theory of lattices is 
given. Modular lattices, complemented lattices, and Boolean algebras 
are treated briefly. A number of results proved earlier in the book are 
discussed here from a lattice-theoretic point of view—the Jordan- 
H6lder theorem being proved for modular lattices. 

. ~ With this volume the author has made an excellent beginning. The 
completed work should be, one of the best general treatments of ab- 
stract algebra available. 
W. H. Murs 


Iniroduciion to number theory. By T. Nagell. New York, Wiley, 1951. 

309 pp. $5.00. 

This is essentially a revised edition of a book published in Swedish 
in 1950. The present edition contains more problems and an addi- 
tional chapter on the prime number theorem but unfortunately re- 
places the useful two line biographies‘ of some 63 mathematicians 
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who have contributed to number theory by a corresponding “name 
index." Some idea of the contents can be obtained from the chapter 
titles: I, Divisibility; II, On the distribution of primes; III, Theory of 
congruences; IV, Theory of quadratic residues; V, Arithmetical 
properties of the roots of unity; VI, Diophantine equations of the 
second degree; VII, Dicphantine equations of higher degree; VIII, 
The prime number theorem. 

The first chapter is fairly standard and contains the unique fac- 
torization theorem, a treatment of the arithmetic functions b(n), . 

u(n), T(n), the linear diophantine ove and proofs of the irra- 
tionality of ¢ and x. 

Chapter II deals with the sieve of Fiatosthenes, iie Euler product 
for the zeta function, and Tchebycheff's result that the true order of 
w(x) is x/log x. In addition, the author gives a worthwhile general 
discussion of the results of modern research in the theory of primes 
including the Goldbach problem, the twin prime problem, and Brun's 
method. However, he neglects to mention A. Selberg's work on 
sieves, and his statements concerning x(x)—Li(x) and the gaps be- 
tween consecutive primes can both be strengthened. In addition, his 


' remark that 2!!! —1 is the largest known prime is no longer true as 


the result of recent work. (At the moment of writing, the largest 
prime known is 2131? —1, as communicated to the reviewer by D. H. 
Lehmer.) 

Chapter III gives an unusually complete account of the theory 
of congruences including the identical congruence, divisibility of 
polynomials with respect. to a modulus, the Chinese remainder 
theorem, polynomial congruences to prime power moduli, primitive 
roots and indices, power residues, integer representing polynomials, 
and a remainder theorem first appearing in a little known paper of 
A. Thue (Christiania Videnskabs Selskabs Forhandlinger 1902, No. 
7, pp. 7-31) and subsequently rediscovered or generalized by Aubry, 
Scholz, Vinogradov, Brauer and Reynolds, Rédei, and others. The 
exposition of identical congruences might have been clarified by a 
suitable notational device which would distinguish between the 
two possible meanings of f(x)=g(x) (mod s). Also, the author's 
treatment of congruences to prime power moduli assumes a good , 
knowledge of discriminants and will therefore need amplification for 
most elementary number theory classes in this country; the final 
result, due originally to the author and giving the number of solu- 
tions of a polynomial congruence to a prime power modulus, is not 
to be found in many other books. This proof and a number of others 
in this chapter are somewhat lacking in clarity and they are likely 
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to prove difficult for beginning students; in a few places, the proofs 
can be simplified by appealing to previous results. 

Included in the fourth chapter are the Jacobi symbol, Gauss’ 
lemma, the quadratic reciprocity law, and the infinity of primes,in 
various special arithmetic progressions. The chapter is marred by a 
number of small flaws. 

Chapter V deals with the cyclotomic polynomial, its irreducibility 
over the rational field, and its prime divisors; the basic properties 
of Gaussian sums are proved with the aid of suitable trigonometric 
and polynomial identities. 

Chapter VI contains results on the representation of integers as 
weighted sums of squares, the four square (Bachet-Lagrange) 
theorem, various'results on the Pell and similar equations, and a 
discussion of lattice points on conics. 

Chapter VII deals with some. of the usual diophantine equations 
like x*4-5* — zt, proves the Euclidean algorithm and unique factoriza- 
tion in K((—1)¥*), K(( —2)!/*), and K((—3) 2), proves the impossibil- 
ity of the Fermat equation x*+-y*=s" for 553 and 7, and proves a 
result of Kummer and some properties of cubic curves. À general 
description of the present state of knowledge regarding lattice points 
on plane algebraic curves is given and the work of Thue, Siegel, 
Mordell, and Weil is mentioned. 

The last chapter is devoted to the elementary proof of the prime 
number theorem recently discovered by A. Selberg and P. Erdos. 
'This outstanding work of Selberg is well known and was mentioned 
on his receiving the Fields medal at the International Congress of 
1950; that of Erdds received official recognition at the end of 1951 
in the following citation on the occasion of the award to him of the 
Frank Nelson Cole Prize in the Theory of Numbers: 

“To Paul Erd&s, for his many papers in the Theory of Numbers, 
and in particular for hie paper On a new method in elementary, number 
theory which leads to an elementary proof of the prime number theorem, 
Proceedings of the National Academy, vol. 35, pp. 374—385, July 
1949, in which he makes important contributions to the new ele- 
mentary theory of primes inaugurated by A. Selberg.” 

Despite the generally recognized importance of Erdós' work, the 
author has so campletely neglected to mention it that the only im- 
pression one can gather from the book is that Erdds is a mathe- 
matician who gave some lectures attended by van der Corput who 
developed the exposition in the form given by the author. 

The book contains 180 exercises which are to be found at the end of 
fiveof the eight chapters. Theauthor'sstatement that these are not rou- 
tineisan understatement; many will prove quite difficult for students. 
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The reviewer feels that the appeal of this book will be to the more 
advanced and mature student and that it will be valued chiefly for 
the special topics of Chapters V-VIII now made conveniently avail- 
able. Most beginning students will probably find the book too diffi 
cult and it may therefore prove unsuitable as a classroom text for a 
first course. ` 

- LOWELL SCHOENFELD 


l Ordinary non-linear differential equations in engineering and physical 


sciences. By N. W. McLachlan. Oxford University Press, 1950. 
6-+201 pp. $4.25. ` 


In the preface to this work the author states: “owing to the absence 
of a concise theoretical background, and the need to limit the size of 
this book for economical reasons, the text is confined chiefly to the 
presentation of various analytical methods employed in the solu- 
tion of important technical problems.” It is therefore with fore- 
thought, and perhaps with malice aforethought, that the author has 
presented the mathematical theory in a form which is highly dis- 
organized and which reveals ever so tellingly the inadequacy of pres- 
ent mathematics to explain what are now common experiences of the 


. engineer and physicist. 


` 


The state of disorganization of the mathematics is such that one 
might conclude that there is no theory of differential equations and 
that all one can hope for in practice is that the differential equation 
encountered has been solved in the literature. Thus Chapter II, on 
Equations readily sniegrable, consists solely of the following examples: 
y -—xz/y; y e(x--y)/(x—y); y' 22—x/y; Bernoulli’s equation; 
certain Riccati equations; the simultaneous equations: y'—s 
cy[02-722)!—2a], = yts) a]; y"2*(2»—1) 
PAI); y"-cay*y —0; agy” e(xy'—y)'; ay" yy" 433? 0; 


the Lane-Emden equation. Chapter III concerns Equations inte- 


grable by elispisc functions. Again the choice of examples is arbitrary. 
The other chapters are restricted to a very few special equations 
and add little towards any general point of view. 

Granted the deficiencies of the existing mathematical theory of 
differential equations, the reviewer believes that the author has 
exaggerated the situation. Even his list of “equations readily inte- 
grable" is a very inadequate presentation of what is known. One gains 
the impression that solution of a differential equation is to mean only 
solution in terms of elementary (or elliptic!) functions, and that only 
a simple analytical expression for the solution can be of use. The 
fact that the differential equation itself defines functions is ignored, 
although it is implicit in the approximate methods of solution de- 


i 
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scribed. It is often clear that the practical application does not de- 
mand a formula for solutions but only a knowledge of certain quali- 
tative properties: especially, existence and stability of periodic solu- 
tions. The author ignores the contributions to this aspect by Poin- 
caré, Birkhoff, and many others in recent times. 

Despite the defects mentioned, the book has a number of good 
points which should render it of value to engineers. In the later. 
chapters a number of important examples are treated in great detail 
and, where the mathematics fails, physical experimenta are called 
upon to solve the equations. Any method based on experiments, 
even with such precise instruments as the modern electronic differen- 
tial analyzer, does of course beg the question, for one can never be 
certain as to exactly what equation has been solved. However, in 
wisely guided hands, the instruments can be used to obtain clues as 
to the form of solutions and a more precise mathematical analysis 
may then be able to establish the agreement of equation with experi- 
ment. This process has been carried through completely in very few 
cases and in the present work the mathematics is carried only to the 
point of à first or second approximation by a perturbation method. 
In the fourth chapter (Equations having periodic solutions) this is 
done for the van der Pol equation, the physical experiments concern- 
ing a thermionic valve circuit and an electric generator-motor com- 
bination. Equations of form #-++a9+/(y) =A cos bt are handled simi- 
larly, with a beam-spring system and a hydro-electric surge chamber 
as illustrations. : 

Chapters V and VI concern the representation of approximate solu- 
tions in the form A(#) sin $(/). The approximations are always ob- 
tained by some variation on the perturbation method and the only 
justifications for their accuracy are physical plausibility arguments 
or'actual experiments. One is continually impressed with the agree- 
ment of this crude theory and experiment. In Chapter VII certain 
non-linear equations are approximated by equations of Mathieu 
type and known properties of the Mathieu functions are used to 
discuss stability; a variety of physical illustrations are described. Of 
special interest is the occurrence of subharmonic resonance. Chapter 
VIII concerns the method of isoclines and (quite briefly) numerical 
methods. The book concludes with a large bibliography. 

Although intentionally weak on the theoretical side, this bool 
offers much valuable information to the engineer and to the mathe- 
matician presents a definite challenge which is hard to ignore. 

W. KAPLAN 


NOTES 


The Royal Statistical Society has announced the publication of a+ 
new journal, Applied Statistics, under the editorship of Mr. L. H. 
C. Tippett. Volume 1, number 1 dated March 1, 1952 was published 
on April 25. 

The Second Graduate Fellowship Program of the National Science 
Foundation, providing awards for study during the 1953-54 aca- 
demic year, will get under way early in October. Application forms 
for both predoctoral and postdoctoral graduate fellowships for the 
1953-54 academic year may be obtained after October 1, 1952, 
from the National Science Foundation, Washington 25, D.C. Com- 
pleted applications must be returned to the Fellowship Office, Na- 
tional Research Council, by January 5, 1953. ' 

Twenty-five fellowships are offered by the American Association 
of University Women to, American women for advanced study or re- 
search during the academic year 1953—54. Applications and support- 
ing materials must reach the office in Washington by December 15, 
1952. For detailed information concerning these fellowships and in- 
structions for applying, address the Secretary, Committee on Fellow- 
ship Awards, American Association of University Women, 1634 Eye 
Street N.W., Washington 6, D. C. 

Associate Professor V. F. Cowling of the University of Kentucky 
has received a Ford Foundation Faculty Fellowship and will be on 


. leave of absence at Yale University. 


Dr. Allen Devinatz of the Illinois Institute of Technology has re- 
ceived a National Science Foundation Postdoctoral Fellowship and 
will study at the Institute for Advanced Study. 

The honorary degree of Doctor of Science was conferred on Dean 
Emeritus L. P. Eisenhart by Princeton University on June 17. 

Dr. I. B. Fleischer of the University of Chicago has received a 
National Science Foundation Postdoctoral Fellowship and will study 
at the University of Nancy. 

The honorary degree of Doctor of Science was conferred on Dr. 
Kurt Gödel of the Institute for Advanced Study by Harvard Uni- 
versity on June 19. 

Dr. D. J. Lewia of the Ohio State University has received a Na- 
tional Science Postdoctoral Fellowship and will study at the Insti- 
tute for Advanced Study. 

Dr. A. E. Livingston of the University of Oregon has received a 
National Science Foundation Postdoctoral Fellowship and will study 
at the Institute for Advanced Study. 
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Associate Professor V. O. McBrien of the College of the Holy 
Cross has received a Ford Foundation Fellowship and will be on 
leave of absence at Harvard University. 

'The honorary degree of Doctor of Science was conferred on Mr. 
E. C. Molina by the Newark College of Engineering on June 6. 

Professor Rothwell Stephens of Knox College has received a. 
Faculty Fellowship, Fund for the Advancement of Education. 
` Dr. John Wermer of Yale University has received a National Sci- 
ence Foundation Postdoctoral Fellowship. 

Dr. Abolghassem Ghaffari of the Institute for Advanced Study has 
been appointed to a professorship at Teheran University. 

Mr. R. H. Kyle of Princeton University has been appointed a 
lecturer at Trinity College, Dublin, Ireland. 

* Dr. Daniel Pedoe of Westfield College is on leave of absence and 
has been appointed to a visiting professorship at University College, 
Khartow, Anglo-Egyptian Sudan. 

Dr. N. C. Ankeny of the Institute for Advanced Study has been 
appointed to an assistant professorship at Johns Hopkins University. 

Professor Henry Antosiewicz of Montana State College is on leave 
of absence and has been appointed to a research position at American 
University. 

Assistant Professor K. J. Arnold of the University of Wisconsin 


has been appointed to an associate professorship at Michigan State 


College. 

Assistant Professor J. H. Blau of Pennsylvania State College has 
been appointed to an associate professorship at Antioch College. 

Mr. W. W. Bledsoe has been appointed a lecturer at the Univer- 
sity of California, Berkeley. 

Mr. I. E. Block of Harvard University has accepted a aton 
as mathematical consultant with the Philco Corporation. 

Professor L. M. Blumenthal of the University of Missouri is on 
leave of absence and has been appointed a consultant at the Institute 
for Numerical Analysis, Los Angeles, California. 

Mr. R. K. Brown of Rutgers University has accepted a position as 
a mathematician with the U. S. Signal Corps, Belmar, New Jersey. 

Mr. R. M. Brown of the University of Maryland has accepted a 
position as a physicist with the Naval Research Laboratory. 

Mr. H. D. Brunk of Sandia Corporation has been appointed to an 
associate- profegesorship at the University of Missouri. 

Professor N. R. Bryan of the University of Maine has retired with 
the title Professor Emeritus. 

Assistant Professor L. J. Burton of Bryn Mawr College has been 
appointed to an assistant professorship at Lake Forest College. 
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Mr. P. L. Butzer of the University of Toronto has been appointed 
a lecturer at McGill University. 

Professor Sarvadaman Chowla of the University of Kansas has 
been appointed to a professorship at the University of Colorado. 

Professor J. G. van der Corput has been appointed to a visiting 
profeseorship at the University of California; Los Angeles. 

"Assistant Professor D. A. Darling of the University of Michigan 
is on leave of absence and has been appointed to a visiting assistant 
professorship at Columbia University. 

Professor R. F. Deimel of Stevens Institute of Technology has re- 
tired with the title Professor Emeritus. . 

Assistant Professor Albert Edrei of the University of Colorado has 
been appointed to an associate professorship at Syracuse University. 

Professor L. R. Ford of the Illinois Institute of Technology has, 
retired with the title Professor Emeritus. 

Professor F. L. Griffin of Reéd College has retired. 

Dr. P. C. Hammer of Los Alamos Scientific Laboratory has been 
appointed to an associate professorship at the Uawersity of Wis- 
consin. 

Assistant Professor L. Aileen Hostinsky of Temple University has 
been appointed to an assistant professorship at Pennsylvania State 

College: 

Professor Leo Katz of Michigan State College i is on leave of ab- . 
sence and has been appointed to a visiting professorship at the Uni- 
-versity of California, Berkeley. 

Mr. R. A. C. Lane of Lehigh University has accepted a position as . 
an engineer with the Radio Corporation of America, Camden, New 
Jersey. 

Assistant Professor Violet H. Larney of Kansas State College of 
Agriculture and Applied Science has been appointed to an assistant 
professorship at the New York State College for Teachers. 

Professor Walter Leighton of Washington University is on leave of 
absence and has been appointed a consultant at the Office of Scientific 
Research. 

Miss Edith Moss of Simmons College has accepted a position as 
Actuarial Trainee with the John Hancock Life Insurance Company, 
Boston, Massachusetts. 

Dr. P. P. Nesbeda of the Catholic University of America has ac- 
cepted a position as, mathematician with the Radio Corporation of 
America, Camden, New Jersey. 

Professor Harry Pollard of Cornell University is on leave of absence 
and will be at the Institute for Advanced Study. 

Professor R. G. Putnam of New York University has retired. 
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Dr. H. E. Rauch of Rutgers University has been appointed to an 
assistant professorship at the University of Pennsylvania. 

Dr. Daniel Resch of the University of Michigan has been appointed 
to an assistant professorship at Northwestern Univeraity. 

Associate Professor Myron Rosskopf of Syracuse University has. 
been appointed to an associate professorship at Columbia University. 

Assistant Professor C. W. Saalfrank of Rutgers University has 
been appointed to a professorship at Lafayette College. 

Dr. Pierre Samuel of the University of Clermont-Ferrand has been 
appointed to an assistant professorship at Cornell University. 

Associate Professor R. R. Stoll of Lehigh University has been 
appointed to a professorship at Oberlin College. : 

Associate Professor Alexander Tartler of Lafayette College bus 
been appointed to a professorship at Drexel Institute of Technology. 

Professor M. E. Wescott of Northwestern Univeraity has been ap- 
pointed to a Professorship of Applied Statistics at Rutgers University. 

Professor Jacob Wolfowitz of Cornell University is on leave of 
absence and will be at the Institute for Numerical Analysis, Los 
Angeles, California, until January 31 and at the University of Illinois 
until June 5. . 

'The following promotions are announced: 

A. G. Anderson, Oberlin College, to an assistant professorship. 

Richard Arens, University of California, Los Angeles, to an asso- 
ciate professorship. 

B. J. Ball, University of Virginia, to acting assistant professorship. 
‘ R. W. Ball, University of Washington, to an assistant professor- 
ship. 

R. H. Bardell, University of Wisconsin, to a professorship. 

H. G. Bergmann, City College, New York, to an assistant pro- 
fessorship. 

R. H. Bing, University of Wisconsin, to a professorship. 

Daniel Block, Yeshiva University, to an assistant professorship. 

R. H. Bruck, University of Wisconsin, to a professorship. 

T. E. Caywood, Institute for Air Weapons Research, University 
of Chicago, to supervisor of the new program in Operations Research. 

L. W. Cohen, Queens College, to an associate professorship. 

Nancy Cole, Syracuse University, to an associate professorship. 

R. M. Conkling, University of New Hampshire, to an assistant 
professorship. 

J. A. Daum, Agricultural and Mechanical College of Texas, to a 
` professorship. 


Ky Fan, University of Notre Dame, to a professorship. 
fa 
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Samuel Goldberg, Lehigh University, to an assistant professorship. 
W. O. Gordon, Pennsylvania State College, to a professorship. 
Fritz Herzog, Michigan State College, to a professorship. 

J. C. Kiefer, Cornell University, to an assistant professorship. 

Morris Kline, New York University, to a professorship. 

J. A. Marano, Manhattan College, to an assistant professorship. 

W. H. Mills, Yàle University, to an assistant professorship. 

R. E. Ozimkoski, Fordham University, to an assistant professor- 
ship. 

P. T. Rotter, Mutual Benefit Life Insurance Company, to an asso- 
ciate mathematician. : 

Albert Schild, Temple University, to an aeua professorship. 

A. S. Shapiro, Cornell University, to an assistant professorship. 

T. T. Tanimoto, Allegheny College, to an assistant professorship. 

The following appointments to instructorships are announced: 
University of Arizona: Dr. G. M. Petersen; University of California, ' 
Berkeley: Dr, R. G. Stoneham; Cornell University: Mr. N. T. Hamil- 
ton, Mr. Hyman Kamel, Dr. Ilse L. Novak; Harvard University: 
Mr. Robert Osserman; Lehigh University: Dr. J. A. Schatz; Prince- 
ton University: Dr. M. T. Wechsler; Rutgers University: Dr. K. G. 
Wolfson; Swarthmore College: Dr. David Rosen; Washington State 
College: Dr. D. W. Bushaw; Yale University: Dr. Lawrence Markus. 

Associate Professor Emeritus Joseph Barnett of the Oklahoma 
Agricultural and Mechanical College died on April 12, 1952 at the . 
age of sixty-nine years. He had been a member of the Society for 
fourteen years. l 

Associate Professor Emeritus E. F. A. Carey of Montana State 
University died on May 19, 1952. He had been a member of the 
Society for forty-four years. 

Professor Marie Litzinger of Mt. Holyoke College died on April 7, 
1952 at the age of fifty-two years. She had been a member of the 
Society for twenty-seven years. 

Dean E. D. Meacham of the University of Oklahoma died on June 
28, 1952 at the age of sixty-four years. He had been a member of the 

Society for thirty-seven years. 
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CARATHÉODORY, C. Conformal representation. (Cambridge Tracts in Mathematics 
and Mathematical Physics, no. 28.) aH ed. Cambridge University Press, 1952. 
104-115 pp. $2.50. 

von Cuzs, N. Schriften des Nikolaus von Ou Dis mathematischen Schriften. Trans. 
by J. Hofmann with an introduction and remarks by J. E. Hofmann. Hamburg, 
Meiner, 1952.52-1-268 pp. 

Foà, E. Fondament: ds termodinamica. Ed. by A. Giulianini, yee Zanichelli, 1951, 
13+255 pp. 3000 lire. 

GrIULIANINI, A. See Foà, E. 

GLODEN, A. Table de factorisation des nombres N*--1 dans l'intervalle 3000 < N 36000. 
Luxembourg, Gloden, 1952. 14-51 pp. 80 Belgian fr. 

HALD, A. Statisiscal tables and formulas. New York, Wiley, 1952. 97 pp. $2.50. 

Harp, A. Statistical theory with ongincering applications. ‘New York, Wiley, 1952. 
124-783 pp. $9.00. 

Hassz, H. Über dis Klassensakl abelscher Zaklhürper. Berlin, Akademie, 1952. 124-190 
Ppp. 

Hormann, J. See von Cues, N. 

HorMann, J. E. See von Cuzs, N. 

Livy, J. See Pomcart, H. 

Lorca, E: R. Theory of functions. New York, “Columbia University, 1951. 3+-139 pp. 
$4.45. 

MAXWELL, J. C. The scientific papers of James Clerk Maxwell. Ed. by W. D. Niven. 
New York, Dover, 1952. 32-+-607-+8-+-806 pp. $10.00. 

MEISTER, FR. Magische Quadrats. Zürich, Wurzel, 1952. 71 pp. 

MyáxIs, A. D. Linelnye differenctal nye uravnentya s sapasdyvayuiim argumentom. 
Moscow, Gosudarstvennoe Ixzdatel'stvo Tehniko-Teoretiteskoi Literatury, 1951. 
255 pp. 8.80 rubles. 

Niven, W. D. See MAXWELL, J. C. : t 

Pamyati S. V. Kovalesskot. Sbornik state}. Moscow, Izdatel'stvo Akademif Nauk SSSR., 
1951. 155 pp., 1 plate. 8.6 rubles. 

Paroni, M. Sur quelques propriétés des valeurs caractéristiques des matrices carrées. 
(Memorial des Scientifiques Mathématiques, no. 118.) Paris, Gauthier-Villars, 

. 1952. 64 pp. 800 fr. 

PoconELOVv, A. V. Ispibawie vypublyh poverknostel. Moscow, Gosudarstvennoe 
Izdatel'stvo Tehniko-Teoretiteskoi Literatury, 1951. 184 pp. 6.57 rubles. 

Pomcart, H. Oeuvres de Henri Poincaré. Vol. 7. Published under the auspices of the 
Académie des Sciences by the Section de Géométrie. With the collaboration of 
J. Lévy. Paris, Gauthier-Villars, 1952. 8+-635 pp. 

Riesz, F., and Sz.-Nacy, B. Leçons d'analyse fonctionnelle. Budapest, Académie des 
Sciences de Hongrie, 1952. 8-1-449 pp. $7.70. 

Sz.-Nacy, B. See Riesz, F. ° 

Tables of Coulomb wave functions. Vol. 1. (National Bureau of Standards Applied 
Mathematics series, no. 17.) Washington, U. S. Government Printing Office, 1952. 
274-141 pp. $2.00. 

Tara, S. M. Osnoenye sadats teorii laminarnyh teZenil, Moscow, Gosudarstvennoe 
Ixdatel'stvo Tehniko-Teoretiteskoi Literatury, 1951. 420 pp. 15.85 rubles. 

Tricomi, F. Funsioni asaliiiche. Reprint of 2d ed. Bologna, Zanichelli, 1952. 7 4-134 
pp. 1500 lire. 

Tricomt, F. Funsioni elttichs, 2d ed. Bologna, Zanichelli, 1951. 9--343 pp. 4500 lire. 

WEYL, H. Symmetry. Princeton University Press, 1952. 8--168 pp. $3.75. 

YaGLOM, I. M., and Bouryansml, V G. Vypuklye figury. Moscow, Gosudarstvennoe 
Ixdatel'stvo Tehniko-Teoretiteskoi Literatury, 1951. 343 pp. 6.60 rubles. 
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SOME NOTIONS AND PROBLEMS OF GAME THEORY €; 


JOG MCKINSEY 


The theory of games is a relatively new branch of RN 
which treats of situations involving conflict among rational agents. 
In a typical problem to which the theory is applicable, each of sev- 

. eral people can to some extent, but only partially, influence the out- 
come of a certain event; no one of them by himself can determine the 
outcome completely; and they differ in their preferences among the 
various possible outcomes: the theory of games is then concerned 
with the problem of what each person should do in order to maximize 
his expectation of good. 

The theory was originally developed rst by von Neumann,! and 
later by Morgenstern and von Neumann*—to provide a mathematical 
basis for economics. More recently it has been succesefully applied 
to problems of military tactics. The mathematical statisticians,‘ 
finally, have found that some of the fundamental notions of this theory 
are extremely useful for their discipline: procedures analogous to 
those used in the theory of games, if they do not yet tell the statis- 
tician exactly what he ought to do, have at least taught him that 
certain things are better left undone. 

In this lecture I shall summarize the mathematical aspects of this 
theory. The literature of the subject is already too extensive for me 
to be able to cover it completely in the time at my disposal, but I hope 
to explain some of the important notions involved, and to indicate 
some of the outstanding problems. 

Before going to a general description of games it is well to explain 
some technical terminology. In the theory of games one means by a 
game, roughly speaking, a body of rules which specify unambigu- 
ously what, under various conditions, each of certain persons, called 
the players of the game, is permitted to do, what chance devices are 

* An address delivered before the’ Pasadena meeting of the Society, December 1, 
1951, by invitation of the Committee to Select Hour Speakers for Far Western Sec- 
tional Meetings; received by the editors November 29, 1951. 

1 See von Neumann [19]. (The numbers in brackets refer to Items in the'bibliog- 
E von Neumann and Morgenstern [20]. 

3 For a nontechnical account of the relation of the theory of games to military 
matters, eee McDonald [15] and [16]. For a detailed analysis of an interesting 
problem in this domain (the problem of how an airplane should cruise in searching for 
a submarine) see Morse [17]. 

i For the application of the theory of putes to ata ebd] problems, see Arrow, 
Blackwell, and Girshick [1], and Wald [25] and [26]. 
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to be used, and the like. A play of a game, on the other hand, is a 
particular way of playing the game from beginning to end. Thus a 
chess tournament consists of a number of plays of the game of chess. 

What are called finite games can conveniently be represented with 
the help of topological trees.* I shall give an example of such a repre- 
sentation, for the case of a certain three-person game. Suppose that 
the first move of the game is made by player Pı, who has to choose 
from among four alternatives. We represent this situation by the 
bottom part of Figure I, where the “1” at the lowest point of the 
figure indicates that the first move is made by Pı, and the four rising 
lines indicate that P; has four alternatives at this move. 


Ag Ay A4 As 





Fria. I 


We number the alternatives at this first move (and, indeed, at 
each of the moves) in a counterclockwise sense with roman numerals. 
Thus alternative I at the first move is the one corresponding to the 
segment leading to the vertex marked 72" in the figure. 

Now suppose that, if Pı chooses I on this first move, then the next 
move is to be made by player Ps, who in turn has a choice from among 
. three alternatives; and suppose that in addition it is given that if Pi 
chooses II or III on the first move, then the next move is made by 
player Ps, who in either case is to choose from two alternatives. This 
is indicated in Figure I by putting a *2" at the end of the segment 
corresponding to the first choice by P;, drawing three lines upward 
from this point, by putting a “3” on the vertices corresponding to 

+ An exact definition of a game was first given in von Neumann and Morgenstern 
[20, Chapter II]; but Kuhn, in [12], gave a much simpler definition. My discussion is 
based on that o£ Kuhn. 
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moves II and III of P, and drawing two lines upward from each of 
these points. 

Suppose, moreover, that, if P, chooses IV on the first move, then 
the next move is made by chance—an *umpire," let us say, chooses 
from two alternatives by means of some chance device—and suppose 
that the chance device is such that it assigns probability 1/4 to the 
first chance alternative, and 3/4 to the second. We represent this in 
Figure I by putting a *0? at the vertex corresponding to the move 
made by chance; and putting “1/4” and “3/4” on the appropriate 
lines rising from this vertex. 

Finally, let us suppose that if P, chooses I and P, chooses III, or 
if P, chooses II and P, chooses I, then the next move is to be made 
by P, again; that he then has a choice of two alternatives; and that 
these are the only possible moves in the game. Then the tree in Fig- 
ure I represente the complete structure of the moves of the game. 

When games are represented in this way, we see that any unicursal 
path from the bottom to the top of the tree represents a play of the 
game; clearly there are just as many plays as there are top points of 
the tree. Thus there are precisely eleven possible ways of playing the 
game represented in Figure I. 

It is apparent that, in order to describe the game, it is also neces- 
sary to state what will be the payments to or from the various players 
in case the game terminates at the various points 41,---, Án. 
'This can be done by giving a function H, which is defined over 
An, Án, and assumes vectors (x, y, s).as values; where, for 
instance, if 


H(A9 = (5, 3, —8), 


this means that, in case the play terminates at A,, then P; and P1 
will be paid 5 and 3 respectively, and 8 will be taken away from P}. 

In order to complete the description of the game, however, it is 
also necessary to specify how much the players know about the 
previous choices at the time they make their moves. (This specifica- 
tion is clearly very important, sigce the absence of information is, 
generally speaking, a handicap in playing a game.) Thus suppose, for 
instance, that when P; makes his choice he does not know whether 
P, has chosen II or III on his first move; we can indicate this, as in 
Figure I, by enclosing the two corresponding points in a region 
bounded by a dotted line. 

It can even happen that P;, on his second move, does not “remem- 
ber? what he did on his first move. Such a situation can be realized in 
practice by making Pi consist of a “team” of two men, who are kept 
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isolated from each other, so that the second man, when it is his time 
to move, does not know what the first man has done. Such a situa- 
tion would be represented graphically by enclosing within a dotted 
line the two uppermost vertices of Figure I. 

We call euch a set of vertices among which a player cannot dis- 
tinguish when he makes his move an informaiton set. The totality of 
information sets constitutes a partition of the moves of the game 
(i.e., of the vertices of the tree); if a player at a certain point is com- 
pletely informed about the past course of the play, the corresponding 
information set contains only the single point—in which case we 
usually omit the dotted line. i 

If each information set contains just one vertex, we say that the 
game is one with perfect information. Thus a game with perfect in- 
formation is one in which each player, at the time when he makes 
each of his moves, is completely informed about the past course of 
the play. 

In general, an s-person finite game is one that can be represented 
as above by a finite tree. The partition of the vertices into information 
sets is subject to the obvious restrictions that all the vertices in a 
given information set must correspond to the same player, and must 
present the same number of alternatives. In addition it is convenient 
to impose the following condition: 

CONDITION A. No information set intersects any play in more than 
one point. 

If Condition A is not satisfied, certain difficulties arise, which will 
be discussed later. 

An enormous simplification of the theory of finite games was 
effected by von Neumann’s introduction of the notion of a strategy. 
By a strategy for a player is meant a function which is defined over 
the class of his information sets, and for each information set picks 
out one of the available alternatives. Thus, for the game represented 
in Figure I, let a be the set consisting of the bottom vertex, and let 
B be the set consisting of the two top vertices; then a strategy for 
player P, is a function f such that, 


f(a) € {L O, rr, 1v] 
and | 
K8) € (1, r1). 


Thus P; has eight strategies for this game. The number of strategies 
for a finite game is of course always finite. 
Now imagine that, before starting a play of a game, each player 
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picks a strategy and plays according to it. Then, if there are no 
chance moves involved in the game, the outcome, including what 
payments will be made, is already determined; thus the players 
might as well pick their strategies, and then leave to a computing 
machine the task of calculating the outcome. On the other hand, if 
the game involves also chance moves, then a choice of strategies by 
the players does not completely determine the outcome, but it at 
least determines the expectation of each player; here again, then, after 
picking their strategies the players can leave the actual play to a 
machine—though now we shall have to suppose that the machine is 
provided with suitable chance mechanisms (or with tables of random 
numbers) which it will employ at appropriate points in the play. 

In terms of this notion of strategies, we can now describe, cor- 
responding to a given finite game, an equivalent game of much, 
simpler character. For each player P, de +++, fi), let the set of 
strategies available to P, be a; Let Mi, - - - , M, be functions such 
that, when player P, chooses strategy x, Mie P chooses strategy 
xı, and so on, then the amount 


Milte y Ta) 


is the expectation of the sth player. Then the given game is equivalent 
to the following n-move game: on the first move P; chooses an element 
xi from a; on the second move Ps, without being informed what 


last move, P,, without being informed what choices have been 
made by the other s—1 players, chooses an element x, from az. 
After all the choices have been made, player P, (for $1, - --, s) 
is paid the amount 

Mz, ODE Ta). 


This new form of the game is called the normalised Jorm; the form 
considered earlier (where there can be many moves, chance moves, 


etc.) is called the extensive form. The functions Mi, - - - , M, are 
called the payoff functions of the game in normalized form. 

A game in normalized form, with payoff functions Mi, - - - , Ms, 
is called sero-sum if for every choice xi, - - - , x, of strategies for the 


n players we have 
> MG, )= 0. 
$91 


Thus a zero-sum game is one where the sum of the payments made, 
at least on the average, is zero. 
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It is clear that the normalized form of a game is zero-sum if the 
sum of the payments to the various players is zero for each possible 
outcome. This condition is not necessary, however, if the game in 
extensive form involves chance moves, since the payoff functions 
are defined as expectations. 

All the familiar parlor games are zero-sum, since wealth is neither 
created nor destroyed in the course of playing them—but is. merely 
transferred from one player to another. But this is not to say that 
only zero-sum games are important. For it appears that economic 
processes, when considered as games, are ordinarily not zero-sum, 
since wealth is sometimes created during these processes; and in 
military processes wealth is often destroyed.’ 

Although the theory of non-zero-sum games is extremely im- 
portant in practical applications, it appears very difficult to formulate 
useful concepts for this theory; and the situation is similar with re~ 
spect to games with more than two players. The conceptual part of 
the theory of zero-sum, two-person games, on the other hand, is al- 
ready in a very satisfactory state; and this theory presents a great 
variety of exactly formulated mathematical problems, some of which 
turn out to be quite difficult. During the last few years the attention 
of mathematicians interested in game theory has accordingly been 
largely devoted to problems about zero-sum two-person games; I 
want to review very briefly some of the known results in this domain. 

Let T be a (finite) zero-sum two-person game in normalized form. 
We can suppose that the strategies of P, are represented by the num- 
bers 


1,-::,m, 
and those of P4 by 
l,e, A. 


Moreover, there are two functions M and M’ such that, if P, chooses 
strategy + and P: chooses strategy j, then P, receives 


M(i, 9) 


and P, receives 


DM M'(i, j). 

* [t should be remarked that in military situations it often becomes exceedingly 
difficult to state what sort of assumptions should be made about the utility of the 
objects created or destroyed—and one is puzzled how to compare the utility scales 
of the conteste nte. Thus in such eituations it is not always easy to say whether we are 
dealing with a zero-sum game or not. 
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Since I' is zero-eum we have, for all ism and j Sn, 
M(i, j) + MG, j) = 0, 
and hence 
Mi, j) = — MG, p. 
Thus we can say simply that P, receives M(s, j) and P, receives 
— M(s, j). Hence the game is determined by the “payoff matrix” 
M, 1) --- M, ^) 


M(m, 1) «+» M(m, m 


if P, chooses the sth row and P, chooses the jth column, then P, is 
to pay P, the amount M(¢, j). ' 
Now for any element $ which P, may choose, he can be sure of 


getting at least 


min M (i,j). 
jas 


Since P; is at liberty to choose +, therefore, he can make his choice in 
such a way as to insure that he gets at least 


max min M(i, j). 
fam ján 


Similarly, P1 can make his choice in such a way that P, is sure to get 
at least 


mar min —M(i,j), | i 
Jas (am 


and hence so that P, will get at most 


— max min — M(i, ĵ), 
jan tam 


which equals 


min max M(i, j). 
Jäs tam 


If it happens that 


(1) min max M(i,j) = max min M(i, j), 
jan tam fam ján 


then P; can himself play so as to get this common value (which we 
denote by “v”), and P4 can keep Pi from getting more than v. In 
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this case, there are optimum strategies to and jo for the two players 
such that, for all 4 and jf, 


(2) M(i, jo) S Mlio jo) S M(io, 7) 
and 
M(is, Jo) - 7. 


Thus P, unless he has good reason to believe that P4 will behave in 
some particular foolish way, cannot do better than to choose $9; and 
similarly, P, cannot do better than to choose jo. 

It is easily shown that conditions (1) and (2) are equivalent: 
thus condition (1) is satisfied if and only if the matrix of the game 
has a saddle-potnt—i.e., an element which is at the same time the 
minimum of its row and the maximum of its column. The matrix 


"e 
1 —5/’ 
for example, has a saddle-point in its upper left-hand corner; hence 
P, can expect to get at least 2 in this game (by choosing the first row), 
and P; can keep P, from exceeding 2 (by choosing the first column). 
It is interesting to note in this connection that Morgenstern and 
von Neumann have shown (in [20, pp. 112-124]) that the matrix of 
the normalized form of every two-person, zero-sum game with com- 
plete information has a saddle-point. Thus there exist optimum 
strategies for playing chess, for example, or backgammon. The 
theorem does not apply to games like bridge or poker, however, 
where one does not know what cards have been dealt one’s opponents. 
On the other hand, not every matrix has a eee a simple 
example is the following: 
(a 3) 
-1 if 


The question then arises whether there are nevertheless optimum 
ways of playing such games. The answer is affirmative, provided we 
introduce a new notion: namely, that of using a chance mechanism 
for the choice of strategies. 

Suppose that, in the game whose matrix ia 


| M(1; 1) ++- MCI n) 


M(m, 1) -- - M(m, n) 
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the first player, instead of choosing the m strategies available to him 
in some predetermined manner, selects them at random with prob- 
abilities x1, - * * , xq, and that the second player selects his strategies 
with probabilities yı, © - © , Ya. This means that P chooses a vector 
X (n, xx) from the set S w of all vectors (s, - -+ , Sa) whose 
components satisfy 


! 


s & Ofori=1,-+-,m, Dis l; 
tmi 


and similarly that P, chooses a vector Y= (yj, - - - , 9.) from the 
analogously defined set $,. (Elements of $4. and Sq are a 
mixed beta tg: we sometimes call the original strategies 1, - - - , m 
and1,---,m pure strategies.) Then the erpectaton E(X, Y) ot the 
first iver i is given by the equation 


E(X, Y) = » Y, NY. 
Fl tad 


Reasoning as we did in the case of pure strategies, we see that, by 
playing properly, P, can insure that his expectation will be at least 
max min E(X,Y); 

IC8.4 YESs Meta 
and the second player can insure that the expectation of the first will 
be at most 
min max E(X, Y). 
TES. ICS. p . 
At this point, however, the situation diverges radically from the case 
of pure strategies, for now it can be shown that, for every payoff 
"matrix M, we have 
mar min E(X, = min max E(X, 
ICSO. "es. " YeSs 1$. Eus 
Thus if we permit the players to use mixed strategies, then every 
finite zero-aum, two-person game has optimum strategies for the two 
players. This theorem, which was first proved by von Neumann,’ is 
sometimes called the “minimax theorem”; it is the fundamental 
theorem of finite games. 
1 The earliest proof of this theorem Is to be found in von Neumann [19]; this proof 
makes use of the Brouwer fixed-point theorem. An elementary algebraic proof was 
given later in Ville [24]. In von Neumann and Morgenstern [20, pp. 153-158], will 


be found a simple proof depending on the theory of convex sets. Other proofs are to 
be foand in Loomis [14] and Brown and von Neumann [6]. 
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Thus if we let D; and D, be the sets of optimum mixed strategies 
for P, and Pi respectively, we see that D, and 19, are not empty. 
Since D1C$ « and D,C$,, it is clear that D, and D; are respectively 
subsets of (m -—1)-dimensional and (m—1)-dimensional Euclidean 
space. It is easily verified that D; and D, are closed and convex; and 
a proof that D, and Dy are polyhedral has been given by Shapley 
and Snow (in [22]), who have also established a constructive method 
for finding the vertices of the polyhedra; from the convexity this of 
course enables one to find all the members of D, and Da. It should be 
remarked, however, that the method of Shapley and Snow becomes 
laborious in the case of games with matrices of large order, since the 
method involves inverting a substantial proportion of the submatrices 
of the matrix of the game. 

Amore rapid (iterative) procedure for computing a pair of optimum 
strategies for a given game has been developed by Brown (see [5]), 
and shown to be convergent by Julia Robinson. 

Mathematicians have also interested themselves in the problem of 
what sets Dı and D; can be regarded as the sets of optimum strategies 
for the two players of some zero-sum, two-person game. This problem 
has an elegant solution, which has been found by Bohnenblust, 
Karlin, and Shapley (in BD. and independently by Gale and’Sher- 
man (in [8]). 

Although the theory of finite zero-sum two-person games might 
thus seem to be already in a satisfactory form, it should be noticed 
that neither of the above methods of finding optimum mixed strate- 
gies is practicable when the number of pure strategies is more than, 
say, 100. On the other hand, when we normalize almost any game 
given in extensive form, the number of pure strategies is found to be- 
quite large. Thus, even for the very simple game of ticktacktoe, 
there are more than 10!°-" pure strategies for each player; and clearly 
the number of pure strategies increases at a tremendous rate with 
the number of moves in the game. Two partial solutions have been 
given for the difficulties that arise from this circumstance. 

The first partial solution rests on the fact that certain information 
in a game may be in a sense superfluous. Thus suppose, for example, 
that the first two moves of a certain game are both made by Pi, and 
that Pi, when he makes his second move, is informed what he did on 
his first move; then we see that this information is actually of no 
help to Pi, since his knowing what strategy he is playing insures 
that he knows what he did on his first move; thus we can obtain an 
equivalent game by decreasing the information given P, in his second 


3 See Robinson [21]. $ 


bu 
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move, which will decrease the number of information sets for Pi, 
and hence the number of strategies available to him. A simple method 
of deciding what information sets can safely be coalesced has been 
given by Krentel, McKinsey, and Quine (in [11]); this method, 
however, applies only to a certain subclass of the totality of finite 
games. Án interesting condition applying to all finite games has 
recently been found by Norman Dalkey;? in this general case, how- 
ever, there may be more than one game which is equivalent to a given 
game, and which is *completely deflated? (i.e., in which no more in- 
formation sets can be coalesced without losing equivalence); and the 
problem remains to pick out, from among the completely deflated 
games equivalent to a given game, one which will make the number of 
pure strategies as small as possible. 

The second partial solution, which goes in a different direction alto- 
gether, was first made use of by Morgenstern and von Neumann (see 
[20, pp. 186-218]) in a discussion of a certain form of poker, and 
was later treated in a general way by Kuhn in [12]. In order to ex- 
plain this method, it is necessary to introduce two new notions about 
games. By a game with perfect recall we mean a game in which each 
player, at each of his moves, remembers everything he did and knew 
at his previous moves; thus every two-person game which can be 
played by just two people (rather than by teams) is a game with per- 
fect recall; rummy, for instance, is a game with perfect recall, but 
bridge is not—asince in bridge each player is a pair of people, neither 
of whom is informed what cards the other holds, (I have given here 
only an intuitive explanation of this notion; it can easily be made 
mathematically precise, however, by expressing a condition on the 
information partition for the given game.) By a behavior strategy for 
a player of a game is meant a set of probability distributions, one 
for each of the player's information sets; and such that, if a is an 
information set which presents r alternatives, then the probability 
distribution corresponding to a is a member of §,. It is clear that, 
instead of using mixed strategies in playing a given game, one can 
also use behavior strategies; it is intuitively evident, moreover, that 
one can always do at least as well with a mixed strategy as with a 
behavior strategy. Now Kuhn!? has shown, conversely, that, in the i 
case of a game with perfect recall, one can always do as well with a 


* This result is to appear in the forthcoming second volume of Contributions to the 
theory of games (Annals of Mathematics Studies, No. 28), which will be published by 
the Princeton University Press. 

18 See Kuhn [12]. Actually Kuhn established a considerably stronger result than 
the one stated above. 
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behavior strategy as with a mixed strategy. This fact greatly de- 
creases the difficulty of calculating optimum ways of playing gameg 
with perfect recall, for in general the number of parameters to be 
' determined in calculating optimum behavior strategies is much ~ 
smaller than the number of parameters to be determined in calculat- 
ing optimum mixed strategies. 

It should be remarked that the above two methods cannot very 
well be used in combination. For the first method, which coalesces 
some of the information sets of a player, leads from games with per- 
fect recall to games without perfect recall. Thus the question arises 
concerning when it is better to use one method, and when the other. 
In general, it appears that some more attention could profitably be 
devoted to the problem of how to solve games given in extensive 
form. : 

I turn now to games which are not finite: for example, to games in 
which choices are to be made from an infinite, instead of from a 
finite, number of alternatives. A great part of the research in this 
direction has been devoted to games which are already in normalized 
form. Thus suppose that P; chooses a real number x from the closed 
unit interval (0 $x S1), that Ps, without being informed what choice 
P; has made, then chooses a number y from the closed urit interval, 
and that P, then pays P, an amount M(x, y), where M is a function 
of two.real variables defined over the closed unit square. Such games 
are called continuous games. By a mixed strategy for such a game ia 
` meant a cumulative distribution function over the unit interval. 
If P; chooses x by means of a cumulative distribution function f, and 
P, chooses y by means of a cumulative distribution function g, then 
the expectation E(f, g) of P, is given by the formula 


EQ, g) = T f M(x, x df(z)de(). 


It has been shown by Ville (in [24]) that if M is continuous, then 


max min E(f, 2) = min max E(f, g), 
f e , f 


so that a continuous game with a continuous payoff function has 
optimum mixed strategies for the two players. This result has been . 
al and generalized by Wald (in [25]), and by Karlin (in 
10|). 
As might be expected, mathematicians have devoted considerable 
attention to the problem of finding optimum mixed strategies for 
particular continuous games. Interesting results of this sort have 
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been ebtained in two rather wide special cases: (1) the case where 
M(x, y) is convex in y for each x (and the analogous case where 
M (x, y) is concave in x for each y); aud (2) the case where M(x, y) is 
a polynomial. In the first case, it has been shown by Bohnenblust, © 
Karlin, and Shapley (in [4]) that if M(x, y) is strictly convex in y for 
each x, and is differentiable over the closed unit square, then there is 
a unique optimum strategy for Ps, which assigns probability 1 to 
one point, and hence probability 0 to all other pointe (thus what 
is called a step-function with one step) and there is a step-function 
with two steps which is an optimum strategy for P;. In the second case 
aleo, which has been treated by Dresher, Karlin, and Shapley (in 
[7], it has been shown that each player always has an optimum 
strategy which is a step-function (the number of steps depending on 
the degree of M); and constructive methods have been developed for 
. finding the appropriate step-functions. The methods of Dresher, 
Karlin, and Shapley are also applicable to many games with payoff 
functions of the type called polynomial-ltke: i.e., which can be 
represented in the form 


Ms m SD eren) 
H1 fl 


where fj - - , fa and Si, - ° - , s, are continuous. 

There are also many interesting rather special results known in this 
connection. Gross!! has given an example of a continuous game with 
a rational payoff function which has no step-function as an optimum 
strategy. Blackwell and Girshick have given an example" of a con- 
tinuous game where every pure strategy is employed in the unique 
optimum. strategy. Bellman and Blackwell (in [2]) have given an 
interesting analysis of the role of bluffing in two-person poker. . 

It goes without saying that there remain a great variety of un- 
solved problems in this domain. Formulations of some of these will 
be found in Kuhn and Tucker's introduction to a recent collection of 
papers on games (see [13]). 

A problem which appears to be particularly important, but un- 
fortunately very difficult, is that of dealing in some way with games 
which have more than one move, and where the choices are made from 
infinite sets. Thus suppose, for instance, that a game has four moves: 
in the first move P, chooses a number x, from the unit interval; in 
the second move, Ps, knowing x1, chooses a number y from the unit 

1 See Gross [9]. This proof makes use of the fact, established in Tarski [23], 


that only algebraic numbers are definable in elementary algebra. 
: P [ng private communication. 
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interval; in the third move, Pi, knowing yı, but having forgotten 
xj chooses a number x: from the unit interval; and in the fourth 
move P4, knowing y and x3, but not zi, chooses a number y; from the 
unit interval. (The payoff is then some function of the four variables 
1, Xa, Yt) Y2) A pure strategy for P, is now an ordered couple (a, f), 
where a is a real number and f is a function of one variable (it de- 
pends on yı); and a pure strategy for Ps is an ordered couple (g, k), 
where g is a function of one variable (it depends on xı) and 5 is a 
function of two variables (it depends on y; and x4). Thus in this game 
a mixed strategy is a distribution function over function space. 
It is not clear even over which subsets of this function space the prob- 
ability distributions are to be regarded as being defined; and cer- 
tainly we do not know conditións under which optimum strategies 
for such a game exist, or how to find them when they do. 


A4 A; Ax Ay 





Fie II 


Another important problem, to which attention has been called 
by Helmer," is the problem of finding some rational way of dealing 
with conflict situations which are not technically two-person zero- 
sum games, though they closely’ resemble such games. I shall begin 
with a detailed examination of a situation which violates Condition A 
above. Just in order to have a term, let us agree to mean by a 
*pseudo-game? something that is like'a game, except that Condition * 
A is not satisfied. A very simple peeudo-game is one whose graphical 
representation is given in Figure II. Here we can suppose, if we please, 
that there are two players, P; and P3; but all the moves are made by 
P;. On the first move, P, is to choose from two alternatives, and on 
the second move he is again to choose from two alternatives. The 
dotted line enclosing the three vertices indicates the sole information 
set of the game; thus P, when he moves, does not know whether he 
ia moving for the first or the second time. Since plays intersect the 
information set in two points, Condition A is not satisfied, and hence 
this is only a pseudo-game. 

It is apparent that, in order to realize this situation in practice, it 
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would be necessary to make P, a team consisting of two human be- 
ings. For if P; consisted of a single human being, then, on the second 
move, P, would remember that he had already moved, so that his 
information would be better than that indicated by the diagram. 

Hence, suppose that there are two men, P® and P9, who are to- 
gether to constitute P1, and suppose they are put into separate rooms 
and not allowed to communicate with each other during the play. 
After the beginning of the play, the umpire is to go into one room, 
and,ask the man there to choose one of the alternatives I and II, 
and then into the other room, and ask the other man to choose one 
of the alternatives I and II. P4 will then pay P, an amount M(x, y), 
where x is the alternative chosen by the man in the first room, and y 
is the alternative chosen by the man in the second room. 

If we were to define a strategy for a pseudo-game in the same way 
we defined it for a game, then there would be only two strategies for 
P, in this game: one strategy would make him always pick I, and 
the other would make him always pick II. The first strategy would 
make him always end up at 4i, and the second would make him 
always end up at Ay Any mixed strategy, consequently, would 
make him end up sometimes at A; and sometimes at A,—but never 
at A, or Ás. Since it can happen, however, that the payoffs to P; at 
A, and 4; are both higher than at A; or A,, it is seen that in some 
cases P, can do better than by playing any mixed strategy: for ex- 
ample P? and Pf? could agree that PË is to choose I, and P® is to 
choose II—in which case the play would terminate either at A: or As. 

Thus it might be thought that for this game we should distinguish 
four strategies: 


1. PP and P® both pick I; 
2. P and P® both pick II; 
3. P® picks I, and P® picks II; 
4. P? picks II, and P® picks I. 


But now the difficulty arises that, if P, plays strategy 3 or 4, then it 
is impossible to tell whether the play will terminate at A; or at 43; 
for this will depend on whether the umpire goes first into the room 
occupied by P! or first into the room occupied by Pf. Since the 
payoffs at A; and A; are not necessarily equal, however, and since 
we do not know even the probability that the umpire will go first 
into the room occupied by P), we cannot in general calculate the 
expectation of P, if strategy 3, or strategy 4, is used. Thus our theory 
of games cannot be carried over in any obvious way to peeudo- 
games. 

It is in order to avoid difficulties of thia sort that we require 
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that games satisfy Condition A. By imposing this condition we reduce 
the theory of games to something manageable; but the difficulties 
have not been legislated out of existence: they continue to exist, even 
if no longer countenanced as part of the theory of games. For conflict 
situations describable only as pseudo-games do arise in practice, and 
we sometimes have to cope with them—regardless of what we choose 
to call them. Suppose, for example, that two policemen, A and B, are 
trying to shoot an escaped insane criminal, C. Here it is natural to 
regard A and B as one “player,” and C as the other “player.” A and 
B may find it advantageous to separate; and after they have done so, 
A, when he sees C and shoots at him, may very well not know 
whether B has previously shot. It does not seem unreasonable ta 
inquire what sort of actions A and B should take, even though this is 
not technically a game. This class of problems seems to be equivalent 
to the problem of defining optimum strategies for games in normalized 
form, where the values of the elements of the payoff matrix are not 
known exactly, but are merely required to satisfy certain inequalities. 

It can also happen that, due for instance to difficulties of com- 
munication, it is not possible for the various membera of a team to 
agree upon a strategy before the beginning of a play—in which case 
again, the theory of games in normalized form is no longer applicable. 
Situations of this sort are especially apt to occur in connection with 
military affairs. ‘ 

In concluding this survey, I turn to a consideration of the prob- . 
lems which arise in connection with what are called “general” games: 
i.e., games which are not necessarily zero-aum, and which may have 
more than two players. As has been mentioned earlier, such games 
are particularly important so far as regarda practical applications, 
but they present great conceptual difficulties; in particular, game 
theorists have not been able even to come to any general agreement 
as to what should be meant by a solution of such a game. 

I shall discuss briefly the two most ambitious attempts" that have 
been made to deal with this subject: that of von Neumann, and that 
of Nash. I shall not try to give anything like a complete and adequate 
account of the theories in question, however, but shall merely say 
enough to give an intuitive idea of them. 

von Neumann's treatment! of general games is based on the notion 


3 More recently a very interesting partial theory of zero-sum s-person games has 
been developed by L. S. Shapley. This theory was outlined by Shapley at the Septem- 
ber 4, 1951 meeting of the Econometric Society at Minneapolis. A brief account will 
be found in Econometrica vol. 20 (1952) p. 91. 

4 Roughly the last two-thirds of von Neumann and Morgenstern [20] ia devoted 
to an exposition of this theory of general games, 
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of a characteristic function for such a game, which is introduced as 
follows. If N is the set of all players of a game, and if S is any subset 
of N, then it can happen that the players form themselves into two 
“coalitions,” S and N—S, which cooperate among themselves and 
oppose each other. If this happens, then the game becomes essen- 
tially a two-person game, and we can define a function v by agreeing 
that if S is any subset of N, then v(.S) is the total amount the mem- 
bers of S could expect to obtain, if they all cooperated together, and 
all the other players formed themselves into an oppoaing coalition, 
and tried to hurt the members of S as much as possible. 

By a solution of a general n-person game, von Neumann means a 
certain set of ordered s-tuples of real numbers. I am not going to 
repeat here the exact conditions which must be satisfied by such a 
class of s-tuples, except to remark that the conditions are expressed 
solely in terms of the characteristic function; so that two games whose 
characteristic functions coincide will have the same solutions. The 
intuitive meaning of a solution is roughly the following: it represents 
the set of all poesible ways, for a given organization of society, in 
which money can be distributed among the players at the end of a 
play. 

Now consider a two-person non-zero-sum game in normalized form, 
where P, has just one strategy (so the outcome of a play cannot be 
affected by P1), and P, has two strategies; and suppose that, in case 
P, uses his first strategy, then the payoff to P; is 10, and to P is 0; 
and in cage P, uses his second strategy, the payoff to P; is 0 and to 
P, is —1,000. It is convenient to represent such games by a pair of 
payoff matrices: 


Payoff to Pi Payoff to Ps 
(10 0) ; (0 —1,000). 


Thus we again think of P; as being able to choose a row (but there 
in only one row in this case, so he has no real choice), and of P, as 
being able to choose a column. 

The characteristic function of this game is a function defined over 
the four subsets of the set of two players. Since neither P, nor Pi 
can, through his own endeavors, make sure of getting more than 0, 
we see that 


(3) o({Pi}) = o({Ps}) = 0. 


Moreover, P, and P; can together behave in such a way that the sum 
of the payments to them will be 10 (in order to achieve this end, 
it is only necessary that P, choose the first column); hence 
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(4) o({ Pi, P3]) = 10. 
Finally, as in any game, if A is the empty set, we have 
(5) »(A) = 0. 


Equations (3), (4), and (5) completely specify the characteristic 
function. 

For this game it turns out that there is just one solution in the 
sense of von Neumann, and this solution is the set of all couples 
(x1, x3) of non-negative real numbers such that x14-z4 10. This may 
be interpreted in the following way: before playing this game ‘the 
two players will (or perhaps merely “should”) get together and agree 
that P, will choose the first column, so that P, will be paid 10 and 
P, will be paid 0; they will decide, moreover, how this 10 is to be di- 
vided between them into x, and x3; this division can be arbitrary, 
subject only to the restriction that xy and x, are both to be non- 
negative and are to have a sum of 10. 

Two objections have been urged against von Neumann's notion of 
a solution. In the first place, it is felt by some people that knowing 
the solution in this sense of the word would not be much help in 
playing the game. The solution leaves a wide range of indeterminancy, 
and tells us nothing about the way in which the agreement between 
P, and P; is finally to be reached. 

Secondly, it seems doubtful that the characteristic function ade- 
quately represents all the complications of the game. Thus, for ex- 
ample, one has the intuitive feeling that, in the game described above, 
P; is in a better bargaining position than is P}, and most people feel 
they would rather play the part of P, than that of P,: for P, will 
automatically be paid 10, unless P, is willing to injure himself very 
greatly by choosing the second column, and hence himself losing 
1,000; therefore it hardly seems likely that P, will be able to persuade 
P, to pay him part of the 10, in order to insure that P4 will play the 
first column. On the other hand, the characteristic function of this 
game, from (3), is symmetric in P, and Py; so that no asymmetry 
can appear in any notion of a solution, so long as the solution is 
defined solely in terms of the characteristic function. 

An attempt to avoid these difficulties, and to devise an altogether 
new way of dealing with general games, has been made by Nash 
(in [18]). Nash distinguishes first between. what he calls *nonco- 
operative" and “cooperative” games. A noncooperative game is one 
in which no communication is allowed between the players, and in 
which, in particular, they are not allowed to make agreements about 
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side-payments; a cooperative game is one in which communication is 
allowed. 

For the noncooperative game, Nash introduces the notion of an 
equilibrium point, which is a generalization of the notion of a saddle- 
point for a two-person zero-sum game. An equilibrium poini for an 
#-person game is an ordered s-tuple (xi, - * * , x,) of strategies such 
that, for $1, - - - , n, if every player Py, for js, chooses x,, then 
P, cannot do better than to choose x; Nash shows that every finite 
game has an equilibrium point (in mixed strategies). He also points 
out that social groups who repeatedly play a certain game often fall 
into the habit of playing an equilibrium point; in such cases, of 
course, a newcomer to the group (unless he is able to persuade others 
to deviate) cannot do better than to stay with the equilibrium point 
also, and in general he will lose if he deviates from it. 

Nash calls an s-person game solable in case the set, S, of all 
its equilibrium points satisfies the following condition: if 1 $$», 
and if (x, - - -, x,)€ S and (ys - --, Ya ES, then (xj, +--+, xà 
Yo Ziu °°, Xa) ES. If a game is solvable in this sense, the set of 
ita equilibrium points is called its solution. He deals with the co- 
operative games, in turn, by reducing them to noncooperative games 
in the following way: the negotiations of the cooperative game are in- 
cluded as formal moves in a noncooperative game (these moves con- 
sist of such procedures as, for example, one player’s making an offer 
of a side-payment to another). 

It must be remarked that Nash’s theory—though it represents a 
considerable advance—has some grave deficiencies and certainly can- 
not be regarded as a definitive solution of the conceptual problems of 
this domain. In the first place, so far as regards the noncooperative 
games, it is unfortunately not the case that every game is solvable 
in the sense of Nash. Thus consider the two-person game whose 
matrices are as follows: 


Payoff to P, Payoff to Ps 

[s a) er BU 

8 —18 6  12/ 
Here there is an equilibrium point in the upper left-hand corner, and 
one in the lower right-hand corner; but the other two points in the 
matrices are not equilibrium points, and hence the game is not solv- 
able. Pı would of course prefer the equilibrium point in the upper 


left-hand corner, and Pj would prefer the equilibrium point in the 
lower right-hand corner. The theory of Nash seems to throw little 
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light on the question how to play a game having such a pair of 
payoff matrices. 

In the second place, even if the theory of noncooperative games 
were in a completely satisfactory state, there appear to be difficulties 
in connection with the reduction of cooperative games to nonco- 
operative games. It is extremely difficult in practice to introduce 

-into the noncooperative games the moves corresponding to negotia- 
‘tions, in a way which will reflect all the infinite variety permissible 
in the cooperative game, and this without giving one player an arti- 
ficial advantage (due to his having the first chance'of making an 
offer, let us say). 

Thus it seems that, despite the great ingenuity that has been 
shown in the various attacks on the problem of general games, we 
have not yet arrived at a satisfactory definition of a solution of 
such games. It is rather likely, as has been suggested by Bellman," 
that it will be found necessary to distinguish many types of games, 
and define “solution” differently for different types; the theory of 
Nash of course represents a step in this direction. This whole aspect 
of the theory of games presents a challenging problem to the mathe- 
matician, and in my opinion an extremely important one—since the 
application of game theory to a very wide clase of proces situations 
must wait for such a definition. 
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THE SUMMER MEETING IN EAST LANSING 


The fifty-seventh Summer Meeting and thirty-third Colloquium 
of the American Mathematical Society were held at Michigan State 
College, East Lansing, Michigan, Tuesday to Friday, September 2-5, 
in conjunction with meetings of the Mathematical Association of 
America, The Institute of Mathematical Statistics, and the Econo- 
metric Society. 

Over 600 people registered for the meeting, including the following 
409 members of the Society: 
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W. A. Beyer, R. H. Bing, D. W. Blackett, David Blackwell, H. D. Block, I. M. Blyth, 
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A. Good, A. W. Goodman, Lillian Gough, S. H. Gould, Cornelius Gouwens, A. 
Grau, L. M. Graves, R. E. Graves, R. L. Graves, F. L. Griffin, H. C. Griffith, 
D Me Franklin Haimo, P. R. Halmoe, P. C. Hammer, H. A. Hanson, 

rank Harary, T. E. Harris, O. G. Harrold, G. E. Hay, R. M. Hayes, L. J. Heider, 
G. Helsel, M. S. Hendrickson, A. S. Henriques, I. N. Herstein, Fritz Herzog, 
. W. Hess, D. G. Higman, T. H. Hildebrandt, J. G. Hocking, J. L. Hodges, J. E. 
Hoffman, R. V. Hogg, F. E. Hohn, D. L. Holl, T. C. Holyoke, Harold Hotelling, 
Ralph Hull, C. C. Hurd, J. W. Hurst, W. R. Hutcherson, C. G. Jaeger, R. D. James, 
T. À. Jeeves, W. E. Jenner, L. W. Johnson, R. E. Johnson, B. W. Jones, P. S. Jones, 
Joachim Kaiser, Shizuo Kakutani, Jan Kalicki, Wilfred Kaplan, Leo Katz, D. E. 
Kearney, W. H. Keen, M. W. Keller, L. M. Kelly, S. H. Khamis, D. E. Kibbey, 
W. M. Kincaid, J. M. Kingston, Evelyn Kinney, S. C. Kleene, Erwin Kleinfeld, 
L. A. Knowler, F. W. Kokomoor, T. C. Koopmans, H. W. Kuhn, E. G. Kundert, 
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R. M. Lakness, H. G. Landau, R. E. Langer, Leo Lapidus, E. H. Larguier, H. D. 
Larsen, C. G. Latimer, L. M. LeCam, J. R. Lee, G. F. Leger, E. L. Lehmann, Walter 
Leighton, Frank Levin, D. J. Lewis, F. A. Lewis, H. M. Liebersteln, A. J. Lohwater, 
C. I. Lubin, J. M. McArtney, Dorothy McCoy, N. H. McCoy, R. W. MacDowell, 
C. C. MacDuffee, G. W. Mackey, Saunders MacLane, H. M. MacNeille, H. B. 
Mann, E. C. Marth, W. T. Martin, Imanuel Marx, F. J. Massey, K. O. May, J. P. 
Mayberry, L. E. Mehlenbacher, C. W. Mendel, B. E. Meserve, D. M. Mesner, 
E. J. Mickle, W. E. Milne, Hazleton Mirkil, Benjamin Ernest Mitchell, Josephine 
Mitchell, Don Mittleman, E. E. Moise, H. F. Montague, M. D. Montgomery, J. C. 
Moore, W. K. Moore, D. C. Morrow, Frederick Mosteller, T. S. Motzkin, E. J. 
Moulton, S. T. C. Moy, H. T. Muhly, M. E. Munroe, C. W. Munshower, W. L. 
Murdock, G. G. Murray, S. B. Myers, Zeev Nehari, A. L. Nelson, W. J. Nemerever, 
C. J. Nesbitt, Jerzy Neyman, Ivan Niven, E. A. Nordhaus, E. S. Northam, Ilse 
Novak, R. E. O'Donnell, E. G. Olds, Ingram Olkin, Richard Otter, J. C. Oxtoby, N. H. 
Painter, O. O. Pardee, Emanuel Parzen, M. H. Payne, L. L, Pennisi, F. W. Perkins, 
H. P. Pettit, George Piranian, Everett Pitcher, J. C. Polley, Pasquale Porcelli, J. E. 
Powell, G. B. Price, G. C. E. Prins, L. E. Pursell, Gustave Rabson, C. B. Rader, 
Tibor Rad6, J. F. Randolph, G. E. Raynor, M. O. Reade, Mina Rees, Paul Reichelder- 
fer, W. T. Reid, H. J. Reiter, R. R. Reynolds, H. B. Ribeiro, H. G. Rice, C. E. Rick- 
art, F. A. Rickey, P. R. Rider, F. D. Rigby, J. H. Roberts, R. A. Rosenbaum, Murray 
Rosenblatt, P. C. Roeenbloom, Arthur Rosenthal, M. F. Roeskopf, E. H. Rothe, 
Herman Rubin, Herbert Ruderfer, Walter Rudin, Charles Saltrer, Hans Samelson, 
James Sanders, I. R. Savage, A. C. Schaeffer, R. D. Schafer, A. T. Schafer, J. A. 
Schatz, Henry Scheffé, E. V. Schenkman, E. R. Schneckenburger, Lowell Schoenfeld, 
Augusta Schurrer, C. H. W. Sedgewick, I. E. Segal, Esther Seiden, D. B. Shaffer, 
D. H. Shaffer, M. E. Shanks, L. S. Shapley, Seymour Sherman, R. L. Shively, Ed- 
ward Silverman, M. L. Slater, M. F. Smiley, G. W. Smith, S. S. Smith, V. E. Smith, 
Ernst Snapper, H. H. Snyder, W. S. Sayder, E. S. Sokolnikoff, D. E. Spencer, V. 
E. Spencer, C. E. Springer, E. P. Starke, F. H. Steen, Arthur Stein, H. B. Stelson, 
C. F. Stephens, B. M. Stewart, R. W. Stokes, R. R. Stoll, M. H. Stone, D. D. Strebe, 
P. C. Sweetland, Gabor Szego, Alfred Tarski, M. E. Taylor, W. C. Taylor, HL P. 
Thielman, W. J. Thron, F. H. Tingey, H. E. Tinnappel, E. W. Titt, C. J. Titus, John 
Todd, Leonard Tornheim, E. A. Trabant, C. K. Tsao, A. W. Tucker, Bryant Tucker- 
man, J. W. Tukey, W. T. Tutte, Eugene Usdin, E. P. Vance, N. H. Vaughan, D. F. 
Votaw, L. I. Wade, G. W. Walker, R. M. Walter, S. S. Walters, D. L. Webb, G. C. 
Webber, C. P. Wells, I. L. Wente, John Wermer, G. W. Whitehead, W. F. Whit- 
more, W. M. Whyburn, L. R. Wilcox, J. D. Wilkes, J. E. Wilkins, G. M. Wing, Y. K. 
Wong, M. A. Woodbury, Oswald Wyler, L. C. Young, Daniel Zelinsky, J. L. Zemmer, 
J. A. Zilber, J. W. Zimmer. 


The Colloquium Lectures, on Arfthmetcal classes and types of 
algebraic systems, were presented by Professor Alfred Tarski of the 
University of California on Tuesday afternoon and Wednesday, 
Thursday, and Friday mornings. Presiding officere were, in order, 
Professors S. C. Kleene, C. C. MacDuffee, C. B. Allendoerfer, and 
R. G Buck. 

'The Committee to Select Hour Speakers for Annual and Summer 
Meetings invited one speaker. On Thursday, September 4, Professor 
E. E. Moise of the University of Michigan gave an addres entitled 
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On the topology of 3-manifolds. Professor R. H. Bing presided. 

The organized social events provided for the Society consisted of: 
an informal coffee hour on Monday evening in the Conference Room 
of the Physice-Mathematics Building, an informal tea on Tuesday 
afternoon in Phillips Lower Lounge, trips to the Oldsmobile plant in 
Lansing on Wednesday and Thursday, and a trip to Henry Ford 
Museum and Greenfield Village on Thursday. A banquet-was held 
on Wednesday evening in the Union Building. Professor C. B. 
Allendoerfer, of the University of Washington, was toastmaster and 
the main speaker of the evening was President John A. Hannah of 
Michigan State College. A concert by members of the Department of 
Music of Michigan State College was given on Thursday evening in 
the Music Building, followed by a party sponsored by the Institute 
‘of Mathematical Statistics. 

Activities for women included campus tours on Tuesday and 
Wednesday. 
'The Council met on Tuesday evening, September 2. 
. The Secretary announced the election of the following fifty-three 
pereons to ordinary membership in the Society: 


- Mr. Brian Abrahamson, Graduate Student, University of Chicago; 

Mr. Maurice J. Aegerter, Student, University of Wisconsin; 

Mr. George Bachman, New York University; 

Mr. William Aaron Beyer, Graduate Assistant, Pennsylvania State College; 

Dr. Victor Wayne Bolie, Mathematician, Collins Radio Company, Cedar Rapids, 
Towa; 

Mr. Carmen Nicholas Campopiano, Teaching Assistant, Rutgers University; 

Mr. Stanley Howard Cohn, Instructor, Fournier Institute of Technology, Lemont, 
Illinois; 

Mr. Pierre Euclide Conner, Jr., Tulane University; 

Mr. Walter Cornetz, Communications Engineer, Grumman Aircraft Engineering 
Corporation, Bethpage, Long Island, New York; : 

Dr. Charles Raymond DeCarlo, Applied Science Representative, International Busi- 
ness Machines Corporation, Pittsburgh, Pennsylvania; 

Sister Mary Perpetual Help Dowling, Incarnate Word College, Sen Antonio, Texas; 

Associate Professor Marcellus M. Dreiling, St. Joseph's College, Collegeville, Indiana; 

Mr. Frederick Robert Eisler, Electronics Engineer, Western Electric Company, 
Jersey City, New Jersey; 

Mr. David Israel Epetein, New York University; 

Mr. Sidney Marshall Foulks, Research Physicist, Magnolia Petroleum Gained, 
Dallas, Texas; 

Mr. William Franklin Furr, Instructor, Southern University, Baton Rouge, Louisiana; 

Dr. R. Wayne Gardner, Olivet Nazarene College, Kankakee, Illinois; 

Mr. Herbert B. Goertrel, Mathematics Assistant, Oak Ridge National Laboratory, 
Oek Ridge, Tennessee; 

Dr. Richard Pettengill Gosselin, Mathematician, Institute for Alr Weapons Research, 
University of Chicago; 

Mr. Edward Everett Grace, Teaching Fellow, University of North Carolina; 
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Assistant Professor Alfred Thomas Hind, Jr., Clemson College; 

Mr. John Edward Hoffman, Graduate Assistant, University of Oklahoma; 

Mr. Mark Holzman, Research Engineer, Western Geophysical Company, Los 
Angeles, California; 

Mr. William James Hood, Graduate Student, Stanford University; 

Mr. Jiro Ishihara, Digital Computer Laboratory, Maseachusetts Institute of Tech- 


nology; 

Mr. Ted R. Jenkins, Teaching Fellow, University of Washington; 

Mr. Raghunath Prasad Kanorla, Research Student, Calcutta University, Calcutta, 
India; 

Mr. Frank Kozin, Illinois Institute of Technology; 

Professor Arwid Ottomar Count Kumin-Kumins, Annhurst College, South Wood- 
stock, Connecticut; 

Mr. R.'Sherman Lehman, Research Assistant, Stanford University; 

Mr. Hiramie Theodore McAdams, Reeearch Chemist, Aluminum Research Labora- 
tories, East St. Louis, Illinois; 

Mr. Paul Brainerd McKowen, Aerodynamicist, Bell Aircraft Corporation, Buffalo 5, 
New York; s 

Mr. William Harold Mays, Instructor, Plkeville College, Pikeville, Kentucky; 

Mr. Norman Wilfred Moir, Jr., Assistant Instructor, Temple University; 

Mr. James C. Morelock, Graduate Fellow, University of Florida; 

Aselstant Professor Vernon Howard Morrill, Hardin-Simmons University, Abilene, 
Texas; 

Dr. William Nachbar, Applied Mathematician, Boeing Airplane a Seattle, 
Washington; 

Mr. Louis Legendre Pennisi, Instructor, University of Illinois; 

Mr. William James Perry, Instructor, Pennsylvania State College; 

Mr. Philip C. Rapp, Supervisor, Analysis Section, Bell Aircraft Corporation, Buffalo 
5, New York; 

Assistant Professor Dolores Agnes Rickens, College of St. Elizabeth, Convent Station, 
New Jersey; 

Mr. John Theodore Robacker, Mathematician, Northrop Aircraft Company, Los 
Angeles, California; š ` 

Mr. Albert S. Rosenthal, Mathematician, Naval Air Development Center, Johnsville, 
Pennsylvania; 

Dr. William Keyser Saunders, Mathematician, National Bureau of Standards, Wash- 
ington, D. C.; 

Mr. Henry Sharp, Duke University; 

Mr. Allen Lowell Shields, Fellow, Massachusetts Institute of Technology; 

Mr. Robert Simon, Senior Project Analytical Engineer—Mathematical Consultant, 
Chance Vought Aircraft, Dallas, Texas; 

Mr. David Slepian, Research Mathematician, Bell Telephone Laboratories, Murray 
Hill, New Jersey; 

Mr. Bernard Sohmer, New York University; 

Dr. David D. Strebe, Instructor, University of Buffalo; 

Mr. Alfred L. Toth, Instructor, United States Military Academy; 

Miss Ruth Ann Wagner, Mariene cen The Rand Corporation, Santa Monica, 
California; 

Mr. Michael Yanowitch, Morse Reeves Instrument Corporation, New 
York, New York. 
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It was reported that the following person had been elected as a 
nominee of the institution as indicated: 


Kenyon College: Mr. Roger Harold Geeslin. 


The Secretary announced that the following person had been ad- 
mitted to the Society in accordance with a reciprocity agreement 
with the Société Mathématique de France: Professor Robert Faure, 
University of Hanoi, Tonkin, French Indo China. Palais Bella Bista, 
Square D'Oftende, Nice, France. 

_ The University of California, Davis, California, DePaul University, 
Chicago, Illinois, and the University of New Hampshire, Durham, 
New Hampshire, were elected to institutional membership. 

The following appointments of representatives of the Society were 
reported: Professor J. R. Kline at the inauguration of Lewis Webster 
Jones as President of Rutgers University on May 8, 1952; Professor 
E. G. Begle at the convocation ceremonies at the United States Mili- 
tary Academy celebrating the Sesquicentennial year of the Academy 
on May 20, 1952; Professor M. H. Martin as the Society's representa- 
tive at the National Congress of Applied Mechanics in Istanbul on 
August 20-28, 1952. . 

The following additional appointments by the President were 
reported: as a Committee on a Summer Mathematical Institute: A. 
A. Albert (Chairman), Samuel Eilenberg, Saunders MacLane, D. C. 
Spencer, and Oscar Zariski; as a committee to study problems of 
nominations by petition: William Feller (Chairman), Warren Am- 
brose, J. W. Green, G. A. Hedlund, M. R. Hestenes, and S. B. Myers; 
as a committee on arrangements for the Annual Meeting to be held at 
Washington University on December 27-29, 1952: R. R. Middlemiss 
(Chairman), T. L. Downs, H. Margarets Elliott, H. M. Gehman, 
Francis Regan, Marlow Sholander, and J. W. T. Youngs; Professor 
M. H. Martin appointed a representative to the U. S. National 
Committee on Theoretical and Applied Mechanics for a four-year 
term beginning January 1, 1953; Profeseor R. V. Churchill re-ap- 
pointed a member of the Editorial Committee on Applied Mathe- 
matics Symposium Proceedings for a three-year term beginning 
July 1, 1952 (Committee now consists of: Eric Reissner (Chairman), 
A. H. Taub, and R. V. Churchill); Professor Eric Reissner re-ap- 
pointed as Chairman of the Editorial Committee on Applied Mathe- 
matics Symposium Proceedings for the period July 1, 1952 to June 
30, 1953; Professors B. P. Gill and C. H. W. Sedgewick as auditors for 
1952. 

The following dates of meetings have been approved by the 
Council: April 24-25, 1953, at the University of Chicago and May 2, 
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1953, at Stanford University. The Council voted to accept an invita- 
tion to hold the Sixth Applied Mathematics Symposium at the 
Corona Laboratories of the National Bureau of Standards on August 
26-28, 1953. The topic of this Symposium will be Numerical Analy- 
sis. 
An invitation to hold the Summer Meeting for 1954 at the Uni- 
versity of Wyoming, Laramie, Wyoming, was accepted. 

Invitations to give addresses in 1952 were announced: N. Arons- 
zajn, November meeting at Lafayette; H. H. Goldstine, November 
` meeting at Raleigh; and A. M. Gleason, Annual Meeting at St. 
Louis. 

The Secretary reported that the Visiting Lecturer of the Society, 
Professor Marshall H. Stone of the University of Chicago, had com- 
pleted his program of lectures. During the academic year 1951-52, 
Professor Stone visited almost all parts of the country, traveling over 
30,000 miles, and delivered a total of 81 lectures. 

The Executive Director reported that a combined directory of the 
membership of the Society and of the Mathematical Association of 
America is under preparation. This directory will be sent to members 
of the Society one year and the Association the next year. The direc- 
tory will be a separate publication and will not be bound with the 
Bulletin. : 

The Council voted to have Society membership cards made up. 
These will be issued to members of the Society on request. Requests 
for these cards should be sent to the Headquarters of the Society. 

'The Council voted to recommend to the Trustees that the Society 
keep available, by reprinting if necessary, volumes of the Transac- 
tions for the previous ten years, that no reprinting of back numbers 
of the Bulletin be done, but that an attempt be made to keep back 
volumes of the Bulletin for the previous ten years avaiiable by 

„ordering sufficient copies from the printer at the time of publication. 
Until this time, the Society has kept available all back numbers of 
both the Transactions and Bulletin. This has necessitated reprinting 
numerous older numbers and has tied up a large part of the Society's 
funds. 

'The Council voted to approve the following resolution, similar to 
one approved by the Mathematical Association of America. 

The Council of the American Mathematical Society has voted to 
instruct the Secretary to send copies of the following resolution to 
the Governor of the State of Oklahoma, to the presiding officers of 
the two houses of the Oklahoma Legislature, to the Attorney Gen- 
eral of Oklahoma, and to the Presidents of Oklahoma A. & M. 
College and the University of Oklahoma. 
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“The Council of the American Mathematical Soclety has considered the effect 
upon mathematics and mathematicians of the Oklahoma Loyalty Oeth Law of April 
9, 1951 (Enrolled House Bill No. 8, 23 Legislature, Laws 1951, 510.8.1941 (Supp.) 
SS 37.1—37.8). 

*Without presuming to censure the State of Oklahoma for this action, the Council 
wishes to convey to the heads of government in Oklahoma its view that many mathe- 
maticians regard this type of legislation as dangerous to individual liberty and to the 
principles which protect freedom of thought in a university from political infringement, 
and as ineffective for the purpoee of eliminating disloyal influences from the uni- 
versities. Even those who sign such oaths often do so more in a spirit of tolerance for 
the patriotic motives which conceived the law than in respect for the law itself, or 
more in fear than in concurrence. 

*Whenever such laws are enacted, it is to be expected that at least a few of the 
American idealists, the sincerely religious people, and the courageous lovers of 
liberty will rebel, with tragic effects upon themselves, their families, and upon the 
universities where they work. It is not to be expected that such legislation will be 
effective in eliminating from the faculties men who are dangerous to the national 
welfare, so that the injury caused is a useless waste, as at Oklahoma A. & M. College, 
where a department of mathematics which had achieved much recognition for its 
mathematical work was seriously damaged.” 


A general business meeting of the Society was held on Wednesday, 
September 3. Professor T. H. Hildebrandt presided. The members 
present voted to amend the by-laws as follows: 

(a) to delete the post of Librarian as specified in Section 1 of Article 
I, Section 1 of Article’ VII, and Section 6 of Article VII, and to 
delete Section 3 of Article I concerning the Society’s exchanges. 

(b) to amend Article III to create an elected Committee on Print- 
ing and Publishing, consisting of three members, and to amend 
Article XI by adding a Section 3 specifying the duties of this Com- 
mittee. 

(c) to amend Article IX of the by-laws by revising Sections 1, 2, 7, 
9, and 11: These revisions eliminate fractional years of membership 
and also eliminate reduced dues for the early years of membership. 
Dues bills will now be distributed before the end of the calendar year. 
The Bulletin and Proceedings will be sent, as privileges of member- 
ship, only to those members who have diecharged their dues for the 
year in question. 

(d) to eliminate from the by-laws, as of December 31, 1952, certain 
provisions which will have become obsolete as of that time. These 
are the last sentence of Section 1 of Article IV, and the last three 
paragraphe of Section 1 of Article VII. 

The by-laws of the Society, as revised, appear at the end of this 
number of the Bulletin. ' 

The Secretary reported that the Council, with the approval of 
the Board of Trustees, has voted that any member on the rolls of 
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the Society in 1952 and entitled to-reduced dues under the dues 
schedule in effect at the beginning of 1952 shall continue to have his 
dues fixed according to the old schedule rather thgn the new schedule 
specified in Section 2 of Article IX. 

Abstracts of the papers read follow. Presiding officers at the ses- 
sions for contributed papers were Professors W. T. Reid, H. T. 
Muhly, R. H. Bing, P. R. Halmos, L. R. Wilcox, Dr. Seymour Sher- 
man, Professors W. M. Whyburn, Saunders MacLane, O. G. Har- 
rold, C. E. Rickart, A. H. Copeland, G. W. Whitehead, G. S. Young, 
W. F. Eberlein, P. C. Rosenbloom, Fritz Herzog, B. M. Stewart, and 
L. M. Kelly. 

Papers whose abstract numbers are followed by the letter ^/" were 
read by title. Paper number 575 was presented by Professor Good, 582 
by Professor Kalicki, 584 by Professor Olkin, 598 by Professor 
Aronszajn, 610 by Professor Dolph, 615 by Dr. Fleming, 626 by 
Professor Halmoe, 628 by Professor Herzog, 629 by Professor 
Piranian, 663 by Professor Titt, 664 by Dr. Titus, 674 by Mr. 
Shaffer, 679 by Professor Hohn, 691 by Professor Hutcherson, 694 
by Mr. Kelly, 695 by Professor Radó, 698 by Professor Motzkin, 
701 by Mr. Suppes, 703 by Professor Rosenblatt, and 726 by Pro- 
fessor Shanks. 

Dr. Blair was introduced by Professor J. W. T. Youngs, Mr. 
Kozin, by Professor Gordon Pall, Mr. Burrill by Professor M. F. 
Smiley, Mr. Hammersley by Mr. John Todd, Professor Kimball by 
Professor D. L. Holl, Dr. Pennisi by Profeseor L. M. Graves, Pro- 
fessor Samuelson by Dr. G. E. Forsythe, Mr. Davis by Professor R. 
M. Thrall, and Mr. Sharp by Profeseor J. H. Roberts. 


ALGEBRA AND THEORY OF NUMBERS 


5571. Frederick Bagemihl and Paul Erde: Intersections of pre- 
scribed cardinality. Preliminary report. 


The authors prove the following theorem, which generalizes a recently published 
result [F. Bagemihl, Ann. of Math. vol. 55 (1952) pp. 34-37]: Let A and $8 be sets, 
and to every aC- Wf let there correspond a subset, T'(a), of B. Suppose that the follow- 
ing conditions are satisfied: (1) |A| SNe: (I) |T(o)| Na for every aC 8; QII) if 
aU, there is a cardinal number n,z1 such that, if a/C-W and a'»€a, then 
[r(a) ^r(a)| Sna; and the complex of cardinal numbers na (aC-) is strongly lese 
than IN, (Le., every sum of fewer than M, terms belonging to the complex is lese 
than Ña); (IV) there is a cardinal number mz with the following properties: 
e) b9 «M. for every b «Na; (b) if W Ia an arbitrary subeet of B, with [%’| =m, and 

is the number of elements a of A for which $8' is a subeet of T (e), then the com- 
Sie of cardial numbers 089, obtained by letting % run through all the subsets of 
B having m elements, is strongly less than IN... With every aC- 9f, associate a cardinal 
number a, such that (V) m+is—1 St SNe Then there exists a subset B* of 8, 


620 AMERICAN MATHEMATICAL SOCIETY [November 


with [8*| SN. such that |B*\F(@)| =a, for every oC. An illustration of this 
theorem is the following: With every straight line } in the plane, associate a cardinal 
number a; (2:30: SN). Then there exists a point set which is intersected by every 
line 1 in precisely a; points. (Received May 28, 1952.) 


558% H. W. Becker: Dual Wiliams vectors (Pythagorean tetra- 
hedrons). 


In the notation of previous abstracts (Bull Amer. Math. Soc. (1952)) if 
X, v, x, *, 3, t are each of the form $ sgar" 99199», p=0 or 1, then their dual forms 

o(—) "gare srt? also define W.V. under some permutation of the six com- 
ponents, such as (fsx)(msy), oc (£y)(wv)(xz). When not self-dual, these W.V. have 
properties surprisingly different from their duals. A family of W.V. solutions consists 
in all those derivable from a given parametric solution under r, s—+/;(r, 1), flr, 3), 
and their transforms #, ¥, x, y, x, |—4£y, wx, vy, xy, xz, wv, etc. There are six f 
whose simplest examples are among the 17 sub-miniature W.V. now known, with 
1«10*, Four families are Carmichael vectors: the Fermat I and II, Dickson's History 
II, p. 175 and repeatedly thereafter; the Hillyer triad, p. 174 (under r, sorts the 
Euler triad, p. 474); and the Rolle, p. 447 (using first powers instead of squares of 
the two parameters) or equivalently, Fermat, p. 172. The other two are the Euler, p. 
668 (11); and Lenhart, pp. 506—507. The Hillyer family is self-dual, in that its members 
are either self-dual or duals of each other. The Rolle and Euler families are duals, 
when not self-dual. Dualities exist between members of any pair of the Fermat I and 
II and Lenhart families. So, new discoveries may be expected as twins. (Received 
July 21, 1952). 


559%. H. W. Becker: The tetradization transform on Carmichael 
vectors. 


A C.V. depends on solution of y =4 (abcd (at — b3) (c1 — d1))U, 1 — (a1-]-b3) (c1 --d*) in 
integers. A W.V. depends on integer s—2($443)!3, re((s1—99(k*—21)U*, The 
Petrus transform of a W.V. isa C.V., with T, Utt! yi, X -sg!—w!, V—2us, Y 2x3, 
Z -2iy, T=(A2+B (C+D, Ami, Bag, Ck, D=. It follows that if (s, b, c, d) 
is a C.V., then intermediate between it and its Petrus transform (A, B, C, D) there 
is a tetrad of C.V.: (a, b, A, B), (o, b, C, D), (c, d, A, B), and (c, d, C, D). Number- 
ing the respective /'s and y's accordingly, then iT £f, m fl, yY — yy m yy. In the 
Role C.V., amAmr, be Bes, ce(riq-53)*, d—árs(ri—33), Cm (r*- 6rtst s, 
D eas(3r*—6r33! —19*, so actually only (c, d, C, D) is interposed. With the Hillyer 
C.V., only two «ew C. V. are introduced, the other two being members of the triad. 
But with Fermat I and II C.V., the tetrad is entirely new and distinct, rounding up 
into formulation many specimens hitherto mavericks. Miniature C.V. are thoee with 
t<108; 43 examples are tabulated. A complete census depends on, and contributes 
to, the classification of Pythagorean triangles according to area/[ ]. Apparently the 
most populous class is that of 1254, including the Pythagorean couples 11, 8; 19, 8; 
22, 3; 38, 11; 147, 128; 486, 475; 507, 32; 1350, 19; 1862, 1859; - - - besides 1853, 
1254-4? etc. on substituting these couples into the Rolle c, d and C, D above. (Re- 
ceived July 21, 1952.) 


560. D. W. Blackett: Simple and semisimple near-rings. 


A “near-ring” is an-algebraic system which satisfies all the ring axioms except poe- 
sibly one of the distributive laws (say the right one) and the commutative law of 
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addition. The right ideals of a ring are both the right modules of the ring and the 
kernels’ of right homomorphisms of the ring. For a near-ring the right modules are 
not identical with the kernels of right homomorphisms, These kernels will be called 
the right ideals of the near-ring. For those near-rings in which the additive identity 
annihilates the near-ring from the left, every right ideal is also a right module. A near- 
ring is called semisimple if the additive identity annihilates the near-ring from the 
left, the near-ring contains no nonzero nilpotent right modules, and the right modules 
satisfy the descending chain condition. Every semisimple near-ring has only a finite 
number of nonisomorphic types of irreducible right representation spaces. If there is 
only one such type, the semisimple near-ring is called simple. Every semisimple near- 
ring may be represented uniquely as a direct sum of simple sub-near-rings. Each of 
these sub-near-rings is the sum of the right modules which are irreducible spaces of a 
particular type. (Received June 25, 1952.) 


561. R. L. Blair: Stone’s topology for a binary relation. 


Let R* be the transitive relation generated by a binary relation R on a set L. If 
TOL, let T- = [£z L; xR* T] and T+ = [xCL; TR*x]. An element xC L is s-irreducible 
(relative to R) in case LR*x does not hold, and, for every two-element subset [a, b] 
of L, [a b] C [x]- implies afR*z or UR*x. A Stone topology yR) is introduced in 
the set S of all irreducible elements of L by defining the closure of SES to be 
SVS + (d. M. H. Stone, Trans. Amer. Math. Soc. vol. 41 (1937) pp. 375-481). 
When L is the set of ideals of a ring and R denotes set inclusion, yR) contains the 
spaces of prime (McCoy, Amer. J. Math. vol. 71 (1949) pp. 823-833) and primitive 
(Jacobson, Proc. Nat. Acad. Sci. U.S.A. vol. 31 (1945) pp. 333-338) ideals as, in 
general, proper subspaces. Additional applications are made to lattices, including 
lattices of continuous functions. The preceding observations motivate a study of 
lattices each of whoee elements is a meet of meet-Irreducible elements. In this connec- 
tion the following result is proved: If every maximal dual ideal of a complete comple- 
mented modular lattice L is completely prime, then L is atomic. This, incidentally, 
yields an answer to a question raised by Birkhoff and Frink (Trans. Amer. Math. 
Soc. vol. 64 (1948) pp. 299-316) e Fy pe St teens eS ee Bo 
sets. (Received July 21, 1952.) 


562% Volodymyr Bohun-Chudyniv: On orthogonal and non- 
orthogonal closed systems of K-nions and their applications. 


The aims of this paper are: (1) To define the notion of a closed system of K-nions 
of 2*? rank and Ath degree composed of Hamilton’s systems of quaternions 
[1, in ty, 4] and demonstrate a method for determining such systems on the besis of 
a=2h41 imaginary units, (2) To define the notion of the volume of a closed system 
and to demonstrate a method for determining its dimension. (3) To define the notion 
of a closed manifold of systems of 2*** rank and Ath degree; a method is given for 
determining its value. (4) To indicate the criteria of the classification of such sys- 
tems. (5) To give a generalized expression of Euler’s formula for square polynomials 
for an arbitrary &»4 (Euler has given a formula for s»-4). (6) To give schemes and 
the method for determining, with the help of these systems, square matrices composed 
of integers (29***) and (2*1 — 1)*, These matrices satisfy all conditions of the Euler prob- 
lem. L. Euler (Novi Comm. Acad. Petrop. vol. 15 (1770) p. 75; Comm. Arith. voL I, 
pp. 427-443) gave only the schemes for k=0. Bibliography: (I) Hamilton, Lectures 
om Quaternéons, Dublin, 1853; (II) H. Grassmann, Die lineals Awsdehnwngslehre, 
Leipzig, 1844; (III) Frobenius, Grelli Journ. vol 84 (1878) p. 59; (IV) Cayley, 


r 
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J. Reine Angew. Math. vol. 50, pp. 192, 202; (V) D. A. Grave, Akad. Nauk S.S.S.R. 
(1938), Trak po Alg. Anal., I, str. 48-57; (VI) V. Bohun-Chudyniv, Os a method asd ^ 
general schema for the solution of the Euler problem (Bull. Amer. Math. Soc. Abstract 
58-3-269). (Received July 17, 1952.) 


563. A. T. Brauer: On the least primitive root (mod p). 


J. Vinogradoff [Journ. Soc. Phys. Math. de Perm. vol. 1 (1918) pp. 94-98] proved 
the following theorem by analytic methods. Let p be a prime, g the smallest positive 
primitive root mod p, and & the number of different prime divisors of ? —1, then 
£«[2:(p—1)pis log p}/¢(p—1). In this paper the following much larger bound is 
obtained, but by purely elementary methods using a theorem of A. Brauer and T. L. 
Reynolds [Canadian Journal of Mathematica vol. 3 (1951) pp. 367-374]. If p isa. 
prime of form 4s--1 aud r —2*, then g « $9 79^. The same bound holds for the absolute 
value of the abeolute smallest primitive root of primes of form 4s 4-3. Received 
September 2, 1952.) 


564. J. L. Brenner: The mairix equation AX =B. 


Necessary and sufficient conditions are given for the solvability of the matrix 
equation AX = B. Here A, B are given finite matrices; the elements of A, B, X come 
from a principal ideal ring R, or a ring S of slightly more general nature. The method 
is to find a complete set of invariants of {AX} when X runs through the set of all 
matrices which have two-sided inverses. This amounts to finding a canonical form 
for A. If the canonical form for B can be obtained from the canonical form for A by 
replacing some columns of the latter by zero columns, then AX = B is solvable. (Re- 
ceived July 17, 1952.) 


565. H. E. Campbell: A converse of Cartan’s criterion for solv- 
ability. $ 

Let R, be the transformation a—ax in a Lie algebra £ over a field of character- 
istic rero. Then Cartan's criterion for solvability is that if the trace (R3) =0 for all 
x of Q, then £ is solvable. A construction is given to prove that if Wt is solvable over 
a field F of characteristic zero, then R can be imbedded in a Lie algebra R over a field 
FD F such that t(R,R,) 0 for all x, y of VI. More generally if R= 6-91 where © is 
semi-simple and 3 is solvable, then € can be imbedded in 2=@-++9 over a field FD F 
such that ((R,Ry) =0 for all x of €t and all y of & Also any faithful representation 
xS, of =G+R by matrices can be extended to a faithful representation z—5, 
over a feld FF such that ((5,5,) =0 for all s in t and all y in 8. (Received July 
17, 1952.) 


5661. Leonard Carlitz: A nole o on the multiplication formulas for bu. 
Bernoulli and Euler polynomials. 


As Nielsen has pointed out, if a normalized polynomial of degree m satisfies the 
multiplication formula for the Bernoulli polynomial for a single value >1 of the 
multiplier, then it is Identical with B, (x); a similar result holds for E(x). In the case 
of the mixed equation the situation is somewhat different. We show that if normalized 
polynomials satisfy ga ;(kr)- — (299 1/m) 2, 4 (—1)%fale+s/k) for two distinct 
even values of k, then fL (x) — Bí (x) ton, ge ai(x) Eu a(x), where Ga is an arbitrary 
constant. A like result holds in the case of the Bernoulli and Euler polynomials of 
higher order. More generally a result of this sort holds for the Eulerian polynomials 
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de (, a) defined by ((1—a)/(1—as))e* = 3-2. , (&u(z, a) /m f, where ays! is a root 
of unity. (Received July 21, 1952.) 


5671. Leonard Carlitz: Congruences connected with the power series 
expansions of the Jacobi elliptic functions. 

Extending the results of a previous paper (Duke Math. J. vol. 16 (1949) pp. 297— 
302), it is ehown first that A*(w)(A77(u) —1)'m0 (mod (f*, p")), where w is an in- 
determinate, p is a prime >2, and sn x«an (x, »)= >)", As(w)x*/ml. Similar 
results are also obtained for powers of an x. Next if Au (s X 2s: xu‘, then it is proved 
that Gy 44, (— 1) im; (mod p=, p), where p-(p—1) A Psicp.10f Bai denotes 
the general coefficient In the expension of x/an x, then Bu+ss/(m+#) m (—1) 1 (Bu, / 0) 
(mod (p1, 977)), provided p —1[w; a similar result is also obtained when p—1| m. 
(Received June 16, 1952.) 


568i. Leonard Carlitz: Generalized Dedekind sums. 


Put c(h, E) e 32^ . By -(u/b)B,(ku/h), where B,(x) denotes the Bernoulli 
function, p is a fixed odd integer >1, and (k, k) 1. T. M. Apostol has proved a 
transformation formula for the function G,(x) = XO? s-*x*/(1—x*) (Duke Math. J. 
vol, 17 (1950) pp. 147—157). Using this result we prove a reciprocity formula involving 
C (b, k) which includes Apostol's reciprocity theorem for c,(b, k). We also generalize 
some theorems on Dedekind sums proved by Rademacher and Whiteman (Amer. 
J. Math. vol. 63 (1941) pp. 377-407). (Received July 21, 1952.) 


569. Leonard Carlitz: Imvarianiive theory of equations in a finite 
field. 

Consider the reversible transformation T: m=filf ++, fr) Gm-1 sr), 
where f.(m1, * tr Gl, 2,::-,x], and f, "C GF. Two polynomials 
t, KCGFÍ[g, £u ++ +4 x] are equivalent provided Tg —k for some T; thus the totality 
Of pa motn tait bs separet nm e number of dasse: The determination o£ thia amu 
ber is & simple combinatorial problem. Applications are made to the equation 
Jue, fe) ma. (Received July 21, 1952.) 


5701. Leonard Carlitz: Some sums connected with adiit residues. 


The well known result 5-7" (r/p)>0 is generalired in the form 
(—1) 02," (r/p)Eu(2r/p) >0 (p=3 (mod 4)), (—0* 02) (r/p) Eu(2r/p) >0 
(pm (mod 4)), where E, (x) denotes the Euler polynomial. Similar results involving 
the Bernoulli polynomials also hold. (Received June 16, 1952.) 


t571. Harvey Cohn: Stable lattices. II. 


Continuing in the terminology of the previous abstract (Bull. Amer. Math. Soc. 
Abstract 57-3-203), the author considers lattices represen all integers in a totally 
real field X, for which the norm function, & zi - - - z,], has a stable minimum 
(under infinitesimal variations of the coefficients a,;). Here x; am, and ay is the 
conjugate of the j-basis element. The condition for stability is that for any two 
conjugates, ¢ and J, a unit # exist for which »,/s, is negative. When X is quadratic 
this just means there exists a unit of negative norm. When X —R(cos 2x/ N), the 
condition is satisfied for an extensive class of N including (at least) prime powers. 
(Research sponsored by Army Ardnance.) (Received July 17, 1952.) 


/ 
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572. H. S. M. Coxeter: Hyperbolic honeycombs and indefinite quad- 
ratic forms. Preliminary report. 


Many indefinite forms f(z, y, s, * - - ) are found to yleld symmetrical patterns 
when the variables are interpreted as homogeneous coordinates in a hyperbolic space 
whose absolute quadric has the equation f «0. The symmetry operations of the pat- 
tern represent automorphs of the form. For instance, when f ex1--y1—s3!—xs— ys 
[Markoff, Math. Ann. vol. 56 (1903) pp. 233-251], the solutions of the Diophantine 
equation f= —1 are the vertices of a tessellation of squares and hexagons filling the 
hyperbolic plane. Again, when f «zxt--31--31—1/1—zx1— p—s [Dickson, Siwdias sm the 
theory of numbers, p. 143], the integral solutions of f  —1 are the vertices of a honey- 
comb of cubes and truncated octahedra filling hyperbolic 3-space. (Received June 19, 
1952.) i 


573. D. W. Dubois: Siructure of Archimedean pariy ordered fields. 


A field F (commutative) is called a partly ordered field if F has a nonempty subset 
-P of positive elements which is closed under addition, multiplication, and division. 
**»3"' and *y«x" are abbreviations for “x—yCP.” The partial order is Archi- 
madean if for every yO F, and xC- P, there exists an integer n with sx y. The fol- 
lowing structure theorem is proved: If F is Archimedian partly ordered, then there is 
a family S of simple Archimedean orderings of F such that the posittos elements of F are 
those which are positeces according to every ordering belonging to ©. This structure is 
revealed by showing that a certain Banach algebra A is a subdirect sum of fields iso- 
morphic with the field R of all real numbers, where A ia the completion of F relative 
to the norm p(x) inf {y>0; —y<x <y}, y being a rational (every partly ordered 
field contains the ordered field of rationals). (Received July 11, 1952.) 


5741. Oscar Goldman: Ordered abelian groups. Preliminary report. 


If G is a totally ordered abelian group, denote by G+ its set of non-negative ele~- 
ments. Let L be the set of all complex-valued functions f defined on G, for which 
fll = 32a. |f()| <0. Then L forms a commutative Banach algebra under ||fi| 
as norm, and convolution as multiplication; we call L the group algebra of the ordered 
group G. Tbe algebraic structure of L reflects some of the order properties of G, as for 
example: L has no zero divisors if, and only if, the ordering of G is Archimedean. 
The space of maximal ideals M of L, with the usual topology, has some interest. M is 
compact, and, if one assumes the ascending chain condition on isolated subgroups of 
G, M is also connected. (The converse of the latter statement has not yet been 
settled.) The elements o£ M are in one-to-one correspondence with the order-characters 
of G, i.e., the complex-valued multiplicative functions on G+ of modulus not exceeding 
one, and assuming the value 1 at the zero element of G. Because of this, M has a eort 
of analytic structure, and L is an algebra of analytic functions. (Received July 21, 
1952.) 


575. R. A. Good and D. R. Hughes: Associated groups for a semi- 
group. 

Let S be a semigroup, B a subsemigroup of S satisfying BSB CB; then B is called 
a bi-ideal of S. An ordered sequence (finite or denumerably infinite) of subeemigroupe 
of S, each of which is a bi-ideal of the preceding semigroup, is called a bi-ideal chain 
of S. If and only if S possesses a Kerngruppe in the sense of Suschkewitsch it possesses 
a finite bi-ideal chain with a member B, such that B, possesses no proper bi-ideals 
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and is thus a group. B, is a bi-ideal of S and is called an associated group for S. The 
index of an associated group is defined; all associated groups for S have the same 
index and are isomorphic to one another. Every group homomorph of S is a homo- 
morph of the (abstract) associated group for 5; under certain conditions the associated 
group for S is a homomorph of S, and is thus a maximal group homomorph of S. 
(Received July 21, 1952.) 


576. Franklin Haimo: Some fixpoint properties of normal auto- 
morphisms. Preliminary report. 


Let G be a group with center Z. Let B,(G) be the set of all elements of G which 
are the common fixpoints for all the central automorphisms of G. If Bs(G) is defined, 
construct B, (G) by Buya(G)/Bs(G) = Bi(G/B,(G)). A typical result is the following: 
For a central automorphism a of G, let Ta be the set of all x7!a(x), where x runs 
through G. Then T4( Z. Suppose that a restricted to Ta is the automorphism x^, 
and suppose that there exists an integer #22 such that G=B,(G). Then a is the 
identity automorphism on G. (Received July 21, 1952.) 


577t. Melvin Henriksen and J. R. Isbell: Om the continustty of the 
real roots of an algebraic equation. 


While the root of an algebraic equation is a continuous multiple-valued function 
of its coefficients, there is no general theory of decomposition into single-valued func- 
tions. This paper shows that when a polynomial P(x, wemwt+ > aa (x)w* has 
coefficients which are continuous functions on a Hausdorff space X, and for each xc X 
there is at least one real root of P(x, w) —0, there is an open set U on which a real 
root can be given by a continuous function. In case the number of real roots is con- 
stant over X, one of them can be given by a function continuous on X. With these 
results one can prove for normal spaces the following theorem, stated by Hewitt 
[Rings of real-valued continuous functions. I, Trans. Amer. Math. Soc. vol. 64 (1948) 
p. 76]: Let C(X, R) be the ring of all continuous real-valued functions on a completely 
regular space X; let M be a maximal ideal in C(X, R). Then C(X, R)/M is a real 
closed field. Hewitt's proof relies on the erroneous assumption that the least real root 
of a real polynomial is a continuous function of its coefficients [see Mathematical 
Reviews vol. 10 (1949) p. 126]. Since the present proof relies on the Tietze extension 
theorem, the question for completely regular spaces is not settled. (Received June 30, 
1952.) ` 


578. I. N. Herstein: A generalization of a theorem of Jacobson. III. 


In the paper A generalisation of a theorem of Jacobson [Amer. J. Math. (1951) 
pp. 756-763] it was proved that if R is a ring with center Z such that x*—4C-Z for all 
xR where s is a fixed integer larger than 1, then R is commutative. In the second 
paper in this series this result was extended to the case where s = #(x) might vary but 
where n(x) à M for all xR. In this paper the following unrestricted theorem is 
proved: Let R be such that x) —2x€Z for all xCR, «(x) depending on x. Then R is 
commutative. The result is first established for the division ring case using a recent 
field theoretic theorem due to Marc Krasner (forthcoming). By the Jacobeon struc- 
ture theorems the semi-simple case is disposed of. The situation then hinges on the 
subdirectly irreducible case. The key result here is that all commutators are in the 
center. From there, by a series of theorems, the problem is reduced to the situation 
where #(x) is constant. The theorem is known to be true here, settling the general 
situation completely. (Received July 17, 1952.) 
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579. D. G. Higman: Focal series in finite groups. 


For S a subgroup of the [finite] group G, we define a descending chain of normal 
subgroups ¿S of S, which we term the focal series of S in G, by the recursive formulas: 
eS S, S= the subgroup generated by all commutators c= [s, g] with c and s in 
S, gin G. Let p be a set of primes, and denote by P(p) the subgroup generated by all 
those elements in G whose orders have no prime divisors in p. The central result of 
our investigation is: 4f for some i, p comtases all the prime dévisors of the index [S: 15], 
then’ every prims which dévides [P(p)AS:P(p)AcS] also divides [P(y):P(y) AS]. 
Hence, for instance, if [G:.5] and [S:,S] are relatively prime, there exists a normal 
subgroup N of G such that G = NS and S= NAS. (Received July 16, 1952.) 


5804. J. R. Jackson: A partial ordering defined by cerian matrices, 


Let (fae) be an MXN matrix with real entries. Write m< *m' if, for some w 
P» XO X baa; and let *& ? be the extension of *« ** to be transitive. It is shown that 
the relation “<” is a partial ordering of the integers 1, 2, * - - , M, if and only if the 
following condition is satisfied: (fwa) can be replaced, by means of interchanges of 
rows and interchanges of columns, by a matrix (qma) with the property that if q,,70, 
then whenever miu and mir, we have qua 2:0. The result is of interest from the 
point of view of a mathematical description of industria! production scheduling. 
(Received July 17, 1952.) 


581%. R. E. Johnson: Representations of prime rings. 


This paper continues the study of prime rings started In an earlier work (Prime 
rings, Duke Math. J. vol. 18 (1951) pp. 799-809). It is assumed that the prime ring 
R has a set R of r-ideals and a set 2 of L-ideals satisfying the seven closure assumptions 
of the earlier paper. If we select atoms M from 2 and N from 8 such that M: N»<0, 
then the ring X = MY VN is an integral domain, and M is an (R, K)-module while N 
is a (K, R)-module. It is shown that the lattice € is isomorphic to a lattice of K-sub- 
modules of M, and dually for 2 and N. Finally, it is shown that for any set 
zxn***, XX] of X-Hnearly independent elements of N, and any other set 
Yu 75 5, Ya} of elementa of N, there exist an a in R and a nonzero bin X such that 
zamky, $71,:-*, n, (Received July 22, 1952.) 


582. Jan Kalicki and D. S. Scott: Equational completeness of ab- 
siract algebras. Preliminary report. 


Terminology will be that of Jónseon and Tarski, Boolean algebras with operators, 
Part I (Amer. J. Math. vol. 73 (1951) in particular pp. 894-897). Let Eq (K) be the 
set of all equations f.g between algebraic functions f and g over a similarity class 
K. Let Id (Ax) be the set of equations f~g in Eq (K) such that fy, “gy, holds in 
the algebra Wr of the similarity class K. Ax is eqwaHonally complets (ACEC) if- 
(1) Id (8x) mEq (K) and (2) for any algebra Gx if Id(Sx)C Id (Bx), then Id (Bx) 
— Eq (K). It has been shown that: (a) If Id (Xr) Eq (K), then there is an algebra 
SBxC- EC such that Id (Mx)CId (Bx). (b) An algebra V (A, f) with one associative 
binary operation f is equationally complete if and only if one of the following condi- 
tions holds for any w, x, y, SEA: (1) f(x, y) =x; (2) f(x, 3) x: (3) f(x, 9) fm, 3); (4) 
Fle, JO, 3)) =f Gl, 3), 5), f(x, 7) =f(y, x), and f(x, x) =x; (5) f( JO, $) - FG, 3). 2), 
f(z, y) -fGy, x), F, y) 7 y where x! ez, x1 —f(z*, x), and p is a prime. (c) Asa 
simple corollary to (b) it is seen that every equationally complete algebra with one 
associative binary operation has & finite equational basis. (Received July 21, 1952.) 
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5834. Irving Kaplansky: Dual modules over a valuation ring. 


Several authors (Prüfer, Krull, Vilenkin, and others) have studied linearly com- 
pact modules over the p-adic integers, that is, topological modules with the finite 
intersection property for cosets of closed submodules. The author shows that these 
are dual to discrete modules; the duality must be taken, not relative to the reals mod 
one, but to its primary subgroup (Priifer’s group of type p“). Thus the theory of 
linearly compact modules coincides with that of ordinary modules. This is the starting 
point for a more general study of such duality. (Received June 12, 1952.) 


584. Leo Katz and Ingram Olkin: Properties and factorizattons of 
mairices defined by ihe operation of pseudo-transpostiton. 

A matrix C, wX», is (p, g) peeudo-orthogonal if it satisfies the relation CJC’=J, 
where J=I,-+-(—I,), + is the direct sum, and prm Under a peeudo-orthogonal 
transformation, the quadratic form 50? x;,— 2.4 y, is invariant. Lee (Quarterly 
Journal of Mathematics, 1944) and Hau (Quarterly Journal of Mathematics, 1946) 
have obtained factorizationa of such matrices. By defining the operation of peeudo- 
transposition (C= JC'J is the peeudo-transpose of C), unified definitions, analogous 
to the definitions using ordinary transposition, are obtained for peeudo-symmetric, 
peeudo-skew, and pseudo-orthogonal matrices. Analogues of certain theorems involv- 
ing transposition are proved. These include a new factorization of a pseudo-orthogonal 
matrix in terms of a peeudo-skew matrix and the analogue of the Toeplitz factoriza- 
tion. The matrices considered are real. (Received July 21, 1952.) 


585i. Frank Kozin: On functions of three vectors. 


' Let f(z, y, s) be a real function of three vectors belonging to vector spaces of 
dimensions >0. If f is subadditive in x and y, and superadditive in x and s, then f 
is additive in x and y as well as in x and s. Let |a] be a square matrix of order ». 
If z= {au}, y= om - +, Gia}, sm (an, + + , am}, and f(x, y, s) denotes the de- 
fechinune na |-whew od (422. "ic sia) are kept constant dàn tha preceding 
theorem yields the sufficiency of Menger’s postulates for determinants (C.R. Acad 
Scl. Paris vol. 234 (1952) pp. 1941-1943). (Received July 18, 1952.) 


586%. W. J. LeVeque: Note on S-numbers. 


The transcendental number £ is said to be an S-number if there are constants T 
and y such that the inequality |z«--zit-- +++ taef*|>T(max (||, +++, [01))-™ 
holds for all » and all sets of rational integers (xe - - - , x4) 55(0, - - - , 0). Mahler 
showed that almost all reel numbers (complex numbers) are S-numbers, and con- 
jectured that this is even true with 5*1 (y —1/2). It is shown here that almost all 
real numbers (complex numbers) are S-numbers for which it is possible to take 
1-2 (y=3/2); this improves a result due to Koksma, that it is possible to take 
(y=3) (v 5/2). (Received June 20, 1952.) : 


587%. W. J. LeVeqúe: Fonfiened fractions and OET OMANE H in 
k(t). 

The results of the above paper are applied to two problems. The trick is to find 
an algorithm for producing the best Gaussian rational approximations to an arbitrary ' 
complex number £; a regular continued fraction is constructed, all of whose con- 
vergeats are best approximations to £, and among whose convergents are to be found 
all solutions of the inequality |B(8t—a)| «0.48 - - - in Gaussian integers a and £. 
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ii ala eaten EAE caer tar Cane E 
Gaussian rationals, is answered by the following theorem: the inequality |8(fi£—a) 
<f(|8|) has only finitely many solutions a, 8 for almost all t if the integral /"if*(/)dt 
converges, and has infinitely many solutions for almost all £ if this integral diverges. 
Here f is a positive function satisfying suitable monotonicity conditons. Metric re- 
sults are also obtained concerning the order of magnitude of the norms of tbe de- 
nominators of the continued fraction mentioned above. (Received June 20, 1952.) 


5881. W. J. LeVeque: Geometric properties of Farey sections in k(4). 


The work of Caseells, Ledermann, and Mahler on complex Farey sections is ex- 
tended in several directions, the principal new tool being a simple geometric inter- 
peetation of the boundaries of the regions associated with Farey elements, in terms of 
spheres tangent to the complex plane at the Farey points. In particular, the theorem 
proved by Caseselis et al., that these regions are star domains about the Farey points, 
is here proved much more simply. (Received June 20, 1952.) 


589% W. J. LeVeque: Os n-dimensional uniform disiribution mod- 
wo 1. . 


Kokzma has considered the distribution modulo 1 of sequences (f(s, 6) } depending 
on a real parameter 9, and has shown that under suitable restrictions euch a sequence 
is uniformly distributed modulo 1 for almost all @ in an appropriate interval. The 
present author gave a different proof of certain of Koksma's results, basing the proof 
on properties of quasi-orthogonal functions pointed out by Kac, Salem, and Zygmund. 
This method is here applied to w-fold sequences {filmy * - * ry 6,7, 0), ss, 
fem, * 55,95 Oy © > *, 8)] depending on r integral variables and s continuous vari- 
ables. Analogous but more complicated theorems are proved. (Received June 20, 1952.) 


5904. Jakob Levitzki: On the structure of P-soluble rings., 


A ring is called a P-ring if it has no nilpotent (+40) elements modulo its maximal 
nil ideal. The sum of all right P-ideals of a ring S is a two-sided ideal called the 
P-socle of S. Iterating transfinitely the process of forming the P-socle one obtains 
an ascending chain of ideals { A,} culminating, say, at An If S=A,, then S is called 
P-soluble. In the present paper P-eoluble I-rings (i.e. rings with nonzero idempotents 
in every non-nil right ideal) are studied, and e.g., a necessary and sufficient condition 
for the P-solubility of an FI-ring (i.e., a ring whose homomorphic images are I-rings) | 
is found. This condition can be focmulated as a weak minimum condition imposed on a 
certain class of principal right ideals. It turns out that an FI-ring is P-soluble if and 
only if every primitive image ts P-eoluble. Special cases are FI-rings with bounded 
index and more generally such with a bounded index modulo every primitive ideal, 
which were studied in the author's paper Ox the structure of algebraic algebras and ro- 
lated rings (to appear in Trans. Amer. Math. Soc.). These results are applied to the 
problem of the local finitenees of algebraic algebras and yleld a generalization of 
Kaplansky’s results on the problem of Kurosch. (Received August 12, 1952.) 


5914. J. E. McLaughlin: The normal completion of complemented 
modular lattices. Preliminary report. 


Let L be a complemented modular point lattice, L, its ideal completion, L, its 
nocmal completian. Then it is shown that L, is modular if and only if L, is iso- 
morphic to a sublattice of Z». It is also shown that if L is orthocomplemented, then 
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Ly is orthocomplemented. This gives as a corollary the following partial extension of 
the Stone-Glivenko Theorem for Boolean algebras: the normal completion of an 
orthocomplemented modular point lattice with the finite dependence property on 
points is an orthocomplemented modular point lattice. An example 1s given of an 
octhocomplemented modular point lattice whose normal completion is not modular. 
(Received July 21, 1952.) 

592. E. V. Schenkman: A generalization of the central elements of a 
group. 
For elements a and g in a group G, set g"ag-a(g) or o™(g) and set a(9(g) 
»g*-D(g). If, for some s and every £C-G, a9 (g) =a, a is said to be weakly self- 
conjugate. The following results then hold: (1) if in a locally finite group G every 
element of prime power order p is weakly self-conjugate, then the set of such ele- 
ments comprise a normal subgroup of G. (2) An element is in the nil radical of a locally 
finite solvable group if and only if it is weakly self-conjugate. (Received July 21, 
1952.) 


593. H. E. Stelson: Finding the root of an equation by iteration. 


Assume that a real root of x=f(x) has been isolated and that the sequence 
Zu Xa, x47 has been computed from an initial value, x, near the root. For f(x) 
& decreasing function (an increasing function can be transformed into a decreasing 
function), we have a root between x, and tei. An upper and lower limit for the root 
may be obtained by use of the formula x=x,—(Ax;)3/A% for the points (xe f(x), 
(ni, f(x) and for the points (xe f(xo)), (xa f(za)). These limits may be improved by 
use of the formula xx, — (Az, J-Azci)/ (Ax / Ax; — (A15/ Ast) 1A 41/A%,) for the 
points (xo, f(xo)), (£u f(:)), Gay f()) and (xy f(x), (x f60)), (ea f(ea)) which is 
derived by successive approximations. f*(x) must be of constant sign throughout the 
interval considered. Accuracy can be estimated by means of Ra, for Newton's 
ordinary interpolation formula for divided differences. (Received March 20, 1952.) 


5944. G. L. Walker: Fermai's theorem for algebras. 


If A is an algebra over F and x is an indeterminate, let (A) be the set of all f(x) 
in F[x] such that f(a) =O for all a in A. I(A) is then the principal ideal in F[x] con- 
eisting of zero and all polynomial identities for A in a single indeterminate. We prove: 
if A is a total matrix algebra of order m* over GF(?*), then I(A) is the principal 
ideal generated by f fifa - - - fas where fi -x*'—z. When m= 1, this is the Fermat 
theorem. This result is extended to semi-simple algebras of characteristic P and finally 
to the theorem: if A is an algebra over F with radical N, if I(A—N) — (f), f in F[x], 
and I(N) 7 (x), then (g) 3I(4) 3(&) where p= [f(x)} and &elcm zi, f(x). An 
example shows that these bounds on I(A) cannot be Improved without additional 
hypothesis. (Received July 18, 1952.) 


595%. A. D. Wallace: Topological semigroups (Local stability. Y). 


A TSG is a map (continuous function) u: SX S—S such that S is Hausdorff and 
n is associative. As usual xy = u(x, y). If aC-S and TCS, let T* be the intersection of 
all sets U- T, U an open set including à. If S is locally compact and T is compact 
then T*—a- T. (If Sis a TG and e is the unit, then T= T). Also [* -[] TIC T3 if 
TC Ts. (TC T9, (WUT = TIU; (if v is a left unit for 5 then TCT" so e is a 
closure operator for S.) If S is a regular space, then (T*)"C(T-}* so T" is closed if T 
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is closed. Note that aT T*. We say that T is locally left stable at a if T= T». If S 
is compact and is locally left and right stable at a set dense in S, then S is a topo- 
logical group. We note that these concepts and results are partially applicable to 
topological dynamics, ie., when m: SXX—X is such a map that a(s, a(z, x)) 
= u(fua, x). (Received July 7, 1952.) 


5961. L. R. Wilcox: Addition and harmonic addtiton in a field. Pre- 


liminary report. 

A natural beginning of the study of the algebra of electric networks under the 
binary operations cf series and parallel connections is the determination of inter- 
relations between the operations of addition and harmonic addition a + bmab(a--b) 1 
in a commutative field F’. First, an ideal element œ% is appended to F' satisfying 
various conditions such as a: œ = co (a 540), a+ œ » œ, etc. If a, b Fm F' --( ], 
then a+b, ab, a « b, —a are defined eo that (a) F— {0} isa group under * with œ as 
identity and —o serving as inverse of a, and (b) duality between +, + is complete. 
Central in the theozy is a relation ~ between pairs of elements of F, where (a, b) 
~(c, d) means either (a-I-d) * (c--b) =a * c-Hd * b or bmg —c—- —d. Many prop- 
erties of ~ are found, including those expressing reflexivity, symmetries, transitivity, 
and self-duality. Conversely, the properties found characterize fields in the following 
sense. Given a system (F, +, *) having these properties, define multiplications 
Xa by axibwm 2-1 [c » (k—a)--b * (&—5) — (a+b) * (k— (a--5)) ], where 2x means 
z «x, (Here the system must not have characteristic 2 in an obvious sense.) For fixed 
k0, ©, (F—{ œ}, +, Xa) 1s a field in which & is the multiplicative unit and in 
which &X,h serves as reciprocal of a40. In each such field, Harmonic additiod: cote 
cides with *. (Received July 21, 1952.) 


ANALYSIS 


597. H. A. Antosiewicz: Forced periodic solutions of systems of dif- 
ferential equations. 

The vector differential equation dx/dim A (é)x-+-p(x, )-+q(x, t, k) is considered 
under the following assumptions: (1) x is a vector in s-dimensional space Es; GD A(f) 
is a continuous and periodic matrix of period 1; (iif) p(x, +) is continuous in (x, t) 
and periodic in # of period 1 for x in some fixed closed sphere 5(0, R) and every £, 
satisfies a Lipschitx condition in 5, and p(0, t) w0; (iv) q(x, £ k) is continuous in 
(s, 4 3) end periodic in £ of period 1 for 2 in 4 and every f and every real }, satisfies 
a Lipechite condition kS. and g(x, t, 0) m0. It is shown that if the characteristic ex- 
ponents of dx/dt=A(é)x are all less than unity, then there exists a positive definite 
quadratic form V(x) such that for sufficiently small b a region V of E, bounded by 
V(x) = Cis mapped into itself by T:z(1)—2(0). It follows from Brouwer’s fixed polnt 
theorem that there exists in V at least one periodic solution of period 1. This periodic 


solution is shown to be asymptotically stable in Liapounofi's sense. (Received July 21, 
1952.) 


598. Nachman Ataa and A. N. Milgram: Differential oper- 
ators on Riemannian manifolds. 

The consideration of differential problems with general boundary conditions in a 
Euclidean domain requires the study of intrinsic diferential operators on the 
boundary., The authors attack this question by considering differential operators on a 
general Riemannian manifold ma- The notions of differential operators and o-forms 
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(Le. exterior differential forms with bilinear differential operators for coefficients) 
and their restriction to submanifolds are defined. The following results, among others, 
are obtained: (1) a closed o-form is an exact differential of an o-form; (2) the repre- 
sentation of an operator and its adjoint in terms of covariant derivatives; (3) an- 
alysis of boundary operators on an (#—1)-dimensional submanifold m, ; in connec- 
tion with a differential operator defined in a neighborhood of ma- in particular a 
complete description of all self-adjoint or positive systems among all normal systems 
of boundary operators, (Received July 14, 1952.) 


5994. I. E. Block: On Hilbert transforms. 


Let A*(— ©, +) be the clase of continuous functions f(x) such that |f(e+h) 
f(x —h) —2f(x)| & Ah uniformly in zas k—+0. Such a clase was defined by Zygmund 
(Duke Math. J. vol. 12 (1945) pp. 47-76) to replace the class Lip 1 of functions. 
The following theorem is proved: Let f(x) belong to L*(— œ, +), p>1, and 
A*(- o, +œ), Then the Hilbert transform of f(z) belongs to L*(— ©, +œ) and 
A*(— ©, --«). The method of proof follows the proof o£ Zygmund for a similar 
theorem for functions in A* on the unit circle. (Received June 9, 1952.) 


600. R. P. Boas: Funcitons of- bounded characteristic and functions 
. of exponential type. 


The author coordinates a number of recent results concerning f i of- 
bounded characteristic and functions of exponential type. Considerable simp) tion 
is achieved in the discussion of functions of exponential type with zeros s, such that 
$5 |1(1/1.)| converges. Systematic use is made of a theorem of Ahlfors and Heins 
[Ann. of Math. (2) vol. 50 (1949) pp. 341—346] on the existence of lim r7! log |f(re%) | 
for a function of exponential type which is bounded on the real axis. This theorem 
is extended to functions satisfying lese restrictive conditions on the real axis; thus 
results of B. Levin [Doklady Akad. Nauk SSSR. N.S. vol. 71 (1950) pp. 601-604] are 
made sharper. The author does not consider Levin's proofs completely convincing. 
(Received July 16, 1952.) 


601; Joseph Bram: Normality of rings of operators of type I. 


. A ring A of operators on a Hilbert space H is called normal if for every subring B 
containing the center Z of A, we have (B'( VA)'( VA m B, where E' denotes the set of 
all operators on H which commute with every operator in E. von Neumann showed 
that every factor of type I is normal. To show that every ring of type I is also normal, 
it suffices to prove the result for the case in which A is, for some cardinal #, a “full 
matrix ring of order s" over a commutative ring, since every ring of type I is a direct 
sum of such rings. The space H is replaced by a smaller space Hı on which A is repre- 
sented faithfully and on which A’ is exactly the center of A. It is known that every 
subring of A is weakly closed even when acting on Hı. The desired result is seen to be 
true on Ah, hence also on H. (Received June 1, 1952.) 


602. George Brauer: Sets of convergence of ordinary Dirichlet series- 
Preliminary report. e i 


It is shown that for any real number a, each set of type F, on the line e =a is the 
set of convergence of an ordinary Dirichlet series of the form 2 ,. , aan, se ir. 
Each denumerable set on the line «=a is the set of divergence of an ordinary Di 
richlet series. (Received July 15, 1952.) 


s 
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603. F. E. Browder: Assumption of boundary values in the Dirichlet 
problems for the general linear elliptic differential equation. 

Let K be a suitably differentiable linear elliptic differential operator of order 2m 
on the bounded domain D of E*. Suppose that s is a solution of the Dirichlet problem 
for the equation Ks ~ $ with boundary value function g, P a point of the boundary of 
D. It is shown that if g and k are sufficiently differentiable in the neighborhood of P 
and if the boundary of D is sufficiently smooth at P, then s assumes its full set of 
boundary data at P. For s» 2, a sufficient smoothness condition is that the boundary 
of D should be locally connected at P while P is not an isolated point of the boundary. 
(Received July 21, 1952.) 


6044, F. E. Browder: Higher order boundary value problems for 
linear elliptic differential equations. 

Let K be a suitably differentiable, strongly elliptic, linear differentlal operator 
of order 2m on the bounded domain D of E*, K=L+A where L is self-adjoint and A 
of less order than 2m. Let y bea set of boundary conditions and T the subset of C™(D) 
satisfying the boundary conditions y. Suppose that on T' L is self-adjoint with respect 
to the inner product of Z*(D) and (x, »CCT), further that (—1)* /ps- Ksdz =the sum 
of an m-inner product on D, a positive boundary integral, and a boundary integral of 
lower order. The semi-boundedness for X on T is established together with existence 
and differentiability theorems, for solutions of Kx =A’ with boundary conditions y, 
which are analogous to the author's previous results on the Dirichlet problem. (Re- 
ceived July 21, 1952.) 


605t. F. E. Browder: Linear parabolic differential equations of arbi- 
trary order. i 

If K is a suitably differentiable linear elliptic differential operator of order 2m 
on the bounded domain D of E*, the solution w(z, t) [xD, 0<i< «] of the equation 
(—1)* 1 Kw = 64/02 is said to be a solution of the initial value problem with data g and 
fif for each 1, x satisfies the Dirichlet boundary data of g and as ! goes to zero w(x, t) 
approaches f(x) in L*(D). The existence of a solution to the initial value problem is 
established if K is self-adjoint and it is shown that the solution is 2s« times dif- 
ferentiable in x and infinitely differentiable in t. The Green's function is constructed 
and applied to other boundary value problems. The methods used are based upon 
the authoc's results on linear elliptic equations. (Received July 21, 1952.) 


606. R. O. Buck: Essentially admissible sequences. 


Let S be the space of complex sequences a= {a} for which ||all -sup |a| 1+) 
X c, Let A be the set of those a which are essentially admissible in the sense that 
there exists an entire function f(s) of exponential type obeying the growth restric- 
tion f(¢y) = O(exp c| y| ) for some c <x, and such that f(s) =, for all large x, Necessary 
and sufficient conditions are obtained that a sequence a belong to the closure of A. It ia 
also shown that A has no interior points, and that there are arbitrarily large spheres 
in S, disjoint from A. (Received July 21, 1952.) 


607. C. W. Burrill: Characterising systems of continuous functions. 
Prelimi 
Several writers have studied the problem of characterizing a topological space by 
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means of the continuous functions on the space. The principal contributions of this 
paper are the following. (1) A completely regular (Hausdorff) space X is character- 
ized by the lattice of continuous real-valued functions together with the sublattice 
of bounded continuous real-valued functions in case the space satisfies the following 
condition: for every b= A(X)—X there exists a continuous real-valued function g 
such that for every real number a, b€E¢ [x X; g(x) Sa]. Here 8(X) is the Cech 8-com- 
pactification of X and e is the closure operation in 8(X). The proof closely follows 
that of I. Kaplansky in Bull. Amer. Math. Soc. vol. 53 (1947) pp. 617-623. (2) If Z 
is a completely regular (Hausdorff) space satisfying condition C, then certain ordered 
sets of equivalence classes of continuous real-valued functions will characterize Z. 
Here C is a condition of E. W. Chittenden: ¢ a€7Z then there exists a contémuous real- 
valued funcion f such that f(x) =0 if and only if xma. (Trans. Amer. Math. Soc. vol. 
31 (1929) p. 317.) Property C holds if Z satisfies the first axiom of countabllity. (Re- 
ceived July 21, 1952.) 


608. P. L. Butzer: Linear combinations of Bernstein polynomials. 


Denote $89 = [8/(z) JI! =B (x) and (25—1)899 — POIG, km1, 2,3, 55+, 
where B,(x) = BL (x) = 27s 4 f(v| 9) Ceo" (1 —2)*7* is the Bernstein polynomial corres- 
ponding to the function f(x) defined on [0, 1]. The polynomial $89" (z) can be rewrit- 
ten in the form aaBss (x) -ou iBsi-ts (x) 3- + - + --asB, (x) with constants a; =a, (k) 
satisfying 2 4 „a= 1. The linearcombination B?" (x) is shown under certain conditions 
to approach f(x) more closely than the Bernstein polynomials. For example, if f(x) is 
defined on [0, 1] with [/(x) | <M, then at points where the 2kth derivative f% (x) exista, 
it is shown that | (x) -f()] =O) and | 82" (x) fæ) =o), 20, 
h-1, 2, 3, < * - . Correspondingly, for the Bernstein polynomials, at points where 
f''(x) exists, the order of approximation to f(x) is only O(»-!), and the existence of 
derivatives of higher order of f(z) cannot improve this order (Voronowskaja, S. 
Bernstein, C. R. (Doklady) Acad. Sci. URSS. (1932) pp. 79-92). Now if f(x) is con- 
tinuous with modulus of continuity wm(3) on [0, 1], it is shown that |82*(x) —/(x) 
Smar: (C, eu»), C'n) where C= C(k), C= C'(k; f). Lf f(x) satisfies only a 
Lipschitz condition of order a, 0 «a 31, then, in general, B™ does not approximate 
fe) more closely than By,(x) for which |f(x)— Ba(x)| - O(«-*/), (Popovich, 
Mathematica Cluj vol. 10 (1935) pp. 49-54). (Received June 25, 1952.) 


609. Joshua Chover: On locally-homogensous measures and 
Hilbert space decompositions. Preliminary report. 


A condition of “local-homogenelty,” which is a weakening of the condition of 
translation invariance, and an algebraic concept of support are introduced for meas- 
ures on a group, and examples are discussed. Secondly, an abstract equivalence rela- 
tion, which is coarser than the usual one, is defined for nonzero measures, and in par- 
ticular for those with supports. The local-homogeneity condition serves to define a 
special instance of this relation which is useful in application to operator theory. By 
means of this relation, and using the analogy between ideals of measures and vector 
subspaces, it is shown that any self-adjoint operator on Hilbert space whose weighted 
spectrum ls “absolutely continuous" with respect to the domain of the relation in- 
duces a unique decomposition of the space into invariant subspaces which have cer- 
tain measure theoretical properties. This decomposition permits the rigorous defini- 
tion of a concept of generalized eigenvalue expansion such as is required for various 
operators In the Dirac model for quantum mechanics. (Received July 7, 1952.) 
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610. R. V. Churchill and C. L. Dolph: Inverse transforms of prod- 
ucts of Legendre integral transforms. 


Let f(s) (»—0, 1, 2, - - - ) denote the Legendre integral transform of a function 
F(x) on the interval (—1, 1), f(s) = f? F(x) P.(x)dx. If g(m) is the transform of a func- 
tion G(x), then the product f(s)g(s) is the transform of the function H(x) where 
H(cos 8) is represented by the integral x71/7^ sin adaf?" F[sin a cos (8-+6/2)] 

* G[sin a cos (8— 8/2) ]d8. The integral H corresponds to the convolution integrals for 
Fourier and Laplace transforms. Sufficient conditions-for the above inverse trans- 
form of f(m)g(#) are that F(x) and G(x) be continuous (|x| 1). The methods and 
results of J. P. Vinti [Proceedings of the American Mathematical Society vol. 2 
(1951) pp. 19-23] played an essential role in deriving the above formula. This con- 
volution property not only makes it possible to extend tables of Legendre transforms 
but it also leads to closed forms of solutions of boundary value problems. (Received 
. July 21, 1952.) 


611. E. G. H. Comfort: A new inequality. 


The inequality (+y) (sz -3)' — (x) * — (271 —29)zt y 20 is ad for xz0, 
yz 0, 0 arai. If zy»0, a rearrangement of the inequality shows that the difference 
(xt +y) — (x+y) is not less than a positive constant, which is independent of x and y, 
multiplied by the rth power of the harmonic mean of x and y. (Received July 14, 
1952.) 


6121. John DeCicco: The theory of residues of polygenic functions. 


For a polygenic function F(s) of class Cœ in the region 0 «| s—s4| <p, the residue 
function is R(se, r) = (1/2x3) f f(z)ds, where C is a positively sensed circle with center 
at sẹ and positive radius r «p. If f(s) is q harmonic so that V*tf(s) -0 in the region, 
then R(z, r) is an even polynomial in r of degree 29 —2 at most. The residue of order q 
of a polygenic function f(s) at a point s, is the limit (if it exists) of the derivative of 
order g of R(ss r) with respect to r? as r approaches zero. If f(s) is polygenic of class 
C™ at a point sy and if 1<#+2m, then f(s)/(s—xe)*t! poesesees residues at so of 
orders 0 to [(m—»)/2] inclusive. If 0g S [(m—5)/2], the residue of order q is 
(1/(n--9) D(V9/299 (f/p). The concepts can be extended to the nagia of a 
polygenic function for a finite set of distinct points. If F(s) =f(s)/(s—s) * * * (s—5), 
where f(s) is polygenic of class C for the set S of distinct points s, t» ©- - , Sa, the 
seule ot orde: eec al FU) d dis divided difenes [ae sima] oF fü). end. De 
residue o order onne£ T) Ie fke divided diens [aa ss] EOM) bade minoa the 
sum of the divided differences [n - + + s osi * * + Sa] of the function (0//93)/(s —s)* 
for b-1,* "+ ym, Thee resalta are extended to confluent divided differences. (Re 
ceived June 18, 1952.) 


613. R. J. Duffin: Discrete potential theory. 


A study is made of analogy and counter-analogy between the Laplacian operator 
and the corresponding difference operator relative to the regular rectangular lattice 
in space. Courant has shown that the analogue of the potential of a point charge may 
be represented as a triple Fourier transform. This function is investigated here in de- 
tail and its complete asymptotic expansion at Infinity is determined. To do this It is 
first of all necessary to develop a theory of the asymptotic expansions of multiple 
Fourler transforms. In the two-dimensional case, it is found possible to evaluate 
explicitly the potential of a point charge. As an analogue of Gause’s mean value theo- 
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rem, it is shown that the value of a discrete harmonic function 1s to a certain approxi- 
mation the mean of its values at the lattice points in a concentric sphere. An 
analogue of Harnack's inequality for positive harmonic functions is found. The follow- 
ing corollary corresponds to Liouville's theorem: A positive function which satisfies 
the Laplace difference equation at all lattice points is a constant. (Received July 18, 
1952.) 


6144. R. S. Finn: Os the solutions of ellipite systems of firsi order 
equations. 

Solutions of elliptic systems of the form (1) ad. -86, — Yn Ypa 3-59, — ys are 
considered. At each point (x+y) an upper bound for the eccentricity s of the 
mapping (x-y)—(é-4-*) is determined by the magnitudes of the coefficients 
a, B, 7, 8. It is shown that if e « X log (1-++-x*+-y*), then a nonconstant entire solution 
omits at most one finite value. A similar theorem has been proved by H. Grótzsch 
(Leipziger Berichte vol. 80 (1928)) using other methods, under the assumption of 
uniformly bounded eccentricity. More generally, the domain of values achieved by 
any solution in & neighborhood of an isolated point is exactly that of an analytic func- 
tion, provided that e « X log (1/x?-1-y?) near the point. Theorems of similar type hold 
for the complex gradient $, — 4, of a solution of an elliptic equation (2) Adee +2Bdsy 
Cy, =O. If (2) is nonlinear, and if e< X (1-1-6, 4-65)* log (1--x1-1-y3) for some integer 
*, then an entire solution for which $,—í6, omits a nondegenerate continuum is a 
linear function ¢(x, y) —-ax--by--c. Applications are made to solutions of elliptic 
variational problems 8//F(p, g)dxdy 0. It is shown that if Fy,-4- F4«K, the con- 
dition | ¢| «X (log 1/x*-+y*)¥? is sufficient for removabllity of an isolated singularity. 
Estimates are obtained for the rate of growth of entire solutions and various gen- 
eralizations of Liouville's theorem for harmonic functions are given. The proofs 
depend on a conformally invariant formulation of the equations and on a technique 
due to M. Shiffman for estimating nds of double-integral quadratic functionals. 
(Received July 18, 1952.) 


615. W. H. Fleming and L. C. Young: A notion of boundary for 
generalised parametric surfaces. 


A linear functional Z on the space of continuous perametric integrands f(x, J) 
defined by L(f)=//f[x(w, v), J(u, v) duds, where x(x, v) = [x!(«, $), - - - , x™(m, »)] 
is an “elementary” (e.g., Lipschitzian) mapping of [03s 31; 03» 31] into sw-spece 
and J(u, v) = [9(x*, «*)/8(u, s)], is called an elementary (parametric) surface. Weak 
limits of sequences of elementary surfaces are called generalized (parametric) surfaces 
[L. C. Young, Bull. Soc. Math. France vol. 79 (1951) pp. 59-85]. The gbouadary Xx, 
of a generalized surface L is obtained by restricting the domain of L to the space of 
exact integrands. If Ar *0, L is termed closed; L is basic closed if L=L,+I4 with 
In, La closed implies Lı = kL. Every generalized surface whoee g-boundary à bounds 
some elementary surface is weak limit of positive linear combinations of elementary 
surfaces bounded by integral multiples of à. Given 50, à sufficient condition that 
an exact é(x, J) exists such that fels, J)--é(, J) is positive definite for |x| 35 is 
that L(fQ 0 for all basic closed L. For = =3, the latter inequality holds if fo is 
semide&nite, semiregular, and satisfies a certain condition involving its zeros. (Re- 
ceived July 14, 1952.) 


6164. K. O. Friedrichs: On the diferentiability of solutions of eliptic 
differential equations. 
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Let the vector-valued function «(x), defined in an open set D of s-dimensional 
space x»Íx,-.-, ae}, be a solution of the differential equation La(s) 
eng Drap (x) D(x) mf(x) of order 2r, in which D is the gradient and D the 
negative divergence, so that D*x stands for all m” derivatives of # of order « while Dr 
transforms systems of se functions into one function. Furthermore let a(x) be an w^ 
by m” matrix, and f(x) a given function. Assume that fs (x)a" (x)w* (x)dx za furutde 
for every system w'(x) of m” functions which vanish outside a compact subset of 
®, so that L is elliptic in the restricted sense. With reference to a Hilbert norm, we 
assume that w admits tbe operator D in the “strong sense" r times and that 
a” (x) D'x(x) admits the operator D in the “weak sense" p times. Theorem 1. If f(x) 
admits D in the strong sense s times, the solution (x) admits D in the strong sense 
r-+s times provided a” is in ©. Corollary. u(x) is in G, if s-I-r» &-4-m/2. The main 
tools are integral inequalities and approximation with the aid of molli&ers. (Received 
June 16, 1952.) $ 


617. W. B. Fulks: The Neumann problem for the heat equatton. 


The author considers the solutions of the following boundary value problem. Let 
U(P) = U(z, t) bea solution of (1) Uses Urin R: {0<x<1;0<t<TS œ } which takes 
on prescribed initial values U(x, 0) and whose normal derivative takes on prescribed 
boundary values U,(0, #) and U.(1, £). He is particularly concerned with generaliza- 
tions of this problem. Let Q= (y, s) be a point on the boundary B of R, and let 
FP, Q) be the (explicitly known) Green's function associated with the problem. He 
then obtaina neceesary and sufficient conditions on U(P) in order that a solution of 
(1) can be represented in the form (2) faF(P, Q)da(Q). He further shows that U(x, 0+) 
-n'(x) and U,(0+, f) -4'(£—0) wherever these derivatives exist. He then gives 
necessary and sufficient conditions on U(P) foc (3) U(P) = f/sF(P, QY(QjdQ and 
from (2) and (3) he extracts conditions which uniquely determine the solution of this 
boundary value problem. (Received July 10, 1952.) 


618. I. S. GAl: On the principle of condensation of singularities. 


In a recent paper [Ann. Institut Fourier, vol. 3, p. 24] the author introduced the 
concept of “asymptotically subaddéisee" sequences of homogeneous and bounded opera- 
tions mapping a normed vector space into another one. As was shown there the 
principle of uniform boundedness remains valid for these operations. It is now proved 
that the principle of condensation of singularities can also be extended in the same 
generality: Let [uz], m, nmi, 2,- - , be a double sequence of homogeneous 
and bounded operations mapping a complete vector space E into a normed vector 
space E'. Suppose that every single sequence (s. (x)], m=1, 2,  - - (wm fixed), is 
asymptotically subadditive, that ia to say late ail sae tol ae Hol 
uniformly in x, y€- and inf, [|| #aa(x-+7) pale a —||sma(y)||]20(| timal) a8 *— o 
where the infimum is taken for every y& E with <1. The generalised principle of 
condensation is as follows: If, for every m=1, 2,+--, there is an x«C- E such that 
lim sup || sen || = + © as n— œ, then there Is a common element x@ E having the 
property that lim sup las (|| - ++ 00 as &— v for every mm1, 2, * - * . (Received 
July 23, 1952.) 


619%. Seymour Ginsburg: A cardinal number associated with a 
family of sets. 


For each ordinal number a <a, let U, be a family of subsets of a set R,, partially 
ordered by set inclusion. Let md(U.) be the smallest cardinal number which is the 
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power of the union of a maximal family of incomparable elements of U.. Let cmd( Ua) 
be the smallest cardinal number which is the md(V) of some coinitial subfamily V 
of U.. The following two results are shown: (1) [Jece cwa(U,) -cwd( [loca Ue): 
where by TT.«4 Us is meant the cartesian product. (2) If U. is a ramified family of 
sets, then md(U,) «cd (U,). (Received July 15, 1952.) 


6204, Seymour Ginsburg: A class of everywhere branching sets. 


Let P be an everywhere branching partially ordered set (see Day, Oriented systems, 
Duke Math. J. vol. 11 (1944) p. 201 ff.). Let A(x) = = {y| yaz xP}, P is sid to have 
sufficiently many non-coinitial subeets (smns) if, for each pair of elements p and q, in 
P at least one of the following two conditions is false: (1) A(p) is coinitial in A(g), 
and (2) A (g) is coinitial in A (2). If P is the dual of a ramified system, then P is shown’ 
to contain a coinitlal subset S which has smns. A residual subset Q of P is called 
maximal residual if Q is no proper coinitial subeet of any residual subeet of P. Let 
F(P) be the family of maximal residual subeets of P, partially ordered by set inclu- 
sion. F(P) has smns. If P has smns, then P is coinitially similar to F(P). If two every- 
where branching partially ordered sets, P: and Ps, are coinitlally similar, then F(P1) 
is isomorphic to F(Ps). (Received July 15, 1952.) 


6211, Seymour Ginsburg: A theorem on similarity ansformations, 


Each set considered is simply ordered, and each function a similarity trans- 
formation. The product of two sets is to be ordered by first differences. Theorem: Let 
gmap CXD into EX F and have the property that for each element y in C, there are 
at least two elements in E, «(y) and o(y), where #(y) <v(y), such that the set inter- 
section of g(y XD) and (#(y) X F) is nonempty, and the set intersection of g(yXD) 
and (s(y) X F) is nonempty. Then (a) for a given element p in C and g in E, where 
«(p) Sqaro), a function b, of C into E, can be found so that A(p) ág, and for each 
element y in C, either (y) -x(y) or h(y) (y); and (b) if C—- E, then a function & 
of E into E can be found ao that for each element y in E, My) py and &(y) Shy) &v(*). 
Applications are the following: (1) Let E have the property that for each function 
f of E into E,a point p can be found so that f(p) =p. Then (E, E) is an A-pair (see 
Arens: Ordered sequence spaces; Portugalia Math. vol. 10 (1951) pp. 25-28). (2) Let 
p be a fixed point of E, and Fa set in which each point is fixed. Then for each element 
yin F, (p, y) is fixed in EX F. (Received July 15, 1952.) 


6221. Seymour Ginsburg: Sets of incomparable elements in cointtial 
subsets of a partially ordered set. 


“ For each ordinal number a <a, let P* be a partially ordered set with no minimal 
element. By cs(P*) is meant the smallest cardinal number s which has the following 
property: For some coinitial subset Q* of Ps, w is the smallest cardinal number which 
is greater than the power of each family of incomparable elements in Q", If cs(P*) 
=n-+1, # being finite, then it is shown that P? contains a coinitial subset Q* which is 
a degenerate ramified system with at moet # incomparable elements. Using com- 
binatorial methods, a study is made of conditions under which cx([ [4-4 P*) 3N a 
where [[7* is the cardinal product of the P* , and cs(P*) SNe for each a. For ex- 
ample, if a—2, then cs([]ecel*) SNe Particular attention 1s focused on the case 
where euch set P* is simply ordered. (Received July 15, 1952.) 


623i. Casper Goffman: Lower semiconiinuity of area functionals. I. 
Fréchet showed a number of years ago that a lower semicontinuous functional 
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w(x) on a metric space S, satisfying a certain condition C, has a unique extension to 
a lower semicontinuous U(x) on the completion S of S, also satisfying C. If S is the 
space of polyhedral mappings, properly metrized, and u(x) is elementary area, then S 
consists of all continuous mappings and U(x) is Lebesgue area. Now, elementary area 
is lower semicontinuous (with condition C) relative to other metrizations of the 
polyhedral mappings, and the Fréchet process may be applied to each of them. The 
long range objective is to make a thorough investigation of the possibilities. This 
first paper considers the nonparametric case. The elementary area x(p) of a poly- 
hedral function p(x, y) is lower semicontinuous (with condition C) if the distance 
d(p, q) is taken as [J| p(x, y) — a(z, ¥)|dedy. The functional U(f), assured by Fréchet's 
Theorem, now has all summable functions as domain. It agrees with Lebeagus area 
for continuous functions. Much of the Radé-Tonelli theory for continuous functions is 
extended to this case, the salient ideas such as expressions of Goëcze, bounded varla- 
tion, and absolute continulty in sense of Tonelli being appropriately modified. (Re- 
cetved July 11, 1952.) 


624i. Casper Goffman: One-one measurable iransformations. 


This paper is a continuation of one given at the International Congress of Mathe- 
maticians (Cambridge, 1950) entitled Lxsim's theorem for one-one weasurable irons- 
formations. It is shown, for example, that if Ia, Im are s- and s-dimensional unit 
cubes, s <m, and if (f(x), f-!(y)) ise one-one measurable transformation between them, 
then, for every «0, there is a homeomorphism (g(x), g 1(y)) between J, and a subset 
of I, such that f(x) g(x) and f(y) - g^(y) on sets whoee n-dimensional and s-di- 
mensional measures, respectively, exceed 1—« The method of proof combines con- 
structions similar to those used by N&beling and Besicovitch in surface area problems 
and theorems on the extension of homeomorphisms from given homeomorphisms on 
special zero~dimensional sets. The results of both papers will appear in Acta Mathe- 
matica. (Received July 11, 1952.) 


6251. A. W. Goodman: The rotation theorem for starlike univaleni 
funciions. 


Stroganoff [Trudy Mat. Inst. Steklova vol. 5 (1934) pp. 247-258] proved that 
among the functions /(s), f(0) =0, f'(0) — 1, regular, univalent and starlike in |s| «1, 
' the extreme value of arg f' (re) for fixed r is assumed by s/(1—s)* at an appropriate 
point s. In this paper a short and elementary proof'of the same result is obtained. 
The analogous problem for functions starlike in |s| >1 is discussed. (Received July 
16, 1952.) 


626. P. R. Halmos, Günter Lumer, and J. J. Schiffer: Square roots 
of operators. 


The main purpose of this paper is to answer (negatively) the question: does every 
(bounded) invertible operator on a (complex) Hilbert space have a square root? Let H 
be the Hilbert space of all square-integrable analytic functions on a bounded domain 
D, and let A be the operator on H defined by (Az) (f) = éx(#) for all żin D. It is shown 
that the spectrum of A is the closure of. D and, more particularly, that if XCD, then 
is not an approximate proper value of A but A is a simple proper value of A*. From 
this in turn it is deduced that A has a square root if and only if D surrounds the 
origin, in any one of several, rigorously definable, senses of that phrase. It follows 
that if, for instance, D is an annulus with center at the origin, then A is invertible, 
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but 4 has no square root. The same methods solve the problem of sth roots for all 
#22, and it turns ont, in fact, that A hasan sth root Ħ and only if it has a square root. 
(Received April 9, 1952.) 


627. J. M. Hammersley: dedans aiani 


Let F(z) be a nondecreasing function satisfying 0:9 F(x) 1. Then Nelder con- 
jectured that f, f; (s — 9)3e «4 F(x)d Fy) 32/et, and that equality is attained only 
in the case F(x) —0, 1/2, or 1 according as x «0, 03x «2, or x22. The first part of 
this conjecture is proved by approximating the integral by a function of the saltuses 
of F, in case F is a step function, and obtaining a contradiction on the magnitude of 
any saltus at zero if F does not have the special form given above. The question of 
uniqueness remains open, although it is proved that the above F is unique among the 
clase of F which have saltuses of commensurable magnitudes. Nelder's conjecture is 
an inequality in [1, 1] space,and has application to the theory of moment generating 
functions. (Received July 21, 1952.) 


628. Fritz Herzog and George Piranian: Sets of radial continuity of 
analyitc funchons. 


A point aet E on the unit circle |s| —1 is defined to be a set of radial conténwity, 
provided there exists a function f(s), regular in |s| <1, such that lim. f(re4) exists 
if and only if s# is a point of E. It is proved that every set of type F, is'a set of radial 
continuity. The result is not the best possible. (Received July 1, 1952.) 


629. Fritz Herzog and George Piranian: Sets of convergence of 
Taylor serses. II. 


The authors describe two types of constructions of Taylor series. The first type, 
essentially geometric in nature, is used to prove the following: (1) every denumerable 
set on the unit circle C is the set of divergence of the Taylor series of a function 
which is schlicht and bounded in |s| <1; (2) there exists a function, schlicht and 
bounded in |s| 31, whose Taylor series converges everywhere on C, but not uni- 
formly.on any arc of C; (3) if the set M on C is closed and nowhere dense, there 
exists a Taylor series which converges everywhere on |s| $1 to a function which is 
schlicht in |s] 31, regular on every arc of C— M, and unbounded on every open arc 
of C that meets the set M. The second type of construction, of more arithmetic char- 
acter, ylelds analogues to results (1) and (2), but with the condition of univalence re- 
placed by continuity In |s| 31. (Received July 1, 1952.) 


6304. Edwin Hewitt: Linear funcisonals os almost periodic func- 

Bochner’s theorem on positive definite functions is generalized in the following 
way. Let p(/) bean arbitrai y complies valued Fincdon defed for all rea eU) ech 
that 275, 4 £(t—) 5b 20 for all h, +++, ER and all complex & - + * , Er. Con 
tinulty or measurabllity of »() is not assumed. For a bounded measurable eet TCR, 
and any agsup T—Inf T, let Tam Ut". (T-+na}, Let S bethe smallest algebra of 
sets containing all Te. Then there exists a finitely additive, non-negative, bounded 
measure ¢ defined for all sets in $ such that p(¢) = f*Setedg(x) for all C R. Subject 
to certain regularity conditions, ¢ is uniquely determined by this representation. The 
proof is obtained by considering the general form of a bounded linear functional L 
on the space & of continuous almost periodic functions on R, regarding as the space 
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of all complex continuous functions on a certain compact group bR, applying the 
generalized Bochner theorem to bR, and finally representing L as a finitely additive 
integral on R. As a corollary, it is proved that every positive definite function p can 
be uniquely written as p,--pa, where p, and pua are positive definite, p, is continuous, 
and pa cannot be written as a+q@ with Qq, a positive definite and g continuous and 
»40. The relations between measures on R and bR are also studied. (Received April 9, 
1952.) 


631. R. D, James: Generalised nih primitives. 


In a previous paper (Canadian Journal of Mathematics vol. 2 (1950) pp. 297-306) 
the author considered some of the properties of a Perron second integral (P*-integral), 
which, starting with a function, goes diréctly to its second primitive. The purpoee of 
this paper is to define a P™integral for »w ^1. The definition is made directly and 
not in terms of P*-integrals with r <. It is shown that the P™**-integral includes 
and is more general than the P™-integral. In a similar way a P™*+!-integral is defined 
with the same property of consistency as the P™-integral. Moreover, the two scales 
fit together. The Pr+)-integral includes and is more general than the Pr-integral for 
r>3. It is also shown that the Pr+ integral includes and is more general than the 
C,P-integral defined by Burkill (Proc. London Math. Soc. (2) vol. 39 (1935) pp. 541- . 
552). (Received July 18, 1952.) 


632. Fritz John: Elementary expressions for the derivatives of weak 
solutions of elliptic differential equations. 


Let L be a linear elliptic differential operator of order 2: with continuous coeffi- 
cients defined in a domain D in E*. Let L be the adjoint operator of L. A function x 
is said to be a weak solution of L(w) = B(x) if S|«L(x) —2B(x) dx -0 for every v 
of clase C” vanishing outside a compact subeet of D. An explicit expression for the 
derivatives of a function agreeing almost everywhere with w is given, using the 
method of spherical means (see Proceedings of the Symposium on Spectral Theory, 
Oklahoma, 1951, pp. 162 et seq.). This expression involves weighted integrals of » 
over solid spheres with kernels formed from B and the coefficients of L by elementary 
operations, [Existence theorems for derivatives of weak solutions have been proved 
by F. Browder by a different method (Bull. Amer. Math. Soc. Abstract 58-2-162).] The 
construction given here yields estimates for the derivatives of « in terms of «, which 
are related to but weaker than those given by K. O. Friedrichs. (Received June 26, 
1952.) 


6334. W. E. Johnson: Asymptotic solutions of a linear second order 
differential equation with two turning poinis. 

The solutions of the differential equation d£y/dx1 — [%3(x) —x(x) ly - 0 have been 
shown to be expressible asymptotically with regard to the parameter à in terms of 
Bessel functions throughout an interval containing at most one zero of $*(x). If a repre- 
sentation with elementary functions is to be used, the Stokes' phenomenon is en- 
countered. Connection formulas must then be employed. When the interval con- 
sidered contains two distinct zeros of ¢"(x), Bessel functions are no longer adequate 
for the representation of a solution by means of a eingle functional form. If Bessel 
functions are to be used, connection formulas must again be employed. In this paper 
it is ahown however that with the use of Weber functions, a representation can be 
achieved for any solution of the differential equation over a real finite interval con- 
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taining two simple zeros of ¢*(x). The forms are asymptotic with respect to the real 
positive parameter X. (Received July 14, 1952.) 


6344. Edward Kasner and John DeCicco: The Newtonian potential 
of a sphere of a Euclidean space Ex embedded in a Euclidean universe 
E, 


The two forces of attraction Fs and Fr exerted by a homogeneous material (N — 1)- 
dimensional surface S and N-dimensional volume V of a sphere of radius r and mass 
M of a Euclidean space Ey upon a particle P of mass m in Ey at a distance a from the 
center of the sphere, such that Ey is embedded in a Euclidean universe E, of # dimen- 
sions where 2:3 N Sx, are studied. Either one of these two forces is directed along the 
line joining the position of the particle P to the center of the sphere. If N—», the 
results are extensions of the corresponding well known formulas for #=2 and 3. If 
2a N.«n, both Fs and Fy can be expreseed in terms of hypergeometric functions. The 
corresponding fields of force are conservative and solenoidal. The Newtonian potential 
functions Us and Uy are expressed in terms of hypergeometric functions. As a corol- 
lary, certain integrals of hypergeometric functions are evaluated. Finally some theo- 
rems of Gauss concerning the potential function due to the attraction of a circum- 
ference are extended. (Recetved June 19, 1952.) 


635. W. S. Kimball: The uniqueness requirement of Jacobi's condi- 
Hon $n the calculus of variations. 


The integral J= (1/2) /y'3dx/a cos ax whoee extremals are y=c sin ax and y» b, 
between 0 Sax Sr for a fixed c0, has for its first family of extremals above an 
envelope, yc, under variations in the family parameter a, where ca is seen as the 
slope at the origin of the sinusoidal extremal arches. The two extremals y=c sin a’x, 
and y=¢ sin a"x that cross at each point (x, y) under the envelope must have argu- 
ments that are supplementary angles o’x=(x/2—r) and a"x- (z/2--r), where a” 
=constant gives the steeper sinusoldal extremal that touches the envelope y=c be- 
fore it reaches the end point (x, y) where it meets the extremal a'/ constant, which 
has not yet touched the envelope because a/z —3/2—r is less than x/2 of the argu- 
ment ax, x/2, that determines the conjugate points x, of contact with the envelope. 
For both extrema, Jata (contacting envelope) = (c3/2) ain ax» Jai, (not touching 
envelope) = (c1/2) sin a'z —cy/2. Thus Jat (contacting envelope) is not Jmm, wstique 
although equal to the smallest values of J. But stil! Jacobi’s condition is satisfied pro- 
vided it is taken to prescribe that &»igxe minima of J cannot be provided along 
extremals having contact points with the envelope. (Received August 6, 1952.) 


6364. W. J. Klimczak: Differential operators of infinite order. 


Let G(t») = 27, , p be an entire function of order less than or equal to « and 
type at most 6 if the order equals c. Let D, Li P,(s)d"1/ds*"7. Then a necessary 
and sufficient condition that the operator G(D,) preserve holomorphism in any domain 
where the P,(s) (j—0, 1, - - - , x) are holomorphic is that c =1/# and 6=0. In a cer- 
tain sense this result is the best possible. If the P,(s) (j—0, 1, -++ , #) are poly- 
nomials and if the degree of P,{s) is at most s—1, then G(D,)f(s) is an entire function 
provided f(s) is an entire function and the order of f(s) and e satisfy a certain inequal- 
ity determined by an order relation depending upon the degrees of the polynomial 
coefficients. The emphasis is on the case # 2 and the extension to larger values of s 
is indicated. The results generalize previous results of H. Muggli, E. Hille, and 
M. K. Peabody and are sharp at least for & «2. (Received July 25, 1952.) 


642 l AMERICAN MATHEMATICAL SOCIETY [November 


637. E. G. Kundert: A relation between poles and zeros of a simple 
meromorphic differential form. 

It is well known that on a Riemann surface the degree of the divisor of a dif- 
ferential is always = —X (Euler's characteristic). For a eimple differential forma ina ` 
complex manifold M* the following theorem holds, denoting by C(a) the zero-co- 
bomology-clase and by S(a) the polar-cohomology-class: C(a) can be expressed as a 
polynomial of degree # of S(a) in the cohomology ring of M*: C(a)=S*(a) 
+ Doh Pac S7 (a); where the T, are the covariant Chern classes of M*. The 
proof uses an association of a field of complex line elements to a and then one can use 
the theory developed in the author’s paper in Ann. of Math. vol. 54 (1951). (Received 
August 11, 1952.) 


638% E. G. Kundert: A simple method to calculate Chern’s classes 
of an algebraic variety. 

For various purposes it is important to have a method to calculate Chern's classes. 
The following formulas in the cohomology ring of an algebraic varlety V* serve this 
purpose: Ti-ID-4- 27, laca; ^; Tam (1/(&—1))89-9T,(1,)/0II,, T, being the 
contravariant Chern classes, II, denoting the cohomology clasees dual to the intersec- 
tion cycle of a (h-]-m —# —1)-dimensional plane in R» with V*, where P» is the lowest- 
dimensional space in which V* can be imbedded without singularities. The proof of 
this formula consists in constructing a field of line elements on V* having Uy as sec- 
ondary obstructions and using it as reference field for the Chern field in formula (19) 
and (20) in the Author's paper in Ann. of Math. vol. 54. (Received August 11, 1952.) 


639%. A. E. Livingston: A note on products of summability methods. 

Let A and B be regular summability methods for sequences, and define the method 
AB by the A transforms of the B transforms of a given sequence. If, then, sa—s (A) 
implies that s:—s (AB), this will be indicated symbolically as [4, B] is true. Let A, B, 
(C, a), (E, y), and (H, #) denote, respectively, the Abel, Borel, Cesaro (with param- 
eter a0), Euler (with parameter y, 0 Y 31), end Hausdorff (with kernel u(x)) 
summahility methods. Otto Sxász (On products of summabihity methods, Proceedings 
of the American Mathematical Soclety vol. 3 (1952) pp. 257-263) has shown that 
A, (C, a)], [B, (C, a)], and [B, (E, 7)] are true. The author of this note shows that 
A, (E, »)] and [B, (A, »)] are true, and these results include the results quoted 
above, Since (H, g)(H, «) - (H, e)(H, p), it is trivial that [(H, a)(H, o)] is true. 
(Received July 24, 1952.) 

640%. A. E. Livingston: The space H”, 0<p<1, és not normable. 

It has been conjectured that the space H?, 0 « p «1, is not normable (S. S. Walters, 
Remarks on the space H?, Pacific Journal of Mathematics vol. 1 (1951) pp. 455-471). 
The authoe of this note shows that this conjecture is correct by proving the equivalent 
result: The space H?, 0<<1, contains no bounded convex neighborhood of the 
origin. (Received July 24, 1952.) 


641%. Dorothy Maharam: The structure of abstract integrals. 


In this paper an “abstract integral” is a linear, countably additive, order-preserv- 
ing mapping ¢ of one function space F in another, F”. One example of such an “inte- 
gral” is as follows. Let X, Y be spaces in each of which a Borel field of “measurable” _ 
subsets and a c-ideal of “null” seta are given, and suppose that in X these are in 


\ 
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fact given by a measure, m. Let F be a space of (suitably restricted) “measurable” 
functions on X X Y, and FY be the space of “measurable” functions on Y (functions 
differing only on “null” sets being identified throughout); these functions need not be 
finite. Take e(f) =g where g(y) = /f(x, 7)dee(x). It is proved (under mild assumptions, 
mostly of countability, and with no use of norms) that every “abstract integral" ¢ is 
“isomorphic” to one of this type. Conditions are given under which F will consist 
of (essentially) aJJ “measurable” functions on some subeet of X X Y. Proud 
28, 1952) 


642, Hazleton Mirkil: Translation-invariant junction didis over 
compact groups. I. 

All the major theorems of G. E. Silov's paper Homogensous rings of functions 
(see Mathematical Reviews vol. 13 (1952) p. 139) are here extended to arbitrary 
compact groupe; Silov did only the compact abelian case. Let A = {x} be a com- 
mutative semi-simple symmetric banach algebra whose maximal-ideal-space is 
bomeomorphic to a compact group Gs]. (Multiplication is pointwise.) Call A 
“left-homogeneous over G” if A contains with every x all the left-translates sx, in 
which case the left-tranalations {z—sx} are automatically continuous A—+A. Write 
Q(G) for the characteristic algebra of G, Q(G) =linear combinations of matrix coeffi- 
cients of irreducible left representations of G. Theorem: a necessary and sufficient 
condition that all the mappings {ss} be continuous G—4A is that A contain Q(G) 
and that Q(G) be everywhere dense in A. The classical Peter-Weyl approximation 


theorem for continuous functions, clearly included as a special case, is used in the. 


proof. Since the right-representations of G define exactly the same Q(G) as the left- 
representations, it follows that for a left- and t-homogeneous A the continuity 
of all {sx} implies the continuity of all [123]. (Received July 21, 1952.) 


643%. L. J. Mordell: The minima of some nonhomogeneous functions 
of two variables. 


This paper contains a proof and some applications of the following: Theorem. Let 
Xe Je be any real numbers. Then for certain functions, f(x, y), there exist numbers x, y 
such that xeexq(mod 1), ymy, (mod 1), and | f(x, »)| Sh max (|f(1, 0)], 1f@, 1], 
fü, £1)), where & is a number independent of x, yẹ depending only upon f(x, 7), 
and is really a constant defined by the existence of the inequality |/(z, »)| 
Sh|f(2x, 2y)| for all real s, y. The function f(s, 7) is supposed to be such that ister 
aka, the defined by | f(z, 9)| <1 is in general appearance similar to that defined 
by |=+p| 31 The paper has been accepted for publication in the Duke Mathe- 
matical Journal. (Received July 15, 1952.) 


644%. Zeev Nehari: Site caa MM aha Webi RU Ru 


Many of the Inequalities of function theory and potential theory may be reduced 
to statements regarding the properties of harmonic domain functions with vanishing 
or constant boundary values. For the derivation of these inequalities a large number 
of different’ techniques and procedures have been used. It is the aim of this paper 
to show that many of the known inequalities of this type, and also others which are 
new, can be obtained as simple consequences of the classical minimum property of the 
Dirichlet integral. In addition to the resulting aimplification, this method has the 
further advantage of being capeble of generalization to a wide class of partial differen- 
tlal equations of elliptic type in two or more variables, While the ideal of using the 
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positiye-definite character of an integral as the source of function-theoretic in- 
equalities is certainly not new, the present paper attempts to give a more or less 
systematic survey of the type of inequality obtainable in this way. (Received August 
4, 1952.) 


645%. W. V. Parker and B. Evans Mitchell: Elementary divisors of 
certain matrices. 

If f(x) and g(x) are polynomials and P and Q are matrices such that (P—Q)/(P) 
-(P—Q)s(Q) =0, then P and Q have identical elementary divisors except for those 
associated with characteristic roots which are roots of either f(x) =0 or g(x) 0. It is 
shown that two theorems of Flanders (Proceedings of the American Mathematical 


Society vol. 2 (1951) pp. dad follow as a consequence of this. (Received July 14, 
1952.) 


6461. A. M. Peiser: An addition formula for spherical karmonics. 


oua cur dra scie adn polar angle 9, and 
azimuth angle ¢ A spherical harmonic of r is a function of the form Fz(r) 
=P? (cos 6) exp (imp), |m| Sm. It is shown that if n=n+n, then Fz(r) 
=r a CassaFi(n) Fz (n). Addition formulas of this type are useful in 
the evaluation of integrals involving products of spherical harmonics of different 
vectors. Such integrals have been encountered by the author (with S. Golden) in the 
quantum theory of chemical kinetics. (Received May 16, 1952.) 


647i. L. L. Pennisi: A class of linear integro-differential boundary 
value Cee 
per concerns a system of linear integro-differential equations of the first order 
(1) mos Lys Au(3)9) — LOE, Cole, *,(0d: 0, together with linear 
homogeneous bouadary conditions of the form (2) (y) = 27; , [Muy,(¢) +N, 0) ] 
=0 (4, j—1,** -, #). We shall give a new construction of the Green's matrix for the 
incompatible vid (1), (2) which is an improvement over the method of Jonah 
(Bull. Amer. Math. Soc. Abstract 36-3-54) in that it is not necessary to introduce 
an arbitrary matrix. We also study a special clase of integro-differential systems 
which is linear in a characteristic parameter, and termed definitely self-conjugate 
adjoint. For this system all the characteristic values are real, and the characteristic 
solutions may be chosen normed and orthogonal. Also, certain expansion theorems of 
this system, in terms of the characteristic solutions, are established by showing that 
our system is equivalent to an integral equation of the type to which the results of 
Reid (Trans. Amer. Math. Soc. voL 36 (1931) pp. 475-485) are readily extensible. 
(Received July 2, 1952.) 


648. L. L. Pennisi: Construction of the Green's mairix for an in- 
compatible integro-differential system. 


This paper is concerned with the construction of the Green’s matrix for an in- 
compatible system of linear integro-differential equations of the first order (1) 
0) 9) — Y Eu Aux) -L OZ, Calm Dx(di0, together with linear 
homogeneous boundary conditions of the form (2) 3,9) = Ya [May()-- Nox 0) 
=0 (4 j—1,---, 9). The system (1), (2) is called incompatible when it admits only 
the trivial solution y(x) m0. In an unpublished dissertation Jonah (Bull. Amer. Math. 
Soc. Abstract 36-3-54) has proved the existence of a Green’s matrix for a boundary 
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value problem associated with a system of integro-differential equations of the first 
order. We shall give a new construction of the Green's matrix for the incompatible 
system (1), (2) which is an improvement over the method given by Jonah in the 
sense that it is not necessary to introduce a matrix B(x) which is to a large extent 
arbitrary and on which the construction depends. Our new construction is based upon 
the following result. Let D be a matrix whose first row is Vag, Vag and whose second 
row is Zen Was, p, 9 1,°°°, 7; a=], ***,r. The homogeneous system (1), (2) 
is compatible if and only if D is singular, where the elements of D are given by, well- 
defined integral functions. In fact, the number of linear independent solutions of 
(1) and (2) is precisely r+R—p, where p is the rank of D. (Received July 11, 1952.) 


649. Pasquale Porcelli: Concerning uniform completeness of sums of 
reciprocals of linear functions. 


Suppose F[a, b], 0 Sa «b, is the normed linear space £ ae (complex- 
valued) functions on [a, b] with ||/]| =maxs& p, a vel. i numbers distinct 
from one another and from 0, and, if S= ((1--k,x) 1] - ile Fla, b], Mla, b] 


the closed linear manifold in Fla, 6] generated by S. lf k, CE [— ©, —1], then each 
of the conditions (1) IC M[0, 1] and (2) 2: (1— |47" [2--k, —2(1 4-k9)!^]| } = o is 
necessary and sufficient for M[0, 1] F[0, 1] (van Herk, Compoeitio Mathematica 
vol. 9 (1951) pp. 1-79, proved (2) sufficient if (k,]; , is an unbounded increasing 
sequence of positive numbers). If R(é,) 0, then (i) a0 implies M[a, 5] = Fla, 5], 
Gi) «»0 and M[0, «] - F[0, «] imply M0, 5] - F[0, b] for b>0, and (ili) «»0 and 
M[0, 1] - F[0, 1] imply there exist (1)? , in [0, e] and fax) = 27» c (ta), 
such that f(/) «1, |[fa(z)—1||-+0 as n>, in [0, b], 50. If f HA b], f real, 
and «0, then there exist Stieltjes continued fractions F, G with all poles in [— ©, —1] 


such that ||f — (F—G)|| <e (Received July 9, 1952.) 
650%. M. H. Protter: An existence theorem for the Tricomi problem. 


Consider the equation K (y) us, -4yy 0 where K (y) is a monotone increasing func- 
tion of y with a continuous third derivative. Suppose K (0) -0 and K'(0) 940. Let T 
be an arc in the upper half-plane with end points on the x-axis, and let y; and ys be 
the characteristics emanating from these end points which intersect; let D denote 
the domain bounded by I, yı, and ys. The boundary value problem in which values 
are assigned on T and 7; is solved for the domain D with certain restrictions on the 
nature of T. The method of proof makes use of the fundamental solution of the equa- 
tion Fiesty; =0 and a modified form of the results of Gellerstedt. A uniqueness 
theorem previously established by the author is essential. Since the Chaplygin equa- 
tion is of the above form this answers in part a question raised by Frankl concerning 
the transonic flow out of a jet. (Received May 16, 1952.) 


651. Gustave Rabson: A note on the convergence of Jouer series on 
compact groups. 

Theorem: On any compact group not of dimension rero there is a continuous 
function with a non-abeolutely convergent fourier series. It is a consequence of a 
formula of André Weil (L'tutégration dans les groupes topologiques ei ses applications, 
1940, p. 87) that if a continuous central function F on a compact group G has a fourier 
series which converges to it abeolutely at the identity, then the restriction of F to 
any Closed subgroup will also have this property. On any compact Lie group, not of 
dimension zero, there is a circular subgroup on which may be chosen a continuous 
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even function whose fourier series diverges at the identity. This function may then 
be extended to a function on the group with the desired properties. If G is not a Lie 
group it may be assumed to be connected and one may consider any nontrivial uni- 
tary representation with kernel X. Then G/X isa Lie group of dimension at least one. 
We may then construct a function with the required properties on G/X. This induces 
a function on G, in the natural way, which also has the required properties. (Received 
June 9, 1952.) 


652. H. J. Reiter: On a property of Fourier transforms. 


Let G be a locally compact abelian group. The following theorem is proved (for the 
notation, cf. Bull. Amer. Math. Soc. Abstracts 58-3-139, 140, 141): if 2; is denumec- 
able and the elements of Zr are independent, then the quotient-algebra L!/I is iso- 
morphic and isometric with the Banach algebra of all complex-valued functions c(x) 
defined and continuous on 2; and vanishing at infinity In case 2; is not compact, with 
norm ||c($) || = max | ¢(#)|, 2SZ;. In particular: forany such c(2) there is an f(x) CL: 
such that the Fourier transform f (=) =c(#) for all 3C: Zr. The proof is based on the re- 
sults announced in the abstracts mentioned above, and on the following lemma: under 
the conditions of the theorem, if ¢ is orthogonal to I, then ¢ has an absolutely con- 
vergent Fourier series. (Received July 21, 1951.) 


653. P. C. Rosenbloom: Linear partial differenisal equations of 
parabolic type with constant coeffictents. 

Equationsof the farm s= Ls +f are studied, where L isa linear differential operator 
of elliptic type of arbitrary even order with constant coefficients. By the use of the 
method’ of Ladyxhenskaya, Mat. Sbornik (1950), for estimating the fundamental 
solution, her uniqueness theorem is aharpened, and various properties of the Poisson 
integral representation of the solution are obtained. The approach to the solution of 
the equation Lx 4-f 0 as i++ © is also studied, and some uniqueness theorems for 
puch equations of elliptic type are obtained. (Received June 9, 1952.) 


654%. H. L. Royden: Some counterexamples in tha classification of 
open Riemann surfaces. 


Recently Ahlfors and the author constructed a Riemann surface of hyperbolic 
type which possessed no nonconstant harmonic functions with a finite Dirichlet 
integral. In this paper we explore some of the consequences of this example and 
construct a Riemann surface on which the spaces HD and HBD have dimension s. 
A bounded Riemann surface is given which has no HD functions on it which vanish 
on the relative boundary while it bas a nonconstant HD function on it whose normal 

- derivative vanishes on the relative boundary. Finally, a Riemann surface is con- 
structed which admits of a nonconstant bounded harmonic function, but no non- 
constant harmonic functions with a finite Dirichlet integral. This shows that the 
classes Ox p and Oxp are distinct. (Received June 27, 1952.) 


655. Walter Rudin: Awalylicity, and the maximum modulus prin- 
ciple. 

The author investigates the extent to which the maximum modulus principle 
characterizes the class of analytic functions. Let K be a compact subset of the plane, 
bounded by a simple closed curve C, whose interior is D. An algebra A of complex- 
valued functions continuous on X is said to be a maximum modulus algebra on X if 
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for every fCA there is a point sE C such that |f(s)| 3|/(s)| for every CK. The 
principal result of the paper is the following theorem: Suppose (1) A is a maximum 
modulus algebra on X, (2) A contains a nonconstant function f which is analytic in 
D, and (3) A contains a function g which is schlicht on X (g may or may not coincide 
with f); then every member of A is analytic in D. The question whether (3) may be 
omitted from the hypotheses is not settled. However, if (1) is replaced by the 
stronger requirement that every fCA satisfy the maximum modulus principle with 
respect to every subdomain of D, then (3) may be omitted. (Received July 9, 1952.) ' 


656. James Sanders: The behaviour, near the boundary, of the 
Green's. function of second-order Pane differential equations. Pre- 
liminary report. 


^ Let P(x, y) bea point in a domain D bounded by a contour C with outer normal s. 
Let G(P, Q) be the Green's function for AU m Uss +U 0, in D, with singularity 
—log r at P=Q. r is the distance from P to Q. Then, when P= on C, 
(1) 8G(p, Q)/On, — —23 log r/am,-F.(p, Q). P. Lévy’s result (Acta Math. vol. 42 
(1920)) that F,(p, Q) is analytic for all bÆ C, QC C--D, provided C is analytic, is 
proved by a new direct method. It is further shown that if C has continuous deriva- 
tives of order m, Fi(p, Q) has continuous derivatives of order (m —4) with respect to 
P and of order (sw —3) with respect to Q for ÞE C, QED +C. Next let G(P, Q) be the 
Green's function, in D, of Us +- Uy, talx, y) U,--b(x, y) Utcl, y) U m0 which has a 
fundamental solution L(P, Q)=A(x, y) log r+B(p, Q): then, (2) 5G(p, Q)/8n, 
m —20L(p, Q)/Onp— (a+ n) Llp, Q) - (p, Q) where «is the vector with companents 
(a, b). If C 1s three times continuously differentiable, F&(p, Q) is continuous for PEC, 
QC E--C. The coefficients a, b, c have been assumed analytic in D+-C, for the sake 
of simplicity. (Received July 21, 1952.) 


657. J. A. Schatz: Representation of algebras with an involution. 


A *-algebra A is a complex Banach algebra with an identity element and a norm- 
eee Mia rip ae A nis 
a complex Banach space with an inner prod ME s) = (x, 2) +A(y, 5), 
(=, 9)=(y, =), (s, 9) m0 for all y only if 20, per slats y||. A real functional 
on A is a linear functional satisfying f(a") = f(a) for all a- A. Using methods similar 
to those of Gelfand and Neumark for C*-algebras [Matematiteakil Sbornik N.S. vol. 
12 (1943) pp. 197-217], the following results can be obtained. Let S be a set of self- 
adjoint elements of 4 such that for each 1-5 there is a real functional f, with |d| =1 
and f,(s) =|[s||. Then there is a BIP-space X and a norm-redui 
a—T, of A onto an algebra of bounded operators on X such tha tha Talli for each 
x5. By choosing S as the set of all self-adjoint elements of 4, we obtain a *-iso- 
morphism. If A is a B*-algebra, it is an immediate consequence that a-+T, is norm- 
preserving. The Gelfand-Neumark result can be obtained by choosing S appropriately 
and using results of Lax and Kaplansky. (Received Tune 26, 1952.) 


658. Augusta L. Schurrer: On the location of the zeros of the deriva- 
tive of raitonal functions of distance polynomials. : 
rou dg II, As» 9/II us Fats, 9, 8), 08 Sp, represent a rational ' 
function of the distance polynomials F(z, y, s) =c [JR (6 —2a)t t0 ya) 
(s—s54)!]*2, ma>0, where 27; , masa, the “degree” of F Let R'(s, y, s) 
m |YR|!/4R be the “derivative” of R in the sense of Nagy [Bull Amer. Math. Soc. 
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vol. 55 (1949) pp. 329—342]. It is shown that the following theorem due to Marden 
[Bull. Amer. Math. Soc. vol. 42 (1936) pp. 400—405] can be extended to the clase of 
distance polynomials: If F,(z, y, s) has all of its zeros in the spherical region c,5,(v) 
a0 where e! m1, S, (s) m (y —c,)*—r;!, r, 20, and y is the position vector of the point 
20 s i lors da exp Ru no d M tee D o e 
given spherical regions or in the region (E(s)/[[;, S($)m 27; , NN,/S,() 

— y aa-u NQNYTa/S,(s)5k(r) 30 bounded by the p-spherical Mic surface 
E(s) =0. Using the preceding theorem it is possible to extend to the class of distance 
polynomials some well known results, due to Bócher and Walsh, concerning the loca- 
tlon of the zeros of the derivative of a rational function. A Gause-Lucas, a Laguerre, 
and a Walsh croee-ratio type theorem are also developed. (Received June 20, 1952.) ` 


659;, Harold Shniad: Convexity properties of integral means of. 
analytic functions. 


For the class of functions analytic in an open circle |s| <R, the convexity proper- 
ties of the circumferential means of order ¢ over circles |s| =r<R are studied as 
functions of r. It is known that these means of order / are convex for every analytic 
function providing ? is zero or of the form 2/h, where & is a positive integer. The fol- 
lowing results are obtained. The mean of order four of all analytic functions is con- 
vex. If ¢ is a number greater than 5.66, then there is an analytic function whose 
mean of order ¢ is not convex. (Received July 21, 1952.) 


660. Edward Silverman: An intrinsic inequality for Lebesgue area. 


The measure of a parallelogram is not less than the product of the distances be-. 
tween the two pairs of opposite sides. A corresponding inequality for Lebesgue area 
permits the generalization to area of certain properties of arc length. In particular 
if one considers only functions of finite Lebeague area, then (i) Lebesgue area is lower 
semi-continuous with respect to point-wise convergence, and (ii) if one considers 
quasi-harmonic functions In a square (continuous and harmonic on each of a finite 
number of Jordan regions into which thesquare is decomposed) to be generalizations 
of quasilinear functions on an interval, then the connéction between arc length and 
inscribed polygons carries through to Lebesgue area and inscribed quasi-harmonic 
functions. The basic inequality, suggested by Choquet, is another approach to a 
problem considered by Cesari and Fullerton. (Received July 21, 1952.) 


6614. C. T. Taam: Os linear differential equations with small 
perturbations. 


Let y(r) be any solution of (1) (p(~)9’)’+¢(x)y=0, where p(x) and g(x) are com- 
plex-valued, defined for +21, and f(x)! and q(x) belong to L(1, R) for 
Let g(x) be real-valued having a positive lower bound in 1x « œ, If f| p(0)|-1dt 
=O(e(x)) and if g(x)q(x) belongs to L(1, æ), then it is proved in this paper that 
y(x) -O(g(x)) as x— ». From this we prove that for some constants A and B, (x) 
—Ax-—B tends to rero as x— c provided there exists a constant g such that 
($(x)1—2a) and x%q(x) belong to L(1, ©), Given the weaker conditions (p(x)^!—a) 
and xg(x) belong to L(1, «) for some a, then for any constant C there exists a solution 
3* (x) of (1) which tends to a limit C as x— «©. On the other hand if p(x)! and q(x) 
belong to L(1, ©), then y(x) tends toa limit as x— ©. These results are then extended 
to the general linear differential equations of the second order, of the third order, and 
with the help of the Phragmén-LindelX Theorems, to the complex domain. The main 
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tool we use is an inequality due to R. Bellman (Duke Math. J. vol. 10 (1943) pp. 643- 
647). (Received July 10, 1952.) 


662. W. J. Thron: A cass of meromorphic functions having the unit 
circle as a natural boundary. 


In the continued fraction (1) 1--X(d,s*»/1), where the a, are positive integers, 
let (2) lim |d, |» 1 and lim a, — ©, Then (1) converges to a meromorphic function 
f(s) for all |s| «1. Set ka= 27771 ag. It is shown in this paper that if in addition to 
conditions (tie oanad acor 1) satisfies lim sup *a/ka 17 ©, then the func- 
tion f(s) to which (1) See cla Qu ub 
The methods employed in the proof of this result are elaborations of procedures used 
by the author in a recent paper (Proc. Nat. Acad. Sci. U.S.A. vol. 36 (1950) pp. 51-54). 
(Received July 18, 1952.) 


663. E. W: Titt, Roger Osborn, A. J. Kainen, W. C. Long, L. G. 
Worthington, and W. S. McCulley: On a theory of the linear second 
order partial differential equation with n independent variables. 

In contrast to the methods of Hadamard and M. Riesz, the method developed 
here is more closely allied to that of Volterra. This paper treats the normal hyperbolic 
interior, although the method ‘has been applied to other problems in lower dimen- 
sional cases. Whereas Volterra integrates a potential along a line, here a potential is 
integrated over a hypersurface. For s 2,4 the initial potential is not the Green poten- 
dal but an extension of a quantity used by Volterra outside the cone in s»3. In 
5$ —2, 3, the initial potential is sometimes of the latter type and sometimes Green's. 
The (»—1)-tuple integral when reduced to a single integral is in the nature of a trans- 
form of the initial potential, the kernel o£ which apparently varies only with the di- 
mension. It turns out that this kernel is related to Legendre and Techebyscheff poly- 
nomials in the even and odd dimensions, respectively. This paper concludes with a 
discussion of the integrating factor which is obtained by applying a certain number 
of differential operators to the above mentioned transform. With further differential 
operations to be performed after the Green's theorem stage, the final formula may 
involve a potential distinct from the initial one. (Received July 21, 1952.) 


664. C. J. Titus and G. S. Young: A» extension theorem. I. 


Let P(x) and Q(x) be real polynomials of degree » and #—1 respectively where (a) 
the first coefficients are positive, (b) the roots are real and simple, and (c) the roots of 
Q separate the roots of P. Let f(t) be an *-++1 times differentiable function of period 
2x such that (f')*--(f)!»0. Corresponding to the polynomials P and Q are poły- 
nomic differential operators. With these operators define «=P[f], »=Q[f]. There 
exists then a mapping I: D+}, where D is tbe closed unit disc, where T is a light 
inferior on Int D, where Bdy Def, »)|z-cos t, » sin t} and where I(x(#), x(0) 
= (u, 3), 08 32v; Le., every curve of the form (x, v) is the point-wise image of the 
boundary of a light interior mapping of the unit disc. (Received July 21, 1952.) 


6651. C. J. Titus: An extension theorem. II. 


A class of matric differential operators is defined which yields an extension 
theorem similar to that in the previous abstract. The domain of definition In this case 
is not simply connected. (Received July 21, 1952.) 
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666i. Leonard Tornheim: Derivatives of functions convex wih respect 
to n-parameter familíes. 


‘Let F be an s-parameter family of functions on the interval az 5; Le., through 
every # paints, no two of which have the same abecissa, there is a unique member of 
F. Let g be a function convex with respect to F; Le., each member of F intersects g 
in at most s points. If all functions of F have & —1 continuous derivatives on a «x <b, 
then g has #—2 derivatives. This generalizes an earlier result for #=3, (Received 
July 21, 1952.) 


6674. J. L. Ulman: The eigenvalues of a Toeplits form. 


Let f(6) be a Lebesgue integrable function satisfying 0 <m Sf(9) SM, ang having 
Fourier series 2^, cast, sep (30), Cam (1/20) fa s 7/(0)09. Let Ap M, ++, AL be 
the eigenvalues arranged in ascending order of magnitude associated with the Toeplit 
matrix T,(f)=|ce»|% whose determinant is D,(f). Carathéodory (Rendiconti del 
Circolo a di Palermo vol 32 (1911)) proved that limes... A2 M and 
lim,.. A, -». His result was essentially broadened by Szegð (Math. Zeit. vol. 76 
(1920)) who ehowed that the eigenvalues had the same distribution as the equally 
spaced ordinates of f(8). This result was obtained by first determining the limit of 
(D. (f))*. The purpose of this paper is to obtain the distribution directly. Formal 
manipulations with infinite Toeplitz matrices T(f) yield (T(f))*- T(f*). It is shown 
that the following exact relationship holds, namely lim... Tr. T.) / (0) 
lim, vm Tr. (Tu(f9)/ (H1) = (1/27) JF (09. Since Tr. (T. (P) , this im- 
pliea that for any continuous FQ), limes Di(FOD)/(e+1) 71/2« fT F(f (£))d, 
which is the mathematical statement of Szegd's result on distributions quoted above. 
(Recetved July 14, 1952.) 


668%. H. S. Wall: Concerning coniinuous continued fractions and 
certain systems of Siteltjes integral equations. 

The idea of continuous continued fraction (P. Adam, Revista Matematica vol. 11 
(1951) pp. 180—190) is developed and use to prove Miri a ies deir dp 
ar COn a en ates val ty DL End ot Doge b o dA la b], Dm fide, al, 
= fiaa I3de(x), nm 1,2,3, +--+, then theserles Possis converges abeolutely and uni- 
formly for a 34, x 35, Q) it esci alf ++, fais a function which is continuous and of 
bounded variation in [a, b], then there exists only one x X# matrix A of functions such 
that Ag(z, Dm fusus Dfi), imi, 2,---,- S235), where Au; 
2 The matrix A has the properties: A(x, x) «I, A(x, ) - A(z, r)A(r, D. If w is 

2, [4u(5 Ds - An, 2]/[Ax(z, 0s--An(z, t)] is the value of the continuous con- 
tinued fraction 4, (fu fu s) lim, 4 [b--K7 1 1/5,], where A 1a tia morei Df an ordered 
subdivision {21} 7*4 of [s,1], 9s mfi (epe) (e), bar mir fils), 0, 1; 

n, biam. (Received June 10, 1952.) 


669%. Alexander Weinstein: A new solution of Cauchy's problem for 
Pee oe eee en ee 

pe p Des rel pee kyt—1, —3, —5,- +>, and let x denote a system of m 
variables xj >° * , tm. Let w(x, f) satisfy the edu Qon (1) Axh - &u-F-ht71w). For 
kzm—1, the Cauchy problem for (1) with given #*(x, 0) and sf(z, 0) =0 is solved by 
Poison’s method of mean values, For k<m—1, the Cauchy problem is reduced to 
the previous case by a repeated application of the recursive formulas wj» ii, 
dia 0) =Aw*(x, 0), x; (x-0) -0. The case b=0 corresponds to the wave 
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equation which is solved by the new and simple formula s(x, /)-«21-*T-1(s) 
+ fA — 1) r9 (x, r)dr H- Rus, where the integer s satisfies the inequality 2# zw — 1. 
x^ is the Poisson mean value of A*s(xz, 0) divided by 1:3:5» * - (2&— =N: The term 
Ra is given by the formula Rett Gs eee O)+ +++ Hela, 0). 
In the exceptional cases k= —1, —3, —5,- - - , Cauchy’s problem can be solved if 
and only if #*(x, 0) in a polytiannocie fascia (Received June 3, 1952.) 


670. John Wermer: Oy ideals in a class of commutaisoe Banach 
algebras. 


It is known that the group algebra L of a locally compact abelian group has the fol- 
lowing properties: (1) L is regular, (2) the elements of L which lie in all maximal ideals 
except for a compact set are dense, (3) there exists a set of linear isometric operators 
T on L commuting with multiplication such that any hyperplane of L invariant under 
all T in the set is an ideal, (4) given {EL and «>0 there is some g with |/g—fl| <e 
The author shows that in any commutative semi-simple Banach algebra satisfying 
(1), (2), (3), and (4), & closed ideal the boundary of whose hull has no nonempty per- 
fect subsets equals the intersection of maximal ideals containing it. (The hull of an 
ideal is the set of maximal Ideals containing it.) For group algebras similar results 
are known. (Received July 21, 1952.) 


671. L. C. Young: Détscontinuous parametric surfaces and their 
BL represeniaisons. 

Dirichlet integral methods [Young, Trana. Amer, Math. Soc. vol. 64 (1948) pp. 
317-335] lead to admitting BL representations [Nikodfm, Fund. Math. vol. 21 
(1933) pp. 129-150]. Closure as well as compactness are then attained. An essential 
tool is again harmonic interpolation (which does not increase the Dirichlet integral 
of a BL function: this is little known). There is a corresponding representation theorem 
for generalized surfaces [Young, Bull. Soc. Math. France vol. 79 (1951) pp. 59-84]. 
(Received July 21, 1952.) 


APPLIED MATHEMATICS 
6721. H. W. Becker: On Richardson s compensation theorem, 


In the classic componsation theorem, the compensating EMF is —JAy, where I 
is the current originally: in the variable branch s, acting in the circuit of present 
impedance. Expressing this abstractly, in the case of one source, if A, Y, is the change 
in the circuit transfer admittance from source s to receiver s while'the branch y im- 
pedance increases by Av, fæ and fee are the transfer factors from s to » and y to s, 
and 6 and 6' are the network determinants before and after the change, then `A, Ya 
€" FE Ag: faf m Avs Yu Yom F Ax’ Your You, Where the sign is — or + according as 
v is effectively in series with s and s or in shunt with them. This shows that the theo- 
rem could also be phrased in terms of present current flowing in original circuit. Why 
not work with currents and admittances both taken at the same epoch? This was done, 
by D. E. Richardson, Electrical weiworh calculations, New York, 1946, p. 150, in 
his “Equivalent EMF of Resistance Change Theorem." Succinctly, this is A,Y,, 
= F {ZAv/(Ze+As) efe | F (Z| Av) - Yo Yes where Z, is the circuit impedance as 
originally seen from a point in v. Analogously, referring all data to the present epoch, 
A Yum T (ZeAs/(Zv — 9) | fafm/ 6? F (Zr || A2) Y Yo. Thus the price paid for 
simultaneity is the additional factor (1::As/Z, or w’)~1. (Received July 21, 1952.) 
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673i. John DeCicco: Magnetic fields of force in Euclidean space of n 
dimenstons. 

To extend the concept of magnetic fields of force to Euclidean space E, of = dimen- 
sions, the following form of Coulomb’s law is adopted. The force between two mag- 
netic poles is directly proportional to their strengths and inversely proportional to 
the (1—1) power of the distance between them. If a magnetized body is considered 
to be a Riemannian manifold Vy of N dimensions where 1S N 3» embedded in the 
Euclidean space E, together with an intensity of magnetization vector field defined in 
Vx, then the magnetic attraction produced by this body defines a conservative and 
solenoidal field of force. The corresponding potential function U(x) is harmonic. The 
potential U(x) due to a normally magnetized shell consisting of a V4.1 together with 
an intensity of magnetization vector field normal to Va. is proportional to the mean 
value of the intensity of magnetization relative to the solid angle subtended by Vax 
at the given point x. Also considered are the relations between the potentials U(x) and 
V(x) due to a uniformly magnetized body Vx and to a uniform charge of electricity 
throughout the region occupied by Vy. Finally applications to mägnctized spurns 
E, are given. (Received June 18, 1952.) 


674. R. J. Duffin and D. H. Shaffer: On the modes of vibration of a 
ring-shaped plate. 


As is well known nodal lines cannot occur in the gravest mode of vibration of a 
membrane. The queetion has been raised by Weinstein whether the same statement 
is true for the vibrations of a thin, flat plate clamped on its boundary. A counter- 
example is considered here consisting of a plate clamped on two concentric circles 
whose radii are in the ratio K. For K sufficiently large it is found that the mode of 
vibration having a single nodal diameter and no nodal circles has the lowest fre- 
quency. The critical value for X is approximately 715 where it is found that the fre- 
quencies of the one nodal line mode and the mode with no nodal lines are equal. In 
the limit as K becomes large the frequency of the mode with no nodal lines approaches 
a value which is approximately 7% greater than that of the limiting fundamental 
frequency. Received July 18, 1952.) 


6751. F. D. Faulkner: The problem of Oberth. 


The “Problem of Oberth” is the problem of choosing a thrust function in order 
to attain maximum altitude with a rocket. It was shown by B. Hamel (Zetischrejt 
fur Angewandis Mathemaith und Mochantk vol. 7 (1927) pp. 451—452) that the prob- 
lem has a solution. By changing the independent variables from the time to the dis- 
tance along the path, and by a second elementary substitution, the proof of the 
existence of a solution is made simpler. It is shown that a single function is maximized 
at the upper end of the curve by the extremals. Also that extrema of point functions 
of distance along the path, velocity, and fuel consumption at the upper end of the 
curve can generally be obtained as the consequence of the maximization of that 
one function. (Received July 21, 1952.) 


676. Bernard Friedman: Characteristic roots of compound matrices. 


The use of direct products enables us to find the characteristic roots of certain 
matrices whose elements are also matrices. The following result is used: Let 
Ay Ay ooo, Ay be Xs matrices, Bi, Ba, ---, By be mX m matrices, and let C 
--ÁDXBi +++ +4daXBy di XB representing the direct product of A; and By. If 
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Ay, +++, As have a common eigenvector s such that Ay=ys,---, Ausus, then 
every iactvalae.of NET co NAE a egenus QC. We Hause AO Ce 
characteristic roots of the kw Xba matrix which has the matrices Ai, Am * * °, 4, 
ds the eenei of its Brat row hide 1d che fru tha gine ima ton dre a 
in cyclic order but shifted jr places to the right, r being a fixed integer. (Received 
July 18, 1952.) 


677. R. M. Hayes: Iterative methods of solving linear problems 
on Hilbert space. 


Many iterative procedures for solving linear problems, such as the Rayleigh-Ritz 
method, are allied to the method of “expending subspaces.” Thus, given a Hilbert 
space A and a linear equation on that space, the equation is successively solved on 
each of a sequence {As} of subspaces of A satisfying the conditions (1) As is con- 
tained in Asu and (2) A= 3 Ax. This paper is concerned with the proof of the con- 
vergence of such iterative procedures for operators expressible as the sum of a positive 
definite operator and a completely continuous operator. In particular, one such pro- 
cedure is the so-called *conjugate-gradient method," wherein the subspaces are suc- 
cessively determined by a sequence of conjugate vectors. Pertinent properties of the 
successive approximations in this method are considered; estimates on rates of con- 
vergence are given; and applications are ahown. (Received July 15, 1952.) 


6781. Stanley Katz and A. M. Peiser: A system of nonlinear partial 
differential equations arising in heat transfer. 


Consider the differential equations f(«)du/dc—n—y—g(v)d0/dy In x>0, y>0, 
with boundary conditions #(0-+, y) =¢(y), v(x, 0+) =y¥(=), where ¢, y, f, g are con- 
tinuous and |f| =a>0, |g| Za>0. It is shown that there exist unique solutions, con- 
tinuous in «20, yz0. For the corresponding difference equations f(Us x) (Usi. 
baga Un, «)/h= Vain V. a" £( Vau): (Ve. s-H ^^ Væ) /h with boundary conditions Von 
~~ (eh), Va o™ V/(mk), it is proved that Us, and Va,» converge to x(x, y) and s(x, y) 
respectively as the interval lengths &, $ approach zero. In the linear case, —fgwmi, 
oui, m0, error estimates are obtained for s(x, y) — Um.. and for s(x, y) — Vas. 
(Received May 16, 1952.) 


679. Franco Modigliani and F. E. Hohn: Production planning over 
tims: An example of nonlinear programming. 


This paper considers the problem of scheduling production of a given commodity 
over a sequence of equal, successive periods of time in such a way as to meet initially 
known demands in these periods while incurring the lowest possible total cost. The 
problem is solved for the case in which marginal cost in each period is the same, non- 
negative, strictly increasing, differentiable function of production in that perlod 
only. Economic implications of the results are discussed. (Received July 21, 1952.) 


680%. T. S. Motzkin and I. J. Schoenberg: On the relaxation method 
for linear pce P 

Let Hy: a,x, +h zz 0 (£91, - - * ,. 5) bea set of closed half-spaces of E, 
ues e Let PE A, and jet H; be a half-space such that 
dist (bo, H,)~max, dist Gr H,). Let | pe—g| =dist (ġa H,), dC H,. Let 0<AS2 
and let fı = fs--A(q— po). If PG we can repeat the process on pı, with the same A, 
obtaining the point fx. If A we obtain p and so forth. S. Agmon has shown In a 
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paper to appear in Ann. of Math. that if 0<\<2, then this process either terminates 
with a WA, or else it results in an infinite sequence [pu] which converges to a point 


includes the case of X= 2. In particular it is shown that if \=2 and A is n-dimensional, 
then the process always terminates. (Received July 21,1952.) 


681; L. E. Payne: Axtally symmeiric problems im elasisctty. I. 
The punch problem. 


Thai] procedure farsah ieaiai pu probé ainat 
finding a biharmonic function which satisfies a pair of dual integral equations. By 
formulating the problem in a manner analogous to that introduced by A. E. Green 
[On Boussinesq's problem and penny-shaped cracks, Proc. Cambridge Philos. Soc. vol. 
45 (1947) pp. 252-257] one can reduce the problem to a determination of an axlally- 
symmetric potential function satisfying certain boundary conditions. By formulating 
the problem in this way rather than in terms of a biharmonic function, curvilinear 
coordinates may be more conveniently introduced and consequently the problem is in 
many cases greatly simplified. It is found that in most cases the necessity of solving 
a pair of dual integral equations can be eliminated. In particular, the solution to the 
spherical punch problem, which was approximated by F. Chong [Indentation af a 
semi-infinite modéum by an axially symmeiric rigid punch, Iowa State College Journal 
of Sclence vol. 26 (1952) pp. 1-15], can now be obtained in closed form with little 
difficulty. (Received July 21, 1952.) 


682. Mary H. Payne: A generalization of Laplace's equation using 
spinors. 

The sclidons of Laplace equation na a aa compared aiti the 
solutions of its analogue in spinor coordinates. All solutions of Laplace's equation are 
solutions of the spinor equation. There are, however, solutions of the spinor equation 
which are not solutions of Laplace's equation. Among these additional solutions are 
found functions which might be called “harmonic functions of half integral order,” 
as well as some extra “harmonic” functions of integral order. The spinor coordinates 
are S; = (27)! cos (6/2) 0 ^/5, S, = (27)! sin (0/2)8 0979/5, and their complex conju- 
gates, (Received July 18, 1952.) 


683. Charles Saltzer: The second fundamental theorem of electrical 
networks. ] 

If a lumped-parameter linear network is represented by branches consisting of 
admittances in parallel with constant current sources, the mesh method can be re- 
placed by the nodal method. The matrix equations of Kron are established rigorously 
by topological or graph-theoretical considerations, and conditions for the existence 
and uniqueness of the solution of the nodal equations are given. (Recetved July 23, 
1952.) 


6841, P. A. Samuelson: The exact order of convergence of an ac- 
celerated steration. 

For any sufficiently differentiable iteration, X.,.=g(X.), with an isolated sta- 
tlonary point A =g(A), the newly-defined accelerated iteration, Xan ™= F(X,), where 
diim ) = Dre "ees +£(e(X))—2¢(X)] has the same stationary polnt A 

local derivatives there with the following properties: (a) for g'(A) »41, the 
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first r—1 derivatives vanish and F(A) mg ?(4)g (4) [e (4)71—1]/ [e (4) —1]5; 
(b) for g'(A4) —- 1, F'(A) -1—771; and (c) for £'(A) =0, the first 2r —2 derivatives o£ F 
vanish and Fur (A) = — C, ,g?(A)3/2r—where in every case r represents the first 
nonvanishing higher derivative of g at A. Hence, it follows that F is always a 
locally stable iteration and if, as in case (b), it does not already converge 
more rapidly than any locally linear iteration, the accelerated iteration, F&(X,) 
= [X.F(F(XQ) — FOG)1]/ [X --- F(F(X.)) -2F(X.) ], will surely do so. Unless g’(A) 
= 1, it will usually not pay to compute Fs, just asit will usually not pay to compute Fin — 
the case where g'(4) =0, since in this case g already has convergence of higher than 
the first order and since g(g(X,)), representing two whirls of g, will have more vanish- 
ing derivatives than will F, their number being r!—122r—2. (Received May 16, 
1952. ' 


685. Domina E. Spencer: A Riemannian space for asironomy. 


The interpretation of astronomical data depends on the geometry that is postu- 
- lated for cosmic space. All the data are obtained at essentially one point in the uni- 
verse and give no sure indication of relationships at stellar distances. The practical 
interpretation of the data has ordinarily been made on the assumption of a euclidean 
metric, though general relativity employs a Riemannian metric with R of the order of 
107? lightyears. A study is made of the possibilities of a non-euclidean world, limited 
by the assumption that space is locally euclidean and isotropic. Masses, densities, 
and luminous outputs of stars remain unchanged. An investigation of data on binary 
stars and cepheids shows that if the space constant R of a Riemannian universe is 5 
lightyears, Einstein's relativity is unneceseery. Time and space may be regarded as 
separate and distinct, a universal time scale can be established, velocity of light is 
pae ee “expanding” universe ceases to expand. 
(Received July 9, 1952.) 


6861. M. L. Stein: A Rayleigh-Reis-ishe procedure for aE 
integrals, Preliminary report. 

Tn this paper a procedure is presented for constructing the minimum of an integral 
IQ)=ff@, x yjz among the arcs ym(y,---, Ya) such that each (x) 
` (i=1, 2, +++, #) is of class c! on a Sx Sb and satisfies certain fixed end conditions. 
In the algorithm it is assumed that the ith estimate of the minimum 7 has been 
found. The integral J is then replaced by a suitable quadratic integral I*(5*) and the 
Rayleigh-Ritz method is applied to J* in order to obtain a variation »‘. The succeed- 
ing approximation is defined to be y**1 — 5-3! and the process is repeated. Condi- 
tions are given under which the sequence [y] converges uniformly to a strong relative 
minimum. The minimum is expressed in the form yy-- 2 ,; ast where ¥ is an initial 
estimate satisfying the end conditions, [s*] is a set of basic functions in a suitable 
Hilbert space, end a, are scalars, (Received June 9, 1952.) 


GEOMETRY 
687%. Eugenio Calabi and M. A. Rosenlicht: Complex analytic 
manifolds without countable base. 


Auyiccadu stas bua o fate aia tae ee oem cin dn 
paper we verify a conjecture of Bochner that there exist complex manifolds of com- 
plex dimension 1 that are non second-countable by explicitly constructing a large 
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clase of such manifolds. Some basic topological properties of these manifolds are de- 
veloped. (Received June 23, 1952.) 


688%. R. M. Conkling and D. O. Ellis: Meiric A-lattices. 


A lattice L with a third operation which commutes and distributes over join and 
meet is called a A-lattice. If L is normed, and A-translations are isometries, L is called 
a metric A-laiiice. It is shown in this paper that a normed lattice admits a third opera- 
tion to form an aseociative metric A-lattice if and only if it is isometrically lattice 
isomorphic to the metric lattice of a certain type of lattice of isometric endomorphisms 
on itself. It is also shown that the class of reduced Gaussian semigroups is alge- 
braically equivalent to e clase of suitably restricted associative metric A-lattices. 
(Received May 26, 1952.) 


689% David Gale: On inscribing n-dimensional sets in a regular n- 
simplex. 

It is proved that every set of diameter 1 in s-space can be inscribed in a regular 
&-simplex of side s < (n(n-1-1)/2)!/3 but in no smaller simplex. Among the consequences 
of this result is the fact that every plane set of diameter 1 is the union of 3 sets each 
of diameter not greater than 31/3/2. (Received June 13, 1952.) 


6901. C. C. Hsiung: Some curves in Riemannian space. 


lus Riemannian spaci Rs of w diniensiona, det C bea ne hboring curve cor- 
responding to a given curve C such that the corresponding point on C of any point 
P on C is on the unit 2-normal vector £m of C at P with an infinitesimal distance « 
from P. Let Eg) be the vector obtained by displacing the unit 2-normal vector Em 
o C at P parallelly back to P by the infinitesimal displacement along tq. & —2 neces- 
sary and sufficient conditions for fy) to coincide with fp in the first order of « are 
obtained in terms of the s curvatures of C at P and some other invariants associated 
with Cand R, at P. This result can be considered as an extension of the following one: 
In a Euclidean three-dimensional space if there exists a curve C such that its bi- 
normale are also the binormals of a given curve C, then C is a plane curve, (Received 
July 22, 1952.) 


691. W. R. Hutcherson and S. T. Gormsen: Maps of certain alge- 
bratc curves invariant under cyclic $nvolutions of periods three, five, and 
seven. 


The authors contrast the mapping of general plane algebraic curves of orders 
3, 5, 7 [Mlle J. Dessart, Sur les surfaces representant l'insoluiion engendros par “xe 
homographts de periode cing du plan, Mem. de Liege, vol. 16, no. 2] invariant under 
transformation T, zi :z4 :24 31: ex,: es into spaces 3, 4, 5 getting surfaces of orders 
3, 5, 7, where p=3, 5, 7 respectively, and «#=1. Certain general invariant space 
curves in Sj and supported by given algebraic surfaces of order 7, 3, 3 are mapped 
into spaces of orders 7, 11, 17. The involution of perlod three on the seventh degree 
surface has two isolated points of coincidence as well aa a line of invariant points. The 
isolated points are found to be perfect. The imperfect point P, of I, contained on the 
cubic surface [W. R. Hutcherson, Maps af certain cyclic involutions on too dimen- 
sional carriers, Bull. Amer. Math. Soc. vol. 37 (1931) pp. 759—765] is more accurately 
treated and found to have a perfect point in the second order neighborhood instead of 
the third. The neighborhood of each of the three branch points (images of points of 
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coincidence in the plane containing I7) on the surface in Sy are investigated. (Received 
July 11, 1952.) 


692. W. R. Hutcherson and J. C. Morelock: Invarianis with re- 
spect to special projective transformations. 


A method for finding homogeneous polynomials invariant under an involutory 
transformation [W. R. Hutcherson, Fifth order neighborhood of an ixvolution of period 
thirisen, Bull. Amer. Math. Soc. vol. 57 (1951) p. 484] is discovered and exhibited. 
The total number of terms in the general polynomial is synthetically built up by using 
the p (prime number) classifications as component parts [J. C. Morelock, As alge- 
braic formula, Amer. Math. Monthly vol. 57 (1950) p. 703]. The I.B.M. machine 
was used to obtain data for classifying perfect points in the infinitesimal neighborhoods 
of an imperfect point, and along the two invariant directions from this point, which 
is located on a certain fourth degres algebraic surface. (Received July 11, 1952.) 


693% Edward Kasner and John DeCicco: The Fourier heat egua- 
tion in Riemannian space. 

If a body which occupies an s-dimensional region of Riemannian space V, and 
which is capable of absorbing heat is heated by conduction in any manner, the result- 
ing situation may be visualized as a flow of heat. It is deduced by the divergence theo- 
rem in V, that the temperature U at a position x within the body and at a time ¢ 
obeys the Fourier heat equation: div (kéu/dx) =cpdu/d, where k is the conductivity, 
c the specific heat, and p the density of the body. If k, c, p are all constant eo that the 
diffusivity at= h/cp is constant, the Fourier heat equation is: g^! O(gIghaU/8x) /Oxt 
= (1/a3)8U/8t. If v(x; f) obeys this latter equation, the heat hypersurfaces are de- 
fined by U —»(x; t), where U and é are constants. By means of homothetic representa- 
tions of Riemannian manifolds, it is found that the only heat families which consist 
of exactly 1 hypersurfaces are given by f(x) =const., where f is a solution of either 
the Laplace equation, or a special form of the Poisson equation, or the Helmholtz- 
Pockels equation. (Received June 19, 1952.) 


694. L. M. Kelly and Leo Lapidus: The geometry of L-meirized 
spaces. 


If with each two elements of a set S is associated an element p(a, b) of a lattice 
L with an O such that (1) p(a, b) =p(b, a); (2) p(a, b) =0 iff a =b; (3) p(a, b) pl, c) 
(a, c), then p(a, b) is called the distance from a to b and S an L-metrized space. 
When Sm L, p(a, b) is written afb, $ is called a metric operation and L autometrired. 
The case in which SmIL»ma Boolean algebra with afb =ab' a has been called a 
Boolean geometry and studied by Ellis, Blumenthal, and Elliott. This paper is a 
study of the more general situation described above together with the special case 
of autometrized Brouwerian algebras (logics) with afè = (a—b)\ (b—a). Typical 
theorems: (1) A Brouwerian algebra is a Boolean algebra if and only if it admits a 
metric group operation; (2) A finite distributive lattice is a Boolean algebra iff it 
admits a metric operation such that the resulting space contains no isosceles triangles. 
(3) The congruence order of a Brouwerian chain with respect to the class of L-metrized 
spaces is 4. (4) The congruence order of a Brouwerlan space with respect to the clase af 
L-metrized spaces is three iff it is a Boolean geometry. (5) If # is a metric group 
a eae aac 
Boolean geometry. (Received July 21, 1952.) 


t 
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695. T. Miei and Tibor Radó: SESE rigidity of 
surfaces. 

Mw aia Scellanis pad oases 
of simple closed curves. Let b be a portion of the boundary, where b may be a subarc 
of a boundary curve or it may consist of one or more of the boundary curves. Then 
S is termed IRd (infinitesimally rigid for b kept fixed point-wise) if the identity is the 
only infinitesimal deformation of S which leaves b fixed point-wise. The purpose of 
this study is to establish the IR5 property for various categories of surfaces whose 
Gauss curvature has constant sign (positive, negative, or zero), including cases where 
the surface has corners. This study is being carried out under a research grant from 
the Office of Ordnance Research, U. S. Army. (Received July 17, 1952.) 


696. Ernest Mitchell: Os Kasner’s Neo-Pythagorean iriangles. 


Kasner has called Neo-Pythagorean that class of triangles whose defining property 
is that the sum of the squares of the sides shall be zero. Such a triangle must of neces- 
aity lie in the complex plane, being in toto or at least pertim imaginary. The object 
of this paper is to give this claes of triangles a real representation, carrying along with 
it for the sake of analogy the Pythagorean clase immersed in the complex plane. The 
method of representation is that of Laguerre. The two classes of triangles assume a 
quasi-conjugate relationship as exhibited by their “pictures” (Study). (Received 
July 10, 1952.) 


697. Don Mittleman: Trajectories of trikedral elements. 


Starting with the newtonian equations of translation of the center of mass and 
rotation about the center of mass of a rigid body of finite dimensions in a positional 
field of force, approximations to the equations are obtained when the maximum 
diameter of the body is small, These equations are called the equations of motion of a 
microscopic body. Also, limiting forms of the original equations are obtained when 
the maximum diameter approaches zero. These equations are called the equations of 
motion of a trihedral-particle. This latter result is dependent on the limits of the 
ratios of the principal moments of inertia. A trihedral element consists of a point 
(the center of mass of the body) and the three mutually orthogonal directions through 
the point (the principal axes of inertia). A trajectorial series is œ’ trihedral elements 
associated with the motion of a body for a given set of initial conditions. The dif- 
ferentia] equations for the trihedral series aseociated with all motions of a rigid body, 
all motions of a microscopic body, and all motions of a trihedral-particle are obtained. 
(Received June 12, 1952.) 


598. T. S. Motzkin and I. J. Schoenberg: On Fejér sets in linear and 
spherical spaces. 

Let M be a metric space, AC M. We denote by F(A), called the Fejér set of A, 
the set of thoee points p with the property that there is no point p’ auch that 5x» p'x 
for all x€—A4. If M is a real, inner-product space it is shown that F(A) - X(A), where 
K(A) is the intersection of all closed half-spaces containing A. In particular for three 
points pu f» pı we have (1) F(pu fx ti) 7 A(P. P» pi), where Alpu Py fs) is the 
triangle of vertices fi, fa f» Let now M be a real Banach space B which may 
also be fintte-dimensional. It is ahown: 1. If B is 2-dimensional, then (1) holds for 
any three points if and only if its metric is strictly convex. 2. If the dimension of B 


\ 
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is &3, then (1) holds if and only if B is an inner product space. Also Fejér sets in 
spherical spaces are determined. (Received July 21, 1952.) 


699;. TK. Pan: Relative first curvaiure, and relative parallelism. 


Let a Riemannian space V, with positive definite first fundamental form g,dx dx 
be immersed in a Riemannian space Vap. Let à be unit vectors in Fey which are not 
in V, except in its asymptotic directions and whose contravariant components A5 
at a point P in V, are analytic functions of x‘ and dx* at P. The totality of these 
vectors is called a A-congruence. Let ¢ be the unit tangent vector at a point P of a 
curve C in Va. Let N bea unit vector at P satisfying the conditions: (1) linearly de- 
pendent on ¢ and à at P, (2) orthogonal to t. When the first curvature vector at P of 
C in V. is decomposed along N and a direction in V,, the magnitude of the tangential 
component is called the first curvature at P of C relative to the A-congruence. A 
curve, at each point of which the relative first curvature is zero, is called a peeudo- 
geodesic in Vs. Pseudo-geodesics in V, are relative auto-perallel curves in V, accord- 
ing to a definition of relative parallelism, which is a generalization of the parallelism 
of Levi-Civita. Geometric interpretations of the relative curvature of a curve and 
properties of relative parallel displacement of vectors with respect to a curve in V, 
are studied. (Received July 21, 1952.) 


LOGIC AND FOUNDATIONS 


700. R. L. Davis: Siruciures of finite relations. 


Carnap pointed out recently that the number of structures (lsomorphiam classes) 
of a dyadic relation on a finite set was not known, adding that such information 
would have important applications in deductive and inductive logic and certain 
branches of sclence (Logical foundations of probability, Chicago, 1950, p. 124). If 
Rua is the set of all relations of some particular kind defined on a set of s elements, 
there is a group of permutations of Ra which is isomorphic to the symmetric group, 
©.. The orbits (sets of transitivity) under this group are just the isomorphism classes 
in Ra. Hence, by a well known proposition of group theory, the number of structures 
(i.e., of orbits) is (1/#1) Dove Jr), where f(iz) is the number of relations fixed under 
the transformation /, corresponding to an element r of ©.. This reduces the problem 
to that of counting the number of relations so fixed. Employing various combinatorial 
arguments, general formulas for the number of structures are derived in each of the 
following kinds of relations (all but (i) dyadic): (i) arbitrary m-edic; Gi) reflexive, or 
irreflexive; (iii) symmetric; (iv) irreflexive-symmetric; (v) asymmetric, and (vi) 
functions. (Received June 4, 1952.) 


701. J. C. C. McKinsey and Patrick Suppes: Transformations of 
systems of classical particle mechanics. 


This paper is a continuation of the investigation of ee foundations of particle 
mechanics begun by McKinsey, Sugar, and Suppes (Bull, Amer. Math. Soc. Abstract 
57-6-524). It is devoted to a determination of the set S of transformations which 
always carry systems of particle mechanics into systems of particle mechanics. It is 
shown that every Galilean transformation belongs to S, as does every change of units 
(of time, mass, distance, and force). Moreover, every member of S which satisfies the 
following weak hypothesis is expressible as a product of Gelilean transformations and 
changes of units: the transformation of time is a one-to-one function mapping R (the 
set of real numbers) onto itself; the transformation of mase is a function mapping the 
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set of positive real numbers into itself; the transformation of position is a function 
mapping E,XR (where E, is the set of all s-dimensional vectors) into Es; and the 
transformation of force is a one-to-one function mapping E, onto iteelf. In general 
the units of distance and force can be transformed differently along the different axes; 
this is not the case, however, if the system is w#lire-classical: Le., if the forces satisfy 
Newton's Third Law and are expressible as functions only of the distances between 
the particles. (Received July 14, 1952.) 


STATISTICS AND PROBABILITY 


702i. K. L. Chung: On the renewal theorem in higher dimenstons. 

Let Vi, Vs, °° be independent r-dimensional random vectors with the com- 
mon distribution F(x, * -> , x) which does not degenerate into a one-dimensional 
distribution. Let my, j—1,-:*:,r, be the mean of the jth component. Let 
Sam DL, Ve and let E(s| S.B) denote the mathematical expectation of the num- 
ber of #’s such that S, assumes a value in the Borel set B in R. Let C be a compact 
set in Rr and if U is a vector in R” let C(4-) U denote the set obtained by a translation 
of Cthrough U. Let | U| denote the length of U. under the hypothesis that not all 
m; are zero, we have lim E(s| SC: C(4-) U) =0 as | U| — œ. (Received June 23, 1952.) 


703. J. L. Hodges and Murray Rosenblatt: Recurrence-iime mo- 
menis in a Markov chain. 

Consider an irreducible time-homogeneous Markov chain with discrete time. It is 
shown that if the recurrence time of one state has its first k moments finite, then the 
recurrence times of all the other states have their first k moments finite. The recur- 
rence time moments of a class of random walks are examined. For 5—0,1,2, -- «8 
random walk is exhibited whoee first k—1 recurrence time moments exist and whoee 
higher moments are infinite. A comparison theorem then permits the moment prop- 
erties of other random walks to be determined. (Received April 10, 1952.) 


7044. Miriam A. Lipschutz: Strong laws for sums of independent ran- 
dom variables with stable distributions. 

Consider a sequence of identically distributed independent positive random vari- 
ables such that P(X 2x) = h(x)/x^ (0<a<2) and limg.a) k(cx)/h(x) = 1, for every 
positive constant c. Let Som 2, , Xs It is known that with b, properly chosen 
P(SsSbex)—Ga(x) and P(S;—spab.x)—Ga(x) for 0a«1 and 1<a<2 respec- 
tively, where p denotes the first moment, and Ga(x) is the stable distribution func- 
tion of index (c4 —1). Under those conditions wherk a satisfactory estimate of the 
error, in the above limit theorem, has been obtained, one gets the following strong 
lower bounds for Sa. Let p(n) f ©, p(n) Sigal, then P(S. S5,/W(n)!/*1.0.) 
and P(S.—sp < —b.4(m)/*io. equal O or 1 as /[w()"»u/0-9)*] exp 
(—kap()/G-9)ds and fy(m)G/0067 (exp (—k; ey (n)! converge or diverge. ba 
Ja a positive constant less than one. A recent lemma of Chung and Erd&e (Trans. 
Amer. Math. Soc. vol. 72 (1952) p. 179) was used in the proof, which also allows one 
to obtain in a simple way the strong upper bounds previously discovered by Feller. 
(Trans. Amer. Math. Soc. vol. 67 (1949) p. 115). (Received May 22, 1952.) 


705. Shu-Teh C. Moy: Charactertsaitons of conditional expectation 
as a transformation on function spaces. 
Let T be a transformation on the space S of all real non-negative measurable 
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functions on a probability space (Q, F, x) satisfying the following conditions: 
T1. T(ax--By) =aTx+fTy, T2. If x is bounded then Tx is bounded, T3. T(xTy) 
= (Tx)(Ty), T4. If x, 1 x then Tx,-+Tx, It is proved that the general form of such 
transformation is to take x to be the conditional expectation of xg with respect to a 
o-algebra of subsets Fr C F where Fr and g are determined by T. With slight modifica- 
tion of the argument the same formulation Is obtained for a continuous linear trans- 
formation T on L, into Ly satisfying conditions that T takes bounded functions to 
bounded functions and that T(xTy) = (Tx)(Ty) for bounded z, y. In the case of p 1, 
if T satisfies the further conditions of T1 =1 and ||z]]; =|| Tz]];. Sih || ||; denotes the 
Lı norm, then it is proved that Tx is the conditional expectation of x with respect to 
Fr. (Received July 14, 1952.) 


, 


TOPOLOGY 


706. R. D. Anderson: Monotone mappings and monotone interior ` 
mappings of manifolds. Preliminary report. 


The author shows that if f is a monotone mapping of a compact s-manifold S 
either with or without boundary and with *>2, then there exists a monotone interior 
mapping of S onto f(S). (Received July 21, 1952.) 


7071. H. W. Becker: Nonconnéctive topology. Preliminary report. 


A nonplanar dual has indeterminate connectivity, but has the same branch sym- 
metry partition as the nonplanar itself. Represent such a topological imaginary by its 
real dual drawn in a color different from that used for reals. Assemble a graphold 
(akin to the matroids of Hassler Whitney, Amer. J. Math. vol. 57 (1935) p. 509) from 
m nonplanar circuits or their imaginary duals alike or different in any series-parallel- 
bridge pattern. Then if Ka is the number of combinations of m objects of given speci- 
fication, the possibilities are one real graph, one pure imaginary, and Kas imaginary 
graphoids having imaginary duals, “dually imaginary graphoids,” d.ig. If the » are 
all different, K,,~ 2"; if all alike, Ka =m-+1. Thus the reals are ultimately a drop in 
the bucket, among the nonconnectivee. Using symmetry diversity methods previously 
applied to the enumeration of real graphs and passive circuits, for 1635»319 the 
d.i.g. (a). —- 1, 18, 238, 2730, and the imbedded pasive circoids (b), ;—4, 110, 1912, 
26586; (ahs is self-dual. Tentatively, (b),7-8 - 15*715, The natural habitat of Starr's 
theorem à,Z(s, - - +) -[ ]isthen sa+] b| .--2(5).-- (5). the planar passive circuits, the 
nonplanar and their imaginary duals, and the d.i.p.c. (for which last, the Kuratow- 
eki's theorem analogue is that each contains one or more of the three elementary n.p.c. 
and one or more of the three duals of same). These are issues raised by R. M. Cohn. 
(Received July 21, 1952.) 


708. Arthur Bernhart: A triangle tnequaltty in Sine rings. 


The occurrence of a polygon adjacent to three regions of an s-ring yields in- 
equalities among three associated frequencies in its 4-color spectrum. These require- 
ments permit arguing from the algebraic spectrum to the geometrical structure. This 
triangle rule is illustrated on various 6-ring configurations. (Received July 21, 1952.) 

709. C. E. Burgess: Continua which are ihe sum of a finite number 
of indecomposable continua. 

A continuum M is said to be the fimished sum of the continua of a collection G if 
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M is the sum of the continua of G and no continuum of G is a subset of the sum of the 
others. A continuum M is said to be £ndecomposable under index n if M is the finished 
sum of # continua and is not the finished sum of #+-1 continua. These two definitions 
were given by Swingle (Generalized sdecomposabla continua, Amer. J. Math. vol. 52 
(1930) pp. 647—658). The following theorems are proved. If s» ^1 and M is a compact 
_ Continuum in a space satisfying R. L. Moore's Axioms 0 and 1, then in order that M 
be indecomposable under index w, it is necessary and sufficient that M should 
be the finished sum of s indecomposable continua and be irreducible about some * 
points. If the compact continuum M in the plane is the finished sum of two inde- 
compoeable continua H and K such that some compoeant of H does not intersect 
KX, then uncountably many composants of K lie in M—H. (Received July 16, 
1952.) 


710. D. O. Ellis: Lattice theory problem 77. 


Problem 77 of G. Birkhoff's Lattice theory is answered in the affirmative. One first 
shows by metric methods that it is valid for 27 where B is a countable set, by alge- 
braic methods from validity in 2? that it is valid in 25 where S is any eet, again by 
algebraic methods that it is valid in 24/J where J is a o-ideal of 24, and an applica- 
tion of the Theorem of Loomis then yields the result for any e-complete Boolean 
algebra. (Received June 30, 1952.) 


711. Mary E. Estill: Problems on indecomposable connexes and 
related sets in the plane. 


The purpose of this paper is to answer the questions raised by P. M. Swingle in a 
paper entitled The closure of types of connected sets which appeared in the April, 1951 
issue of the Proceedings of the American Mathematical Society. The principal results 
are the following. If I is an indecompoeable connexe in the plane, there does not exist 
a point p such that I-|-p is decomposable. If W is a widely connected set in the plane, 
there always exists a point g such that W-++-q is widely connected. There is a bicon- 
nected set without a dispersion point which is not widely connected and is therefore 
not contained in a widely connected set. (Received July 7, 1952.) 


712t. M. K. Fort: A theorem conterning various types of weak con- 
hinutty. 

Let T, be a separable metric topology for a set X. A second topology Ts for X is 
a-related to 7; if and only if: there exists a countable collection of ordered pairs 
(Us, Kx) of subsets of X such that UCT; for each a, if PS UCT; then there exists 
n such that pC U.C. K, C U, if qE Un for some s then there exists VOT; such that 
qC V and V—XK,C Ti. (In most examples X, &U,.) It is proved that a function on a 
topological space into X which is 73 continuous is also Tı continuous except at points 
of a first category subset of the domain, The following examples are typical: the point- 
open topology is a-related to the compact-open topology for the function space of 
continuous functions on a locally compact separable metric space into a separable 
metric space, the “weak neighborhood topology" in the calculus of variations sense is 
a-related to the “strong neighborhood topology," the weak topology for a separable 
Banach space is arelated to the norm topology. The theory developed has applica- 
tlon In various fields, including: topological groupe, transformation groupe, measure 
theory, and semi-continuity. (Received April 9, 1952.) 
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713. S. I. Goldberg: Extenstons of Lie algebras and the third cohomol- 
ogy group. I. 

Let { W, Q} bea representation module of the Lie algebra L and U an L-module 
extending the L-module W by the L-module V. Hence the extension R, (eC L) of Q» 
to U is a linear endomorphism of U and {U, R} is a representation module of L. 
The quotient U/W implies (V, P]. Choose linear representatives pE U (9€ V) 
from the residue clase corresponding to » by 'U/Wezy.. Then Raus" ua e d-B(x, 9), 
B(x, 9) W. The factor system {8} completely determines the structure of U, and 
so we write U=(L, V, W, B). Given the extension (ZL, V, W, B) there exists an exact 
relative cohomology sequence of homomorphisms, +++ HL, V)-*Het(L, W) 
MAHL, U) HeH(L,. V) —He"(L, W)— ++ +. Let y: U—V be the given homo- 
morphism of U upon its quotient, and let g be any cocycle in C*(L, V). Pick repre- 
sentatives (xi, - - -, z,) at random so that P is multilinear and y(t, - * * , xy) 
m£(5,-::,24). The map A is obtained by sending the cohomology clase of g in 
H*3(L, V) into that of 82 in He+1(L, W). The following is established: Given the repre- 
sentation module { W, Q} then, for any given extensions L*=(L, V, g) and U 
-(L, V, W, B), a necessary and sufficient condition for the existence of another ex- 
tension L** of L by U with L**/WCzL* is that A(g) be a coboundary. (Received July 
9, 1952.) 


7141. S. I. Goldberg: Extensions of Lis algebras and the third coho- 
mology group. II. 


Let L be a Lie algebra over an arbitrary field and (X, S] a representation module 
of L. Then foe any given extension U* —- (L, U, X, Y), there exist extensions W* 
»- (L, W, X, y) and U=(L, V, W, 8) (W* isa submodule of U* and U/WEzZV). Let 
L* - (L, V, £) and L** = (L, U, 2+) satisfying L**/WCxL*. Select linear representa- 
tives om oy, °° - CC L**, Hence [es oy] moun tHE, 3)-Fa(z, 5), a C(L, W). A 
necessary and sufficient condition for the existence of the extension L***e(L, U*) 
with L***/XCXxL** is that the 3-S-cocycle À(--a) is a coboundary (A is the in- 
variant coboundary, A: H*(L, U)—H«"(L, X)). (Received July 9, 1952.) 


715i. Mary-Elizabeth Hamstrom: Concerning webs in ihe plane. 


The terms “web” and "simple web" have been defined by R. L, Moore. (Cf. 
R. L. Moore, Concerning continua which have dendratomic subsets, Proc. Nat. Acad. 
Sci. U. S. A. vol. 29 (1943) pp. 384-389, and A characterisaHon of a simple plans web, 
Proc. Nat. Acad. Sci. U. S. A. vol. 32 (1946) pp. 311-316.) In the present paper the 
notion of a W, set is introduced. If #>1, a Wa set is a compact continuum M for 
which there exists a family F of » elements such that (1) each element o of F is an 
upper semicontinuous collection of mutually exclusive continua which fills up M 
and is an arc with respect to its elements and (2) if G is a collection of continua each 
belonging to some, but no two to the same, collection of the family F, then the con- 
tinua of the collection G have a point in common and their common part is totally dis- 
connected. It is shown that there exists a Ws set which is not a W, set and that for 
each positive integer s a almple closed curve plus its interior is a W, set. (Received 
June 23, 1952.) 


7164. Mary-Elizabeth Hamstrom: Concerning a certain type of web. 


A Wi setis a W, set satisfying the conditions obtained by replacing, in the defini- 
tion of d W, set (see abstract 58-6-715) the phrase “upper semicontinuous collection 
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of mutually exclusive continua” by the phrase “continuous collection of mutually 
exclusive continuous curves." If M is a compact continuum in the plane, B(M) will 
denote its boundary and S(M) will denote the collection consisting of all boundaries 
of complementary domains of M, all points of B(M) that are not on the boundary 
of any complementary domain of M, and all points of B(M) that are common to the 
boundaries of two or more complementary domains o£ M. It is shown that the com- 
pact'continuum M in the plane is a Wi set if and only if (1) every boundary of a 
complementary domain of M is a simple closed curve and (2) the collection S(M) is 
an upper semicontinuous collection of type 2 (cf. R. L. Moore, Fundamental theorems 
concerning poini seis, The Rice Institute Pamphlet, vol. 23, 1936, pp. 42, 43, and 56) 
and there exists an upper semicontinuous collection, S’, of type 2 such that S(M) 
is a subcollection of S’, each element of S’—S(M) is a point o£ M— B(M), S' is an 
-arc with respect to its elements (cf. R. L. Moore, loc. cit. p. 2) and if J is the boundary 
of a complementary domain of M there are only two points P of J such that P isa 
limit point of the sum of the elements of S’ different from J. If s is an integer greater 
than 2 the theorem remains true if “Ws” is replaced by “Wu.” (Received June 23, 
1952.) - 


717, Frank Harary: The number of graphs and directed graphs. 


The powerful and elegant methods of Pólya, Acta Math. (1937), yield formulas for 
the number of g-apha, directed graphs, and several generalizations of graphs. The 
generalizations considered are graphs of type t, graphs of strength s, and multiply 
rooted graphs. A graph of strength s is one in which there are at most s lines between 
any peir of points. A graph of type ¢ has ¢ different kinds of lines and at most / lines 
(each of a different kind) joining any pair of points. A multiply rooted graph is one 
in which the set of points is partitioned into distinguished classes. The formula for 
the number of graphs is due to Pólya; graphs of strength s were counted by R. Z. 
Norman. To find the number of graphs cf » points and & lines, a polynomial G«(x) of 
degree »(s—1)/2 ie determined in which the coefficient of x* is this number. Directed 
graphs, graphs of«type 4 and of strength s are counted by suitable changes in the 
“figure power series" (Pólya's terminology). Multiply rooted graphs of » points are 
found by using as the appropriate permutation groups the direct product of sym- 
metric groups having s as the sum of their degrees. (Received June 13, 1952.) 


718. S. T. Hu: Cohomology relations in spaces with a topological 
iransformaition group. 


Let Q be a topological transformation group operating on the left of a topological 
space X. Let us denote by B the orbit space and p: XB the projection. p is a con- 
tinuous and open map of X onto B. For any abelian coefficient group G, the continu- 
ous map f induces homomorphisms p*: H*(B, G)H*(X, G) of the Alexander-Wal- 

_lace cohomology groupe. These induced homorphisms are, in general, not onto iso- 
morphisms. They depend on the manner in which the topological transformation 
group Q operates on X. To measure the deviation of these induced homomorphisms 
$" from the onto isomorphisms, the author introduces, in the present paper, the 
weakly residual cohomology groups H,(X, G) (a20). They are invariants depending 
on X, Q, G and the operations of Q on X. By means of these groupe, the author 
establishes an exact sequence H*(B, G)—0 - - - 2H*(B, G)O* H*(X, G)O H.(X, G) 
—Hw*"(B, G)—>” + - - . This indicates that the weakly residual cohomology groups 
HX, G) might play an important role in the further studies of the cohomology struc- 
tures of the orbit space. For each point x of X, there is a canonical homomorphism 
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kt of HYZ, G) into H*(Q, G) for each #20. It is proved that if Q is compact and if 
x and y are two points contained in a compact connected subset of X then jj ey. 
(Received July 9, 1952.) 


7191. E. G. Kundert: A generalisation of the fundamental group. 


The following generalization of the fundamental group to the second dimension 
seems to be a natural one: let (Ta, f) be the continuous mapping f of the carrier 
(Ti; p) into the topological space (Y; Ja) such that pys T, being an orientable, 
ordered (handles ordered) 2-dimensional manifold with & handles. By certain con- 
tinuity preserving, reversible processes (7, f) (Ty, f") and the usual homotopy rela- 
tion, one is able to collect the (Ti, f) in equivalence classes, which form a group 
II(Y). Some properties: JI =I; XI, such that 0, œŒ r; (fundamental group). xs (homot- 
opy group) is subgroup of Ia : IHa— T Hi; y e (Vas; ay 7S3, IB/T -m GY. If aj os 0 Te 
fx». (For the definitions of Sa and G7 see H. Honk; Fundamental Gruppe und sweils 
bettische Gruppe, Comment. Math. Helv. vol. 14) (Received August 11, 1952.) 


720% Deane Montgomery and Leo Zippin: Small subgroups of 
jintte-dimenstonal groups. 

The authors prove the following “reduction-theorem”: Theorem A. If G is a sepa- 
rable metric, locally compact, finite-dimensional, connected, and locally connected 
topological group and if all of the proper subgroups of G are generalized Lie groups (in 
the sense of Gleason, or of Iwasawa) then G contains an invariant generalired Lie 
group H such that the factor-group G/H is finite-dimensional and has no small sub- 
groups. This means that there is a neighborhood of the identity of G/H which contains 
no subgroup of G/H except the trivial one consisting of the identity alone. The sub- 
group H is determined in a natural way eo that the group G/H shall have no center 
but the identity. A key device in the proof is that of finding a local Lie subgroup R 
of G/H such that R is equal, in the small, to the identity component of its own 
nocmalizor and such that any conjugate subgroup KR’ to R either coincides with R, 
locally, or else intersects R in the identity alone. Such a subgroup, under conjuga- 
tion by the elements of a neighborhood of G/H, sweeps out some open subset of 
G/H. This gives one control of the topology of G/H and also of the topological space 
which results when G/H is fibered by R. (Received March 27, 1952.) 


721t. J. C. Moore: On tetrads and triads. 


"The triad (X; 4, B) is sald to be excistve if and only if X e AB, A, B, and Af AB 
are arcwise connected, and H(X, 4) = H,(B, A( XB) for all q, the homology theory 
considered being singular homology. It is proved that if (X ; 4, B, C) is a tetrad such 
that the triads (X; A, B), (X; A, C), (X; B, C), and (A; A AB, AC) are excisive, X 
is 1-connected, (X, A), (4, A( XB), and (A, AC) are 2-connected, R is a principal 
ideal domain, H,(X, A; R) -0 for gar, H,(X, B; R) -0 for qim, and HíGC, C; R) 
=0 for q ín, then v(X; A, B, OQR =0 for g S:-1-»--r. The preceding theorem is 
applied to prove that if (X; A, B) is an excisive triad, X is 1-connected, C* is the 
join of A(\B and a point, A*= AU C*, B*=BUC*, and X* - A*B*, (X, A), 
(A, C), and (B, C) are 2-connected, R is a principal ideal domain, H,(C; R) =0 for 
0<q<r, HeX, A; R) =0 fo gam, and H(X, B; R) =0 for q s, then rX; A, B)G R 
mr (X*; A*, BOR for q« m--n-4-r, and yas (X; A, B) Rx. (X*; A*, B*) 
Q R—0 is exact, where the homomorphisms are those induced by the inclusion map. 
Since C* & A*(AB* is contractible, V x,(X*; A*, BI SNen UA FACES A*VB*) for all q. 
(Received June 6, 1952.) ` 


^ 
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722. J. C. Moore: On the re, groups of odd-dimensional 
spheres. 


For G an abelian group and f a prime let C(G, p) denote the p-primary component 
of G. It is then proved that for p an odd prime, C(x4(59), p) is a cyclic group of order 
p for q-45—3, 45 —2, and Is trivial for 4p—2<q<6p—6. Let Ff denote the space of 
two cells in S*. Then in a standard fashion S* may be imbedded in F7” so that the 
inclusion map is equivalent to the double suspension. Let X^ denote the spece ob- 
tained by adjoining an r-+1 cell to the r sphere by a map af degree p. It is proved 
that if # is odd and greater than or equal to 3, then C(x,(F,**, S*), p) mx. (X7 " *) 
for q less than (p-F1)(s--1) —4. Moreover C(x,(F S9) is a cyclic group of order è 


for q=4p—2, and is trivial otherwise for q less than 6p—5. These facts imply that if 


# is odd and greater than 3, then C(x4(S*), p) ia nontrivial for g=x+4p— -3, and is 
trivial for nt4p— 5<q<n+6p—9. (Recetved June 26, 1952.) 


723. P.S. Mostert: On the extstence of local cross sections in compact 
groups. 

Let G be a second countable topological group, H a subgroup of G. Theorem. If G 
has a discrete normal subgroup N such that G/N is compact and of finite dimension, 
then H has a local cross section. Moreover, if G is 0-dimensional compact, then H has 
a full cross section. G (compact) is the projective limit of Lie groups G4. Local cross 
sections are constructed for EC Ga where H, is the projection of H on Gi, which 
“gree” under the projections. (Received July 21, 1952.) 


724. Everett Pitcher: Homology theory of critical levels for a pair of 
spaces. Preliminary report. 


A homology theory of critical levels of a real-valued function f on a space X rela- 
tive to a subspece Y is Constructed. The theory is formulated in terms of group 
homomorphisms. It connects the Morse critical level theories for f on X and for f| Y 
through interlocking exact sequences. (Received July 21, 1952.) 


725. L. E. Pursell: Rings associated with topological spaces. Pre- 
liminary report. 


A ring R is “weakly associated" with a Trepace X if, CORR 
closed set Z(r) in X such that: (1) r -0 if and only if Z(r) =X, (ii) rs=0 if and only if 
Z(rAJZ(s) =X, and (iii) if the point x is not in a closed set F, there is an r such that 
FC Z(r) but x€EZ(r). The “support” S(r) is the set CI(X — Z(r)). In this ring rs=0 
implies sr =0. The “annihilator” A (r) is the ideal of all s such that rs = sr 0. Elements 
r and r'in R are “disjunct” if, for every s and y’ in R, HER such that (¢—s)CA(r) 
and (£—s/)C-A(r). A ring R weakly associated with X is "aseoclated with X" if 
(iv) rand r’ in R ere disjunct if and only if S(r) and S(r’) are disjoint and (v) x Æ cloned 
set F implies zirC- R such that FC S(r} and +Æ S(r). If condition (Iv) is satisfied, if 
every S(r) is compact, and if (v) is satisfied for F compact, then R is *compect asso- 
ciated” with X. A ring aseociated with a compact Hausdorff space determines its 
topology. A ring compact associated with a regular locally-compact Hausdorf space 
determines its topology. The ring of all continuous functions on a normal 7;-space 
is associated with the space. The ring of such functions with compact supports is 
compact associated with the space. Rings can be constructed of tensors on dif. 
ferentiable manifolds which are associated or compact associated with the manitold; 
(Received July 18, 1952.) 
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726. M. E. Shanks and L. E. Pursell: The Lie algebra of a smooth 
manifold. 


Let M be an infinitely differentiable manifold and D the algebra of real infinitely 
differentiable functions on M. A tangent vector T is an abstract derivative on D and 
Tf 0f/axf, where rf are infinitely differentiable. The set L of all tangent vectors 
is a Lie algebra over the real field under the composition [Ty T1]-f- Ti: (Taf) 
—Ty: (Tif). Let Ly be the subalgebra of C with compact supports. It is shown 
that two manifolds with isomorphic Lie algebras J^» are homeomorphic. Furthermore 
if G is the Grassmann algebra of differential forms over M and G, is the subalgebra of 
G consisting of forms of degree p and higher, f «s, then the Lie algebra of M is de- 
termined by the algebraic structure of G,. (Received July 21, 1952.) 


7271. Henry Sharp: Sirongly topological imbedding of F-sigma subsets 
of Ex. 


Denote by E, Euclidean space of # dimensions, by MÌ the set of points in E, 
having at most k rational coordinates, by L* the set of points In E, having at least k 
rational coordinates. It is an open question whether M» (s «2k-I-1) contains a topo- 
logical image of every k-dimensional subset of Ey. For the special cases k=» and 
h5—1 the answer to this question is in the affirmative; in fact, for these values of 
k the set M? contains a strongly topological image (image under a homeomorphism of 
the space onto Itself) of every k-dimensional subset of Es. The present paper is con- 
cerned with a related problem: does the set M* contain a strongly topological image 
of every j-dimensional F,-subeet of E.. S. W. Hahn has given the answer to this 
problem for certnin special cases, namely: affirmative for s=2,f=k=0, and »—3, ' 
j 70, k — 1; negative for 273, j-k-—-0. The solution of this problem is completed in 
the present paper in which it is proved that the answer is affirmative for 824, j Sk 
-5—2, and negative in all other (previously unsolved) cases. (Received June 4, 
1952.) 


728. A. H. Stone: A note on infinitely multicoherent spaces. 


Eilenberg (Fund. Math. vol. 27 (1936) pp. 153-190) has defined the “degree of 
multicoherence," r(S), of a connected topological space S to be sup bY(Af VB), the 
supremum being taken over all pairs of closed connected sets A, B such that AU B = S. 
Here bo{X) denotes the number of components of X less than one (or «o if this number 
is infinite). Assume that S is a Peano space and that r(S) = œ ; need A, B exist as above 
with b(A( XB) = œ? It is shown that the answer is affirmative if S is 1-dimensional, 
but negative for some 2-dimensional Peano spaces. (Received May 28, 1952.) 


7291. A. H. Stone: On coverings of 2-dimenstonal spaces. 

The “density” of a normal space S is the least integer » such that S has arbitrarily 
fine finite open (or, equivalently, closed) coverings in which no set meets more than 
* others. Boltyanskii (Doklady Akad. Nauk SSSR vol. 75 (1950) pp. 605—608) has 
shown that if S is a 2-dimenslonal compactum its density is at least 6. The present 
paper shows that if S is 2-dimensional its density is at most 7, and that the value 7 
"does occurs for suitable S. (Received May 28, 1952.) 


7301. D. D. Strebe: Certain applications of irreducibility to con- 
nected Hausdorff spaces. 
A study is made of Hausdorff spaces which are irreducibly connected or irre- 
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ducibly closed and connected about arbitrary subeets. The nature of spaces which are 
irreducibly connected about minimal subsets (basic sets B) is investigated. If a non- 
degenerate connected space M has a basic set B consisting of s points, where & is a 
positive integer, it is proved that M can be expressed as the sum of #—1 or less sub- 
sets, each of which is irreducibly connected about 2 points of B, and such that each 
point of B is a point of irreducibility of at least one of these subsets. With regard to 
minimal subeets (basic sets B*) about which a space M is irreducibly closed and con- 
nected, it is proved that B*, when it exists, is an isolated, nondense subeet of M, 
consisting entirely of non-cut points, The existence of B* implies the existence of a 
basic set B. If a locally compact metric space M has a basic set B*, a necessary and 
sufficient condition that B* be the unique basic set is that M be locally connected at 
each point of B*. (Received July 14, 1952.) 


731. Harold Tinnappel: On ihe topological index. Preliminary re- 
port. 

Utilizing a theorem of T. Radó (Length and area, Amer. Math. Soc. Colloquium 
Publications, vol. 30, IV.1.71) and certain auxiliary transformations the following 
theorem is proved. If T: s=f(w) is a continuous transformation from a bounded, 
simply-connected Jordan region R in the w-plane into the s-plane and if for a point 
s« we have the topological index equal to &»<0, then there exists a 8>0 such that there 
are at least | 4| maximal model continua lying in D for each s for which 0« | s—s| <8, 
where D is the component of R—f-(so) which contains the boundary of R. An anal- 
ogous theorem is proved for the case where R is a bounded, finitely connected Jordan 
region. (Received July 16, 1952.) 


7321. A. D. Wallace: An axtom for cohomology. 


In this note we consider the effect of replacing (in a cohomology theory) the 
homotopy postulate by the following postulate: If (Y, B) is an adequate pair and 
kÆ H*(Y, B), then there is an open cover U of Y such that if f, g: (X, A)(Y, B) 
are adequate maps satisfying zC- X implies the existence of a VE U with f(x), g(x)C V, 
then f*(k)-5g"(À). This is known to hold for the Alexander-Kolmogoroff groupe 
(Spenier, Ann. of Math. (1948)). There are various modifications obtainable by 
prefixing an adjective to *open cover." This adjective depends on the perticular 
type of “nearness” of the functions f and g that seems suitable for the problem at 
hand. If the spaces in question are metric then the postulate takes the familiar form: 
If KC H*(Y, B), then there is an ek) >0 such that p(f, g) ««(k) implies f*(k) = g*(k). 
(Recetved August 11, 1952.) 


733i. A. D. Wallace: A soie on mobs. I. 


A mob is such a map (continuous function) sw: SX. S—.S that S is Hausdorff 
and m is associative. Write xy (x, y) and say that S isa mob. If S has a unit and 
is compact, then the set J of inverses is a compact (topological) group. If S is also 
connected, then no element of I is a cutpoint of S. If J is compact it is a group, and 
if also S is connected no point of I cuts I in S. (Received July 31, 1952.) 


7344. A. D. Wallace: A note on mobs. 11. 

Let S be a mob (preceding abstract), let E be its idempotents and K its (unique) 
minimal closed ideal if such exists. Each algebraic subgroup is contained in a maximal 
such and these are pairwise disjoint. If S is compact, each such is a compact (topo- 
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logical) group. If S is compact, then K exists. If oŒ E, let H(e) be the maximal sub- 
group containing e. Let S be compact. Then H(s) —«Se if and only if eC Kí V and 
K -JJ (H(o)| AN ME]. This topologizes algebraic results of Clifford-Miller, Green, 
Rees, Schwarz, and Suschkewitsch. As corollaries: (i) If S has a unit and no other 
idempotent, it is a group; (ii) if K has a unit, it is a group; (iii) If S is simple and 
connected, then S has no zero and K = S. If also S has a unit, then S is a group. (Re- 
ceived July 31, 1952.) 


7351. .G. T. Whyburn: A unified space for mappings. 


In this paper it is shown that any mapping from one separable metric space to 
another is topologically equivalent to & partial mapping of a compact mapping (ac- 
tually a retraction). This is accomplished by constructing a space unifying both the 
domain and the range spaces and showing that a compact mapping can be defined on 
this space which is topologically equivalent to the given one on the prototype of the 
original domain space. The unified space is separable and metrizable when the given 
spaces are locally compact, and it is in this setting that the new viewpoint and result 
seem to be most useful. (Received May 26, 1952.) 


E. G. BEGLE, 
Secretary 
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Handbuch der Laplace-Transformation. Vol. 1. Theorie der Laplace- 
Transformation. By G. Doetsch. (Mathematische Reihe, vol. 14.) 
Basel, Birkhauser, 1950. 154-581 pp. 


The theory of the Laplace and of the Laplace-Stieltjes trans- 
forms is essentially a creation of the last thirty years though much 
of the theory may. be said to be inspired by the somewhat older 
theory of Dirichlet series. The organization of the theory of Laplace- 
Stieltjes transforms some twenty odd years ago unified the theory of 
Dirichlet series with the much less developed theory of Laplace inte- 
grals and with the theory of analytic almost periodic functions. In the 
unified theory the Laplace transform 


LIP) = r9 = f evo 


plays a preferred role owing to its importance for the applications. It 
enters in a natural manner in the theory of boundary value problems 
and much of the Heaviside Ars conjectandi can be rationalized by a 
judicious use of Laplace transforms. There are also close contacts 
with analytic function theory and with the theory of Fourier trans- 
forms. The Laplace transform would seem to be assured of a place in 
the sun for some time to come merely on the score of its wide range of 
applications. 

Gustav Doetsch has devoted almost thirty years of his life to the 
theory of Laplace transforms and their applications to boundary 
value problems, especially for the heat equation. Since his connection 
with the Technological Institute of Stuttgart in 1924-31 he has 
always paid much attention to the applications and he seems to have 
kept close and mutually profitable contacts with engineers and 
physicists. He writes with an eye to this larger audience and he 
wants to be understood by people who have an immediate use for 
the results. Naturally, these are not always the results having sig- 
nificance, for instance, in the theory of locally compact groups, aup- 
posedly the standard of excellence in up-to-date analysis. 

This is the author's fourth book on Laplace transforms. It was 
preceded by Theorie und Anwendung der Laplace-Transformatson, 
Berlin, Springer, 1937, Tabellen sur Laplace-Transformation und 
Anleitung sum Gebrauch, Berlin and Gottingen, Springer, 1947, 
jointly with H. Kniess and D. Voelker, and Die swetdimenstonale 
Laplace-Transformation, Basel, Birkh&üser, 1950 (volume 12 of the 
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same series), jointly with D.: Voelker. In the first book, the author's 

concern with the applications and with the qualifications of the stu- 
dents of applied mathematics led him to dismiss the Lebesgue inte- 
gral. This attitude has now changed radically, the Lebesgue integral ' 
is taken as the basic concept and the author makes a rather eloquent 
plea for its acceptance and use by applied mathematicians. To help 
the less qualified readers there is an excellent appendix containing 

_what is needed of auxiliary theorems in real and complex function 
theory. There are also occasionally alternate proofs provided based 
on the Riemann integral. . 

The present treatise, of which the first volume is now before us, is 
written with skill and painstaking care. It provides a clear, easily 
readable and detailed introduction to the theory. Within the limits 
get by the author, it carries the reader practically to the borders of 
present day knowledge. Naturally there are omissions and, this being 
& critical review, some omissions will be pointed out below. But the 
main structure is there in all its splendor and there is an abundance 
of special results, nowhere elge to be found. 

While the Laplace-Stieltjes transform as well as the Mellin trans- 
form are mentioned and discussed in some detail, the treatise is. 
concerned chiefly with the Laplace transform proper, both the uni- 
lateral and the bilateral cases. It is quite natural that the author 
should treat the Laplace-Stieltjes transform somewhat briefly; this 
corresponds both to his own predominant interests and to the fact 
that the Laplace-Stieltjes transform has been discussed rather fully 
in D. V. Widder's treatise. The author very carefully points out the 
differences in function theoretical behavior between Laplace-Stieltjes 
transforms and proper Laplace transforms. Perhaps the reader is - 
apt to get a somewhat exaggerated view of these differences: after all 
any Dirichlet series can be converted into a Laplace transform by 

, division by a logarithmico-exponential function of arbitrarily slow 
growth. 

The theory is divided into five parts: Basic analytical and function 
theoretical properties of the Laplace transformation. Inversion of 
the Fourier and Laplace transformations, Parseval's identity and 
related questions. A generalization of the Laplace transformation. 
'The Laplace transforms of special classes of functions. Abelian and 
Tauberian theorems. 

Part I starts out with some generalities concerning linear trans- 
formations and the basic concepts of functional analysis. Having de- 
fined the various forms of transforms to be studied in the treatise, 
the author goes very fully into the question of how operations on 
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the elements of the domain of the Laplace transform are reflected in 
the range. This technique is highly useful in the applications for much 
of the power of the Laplace transformation is derived from the fact 
that it translates transcendental operations on the domain, such as 
differentiation, integration, convolution, and Hankel’s transform, 
into algebraic operations on the range such as multiplication of the 
transform by a power or by another transform or a simple change of 
variables; This part ends with the discussion of the various half- 
planes of convergence, boundedness, and holomorphism. Here the 
notion of order of boundedness is a concept introduced by the au- 
thor. 

Part II is concerned chiefly with the inversion formulas: the com- 
plex integral formula, the Phragmén operator, and the operators of 
Post, Widder, and Boas, as well as inversion by series expansions. 
In connection with the latter, there are some results of W. B. Caton 
and the reviewer which escaped the author’s attention owing to war 
conditions though the paper appears in the Bibliography. Chapter 5 
contains new material; it is concerned with the representation of the 
integral over the interval (0, T) by a contour integral, involving the 
transform, with applications to Dirichlet series. Chapter 6, on 
Parseval's identity, contains a number of interesting results. The 
following strikes the reviewer as rather peculiar (Theorem 3, p. 257): 
If f(s) =L[F,] and e ™ Fa (t) CLí1(0, ©)AL(0, ©), then fi(s) and 
fs(s) are orthogonal to each other over every vertical line x 2£ with 
E>x. 

Part III is comparatively brief, just one chapter devoted to the 
(C, k)-summability of Laplace integrals which is discussed in some 
detail and contains original material. One misses a reference to the 
papers of M. Riesz in Acta Litt. ac Scient., Szeged, volumes 1 and 2, 
1923-1924, where general Laplace-Stieltjes transforms are con- 
sidered. A proof of the convexity of the abscissa of summability as 
function of the index would also be relevant. There is no discussion 
of other methods of summability; the reviewer naturally misses a 
reference to the work of Hille and Tamarkin where the problem of 
summability is subsumed under that of representing a function as 
the quotient of two Laplace integrals. 

Part IV is concerned with the Laplace transforms of (1) entire 
functions of exponential type, (2) functions analytic in a strip (bi- 
lateral transforms), or in a sector (Mellin transforms), and (3) 
functions in Z4(0, ©). These are among the moet important special 
clasees to which the Laplace transform applies. Since the book is so 
full of special results, it is really a pity that moet of the results of 


1952] ; BOOK REVIEWS 673 


Hausdorff concerning logarithmico-exponential functions are omitted. 
They are both elegant and useful. 

The final part V deals with Abelian and Tauberian theorems and 
ends with the Ikehara theorem. The Wiener theorem is mentioned 
but not proved in detail and most of the work is based on the more 
elementary methods of Hardy, Littlewood, and Karamata. This 
part also contains original material and is basic fot the applications to 
asymptotic representations. 

The book contains at least fifteen research problems inserted in 
the text, relating to open questions in the theory. Some are fairly 
easy to solve on the basis of available results, others will require a 
more substantial effort. : 

References occupy a section of twelve pages and there is an excel- 

‘lent bibliography. The press work is beautiful and misprints very rare. 
Ermar HLE 


Leçons de logique algébrique. By H. B. Curry. (Collection de Logique 
Mathématique, Série A, Monographies réunies par Mme Des- 
touches-Fevrier, no. II.) Paris, Gauthier-Villars, 1952. 183 pp. 
$4.86. ! 


This expository monograph is the outcome of a course given at 
Louvain in 1950-51. Although the important theoretical results have 
appeared in the works of the author and others, it is a valuable con- 
tribution to the literature by reason of its lucid architectonic treat- 
ment of elementary mathematical logic from the viewpoint of mod- 
ern mathematics. 

Chapter 1 treats of the nature and methodology of formal systems 
as previously proposed [A theory of formal deducibilsty, Notre Dame 
Mathematical Lectures, no. 6, University of Notre Dame, Notre 
Dame, Ind., 1950]. Mathematics is defined as the study of formal 
systems and mathematical logic is concerned with those formal 
systems which have some connection with philoeophical logic. 

These lectures are restricted to the logical algebras as character- 
ized in Chapter II. Algebras are formal systems with free but no 
bound variables and with a fundamental transitive relation. Where 
this relation is reflexive, the algebra is called relational or in its re- 
duced form, logistic. Logical algebras are relational or logistic alge- 
bras with two binary operators (sum and product) and the idem- 
potent laws (tautology). Those considered of interest are also (at 
least) general lattices. A variety of interpretations are given, some 
propositional. . 

Postulates for semi-lattices (group logics) and lattices are intro- 
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duced in Chapter III. The properties of general, distributive and 
modular lattices are discussed and some basic theorems demon- 
strated. 

An operator which corresponds to implication in the propositional 
interpretation is introduced in Chapter IV. Implicative lattices are 
those for which detachment and exportation hold. Four formulations 
are proposed, one relational (with detachment and exportation taken 
as postulates) and three logistic. The latter are TA (Gentzen's 
natural formulation), HA (the familiar calculus construction) and 
LA (Gentzen’s L). Some theorems are proved about the implica- 
tive lattices and their duals (the subtractive lattices). HA and TA 
_ are shown to be implicative lattices equivalent to each other, to 
Bernays’ positive logic, and to intuitionistic logic without negation. 

Where, in the propositional interpretation, implication is construed 
as deducibility, the above systems (called the positive systems) are 
applicable. For a truth functional definition of implication, they 
must be strengthened to accommodate some form of Pierce’s law. 
An implicative lattice so strengthened is a classic implicative lat- 
tice. Appropriate modifications of TA, HA, and'LA are made. TC, 
HC, and LC (the classic positive systems) are shown to be classic 
implicative lattices. Classic subtractive lattices (Boolean rings) are 
treated in some detail. : 

Four kinds of negation are considered in Chapter V. M, minimal 
(refutability); AN, intuitionist (absurdity); D, strict (refutability 
with excluded third); K, classic (absurdity with excluded third). 
Algebras with each type of negation are discussed and some results 
established about their interrelation including an extension of 
Glivenko'a theorem. The larger part of Chapter V is devoted to the 
classic (Boolean) algebra. 

In conclusion, extensions beyond the classical are briefly con- 
sidered, particularly in the direction of modalities. 

Following each chapter are notes of a bibliographical, historical, 
and occasionally expository nature which add greatly to the value 
of the book. The preface by R. Feys is oriented toward the student 
of philosophy. (On page 99, line 23, add “Nous employerons pour 
cette espéce la lettre *K?.? at the end of the line. On page 136, line 
18, for *$7" read “§1.”) 

R. BARCAN Marcus 


Theory of perfectly plastic solids. By W. Prager and P. G. Hodge. 
New York, Wiley, 1951. 104-264 pp. $5.50. 


This book is an important and valuable contribution to the litera- 
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ture of mechanics, because it presents in consecutive and easily read- 
able form the views and the main results of a considerable body of in- 
vestigators. Accordingly, the emphasis is on the solution of specific 
examples in the simplest rate theories. There is little discussion of 
the foundations or of the nature of plastic phenomena, and there is 
no development of the incremental or accumulative theories. There 
is compromise, however, between the Russo-English school of pure 
calculation of special cases and the American tendency to seek gen- 
eral properties of solutions. In an era of hasty and unsound books, 
the reader will welcome the dignified, easy exposition, even though at 
times he may find it a little tedious, but most of all the scholarly but 
unobtrusive references to the basic papers from which the material 
was taken. The problems for the student are moderate in number, 
interesting in content, and sometimes difficult. 

The book is designed for engineers, not mathematicians. Not only 
are mathematical points either altogether disregarded, as may well 
be only proper in a field whose mechanical foundations are still in- 
secure, or even skirted in mystifying terms (e.g. p. 66), but also the. 
engineering method of dealing with particular.examples concerning 
frameworks before formulating the general theory, and of some- 
times reverting thereafter to “physical” methods rather than using 
the basic equations to solve special problems, will occasion some 
difficulty. For example, I could not follow the analysis of bending of a 
beam in §7, or the discussion of elastic-plastic torsion in §10. In my 
opinion a much stronger case can be made out for the mathematical 
method than the explanations offered by the authors on p. 1: one 
has only to cite rigid body mechanics, elasticity, and fluid dynamics, 
taking due note of the manner in which thoee theories were discovered 
and developed originally. 

The entire book deals with the Prandtl-Reuss theory, which may 
be described as postulating that in an incompressible body subject to 
infinitesimal strain the stress is the sum of that given by classical 
elasticity plus that given by the classical theory of viscous fluids, 
except that the viscosity instead of being a material constant is a 
. certain function of the stress deviator—the nature of this function 

- being specified by the yield condition, which for an isotropic material 
is a single scalar equation connecting the stress invariants. The 
Treeca condition of constant maximum shear stress and the v. Mises 
condition of constant intensity of the strese deviator are the only 
ones used. Much attention is paid to the simpler theory of v. Mises, 
which results from that of Prandtl and Reuss when the elastic shear 
modulus is set equal to infinity. Not all readers will agree with the 
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authors’ distinction between the two theories on p. 30 and pp. 82-84, 
particularly when they insist that the Mises theory regards the ma- 
terial as rigid under stresses below the yield stress and when they 
imply that that theory cannot be used in treating elastic-plastic 
problems. A welcome reassurance comes at last on p. 121 when the 
authors explain that the v. Mises equations are applicable to de- 
formations of any magnitude, provided what the authors have 
called strain rates be interpreted as the instantaneous rates of de- 
formation. The student of rational mechanics would have been able 
to take a happier part in the developments of Chap. I if this remark, 
along with a proper discussion of strain, had been inserted there; but, 
as the authors notice on p. 120, there are difficulties in finite strain 
problems if a part of the work of deformation is recoverable even 
during plastic flow. The modification of the Prandtl-Reuss formulae 
which the authors suggest leads to tensorially illegitimate equations 
if their components (18.14) are used. Indeed, a strong advantage of 
the v. Mises equations lies in their meaningfulness and reasonable- 
ness in problems of large deformation, and in this respect they are a 
partial generalization, rather than a special case, of the Prandtl- 
Reuss equations. 

The special problems treated in the book are without exception 
one-dimensional or two-dimensional. There is a chapter on torsion 
and four chapters on plane strain. I shall not attempt to detail their 
contents, which includes or refers to most of the particular solutions 
now known. A special gem is Sokolovsky’s inverse method for the 
elastic-plastic torsion problem (§11). The mathematically inclined 
reader will find in Chap. 5 many ideas already familiar in gas dy- 
namics. The authors make a conscientious attempt to deal with the 
problem of contained plastic flow, which is of course the major prob- 
lem to be solved. After some cases in torsion and axially-symmetric 
plane strain, however, they frankly give up the attempt as hopeless 
($19), dealing thenceforward almost entirely with unrestricted plastic 
flow. For this they are not to blame: it bas been the natural tendency 
of the field to find problems which can be solved, rather than to solve 
problems which are important. 

The student of other branches of mechanics, accustomed to com- 
plete solutions in special cases, may learn with surprise from the 
examples given here that in the theory of plasticity not, so much is 
expected. Although there is a great deal of discussion of plastic flow, 
very few flow fields are exhibited, and a problem is apparently re- 
garded as solved when stresses satisfying the équations have been 
found. From the practical side it can be aaid that indeed determina- 
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tion of the stresses'is often the main objective. However, the reader 
may grow a little queasy about the whole matter if he asks himself 
in a particular case how a specimen suffering the streases in question 
will deform. In other parts of continuum mechanics exact solutions 
obtaindd by inverse or semi-inverse methods are extremely valuable. 
In plasticity, too, I hazard the conjecture that such methods may 
soon yield some complete solutions which can illuminate the true na- 
ture of plastic flow as embodied in the governing differential equa- 
tions. To add to the present unsettled nature of the subject, there 
appear to be no existence or uniqueness theorems or even any plausi- 
ble arguments in this connection (cf. pp. 169-182). These remarks 
may explain why plasticity has so far been avoided by many students 
of other branches of mechanics, being cultivated mainly by specialists. 

An almost completely new body of material is contained in Chapter 
7 on “limit analysis,” a field to a great extent created by the senior 
author and his school. The principal result is contained in two beauti- 
ful theorems of Drucker, Greenberg, and Prager, for which the print- 
ing of the work was held up for a year. Suppose all surface loads be 
written with a multiplicative factor which is allowed to increase 
from 0. The ratio of surface traction at the instant of impending 
plastic flow to a given value is called the safety factor. A number is a 
statically admissible multiplier if there exists for this multiple of 
the loads a stress field satisfying the equations of equilibrium, the 
boundary conditions, and the yield inequality; a kinematically ad- 
missible mulisplser is defined in a somewhat more complicated way. 
Then the two new theorems are: 

THEOREM 1. The safety factor is the largest statically admissible 
mulisplier. 

THEOREM 2. The safety factor is the smallest kinematically admissible 
mulitplser. 

The proofs require considerable manipulation. These theorems are 
applied by the authors to justify use of the St. Venant-Mises theory 
for unrestricted plastic flow, despite its rejection in the preceding 
period of contained plastic flow. 

The book closes with a chapter on the extremum principles of 
Sadowaky-Hill-Markov and Greenberg, and their application to 
prove the safety factor theorems in three dimensions. 

This book will be read and used intensively in the immediate fu- 
ture. For a definitive treatment of the mathematical theory of . 
plasticity we must wait, ae for substantial improvements in 
the theory itself. 

C. TRUESDELL 
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Methods of algebraic geometry. Vol. 2. By W. V. D. Hodge and D. Pe- 
doe. Cambridge University Presa, 1952. 9+394 pp. $7.50. 


Having carefully laid the algebraic foundations in volume I (see 
Bull. Amer. Math. Soc. vol. 55 (1949) pp. 315-316), the authors 
first define an algebraic variety to be the aggregate of points de- 
termined by the vanishing of a set of homogeneous polynomials over ` 
a given field K. The ground field K is quite general except that it is 
not allowed to have a finite characteristic. In elementary treatments 
of real analytic geometry, one often finds it convenient to make 
temporary use of complex coordinates. Here, similarly, algebraic ex- 
tensions of K are often introduced for special purposes. Great care is 
taken in defining a generic point (van der Waerden's "allgemeine 
Nullpunkt”) of an algebraic variety, and a generic member of a sys- 
tem of k-spaces S, It is proved that a generic $, , meets an ir- 
reducible d-dimensional variety V, in a finité number of points, each 
of which is a generic point of Va. The number of points is the order 
of Va. Much use is made of the so-called Cayley form, which is the 
“zugeordnete Form" of van der Waerden and Chow (Math. Ann. vol. 
113 (1937) pp. 692-704). 

Chapter XI is & thorough treatment of algebraic correspondences, 
following van der Waerden and Weil. The general principles are il- 
lustrated by application to two classical problems: finding the trans- 
versals of four skew lines in S, and reducing the general ternary cubic 
form to X$5-- X1 3- X--6AX »X 1X3. 

In Chapter XII, the theory of intersection leads naturally to the 
theory of equivalence, which is defined as follows. Two varieties V, 
and V4 on a V, (in projective space of more than » dimensions) are 
said to be "equivalent in the narrow sense" if they belong to the 
same continuous system. Two such varieties are said to be “equivalent 
in the wide sense" (V.m V4) if there exists another variety Vi’ 
such that V,4- V; and Vi -- Vi’ are equivalent in the narrow sense. 
Equivalences U,saU; and Vem V; imply U.+VamUJ4+ V. , but 
there does not necessarily exist a variety X, such that Us +X. mV. 
The desirable group property is achieved by inventing a virtual 
variety V,— U. and writing 


y,— U~ V. — Us 


when V,+ Ud m U,-- Vi. The authors prove that, when the funda- 
mental variety V, is a flat s-space, any variety V, of order g is 
equivalent to g.S,, where S, is a flat a-space. They then mention the 
generalization “which has exercised the minds of many geometers:” 


? 
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For any absolutely irreducible variety V,, and for each value of 
a (08a Sn), there exists a base V., - - - , V,(? such that any V, on 
V. satisfies an equivalence 
Vaw pV od pes 

where p, p, * * -, p, are integers (90). No attempt is made to 
prove this “theorem of the base” in its full generality, but various 
methods are suggested while proving it for quadrica (Chapter XIII) 
and for Grassmann varieties (Chapter XIV). These methods apply 
to varieties which admit transitive groups of automorphisms. 

The chapter on quadrics is particularly welcome for its clarity and 
completeness. Here it is shown, for instance, that the S,’s on a non- 
singular quadric Q, 1 form a single irreducible system of dimension 
(d+1)(2n—2—3d)/2. The classical theory of “eight associated 
points” (the complete intersection of three ordinary quadrics (3) is 
generalized aa follows: If P1» 0, - - - , P, «0 are the envelope equa- 
tions of r points (r &2n+2) such that any quadric Q,.; through all 
but one of the points passes through the remaining one, then there 
exists an identity of the form 


MPL s+ + + Ps em O. 


The chapter on Grassmann varieties includes applications to 
enumerative geometry. For instance, the theory immediately yields 
the interesting result (p. 366) that two quadrics Q, in S, have, in 
general, sixteen common lines. 

The book closes with a few pages of Bibliographical Notes, giving 
due credit to Cayley, Castelnuovo, Enriques, Severi, Macaulay, 
Lefschetz, van der Waerden, Chevalley, Zariski, Weil and others. 
The authors have skilfully blended the work of these illustrious men 
with many original ideas of their own. Their generality of outlook 
inevitably makes the book somewhat difficult to read, and there are 
no diagrams. However, an excellent index enables the reader to find 
much of interest without going through all the details. The Cam- 
bridge University Press must again be congratulated on a superb job 
of printing. ` 

‘ H. S. M. COXETER 


. BrigF MENTION 
Introduction to the theory of distribution. By Israel Halperin. Based on 
Lectures by Laurent Schwartz. (Canadian Mathematical Congress, 
Lecture Series, No. 1.) University of Toronto Press, 1952. 33 pp. 
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This brief pamphlet is a prolegomenon, though not exclusively so, 
to volume 1 of Schwartz’ own two-volume book, and thus it deals 
only with the general operational aspect of distributions, and not 
with the more toilsome (and less innovatory) Fourier analysis in 
open Euclidean space. 

Our one criticism of the expoeition is this—that Halperin follows 
Schwartz too closely in claiming the “Dirac function" all-out for the 
theory of distributions, whereas in fact the Dirac function has been 
used by other theories of representation of linear functionals to 
illustrate their points at issue with equal fitness. 

But what the pamphlet gets out doing it does very well indeed, and 
although written compactly, it is readable and informative. 

S. BocHNER 


Linear computaitons. By P. S. Dwyer. New York, Wiley, 1951. 
124-344 pp. $6.00. 


The central theme of Professor Dwyer's book is the computational 
solution of simultaneous linear equations and various allied topics; 
considerable emphasis is given to effecting these solutions in a prac- 
tical computational way on a desk calculator. The text contains a 
wealth of material on this topic and should provide a valuable tool 
to the young student of applied mathematics who needs to undertake 
numerous problems within the compass of hand calculation. 

The book differs markedly from other texts on classical computa- 
tional methods in the singleness of its purpose. It is virtually self- 
contained in that it pre-supposes essentially nothing beyond a 
knowledge of high school algebra and builds up such theorems on 
matrices as are needed. Happily the author has not felt a need to 
sacrifice rigor for clarity. 

The text opens with a'quite careful and indeed painstaking ele- 
mentary discussion of computation with approximate numbers and 
does not leave this topic until the student has received a thorough 
grounding in the basic notions of his craft. Only then does it proceed 
to the main theme. Again near the end of the book the author re- 
emphasizes the approximate character of the subject by a careful 
discussion of the errors of linear computation. 

The next two chapters are devoted to discussions of various exact 
methods for solution of a system of linear equations, i.e. all problems 
involving *round-off? are ignored; while the following chapter is 
concerned with some of the additional problems that arise when 

“round-off” is no longer ignored. Ms oe 

The priricipal linear problems discussed are these: solution of equa- 

tions; inversion of matrices and consideration of the characteristic 
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equation. In addition to these, as has been mentioned above, there 
are discussions of error analysis, and finally applications to sta- 
tistics and non-linear problema. 

The young student will find the very numerous and extremely de- 
tailed illustrationg helpful and he should profit from the carefully 
selected problems and list of references to the literature. 

H. H. GorpsTINE 


Moderna teoria delle funzioni di variabile reale. By G. Vitali and G. 
Sansone. Part II. Svuuppi in serie di funsioni ortogonali. By 
G. Sansone. (Consiglio Nazionale delle Ricerche. Monografie di 
Matematica Applicata.) 3d ed. Bologna, Zanichelli, 1952. 7+614 
pp. 7000 lire. 


The first edition of this treatise was reviewed in vol. 45 (1939) p. 
218 and the second edition in vol. 58 (1947) p. 736 of this BULLETIN. 
The fact that the second edition was exhausted in less than three years 
is as good a proof of the excellence of the book as could be desired. 
The new edition is 103 pages longer than the second one. This is 
partly due to a change of the format and the addition of a number 
of figures. 

Various additions have been made in chapter II: a discussion of the 
Gibbs phenomenon, bounds for the partial sums of Fourier series of 
functions of bounded variation, and applications of Fourier series to 
the stationary state of temperature in an infinite semi-strip and to the 
isoperimetric problem. A number of additions have been made in 
chapter IV: expansions in Tchebychef-Laguerre and Tchebychef- 
Hermite series, discussion of the zeros of Hermite and Laguerre poly- 
nomials, their asymptotic behavior for large #, and the applications 
of these estimates to the expansion problem. In connection with the 
developments on pp. 357—363 the author might have found some use 
for the reviewer’s paper Coníiribuisons to the theory of Hermitian series. 
[Duke Math. J. vol. 5 (1939) and Trans. Amer. Math. Soc. vol. 47 
(1940)]. The reviewer is gratified to see that the misspelling of the 
name of Walsh has been corrected. 'The discussion of convergent se- 
quences of characteristic functions in chapter VI on the Stieltjes 
integral has been revised. May the author soon have to prepare a 
fourth edition. j 

Ermar HOULE 


. Coniributions to the founding of ihe theory of transfintte numbers. By 
G. Cantor. Translated, and provided with an introduction and 
notes, by P. E. B. Jourdain. New York, Dover, n.d. [1952]. 
94-211 pp. Paper bound, $1.25; cloth bound, $2.75. 
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A philosophical essay on provabtlittes. By Pierre Simon, Marquis de 
Laplace. Translated from the sixth French edition by F. W. 
Truscott and F. L. Emory. With an introductory note by E. T. 
Bell. Dover, New York, n.d. [1952]. 8+196 pp. Paper bound. 
$1.25; cloth bound, $2.50. 


~ These are reprints, apparently by a photographic process, of trans- 
lations originally published in 1915 and 1902, respectively; the intro- 
ductory note in the second is new. Although a form letter accompany- 
ing the paper-bound review copies suggests that “for bibliographical 
accuracy” a review might mention the existence of the cloth-bound 
edition, the publishers nowhere give the slightest indication that 
these are merely reprints of old translations. They invite comment 
on their venture in making these works available in inexpensive form. 
In view of the current high cost of publication, any economy in the 
production of technical books is welcome. However, the publishers 
have chosen to bring out low-priced editions not.of new books but of 
old ones which are now of interest only to historians or to adherents 
of the “great books” theory of education. It is to be hoped that stu- 
dents will not be misled into buying ostensible bargains with money 
which would be better spent in making at least a down-payment on a 
good modern work on one of the subjects concerned. 
R. P. Boas, JR. 


Funsioni ellittiche. By F. Tricomi. 2d ed. Bologna, Zanichelli, 1951. 
12--343 pp. 4500 lire. l 
The first edition (1937) was reviewed in Bull. Amer. Math. Soc. 

vol. 44 (1938) p. 610. The preface states that this edition is closer 

' to the first edition than to the German edition of 1948 (reviewed in 

Mathematical Reviews vol. 10 (1949) p. 532). 


NOTES 


The Department of Mathematics of the Massachusetts Institute 
of Technology wishes to announce the availability of C. L. E. Moore 
Instructorehips in Mathematics for 1953-1954, open to young 
mathematicians with doctorates who show definite promise in re- 
search. i 

Applications should be filed not later than January 23, 1953, on 
. forms obtained from the Department. 

Dr. A. G. Walker of the University of Sheffield has been appointed 
to a professorship at The University, Liverpool, England. 

Dr. Shmuel Agmon of New York University has been appointed 
lecturer at The Hebrew University. 

Dr. J. W. Armstrong of Purdue University has accepted a position 
with the Aerophysics Section, Convair, Fort Worth, Texas. 

` Dr. R. B. Barrar of the University of Michigan has accepted a posi- 
tion as mathematician with the McMillan Laboratory, Inc., Ipswich, 
Massachusetts. 

Professor F. S. Beckman of Pratt Institute has accepted a poeition 
as senior mathematician with the International Business Machine 
Corporation, New York City. 

Professor H. A. Bernhard of the Evans Signal Corp Laboratory ' 
has accepted a poeition as senior engineer with the Curtise-Wright 
Corporation. 

Assistant Professor Evelyn Boyd of Fisk University has accepted 
& position as mathematician with the National Bureau of Stand- 
ards, Washington, D. C. - 

Dr. Paul Brock of the Reeves Instrument Company, Inc. has 
accepted a poeition as mathematician with the Consolidated Engi- 
neering Corporation, Pasadena, California. 

Dr. R. K. Butz of the University of Georgia has been appointed 
to an assistant profeseorship at Colorado Agricultural and Mechan- 
ical College. 

Dr. Jean M. Calloway of the University of Pennsylvania has been 
appointed to an assistant professorship at Carleton College. 

Dr. J. W. Carr of Massachusetts Institute of Technology has ac- 
cepted a position as research mathematician with the Willow Run , 
Research Center, University of Michigan, Ypailanti, Michigan. 

Dr. Peter Chiarulli of Carnegie Institute of Technology has been 
appointed to an assistant professorship at Brown University. 

Dr. E. A. Coddington of Massachusetts Institute of Technology haa 
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been appointed to an assistant professorship at the University of 
California, Los Angeles. 

Assistant Professor E. G. H. Comíort of Illinois Institute of 
Technology has been appointed to an associate professorship at Ripon 
College. 

Dr. B. V. Dean of the University of Illinois has accepted a position 
as mathematician with the Department of Defense, Arlington, 
Virginia. 

Dr. R. Y. Dean of California Institute of Technology has accepted 
& position as mathematician with the General Electric Company, 
Richland, Washington. 

Visiting Professor A. H. Diamond of the University of Kansas has 
accepted a position as Chief of the Mathematics Branch, Office of 
Ordnance Research, Durham, North Carolina. 

Dr. V. E. Dietrich of Alabama Polytechnic Institute has been ap- 
pointed to a professorship of physics at North Central College. 

Dr. Flora Dinkines of the University of Chicago has been appointed 
to an assistant professorahip at the Chicago Branch of the University 
of Illinois. 

Dr. Jim Douglas of Rice Institute has been appointed to an as- 
sistant professorship at the University of Alabama. 

Dr. G. F. D. Duff of Massachusetts Institute of Technology has 
been appointed to an assistant professorship at the University of 
Toronto. 

Professor W. L. Duren of Tulane University of Louisiana has been 
appointed acting program director for mathematics at the National 
Science Foundation. 

Dr. Joanne Elliott of Swarthmore College has been appointed to 
an assistant professorship at Mount Holyoke College. 

Dr. M. P. Emerson of the University of Illinois has been appointed 
to an assistant professorship at Harpur College, State University of 
New York. 

Dr. M. H. M. Esser of Illinois Institute of Technology has been 
appointed to an assistant professorship at Georgia Institute of 
Technology. 

Profeasor Chester Feldman of Antioch College has accepted a 
poaition as mathematical consultant with Aircraft Marine Products, 
Inc., Harrisburg, Pennsylvania. ; 

Dr. Abraham Franck of Kansas State College of Agriculture and 
Applied Science has accepted a position as senior mathematician 
with Engineering Research Associates, St. Paul, Minnesota. 

Mr. E. T. Frankel of the Health and Welfare Federation of Alle- 
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gheny County has accepted a position as regional research analyst 
with Federal Security Agency, New York, New York. 

Mise Joyce B. Friedman of the Logistics Research Project, George 
Washington University, has accepted a position as mathematician 
with the Department of Defense, Washington, D. C. 

Dr. L. E. Fuller of the Goodyear Aircraft Corporation has been 
appointed to an assistant professorship at Kansas State College of 
Agriculture and Applied Science. 

Dr. T. S. George has accepted a position as consultant with the 
Missile Test Center, Patrick Air Force Base, Florida. 

Dr. Murray Gerstenhaber has been appointed a member of the 
Institute for Advanced Study. 

Dr. Abolghassem Ghaffari of the Institute for Advanced Study has 
' been appointed to a profeseorship at the University of Teheran. 

Professor Casper Goffman of the University of Oklahoma has been 
-appointed to an associate professorship at Wayne University. 

Assistant Professor H. E. Goheen of the University of Pennayl- 
vania has been appointed to an associate profeseorship at Iowa State 

College of Agriculture and Mechanic Arts. 

Dr. T. N. E. Greville of the National Office at Vital Statistics, 
Public Health Service, has been appointed a technical adviser in 
Vital and Health Statistics at the Institute of Inter-American Affairs, 
Rio de Janeiro, Brazil. 

Profeasor F. L. Griffin of Reed College has been appointed to a 
visiting professorship at Wesleyan University. 

Assistant Professor John Gurland of the University of Chicago has 
been appointed to an associate professorship at Iowa State College of 
Agriculture and Mechanic Arts. 

Dr. Carl Hammer of Walter Harvey Junior College has been ap-- 
pointed a research consultant at the Bureau of opie Social Re- 
search, Columbia University. — . 

Dr. Mary-Elizabeth Hamstrom of the University of T erus has been 
appointed to an assistant professorship at Goucher College. - 

Mr. L. S. Hart of Kenyon College has been appointed an analyst 
at the Department of Defense, Washington, D. C. 

Professor H. L. Harter of Michigan State College has been ap- 
pointed a mathematical statistician at UM TIRE a atiereon Air Force 
Base. 

Mr. R. M. Hayes of the Institute for Numerical Analysis, National 
Bureau of Standards, has accepted a position as mathematician with 
the Hughes Aircraft Company, Loe Angeles, California. 

Mr. G. B. Hedrick of Stanford University has accepted a poeition 


as training specialist with the Northrop Aircraft, Inc., Hawthorne, 
California. - 

Mr. Hugo Heermann of the University of Cincinnati has accepted 
`- a position with the National Advisory Committee for Aeronautics. 

Dr. C. C. Hsiung of Harvard University has been appointed to an 
assistant professorship at Lehigh University. 

Dr. R. V. Kadison of the Institute for Advanced Study has been 
appointed to an assistant professorship at Columbia University. 

Miss Dora E. Kearney has been appointed to an assistant professor- 
ship at Westminster College. 

Dr. J. L. Kelley of the University of California has been appointed 
to a visiting associate professorship at thé University of Kansas. ' 

Professor J. R. Kline of the University of Pennsylvania is on leave 
of absence and has been appointed.to a visiting professorship at the 
University of Tubingen, Germany. 

Mr. R. E. Krucklin of the American Viscase Corporation has ac- 
cepted a position as senior engineer with A. H. Johnson and Com- 
pany, Inc., New York, New York. 

Dr. Harold W. Kuhn of the University of Paris has been appointed 
to an assistant professorship at Bryn Mawr College. | 

Dr. J. R. Larkin of the University of Kansas has accepted a posi- 
tion as mathematician with the Bureau of Ordnance, Navy Depart- 
ment, Washington, D.C. . 

Dr. G. E. Latta of Princeton University has been appointed to an 
aseistant professorship at the University of British Columbia. 

Professor Walter Leighton, who was a consultant to the Air Re- 
search and Development Command in Baltimore during the summer, 
has returned to Washington University. 

Professor Hans Lewy has been appointed to ; a visiting professor- 
ship at Harvard University. 

Mr. H. M. Lieberstein has accepted a position as mathematician 
with the U. S. Naval Proving Ground, Dahlgren, Virginia. 

Mr. O. I. Litoff of the University of Chicago has been appointed to 
an assistant professorship at the University of Massachusetts. 

Mr. D. B. Lowdenslager of the University of Virginia has accepted 
a position with the Institute for Cooperative Research, Johns Hop- 
kins University. 

Dr. H. R. Luxenberg of the Hughes Research and Development 
Laboratories has been appointed a lecturer at the University of 
California, Los Angeles. 

Mr. J. J. Lynn has been appointed to the staff of the Oak Ridge 
National Laboratory. 
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Dr. Ella C. Marth of Harris Teachere College has been appointed 
to a professorship at Wilson Teachers College. 

Dr. W. K. Moore of the University of Kansas has been appointed 
to an assistant professorship at Albion College. 

Dr. J. C. Morelock of the University of Florida has pan appointed 
to an assistant professorship at Alabama Polytechnic Institute. 

Dr. G. D. Mostow of Syracuse University has been appointed to 
an assistant professorship at Johns Hopkins University. 

Professor E. J. Moulton of Northwestern University has retired. 

Mr. J. D. Neff of Purdue University has accepted a position as a 

- member of the Technical Staff with the Bell Telephone Laboratories, 
New York, New ‘York. 

Mr. L. W. Neustadt of the Bell Airoraft Corporation has accepted 
a position as mathematician with the Reeves Instrument Company, 
New York, New York. 

Mr. August Newlander of the University of Chicago has been ap- 
pointed a staff research mathematician at the University of Denver. 

Mr. E. M. Olson of Columbia University has accepted a position 
as aeronautical research scientist with the National Advisory Com- 
mittee for Aeronautics, Hampton, Virginia. 

Dr. Anne F. O'Neill of Smith College has been appointed to an 
assistant professorship at Wheaton College. 

Dr. D. B. Owen of the University of Washington has been ap- 
pointed to an assistant professorship at Purdue University. 

Mr. S. T. Paine of the University of California has accepted a 
position as research mathematician with the Convair Aircraft Com- 
pany, San Diego, California, 

Dr. Howard Raiffa of the University of Michigan has been ap- 
pointed to an assistant professorship at Columbia University. 

Mr. A. G. Rawling of the Naval Ordnance Laboratory has ac- 
cepted a position as D. I. C. staff member with the Digital Computer 
Laboratory, Massachusetts Institute of Technology. 

Dr. W. C. Royster of the University of Kentucky has been ap- 
pointed to an assistant professorship at Alabama Polytechnic In- 
stitute. 

Dr. Walter Rudin of Massachusetts Institute of Technology has 
been appointed to an assistant professorship at the University of 
Rochester. 

Assistant Professor Arthur Saastad of DePaul University has 
accepted a position as industrial engineer with United States Steel 
Company, Chicago, Illinois. _ 

Mr. Yomei Sawanobori of Princeton University has accepted a 
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position as junior mathematician with the Cornell Aeronautical 
Laboratory, Inc. 

Dr. D. R. Scholz of Siwek Louisiana Institute has been ap- 
pointed to an assistant professorship at Louisiana State University. 

Dr. R. J. Seeger of the University of Maryland has been appointed 
physical science administrator at the National Science Foundation, 
Washington, D. C. 

Dr. H. S. Shapiro of Massachusetts Institute of Technology has 
accepted a position as a member of the technical staff with the Bell 
Telephone Laboratories, Murray Hill, New Jersey. 

Dr. R. W. Shephard of the Rand Corporation has accepted a posi- 
tion with the Sandia Corporation, Albuquerque, New Mexico. 

Dr. I. M. Singer of Maseachusette Institute of Technology has 
been appointed to an assistant professorship at the University of 
California, Los Angeles. 

Dr. K. T. Smith of the University of Wisconsin has been appointed 
to an assistant professorship at the University of Kansas. 

Professor D. E. South of the University of Kentucky has been 
appointed to a professorship at the University of Florida. 

Dr. W. L. Stamey of the University of Missouri has been ap- 
pointed to an assistant professorship at the Atlanta Division, Fai 
veraity of Georgia. 

Dr. M. L. Stein of the University of California has accepted a 
position as mathematician with the International Business Machines 
Corporation, Los Angeles, California. 

Dr. R. C. Taliaferro of the Portsmouth Priory School has been 
appointed to a visiting associate professorship at Notre Dame Uni- 
veraity. 

Dr. D. L. Thomsen of the California Institute of Technology has 
been appointed to an assistant professorship at Pennsylvania State 
College. 

Dr. Peter Thullen of the Social Security Department, Panama, has 
accepted a position as a member of the Social Security Division with 
the International Labour Office, Geneva, Switzerland. 

Dr. C. B. Tompkins of George Washington University has been 
appointed a mathematician at the National Bureau of Standards, 
University of California. 

Mr. C. H. Tross of the University of Illinois has accepted a poei- 
tion as mathematician with the Wright Air Development Center, 
Dayton, Ohio. 

Mr. J. S. Vigder of the University of Saskatchewan has accepted a 
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position as research officer with the Defense Research Board of 
Canada, Ottawa, Ontario, Canada. 
Dr. A. H. Wallace of the University of Chicago is on leave of 
absence and has been appointed a lecturer in mathematics at the 
University College, Dundee, Scotland. 
Dr. M. J. Walsh of the University of Illinois has been appointed 
to an assistant professorship at Florida State University. 
Dr. S. S. Walters of the University of California has accepted a 
position as operations analyst with the Operations Research Office, 
Chevy Chase, Maryland. 
Dr. H. C. Wang of Louisiana State University has been appointed 
to a research professorship at Alabama Polytechnic Institute. 
Associate Professor L. E. Wear of California Institute of Tech- 
nology has retired. 
Professor Hassler Whitney of Harvard University has been ap- 
pointed & permanent member of the Institute for Advanced Study. 
Dr. N. Z. Wolfsohn of the University of Marylahd has been ap- 
pointed a member of the Institute for Advanced Study. 
Professor C. H. Yeaton of Oberlin College has retired with the 
title professor emeritus. i 
Dr. D. M. Young of the Ballistic Research Laboratory, Aberdeen 
Proving Ground, has been appointed to an assistant professorship at 
the University of Maryland. 
Dr. F. H. Young of the U. S. Naval Bureau of Ordnance has ac- 
cepted a position as mathematician with the U. S. Naval Ordnance 
Test Station, China Lake, California. 
The following promotions are announced: 
Lars Gårding, Lund University, to a professorship. 
Kurt Mahler, University of Manchester, to a professorship. 
Hans Rådström, University of Stockholm, to an assistant pro- 
fessorship. 
J. P. van Alstyne, Hamilton College, to an assistant professorship. 
R R. Bernard, Yale University, to an assistant professorship. 
J. G. Bowker, Middlebury College, to a Baldwin professorship of 
Mathematics and Natural Philosophy. 
G. H. Butcher, Howard University, to an assistant professorship. 
. J. Coleman, University of Toronto, to an assistant professorship. 
. J. Dixon, University of Oregon, to a professorship. 

. G. Dressel, Duke University, to a professorship. 

. C. Eaves, Alabama Polytechnic Institute, to a professorship. 
. O. Ellis, University of Florida, to an associate professorship. 
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Thorleif Fostvedt, University of Alberta, to an assistant professor- 
ship. 
I. C. Gentry, Wake Forest College, to an associate professorship. 
W. H. Gottschalk, University of Pennsylvania, to an, associate 
professorship. 
R. E. Greenwood, University of Texas, to an associate professor- 
ship. 
L. A. Henkin, University of Southern California, to an associate 
professorship. 
E. D. Jenkins, Kent State University, to a professorship. 
William Karush, University of Chicago, to an. associate professor- 
ship. 
M. S. Kramer, New Mexico College of Agriculture and Mechanic 
Arts, to an associate professorship. 
R. M. Lakness, University of California, to an assistant professor- 
ship. 
W. G. Leavitt, University of Nebraska, to an associate professor- 
ship.’ 
- A.J. Lohwater, University of Michigan, to an assistant professor- 
ship. 
G. G. Lorentz, University of Toronto, to an assistant professorship. 
Leonard McFadden, Virginia Polytechnic Institute, to a professor- 
ship. 
G. R. MacLane, The Rice Institute, to an associate professorship. 
William Marcaccio, Xavier University, to an associate professor- 
ship. 
K: O. May, Carleton College, to a professorship. 
H. A. Meyer, University of Florida, to a professorship. 
J. P. Nash, University of Illinois, to a research professorship. 
D. A. Norton, University of California, to an assistant professor- 
ship. 
J. K- Peterson, Western Michigan College, to an associate pro- 
fessorship. 
P. E. Pfeiffer, The Rice Institute, to an assistant prolessorship. 
Adrienne S. Rayl, University of Alabama, to a professorship. 
H. J. Ryser, Ohio State University, to an associate professorship. 
Edith R. Schneckenburger, University of Buffalo, to an associate 
professorship. 
Annette Sinclair, Southern Illinois Pan, to an assistant 
professorship. 
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Jerome C. Smith, Lafayette College, to an associate professorship. 
J. S. Thale, Loyola University, to an assistant professorship. 

C. J. Thorne, University of Utah, to a professorship. 

A. E. Ventriglia, Manhattan Colega to an assistant professor- 
ship. 

L. F. Walton, Santa Barbara College, University of California, to 
an associate professorship. 

Albert Wilansky, Lehigh University, to an associate professorship. 

Frantisek Wolf, University of California, Berkeley, to a professor- 
ship. 

The following appointments to instructorships are announced: 
Alfred University: Mr. N. O. Tiffany; Ball State Teachers College: 
Mr. D. E. Deal; Brooklyn College: Dr. Melvin Hausner; Polytech- 
nic Institute of Brooklyn: Mr. S. P. Hoffman, Mr. J. L. Katz; Uni- 
versity of California, Berkeley: Dr. Maurice Sion; Catholic Univer- 
sity of America: Dr. R. J. Silverman; University of Colorado: Mr. 
^ Robert Osserman; University of Connecticut: Dr. A. G. Kosten- 
bauder; University of Delaware, Mr. J. L. Howell; Duke University: 
Mr. J. R. Shoenfield; Harvard University: Dr. E. R. Fadell; Hofstra- 
College: Miss Azelle Brown; Indiana University: Dr. D. M. Nead; 
Lafayette College: Mr. W. R. Ferrante; Lehigh University: Dr. H. H. 
Wicke; Loyola University: Mr. T. J. Pignani; University of Mary- 
land: Dr. Elizabeth H. Cuthill, Mr. C. W. McArthur, Miss Jacquel- 
inè L. Penez; Massachusetts Institute of Technology: Mr. Edwin 
- Weiss; University of Nebraska: Dr. T. A. Newton; University of 
New Hampshire: Mr. S. B. Hobbs, Mr. R. E. Hux; Oberlin College: 
Mr. W. R. Orton; Ohio State University: Dr. L. E. Pursell; Univer- 
sity of Oregon: Dr. H. J. Reiter; Princeton University: Mr. L. W. 
Green, Dr. J. C. Moore; Purdue University: Mr. Leonard Gillman, 
Dr. Melvin Henriksen; Queens College: Dr. A. L.- Fass; Rice Insti- 
tute: Dr. Arlen H. Brown; University: of Rochester: Mr. A. E. 
Danese; University of Rochester: Mr. R. A. Raimi; Rutgers Uni- 
versity: Mr. Solomon Leader, Mr. B. H. McCandless, Mr. R. E. 
Montgomery, Dr. V. L. Shapiro, Mr. H. G. Tucker; Saint Peter's 
College: Mr. R. J. Beeber; University of Saskatchewan: Dr. G. H. 
M. Thomas; Saint Xavier College for Women: Mr. T. E. Hagensee; 
Texas Western College of the University of Texas: Mr. W. L. Shep- 
herd; University of Washington: Dr. L. A. Kokoris; United States 
Military Academy: Captain A. M. Maish; University of Wisconsin, 
Milwaukee Extension Division: Mr. J. G. Renno; Yale DOSE 
Dr. R. G. Bartle, Dr. F. P. Pedersen. 
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Professor M. C. Foster of Wesleyan University died on April 9, 
1952 at the age of fifty-eight years. He had been a member of the 
Society for thirty years. 

Professor B. R. Shumway of the University of Minnesota died 
on April 19, 1952. He had been a member of the Society for forty- 
three years. 

- Professor Otto Szász of the University of Gineann died on Sep- 
tember 19, 1952 at the age of sixty-seven years. He had been a mem- 
ber of the Society for twenty-six years. 

The note about Mr. Shader in the July issue of this Bulletin, p. 522, 
should read: Mr. M. A. Shader of Syracuse University has accepted 
a position as aeronautical research scientist with the Ames labora- 
tory, National Advisory Committee for Aeronautics, Moffett Field, 
California. 

The note about Professor Rauch in the September issue of this 
Bulletin, p. 588, should read: Dr. H. E. Rauch of the Institute for 
Advanced Study has been appointed to an assistant professorship at 
the University of Pennsylvania. 


NEW PUBLICATIONS 


A guide to tables of ihe normal probability integral. (National Bureau of Standards 
Applied Mathematics Series, no. 21.)' Washington, Government Printing Office, 
1952. 4--16 pp. $.15. 

AnGot, A. Complémenis de mathématiques à l'usage des ingénieurs de T'Aocirotochwique 
« des télécommeunications. 2d ed. Paris, Editions de la Revue d'Optique, 1952. 
84-688 pp. 

Barı, N. K. See Luzin, N. N. 

BERNŠTEÏN, S. N. Sobraine sočinenii. Vol. I. Konsiruktionaya teoriya funkci [1905— 
1930]. Moscow, Ixdatel'stvo Akademi! Nauk SSSR., 1952. 581 pp., 1 plate. 31.50 

“rubles. 

BEBERBACH, L. Theories der geometrischen Konstruktionen. (Lehrbücher und Mono- 
graphien aus dem Gebiete der exakten Wissenschaften. Mathematische Reihe, 
vol. 13.) Basel, Birkhäuser, 1952. 8-+162 pp. 18.70 Swiss fr. 

Bracx, M. See Frecs, G. 

Borvrg, O. See Laapr, H. 

BtcoxwER, H. Dis praktische Behandlung vom Integral-Gloichungen. (Ergebnisee der 
angewandten Mathematik, vol. 1.) Berlin, Springer, 1952. 6-+127 pp. 18.60 DM. 

CHATTELUN, L. Calcul vectorial. Vol. I. Algdbre Kuéaére. Applications. Paris, Gauthier- 
Villars, 1952. 8--605 pp. 5000 fr. 

Cunpy, H. M., and RoLLeETT, A. P. Mathematical models. Oxford, Clarendon, 1952. 
240 pp. $5.50. 

La cybernétique. Théorie du signal ei de l'information. Réunsons d'&audes ei de mises 
an poini tenues sous la présidence de Louis de Brogke. Paris, Editions de la Revue 
d'Optique, 1951. 64-318 pp. 1600 fr. 

Dance, R. F. Mechanics of the gyroscope. The dynamics of rotation, New York, 
Dover, 1950. 9+-192 pp. $3.00. 

Description of a magnetic drum calculator. By the Staff of the Computation Labora- 
tory. Cambridge, Harvard University Press, 1952. 124-318 pp., 1 plate. $8.00. 
Donnovor'sk], V. V. Teoriya mehanismoo. Moscow, Gosudarstvennoe Naučno- 

Tehniko Ixdatel'stvo Makinoetroit. Literatury, 1951. 465 pp. 

ELENBERG, S., and STEENROD, N. Foundations of algebraic topology. Princeton Uni- 
versity Presa, 1952. 15+328 pp. $7.50. 

Freg, G. Translations from the philosophical writings of Gottlob Frege. Ed. by P. 
Geach and M. Black. New York, Philosophical Library, 1952. 10-1-244 pp. $5.75. 

FREUDENTHAL, H. Iuleiding tot hot denken van Renstein. Assen, Uitgeverij Born, N. V., 
1952. 56 pp., 1 plate. 1.45 florins. 

GEACH, P. See FREGE, G. 

GEL'FOND, A. O. Isčislomie konetuyk rasnostoš. Moscow, Gosudarstvennoe Ixdatel'stvo 
Tehniko-Teoretičeskoi Literatury, 1952. 479 pp. 10.20 rubles. t 

Gru'ronp, A. O., ReWenie uravennsi v celyk Gislah. Moscow, Gosudarstvennoe Irdatel’- 
stvo Tehniko-Teoretiteskoi Literatury, 1952. 63 pp. .85 rubles. 

GoonsrEIN, R. L. The foundations of mathematics. Leicester, University College, 1951. 
27 pp. 1s. : » 

Harpy, G. H. A course of pure mathemasics. 10th ed. Cambridge University Press, 
1952. 124-509 pp. $4.75. 

HERRMANN, H. Übungen sur projkiwen Geometrie. (Lehrbücher und Monographien 
aus dem Gebiete der exakten Wissenschaften. Mathematische Reihe, vol., 18.) 
Basel, Birkb&user, 1952. 1--168 pp. 17.00 Swis fr. 
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KAPzEXAR, D. R. Cycles of recurring decimals (from N =3 to 161 and soms other num- 
bers). Deolali, Privately printed, 1951. 64-55 pp. 5 rupees. 

KNEEBONE, G. T., See Sempre, J. G. 

KonER, H. Dictionary af conformal representations. New York, Dover, 1952.16-+208 
pp. $3.95. ` 

KozovxiN, P. P. Neravenstea. Moscow, Gosudarstvennoe Ixdatel'stro Tehniko- 
'Teoretiteskoi Literatury, 1952. 56 pp. .95 rubles. 

Laapt, H., and Borve, O. Lagged product sums of H. Wold’s normal deviates. Uppeala, 
University Institute of Statistics, 1952. 11 +51 pp. 

VAN LANGENDONCK, T.. Funções ortogonais na resubucéo de problemas da teoria da 
elasticidade. Vol. I. Generalidades e torção. Sko Paulo, Associacio Brasileira de 
Cimento Portland, 1952. 8--69 pp. 

LavzENT'Ev, M. A., and Sanat, B. V. Metody teorii funhcil kompleksnogo peremennogo. 
Moscow, Gosndarstvennoe Ixdatel'stvo Tehniko-Teoretiteskoi Literatury, 1951. 
606 4-2 pp. 17.70 rubles. 

LigTZMANMN, W. Ales uud. Neuss vom Kreis. 2d. ed. Leipzig, Teubner, 1951. 55 pp. 
2.10 DM. 

Loum, N. N. Integral i trigonomeiriZeshil ryad. Ed. and commentary by N. K. Bari 
and D. E. Men'sov. Moscow, Gosudarstvennoe Irdatel'stvo Tehniko- Teoreti&eskol 
Literatury, 1951. 550 pp., 1 plate. 20.45 rubles. . 

Lyusternik, L. A., and Sobolev, V. I. Elementy funhcional'nogo analiza. Moscow, 
Gosudarstvennoe Ixdatel'stro Tehniko-Teoretiteako! Literatury, 1951. 360 pp. 
11.30 rubles. : 

Marxvievit, A. I. Oterbi po istorii isordi analitičeskik funkcit. Moscow, Gosudar- 
stvennoe Izdatel'stvo Tehniko-Teoretiteakol Literatury, 1951. 127 pp. 4.30 rubles. 

Mason, M., and Weaver, W. The electromagnolic field. New York, Dover, 1952. 
13 4-390 pp. $3.95. 

Mzx'Éov, D. E. See Lumm, N. N. 

MzncALOv, N. I. Teoriya prosironsteenuyh mehamismov. Moscow, Gosudarstvennoe. 
Nautno-Tehniko Izdatel'stto Makinostroit. Literatury, 1951. 205 pp. 11.40 
rubles. : 

Newron, Sm Isaac. Opticks, or a treatise of the reflections, refractions, inflections and 
colours of hight. New York, Dover, 1952. 105+406 pp. $3.95. 

Ostroumov, G. A. Spobodzaya konsekciya v usloviych enutrenncl sadači. Moscow, 
Gosudarstvennoe Izdatelstvo Tehniko-Teoretiteskoi Literatury, 1952. 256 pp., - 
27 plates. 10.90 rubles. 

PicoNE, M., and VioLa, T. Lesions sulla teorias moderna dellintegrasione. Torino, 
Einaudi, 1952. 404 pp. 5000 lire. 

RAXBERG, E. G. See SOMMERFELD, A. 

Rao, C. R. Advanced statistical methods in biometric research. New York, Wiley, 
1952. 17 4-390 pp. $7.50. " 

RoLLeTT, A. P. See Cunpy, H. M. 

Sanat, B. V. See LivzzxT'Ev, M. A. 

Sore, B. Forme dif sreusiali e loro integra. Vol. 1. Calcolo algebrico esterno 6 propristà 
differensiali local. Rome, Docet, 1951. 520 pp. 3900 lire. 

SEMPLE, J. G., and KNEEBONE, G. T. Algebraic projective geometry. Oxford, Clarendon, 
1952. 7-404 pp. $7.00. 

Sumxov, V. I. Kurz vysiet maiematibi, Vol. 4. 2d ed. Moscow, Gosudarstvennoe 
Izdatel'stvo Tehniko-Teoreti&eskol Literatury, 1951. 804 pp. 23.54 rubles. 

Snow, C. Hypergeometric and Legendre functions with applications to integral equakons 
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of potential theory. (National Bureau of Standards Applied Mathematics Series, 
no. 19.) Washington, Government Printing Office, 1952. 11-427 pp. $3.25. 

Sonaorzv, V. I. See LvusTEuIE, L. A. i 

SOMMERFELD, A. Eledrodynamics. (Lectures on theoretical physics, vol. 3.) Trans. 
by E. G. Ramberg. New York, Academic Presa, 1952. 134-371 pp. $6.80. 

STEENROD, N. See EILENBERG, S. 

Somyaasxrt, B. M. Tablicy diya rekeniya kubitoshih wravnenil matodom osnos. Moscow, 
Gosudarstvennoe Ixdatel'stvo Tehniko-Teoretiteskol Literatury, 1950. 135 pp. 
3.90 rubles. 

Tables for the analysis of beta spectra. (National Bureau of Standards Applied Mathe- 
matics Series, no. 13.) Washington, Government Printing Office, 1952. 3-+-61 pp. 
$.35. 

TANNAXA, T. S Few Lhe rele ple or duality) Faby: Iwanami Shoten, 1951. 
54-128 pp. 3.20 yen. 

Viola, T. See Picons, M. 

VoGEL, A. Klassische Grundlagen der Analysis. Leipzig, Hirzel, 1952. ondas. pp. 
8.40 DM. 

Weaver, W. Ses Mason, M. 

ZACHARIAS, M. Eénfuhrung òn dis projektive Geometries. 4th ed. Leipzig, Teubner, 1951. 
54 pp. 2 DM. 

ZtuLxz, P. Konstrukionen in begrenster Ebene. 3d ed. Leipzig, Teubner, 1951. 42 pp. 
2.10 DM. 


ERRATA, VOLUME 55 


Becker, H. W., A mew proof and application of Kirchoff's rules. 
Bull. Amer. Math. Soc. Abstract 55-7-437. 

P. 718, lines 5 and 6 of the abstract. For “modes” read “nodes,” 
by which was meant cut-sets of branches meeting at the same nodes. 


ERRATA, VOLUME 57 


Bourgin, D. G. Classes of NNIU MOHORS and bordering iransforma- . 
tions. 

p. 223. Following — (1) add: “More generally, with S on 
X to Z, T on X to Y, and R on Y to Z, 
(17^) (S(x: O x3), R(Txy 6 Tx)) C M.” 

p. 223, line 6 from the bottom, equation (2), and line 4 from the 
bottom. For “W”? read “W.” 

p. 224, line 23. For *S is the identity operator" read “Z is the real 
axis,” 

p. 224, line 25. For “(1) is” read s is (with S-R-| iD- » 

p. 225, line 12. For “< œ” read *— 

p. 225, lines 21 and 22. For nios U(x) turns out to be" read 
U(x) is.” 

p. 233, line 15. For *neighborhood Feet which is” read *neighbor- 
hood retract or LC* space which is.” 


Brahana, H. R., George Abram Miller, 1863-1951. 
p. 382, line 5. For ^1901* read “1909.” 


Stoker, J. J. Review of Hydrodynamics, a study in logic, fact, and 
simslitude, by G. Birkhoff. ; 

p. 497, line 6 from the bottom. For “treats” read “emphasizes.” 

p. 498, line 8. For “not mentioned” read “insufficiently streseed.” 

p. 498, line 19. After “differential equations” add “(as was men- 
tioned earlier in the same chapter by the author).” 


ERRATA, VOLUME 58 


Becker, H. W., Pythagorean teirahedrons, hexahedrons, and graphs. 
Bull. Amer. Math. Soc. Abstract 58-5-510. 

p. 561. For the next to the last sentence of the abstract read *But 
a P.H. is geometrically a hexahedron, pentahedron, or tetrahedron 
(due to faces lying in the same plane) according as the common face 
contains the longest edge of one or both component tetrahedrons, or 
neither. For the latter case, see H. S. M. Coxeter, Regular polytopes, 
1947, p. 71." 
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1931 
MEMBERS OF THE COUNCIL 


OFFICERS 
President; eR ARA Vw based caved bu ou Sula dew RR PE Joux von NEUMANN 
Ex-President sosise le uu lu vena ec ee rre UR DS RR EE . L. WALSH 
G HEDLUND 
Vice Presidente. . i... ret A Rex WO duele Rees E. J. MCSHANE 
R. L. WEDER 
Secretary; ei ens praa E INA DS ees VAS RC tee ER E. G. BEGLE 
L. W: COHEN 
Associate Secretaries.. eese see . W. GREEN* 
i W. M. WHYBURN 
. W. T. YouNcs 
"Preasürer: Loue, p p bere eee lh ode rape i e via ale a we ade E. MEDER, Je 
T — A "Pra NIT EEEa E ovens TED Genao 
Bulletin Editorial Committee. ........ .. sss $i. A P a 
G. A. HEDLUND 
Proceedings Editorial Committee....... 2c cece eee eee f Narna ACOBSON* 
L. V. AHLFORS 
Transactions Editoria] Committee................uuusuu. J. L. Doos 
SAUNDERS MACLANE 
G. T. WHYBURN 
A, A. ALBERT 
Colloquium Editorial Committee... l... cece cece ee | Emar Hie 
» R. L. WILDER 
WiLLiAM FELLER 
Mathematical Reviews Editorial Committee............. 1 Emar 
HassLER WHITNEY 
; W. T. MARTIN 
Mathematical Surveys Editorial Committee. . . ........ A. W. TUCKER 
LEO ZrPPIN 
R tatives on Board of Editors of { REINHOLD BAER 
American Journal of Mathematics................ SAMUEL EILENBERG 
FORMER PRESIDENT 
T. H. HILDEBRANDT 
FORMER SECRETARY 
J. R. Kune 
MEMBERS AT LARGE 
To serve until To serve unii To seres until 
December, 1951 December, 1952 December, 1953 
WARREN AMBROSE D. H. BLACKWELL 
HERBERT BUSEMANM P. R. HALMOS H. F. BOHNENBLUST 
M. H Marr Kac _ H. S. M. Coxeter 
G. W. MACKEY S. B. MYERS - InviNG KAFLANSKY 
L. C. YouxG D. C. SPENCER W.T 
BOARD OF TRUSTEES 
B. P. Go J. R. Kup P. > SMITH 
T. H. HILDEBRANDT G. T. WEYBURN 
JOHN VON NEUMANN, ex officio A. E. MEDER, ‘J, ex officio 
EXECUTIVE COMMITTEE OF THE COUNCIL 
. G. BEGLE Jonn von Neumann 
ate FELLER Emar HILLE A. W. TUCKER 
M. H. Hems J. L. Waran 


» academic 1951-52, emsors Green and Jacobson were on leave of absence. Their 
lice ca tha Coss Cee d b» Erion W. T. Puckett and G. G. P. Hochschild respectively. 
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1952 
MEMBERS OF THE COUNCIL 


OrFICERS 
PEE E are, E A ioe eaten hae ete are hi dne Se Seas Joux vox NEUMANN 
President Blecf. cc0cccebe pb es ebb ee ese ener ease megane G. T. WEYBURN 
RICHARD BRAUER 
Vice Presidents... n.n eesseeeeeeeeeee eese nnne G. A. HEDLUND 
DEANE pore 
Secretary... . ccce cecees POSEE EROR ert S . G. BEGLE 
; L. W. COHEN 
Asociate Secretaries... ccc cece cece nhe . W. GREEN* 
W. M. WEYBURN 
. W. T. YOUNGS 
paa: ia E A E ET E RE WERT AA RA ETT E. MEDER, JR 
TADPATIAD. ve. pu age e o sons io a n e be Vc is aa CS JEKUTHIRL GINSBURG 
Bulletin Editorial Committee... ..... see ( Woh MARTN 
' G. A. HEDLUND 
Proceedings Editorial Committee...............Lusuuuuu. Naren ACOBSON* 
L. V. AHLFORS 
Transactions Editorial Committes...............0ee eee J. L. Doos 
SAUNDERS MACLANE 
G. T. WHYBURN 
. ; A. A. ALBERT 
Colloquium Editorial Committee............. usus Ave Emar 
R. L. Wr.pER 
WILLIAM FELLER 
Mathematical Reviews Editorial Committee............. Enur 
HAssLER WHITNEY 
. W. T. MARTIN 
Mathematical Surveys Editorial Committee. ............ R. J. her 
PPIN 
Reged cn Duard g£ Baltora df EET x REiNHOLD BAER 
e American Journal of Mathematics. ............ UL. SAMUEL EILENBERG 
FORMER PRESIDENT 
T. H. HILDEBRANDT 
FORMER SECRETARY 
J. R. Kime 
, MEMBERS AT LARGE 
To serve unà To serve 
December, 1952 December, 1953 December, 1954 
WARREN ROSE D. H. BLACKWELL 
P. R. HALMOoS H. F. BOENENBLUST C. B. ALLENDOERFER 
H. S. M. COXETER R. H. Brine 
S. B. MEYERS Irvine KArLANSKY E. R. EorcH 
D. C. SFENCER W. T. REID C. OxroBY 
M. H. Hest 
BOARD OF TRUSTEES 
B. P. GUL Emar Hoe $ R. KUNE 
T. H. HILDEBRANDT 7 . A, SurrR 
Joan von NEUMANN, ex officio A. E. MEDER, JR., ex officio 
EXECUTIVE COMMITTEE OF THE COUNCIL 
E. G. BEGLE OHN von NEUMANN 
WiLLIAM FELLER M. H. Hers . T. WHYBURN 
G. A. HEDLUND R. L. WILDER ; 
M M ror 195152, F rofessors Groin and pass gb ip an oare of abemica; Ther 


Professor Heins was elected a member-at-large of the for the period 1949-51. In January 
19s], Council. According to Articia VII, Section 4, 


REPRESENTATIVES AND COMMITTEES 
OF THE SOCIETY 


Representatives of the Society in the Division of Mathematics of the National 
Research Council: 


1951-1952—G. C. Evans, Einar Hille, J. R. Kline, Marston Morse, D. C. Spencer, 
Oscar Zariski. 

1952-1953—G. C. Evans, Einar Hille, J. R. Kline, E. J. McShane, 'D. C. Spencer, 
R L. Wilder. 


1953-1954—W. L. Duren, J. R. Kline, Norman Levinson, E. J. McShane, D. C. 
Spencer, R. L. Wilder. 


Representatives on the Council of the American Association for tho Advance- 
ment of Sclence: : 


1951—H. F. Bohnenblust, L. R. Ford. 
1952-1953—S. S. Cairns, M. R. Hestenes. 


Representatives on the Editorial Board of the Annals of Mathematics: 


1951—J. L. Doob, Norman Levinson, R. L. Wilder. 
1952-1954—-Richard Arens, J. L. Doob, Charles Loewner. 


Representatives on the Editorial Board of the Duke Mathematical Journal: 


1951-1952—C. B. Allendoerfer, R. P. Boas, Jr. 
1953—1954—R. H. Cameron, S. S. Chern. 


Representative on the American Yoar Book: 
Hans Rademacher. 
Representative on Advisory Board of Applied Mechanics Reviews: 
K. O. Friedricha. 
Representative on U. 8. Committee on Theoretical and Applied Mechanics: 


1951-1952—Eric Reisener. 
1953-1954—M. H. Martin. 


Liaison Officer in Connection with Editorial Management of Quarterty of ' 
Applied Mathematics: 


J. B. Rosser. 
Colloquium Lecturers: 
1896—James Pierpont. 1906—E. H. Moore. . 1920—G. D. Birkhoff. 
Maxime Bócher. E. J. Wilczynski. F. R. Moulton. 
1898—W. F. Osgood. Max Mason. 1925—L. P. Eisenhart. 
A. G. Webster. 1909—G. A. Bliss. - Dunham Jackson. 
1901— Oskar Bolza. Edward Kamer. 1927—E. T. Bell. 
E. W. Brown. 1913—L. E. Dickson. Anna Peli-Wheeler. 
1903—H. S. White. W. F. Osgood. 1928—A. B. Coble. 
F. S. Woods. 1916—G. C. Evans. 1929—R. L. Moore. 
E. B. Van}Vleck. Oewald Veblen. 1930—Solomon Lefschetz. 
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1931—-Marston Morse. 1939—A. A. Albert. 1945—Tibor Radé. 
1932—]. F. Ritt. . M. H. Stone. 1946—Hasaler Whitney, 
1934—R. E. A. C. Paley. 1940—G. T. Whyburn. 1947—Oecar Zariski. 
Norbert Wiener. 1941—Oystein Ore. 1948—Richard Brauer. 
1935—H. S. Vandiver. 1942—R. L. Wilder. 1949—G. A. Hedlund. 
1936—E. W. Chittenden. 1943—E. J. McShane. 1951—Deane Montgomery. 
1937—]ohn von Neumann. 1944—Einar Hille. 1952—Alfred Taraki. 


Committee to Select Gibbs Lecturers for 1952 and 1953: 
L. V. Ahlfors (Chairman), S. Bochner, N. Jacobson. 


Gibbs Lecturers: 
1923—M. I. Pupin. 1932—R. C. Tolman. 1945—]. C. Slater. 
1924—Robert Henderson. 1934—Albert Einstein. 1946—Subrahmanyan 
1925—James Pierpont. 1935—Vannevar Bush. Chandrasekhar. 
1926—H. B. Williams. 1936—H. N. Ruseell. 1947—P. M. Morne. 
1927—E. W. Brown. 1937—C. A. Kraus. 1948—Hermann Weyl. 
1928—G. H. Hardy. 1939—Theodore von Kármán, 1949—Norbert Wiener. 
1929— Irving Fisher. 1941—Sewall Wright. 1950—G. E. Uhlenbeck. 
1930—E. B. Wilson. 1943—Harry Bateman. 1951—Kurt Godel. 
1931—P. W. Bridgman. 1944—John von Neumann.  1952—Marston Morse. 
Committee on Society Visiting Lectureship: 
R. P. Boas, Jr. (Chairman), Richard Courant, H. S. Wall. i 
Visiting Lecturers: 


1927-1928 —Constantin Carathéodory, University of Munich. . 
1928~1929-—Hermann Weyl, Zurich Technical School. 
1929--1930—Enrico Bompiani, University of Rome. 
.1930-1931—Wilhelm Blaschke, University of Hamburg. 

1931-1932—R. L. Moore, University of Texas. ` 
1936-1937—Thtukkannapuram Vijayaraghavan, University of Dacca, 
1948-1949— Casimir Kuratowski, University of Warsaw. 
1951-1952—Marshall H. Stone, University of Chicago. 


Auditors for 1952: ` 
B. P. Gill, C. HE W. Sedgewick. 


Committee an Publication of Moore Manuscript: 
R. W. Barnard, E. W. Chittenden, L. M. Graves, T. H. Hildebrandt, M. H. Ingraham, 


Committees to Select Hour Speakers: 


For Annual and Summer Meetings: E. G. Begle (Chairman), Deane Montgomery, 
Tibor Radô. 

For Eastern Sectional Meetings: L. W. Cohen (Chairman), M. H. Heins, R. D 
Schafer. - . 
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Pee oe Menu W. T. Youngs (Chairman), P. R. Halmos, 
Marshall Hall. 

For Far Westem Sectional Meetings: J. W. Green (Chairman), A. P. Morse, R. P. 
Dilworth. 

For Southeastern Sectional Meetings: W. M. Whyburn (Chairman), B. J. Pettis, 
Wallace Givens, 


Committee on Places of Meetings: 
J. M. Thomas (Chairman), Orrin Frink, M. F. Smiley. 
Policy Committee for Mathematics: 


Representatives of American Mathematical Society: S. S. Cairns, J. R. Kline (Chair- 
man), W. T. Martin, Marston Morse. 

Representative of Association for Symbolic Logic: Alfred Tarski. 

Representative of Institute of Mathematical Statistics: Mina Rees. 

Representative of Mathematical Association of America: J. S. Frame, H, M. Gehman, 
Saunders MacLane, 

Representative of National Council of Teachers of Mathematics: E. H. C. Hilde- 


Committee on Applied Mathematics: 
M. H. Martin (Chairman), R. V. Churchill, K. O. Friedrichs, F. J. Murray, John 
von Neumann, Eric Reisener. 
Editorial Committee for Applied Mathematics Symposium Proceedings: 
Eric Reisener (Chairman), R. V. Churchill, A. H. Taub. 
Committee on Translation of Russian and Other Mathematical Articles: 


J. V. Wehausen (Chairman), Samuel Ellenberg, Irving Kaplansky, D. H. Lehmer, 
William Prager, G. Y. Rainich. 


EI 


FORMER PRESIDENTS 


J. H. Van Amringe, 1889-1890. 
Emory McClintock, 1891-1894. 


G. W. Hill, 1895-1896, 
Simon Newcomb, 1897-1898. 
R. S. Woodward, 1899-1900. 
E. H. Moore, 1901-1902. 

T. S. Fiske, 1903-1904. 

W. F. Osgood, 1905-1906. 
H. S. White, 1907—1908. 
Maxime Bôcher, 1909-1910. 
H. B. Fine, 1911-1912, 

E. B. Van Vleck, 1913-1914. 
E. W. Brown, 1915-1916. 

L. E. Dickson, 1917—1918. 
Frank Morley, 1919-1920. 


G. A. Blise, 1921-1922. 
Oswald Veblen, 1923-1924. . 
G. D. Birkhoff, 1925-1926. 
Virgil Snyder, 1927-1928. 

E. R. Hedrick, 1929-1930. 

L. P. Eiwenhart, 1931-1932, 
A. B. Coble, 1933-1934. 
Solomon Lefachets, 1935-1936. 
R. L. Moore, 1937-1938. 

G. C. Evans, 1939-1940. 
Marston Morse, 1941-1942. 
M. H. Stone, 1943-1944. 

T. H. Hildebrandt, 1945-1946, 
Elnar Hille, 1947-1948. 

J. L. Walsh, 1949-1950 
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ENDOWMENT FUND 


In 1923 an Endowment Fund was collected to meet the greater demands on 
the Society’s publication program caused by the ever increasing number of im- 
portant mathematical memoirs. Of this fund, which now amounts to some 
$94,000, a considerable proportion was contributed by members of the Society. 
Under the terms of the will of the late Robert Henderson, for many years a 
Trustee of the Society, the Society receives approximately $4,000 yearly. Upon 
the death of the other legatees, the Society will receive the entire principal of the 
estate for its Endowment Fund. 


SPECIAL FUNDS 


The Bócher Memoria! Prize 


This prize was founded in memory of Professor Maxime Bócher. It is awarded 
every five years for a notable research memoir in analysis which has appeared during 
the preceding five years in a recognized journal] published in the United States or 
Canada; the recipient must be a member of the Society, and not-more than fifty 
years old at the time of publication of his memoir. 


First (Preliminary) Award, 1923: To G. D. Birkhoff, for hls memoir Dynamical 
systems with iwo degrees of freedom. 


Second Award, 1924: To E. T. Bell, for his memoir Artthmatical paraphrases, 
and to Solomon Lefschetz, for his memoir Ow cerias numerical imvariamis with 
* aoólicalions to abe iehias. 

Third Award, 1928: To J. W. Alexander, for his memoir Combinatorial analysis 
situs. 
` Fourth Award, 1933: To Marston Morse, for his memoir The foundations of a 
theory of the calculus of variations in the large in m-space, and to Norbert Wiener, 
for his memolr Tauberias theorems. 


Fifth Award, 1938: To John von Neumann, for his memoir Almost periodic 
functions and. groups. 


Sixth Award, 1943: To Jesse Douglas, for his memoirs Green's. functions and 
the problem of Plateau, The most general form of the problem of Plateau, and Solution 
af the inverse problem of the calculus of variations. 


Seventh Award, 1948: To A. C. Schaeffer and D. C. Spencer for their memoir 
Coefficients of schlicht functions. 


The Frank Nelson Cole Prize in Algebra. 
The Frank Nelson Cole Prize in the Theory of Numbers. 


These prizes were founded In honor of Professor Frank Nelson Cole, on the 
occasion of his retirement as Secretary of the American Mathematical Society and 
Editor of the Bulletin, after twenty-five years of service; the fund was later doubled 
by his son, Charles A. Cole. They are awarded at five-year intervals for contributions 
to algebra and the theory of numbers, respectively, under restrictions aimilar to 
those for the Bócher prize. 
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First Award, 1928: To L. E. Dickson, for his book Algebra su ikre ZaMentkeoris, 
Zurich, 1927. 


Second Award, 1931: To H. S. Vandiver, for his several papers on Fermnt's 
last theorem published in the Transactions of the American Mathematical Society 
and the Annals of Mathematics during the last five years, with special reference toa 
paper entitled Os Formats last theorem, which appeared in volume 31 of the Trans- 
actions. 


Third Award, 1939: to A. A. Albert, for his papers on the construction of Rie- 
mann matrices, published in volumes 35 and 36 of the Annals of Mathematics. 


Fourth Award, 1941: To Claude Chevalley, for his paper entitled La théorie du 
corps de classes, published in volume 41 of the Annals of Mathematics. 


Fifth Award, 1944: To Oscar Zariski, for four papers on algebraic varieties, 
published in volumes 61 and 62 of the American Journal of Mathematics and volumes 
40 and 41 of the Annals of Mathematics. 


Sixth Award, 1946: To H. B. Mann for his paper entitled A proof of the funda- 
menia] theorem on ths density of sums of sets of posities integers, published in volume 
43 of the Annals of Mathematics. 


Seventh Award, 1949: To Richard Brauer, for his memoir On Artia's L-serias 
with general group characters, published in volume 48 of the Annals of Mathematics. 


Eighth Award, 1951: To Paul Erd&e, for his many papers in the Theory of Num- 
bers, and in particular for his paper, On a sess mathod in elementary number theory 
which leads to an elementary proof af the prime number theorem, published in the Pro- 
ceedings of the National Academy, vol. 35, pp. 374-385, July 1949. . 


The Eliakim Hastings Moore Fund. 


This fund was founded in 1922 in honor of Professor Eliakim Hastings Moore, 
on the occasion of the twenty-fifth anniversary meeting of the Chicago Section of 
the American Mathematical Society. The income from the fund is to be used at the 
discretion of the Council of the Society, for the publication of important mathe- 
matical books or memotra, or the award of prizes. 


The Marion Reilly Fund. 

Dean Marion Reilly willed to the American Mathematical Society a portion 
of her estate to be used for the advancement of research in pure mathematics, The 
principal of this fund is $23,500. 


The Ernest William Brown Fund. 


From the estate of Professor Ernest William Brown, a fund of $1,000 is avail- 
able, the interest on which, at the discretion of the Council, can be used for the 
furtherance of such mathematical interests as (a) the publication of important 
mathematical books, memoirs, and periodicals, and (b) lectures to be delivered on 
special occasions by invited guests of the Society. 


The Robert Henderson Fund. 


Upon his retirement from the Board of Trustees on December 31, 1940, Dr. 
Robert Henderson presented to the Society an unrestricted gift af $1,000 which 
the Trustees have set aside as the Robert Henderson Fund. 
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The James K. Whittemore Fund. 


From the estate of Professor James K. Whittemore, a fund of $1,000 is available 
for use in the interest of mathematical research. 


The Generva B. Hutchinson Fund. 


A fund from the estate of the late Professor Generva B. Hutchinson for use, at 
the discretion of the Council and Trustees, in the advancement of mathematical 
research. 


The Helen A. Merrill Fund. 


From the estate of the late Professor Helen A. Merrill, a fund of $650 is available 
for use in the interest of mathematical research, 


Library Proceeds Fund. 


A fund of $50,000 established by the Trustees in 1951 from the proceeds of the 
sale of the Society's Library. 


‘ 


BY-LAWS OF THE l 
AMERICAN MATHEMATICAL SOCIETY 


ARTICLE I 
p OFFICERS 


Section 1. There shall be a President, a President Elect (during the even-num- 
bered years only), an Ex-president (during the odd-numbered years only), three 
Vice Presidents, a Secretary, four Associate Secretaries, and a Treasurer. 

Section 2. It shall be a duty of the President to deliver an address before the 
Soclety at the close of his term of office or within one year thereafter. 


ARTICLE II 
BOARD oF TRUSTEES 


Section 1. There shall be a Board of Trustees consisting of seven trustees, five 
trustees elected by the Soclety in accordance with Article VII, together with the 
President and Treasurer of the Society ex officio. The Board of Trustees shall desig- 
nate its own presiding officer and secretary. 

Section 2, The function of the Board of Trustees shall be to receive and administer 
the funds of the Society, to have full legal control of its investments and properties, 
to make contracts and, in general, to conduct all business affairs of the Society. 

Section 3. The Board of Trustees shall have the power to appoint a manager and 
such assistants and agents as may be necessary or convenient to facilitate the conduct 
of the affairs of the Society, and to fix the terms and conditions of their employment. 
The Board may delegate to the officers of the Society duties and powers normally 
inhering in their respective corporative offices, subject to supervision by the Board. 
The Board of Trustees may appoint committees to facilitate the conduct of the 
financial business of the Society and delegate to such committees such powers as may 
be necessary or convenient for the proper exercise of those powers. Agents appointed, 
or members of committees designated, by the Board of Trustees need not be mem- 
bers of the Board. 

Nothing herein contained shall be construed to empower the Board of Trustees 
to divest itself of responsibility for, or legal control of, the investments, properties 
and contracts of the Society. 


ARTICLE IH 
PUBLICATIONS COMMITTEES 


Section 1. There shall be eight Publications Committees, which ahall be the seven 
Editorial Committees specified in Section 2 of this Article and the Committee on 
Printing and Publishing specified in Section 3 of this Article. 

Section 2. There shall be seven Editorial Committees, as follows: a committee of 
two members for the Bulletin; committees of three members each of the Procead- 
ings, the Collogusum Publications, Mathematical Surseys and Mathematical Reviews; 
a committee of four members jointly for the Trassacions and the Memoirs, and 
one consisting of two representatives of the Society on the Board of Editors of the 
American Journal of Mathematics. 

Section 3. There shall be a Committee on Printing and Publishing consisting of 
three members. 
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Section 4. At the first election of members of the Committee on Printing and 
Publishing, one member shall be elected for a term of one year, one for a term of two 
years, and one for a term of three years, This section shall be repealed without 
further action on January 1, 1954. 


ARTICLE IV 
COUNCIL 


Section 1. The Council shall consist of fifteen members at large and the following 
ex officio members: the officers of the Society specified in Article I, the members 
of the Publications Committees specified in Article III, any former Secretary for a 
period of two years following his term of office, and members of the Executive Com- 
mittee who remain on the Council by the operation of Article VII, Section 4. 

Section 2, The Council shall formulate and adminster the scientific polictes of the 
Society and shall act in an advisory capacity to the Board of Trustees, 

Section 3. In the absence of the Secretary from any meeting of the Council, one 
of the Asóciate Secretaries present may be designated as Acting Secretary for the 
meeting, either by written authorization of the Secretary, or, failing that, by majority 
agreement among the Associate Secretaries present. 

Section 4. All members of the Council shall be voting members. The method for 
settling matters before the Council at any meeting shall be by majority vote of the 
members present. If the result of a vote is challenged, it shall be the duty of the pre- 
aiding officer to determine the true vote by a roll call. In a roll call vote, each Council 
member shall vote only once (although he may be a member of the Council in several 
capacities), and he shall state before the vote in which capacity he votes. The group 
consisting of the four Associate Secretaries shall have one vote, and it shall be 
divided equally among those who vote as Associate Secretaries. Each of the eight 
Publications Committees ahall have one vote, and it shall be divided equally among 
those who vote as members of the respective Publications Committees. All other 
members of the Council shall have one vote each. Fractional votes shall be counted. 

Section 5. Any group of members of the Council who have a total of five votes 
as defined in Section 4 of this Article shall constitute a quorum for the transaction 
of business at any meeting of the Council. 

Section 6. Between meetings of the Council, business may be transacted by a mail 
vote. Votes shall be counted as in the case of a roll call vote as specified in Section 
4 of this Article, *members present" being replaced by "members voting." An 
affirmative vote by mail on any proposal shall be declared if and only if (a) more 
than half of the total number of possible votes is recetved by the time announced for 
the closing of the polls, and (b) at least three-quarters of the votes received by then 
are affirmative. If members who have a total of five or more votes request postpone- 
ment at the time of voting, action on the matter at issue shall be postponed until the 
next meeting of the Council, unless either (1) at the discretion of the Secretary, the 
question is made the subject of a second vote by mail, in connection with which 
brief statements of reasons, for and against, are circulated or (2) the Council places 
the matter at issue before the Executive Committee for action. 

Section 7. The Council may delegate to the Executive Committee (Article V) 
certain of its duties and powers. Between meetings of the Council the Executive 
Committee shall act for the Council on such matters and in such ways as the Council 
may specity. Nothing herein contained shall be construed as empowering the Council 
to divest itself of responsibility for formulating and administering the scientific 
policies of the Society. 
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ARTICLE V 
EXECUTIVE COMMITTEE 


Section 1. There shall be an Executive Committee of the Council, consisting of 
four elected members and the following ex officio members: the President, the Secré- 
tary, the President Elect (during even-numbered years), and the Ex-president 
(during odd-numbered years). : 

Section 2. The Executive Cammittee of the Council shall be empowered to act 
for the Council on matters which have been delegated to the Executive Committee 
by the Council. If three members of the Executive Committee request that any 
matter be referred to the Council, the matter shall be so referred. The Executive 
Committee shall be responsible to the Council and shall report its actions to the 
Council It may consider the agenda for meetings of the Council and may make 
recommendations to the Council. - 

Section 3. Each member of the Executive Committee shall have one vote. An 
affirmative vote on any proposal before the Executive Committee shall be declared 
if and only if at least four affirmative votes are cast for the proposal. A vote on any 
proposal may be determined at a meeting of the Executive Committee, but it shall 
not be necessary to hold a meeting to determine a vote. P 


ARTICLE VI 
EXECUTIVE DIRECTOR 


Section 1. There shall be an Executive Director who shall be a paid employee of 
the Society. He shall have charge of the central office of the Society, and he shall be 
responsible for the general administration of the affairs of the Society in accordance 
with the policies that are set by the Board of Trustees and by the Council. 

Section 2. The Executive Director shall be elected by the Council for a specified 
term and approved by the Board of Trustees. The terms and conditions of his 
employment shall be fixed by the Board of Trustees. 

Section 3. The Executive Director shall work under the immediate direction of 
the Board of Trustees and of the Council, and in cooperation with the Secretary. He 
shall attend meetings of the Board of Trustees, of the Council, and of the Executive 
Committee, but he shall not be a member of any of these bodies. 


ARTICLE VII 
ELECTION AMD TERMS OF OFFICERS 


Section 1. The term of office shall be one year in the case of the President Elect 
and the Ex-president; two years in the case of the Trustees, the President, the 
Vice Presidents, the Secretary, the Associate Secretaries, and the Treasurer; 
three years in the case of the members of the Publications Committees. The term of 
office for members at large of the Council shall be three years, five of the members 
at large retiring annually. The term of office for elected members of the Executive 
Committee shall be two years, two of the elected members retiring annually. In 
every case, however, the officials specified in Articles I, II, IIT, IV, and V, with the 
exception of the President Elect and the Ex-president, shall continue to serve until 
their successors have been duly elected and qualified. 

Section 2. Election of officers specified In Article I (with the exception of the 
President and the Ex-president), Trustees, members of the Publications Committees, 
and members at large of the Council shall be by ballot at the Annual Meeting. An 
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official ballot shall be sent to each member of the Society by the Secretary at least 
one month before the Annual Meeting, and such bellots, if returned to the Secretary 
in envelopes bearing the name of the voter and received prior to the closing of the 
polls, shall be counted at the Annual Meeting. Each ballot shall contain one or more 
names proposed by the Council for each office to be filled, with blank spaces in which 
the voter may substitute other names, A plurality of all votes cast, whether cast in 
person or by mail, siall be necessary for election. In case of failure to secure a plurality 
for any office, the members present at the Annual Meeting shall choose by ballot 
among the members having the highest number of votes. 

Section 3. At the end of his term of office, the President Elect shall become the 
President. At the erd of his term of office, the President shall become the Ex-president. 

Section 4. Within fourteen days after the election of officers at the Annual Meet- 
ing the Secretary shall send to all members of the Council for a mail vote a ballot 
containing two names for each place to be filled on the Executive Committee. The 
nominees shall be chosen by a committee appointed by the President. Members of 
the Council may vote for persons not nominated. Any member of the Council who 
is not an ex officio member of the Executive Committee (see Article V, Section 1) 
shall be eligible for election to the Executive Committee. In case a member is elected 
to the Executive Committee for a term extending beyond his regular term on the 
Council, he shall automatically continue as a member of the Council during his term 
on the Executive Committee. 

Section 5. The President and Vice Presidents shall not be eligible for immediate 
re-election to their respective offices. A member at large or an ex officio member of 
the Council shall not be ellgible for immediate election (or re-election) as a member 
at large of the CouaciL 

Section 6. If the President of the Soclety die or resign while a President Elect is 
in office, the President Elect shall serve as President for the remainder of the year 
and thereafter shall serve his regular two-year term. If the President of the Society 
die or resign when no President Elect is in office, the Council, with the approval of 
the Board of Trustees, shall designate one of the Vice Presidents to serve as President 
for the balance of the regular presidential term. If the President Elect of the Society 
die or resign before becoming President, his office shall remain vacant until the next 
regular election of a President Elect, and the Society shall, at the next Annual 
Meeting, elect a President for & two-year term. If the Ex-president die or resign be- 
fore the expiration of his term of office, the Council, with the approval of the Board 
of Trustees, shall designate a former President of the Society to serve as Ex-president 
during the remainder of the regular term of the Ex-presidency. Such vacancies as 
may occur at any time in the group consisting of the Vice Presidents, the Secretary, 
the Associate Secretaries, the Treasurer, and the members of the Publications Com- 
mittees shall be filled by the Council with the approval of the Board of Trustees. If 
a member of a Publications Committee takes temporary leave from his duties, that 
Committee shall nominate a substitute for consideration by the Council. The Lou 
shall then elect a substitute. The Council shall fill from its own membership an 
vacancy in the elected membership of the Executive Committee. 

Section 7. If any Trustee die or resign during his tenure of office, the vacancy 
thus created shall be filled for his unexpired term by the Board of Trustees. 

Section 8. If any member at large of the Council die or resign more than one year 
before the expiration of his term, the vacancy for the unexpired term shall be filled by 
the Society at the 3ext Annual Meeting. 


1953] BY-LAWS 709 


ARTICLE VIII 
MEMBERS AND THEIR ELECTION 
Section 1. Election of members shall be by vote of the Council or of its Executive 


Section 2. There shall be three classes of members, namely, ordinary, contributing 
and institutional, 

Section 3. Application for admiselon to ordinary membership shall be made by 
the applicant on a blank provided by the Secretary, and shall be approved either by 
two ordinary members of the Society or by the institutional member whose nominee 
he is (see Article IX, Section 6). Such applications shall not be acted upon until at 
least thirty days after their presentation to the Council (at a meeting or by mail), 
except in the case of members of other societies entering under special action of the 
Council approved by the Board of Trustees. 

Section 4. An ordinary member may become a contributing member by paying 
the dues for such membership. (See Article IX, Section 3.) 

Section 5. A university or college, or a firm, corporation, or association interested 
in the support of mathematics may be elected an institutional member. 


Section 1. Any applicant shall be admitted to ordinary membership immediately 
upon election by the Council (Article VIII) and the discharge within sixty days of 
election of his first annual dues, Dues may be discharged by payment or by remission 
when the provision of Section 7 of this Article is applicable. The first annual dues shall 
apply to the year of election, except that if any applicant is elected after August 15 
of any year he may elect to have his first annual dues apply to the following year. 

Section 2. The annual dues of an ordinary member of the Society shall be fourteen 
dollars, except that the Council, with the approval of the Board of Trustees, may 
establish special rates in exceptional cases and for members of an organization with 
which the Society has a reciprocity agreement. 

Section 3, The minimum dues for a contributing member shall be twenty dollars 
per year. Members may, upon their own initiative, pay larger dues. 

Section 4. The minimum dues of an institutional member shall depend on the 
amount of published material credited to that member in certain journals during a 
specific period. The formula for computing these dues shall be established from time 
to time by the Council subject to approval by the Board of Trustees. Institutions 
may pay larger dues than the computed minimum. 

Section 5. Any member whose annual dues are at least one hundred dollars shall 
be designated as a Sustainer of the Society; any member whose annual dues are at 
least five hundred dollars shall be designated as a Patron of the Society. 

Section 6. The privileges of an institutional member shall depend on its dues ina 
manner to be determined by the Council, subject to approval by the Board of 
Trustees. These privileges shall be in terms of Society publications to be received by 
the institution and of the number of persons it may nominate for ordinary member- 
ship in the Society. 

. Section 7. the dues of an ordinary member of the Society shall be remitted for 
any years during which he Is the nominee of an institutional member. 

Section 8. After retirement from active service on account of age, any ordinary or 


710 AMERICAN MATHEMATICAL SOCIETY [November 


contributing member who is not in arrears of dues and with membership extending 
over at least twenty years may, by giving proper notification to the Secretary, have 
his dues remitted, on the understanding that he will thereafter receive the programs 
of the meetings but not the Bulletin and Proceedings. 

Section 9: An ordinary or contributing member shall receive the Bulletin and 
Procesdings as privileges of membership during each year for which his dues have 
been discharged. - 

Section 10. Nine dollars of the annual dues of those who receive the Bulletin and 
Procsedéngs under the provisions of this Article shall be allocated in payment therefor. 

Section 11. The annual dues of ordinary and contributing members shall be pay- 
able after October first of the preceding year and due by January firet of the year to 
which they apply. The Society shall submit bills for dues. If the annual dues of any 
member remain undischarged beyond what the Board of Trustees deem to be a reason- 
able time, his name shall, after due notice, be removed from the list of members, If a 
member wishes to discontinue his membership at any time, he shall submit his resig- 
nation in writing to the Society. 

Section 12, Any member who became a life member before October 25, 1941, by 
the payment of a sum determined in accordance with actuarial principles shall have 
for life the status and privileges of an ordinary member without further payment of 
dues, No additional applications for life memberships will be accepted. 


ARTICLE X 
MERTINGS 


- Section 1. The Annual Meeting of the Society shall be held between the fifteenth 
of December and the fifteenth of January next following. Notice of the time and 
place of this meeting shall be mailed by the Secretary or an Associate Secretary to 
the last known post'office address of each member of the Society. The times and 
places of the Annuel and other meetings of the Society shall be designated by the 
. CounciL No matter of general business shall be considered at any meeting of the 
Society except the Annual Meeting, without the recommendation of the Council. 

Section 2. Meetings of the Executive Committee may be called by the President; 
he shall call a meeting at any time upon the written request of two of its members. 

Section 3. The Council shall meet at the Annual Meeting of the Society. Special 
meetings of the Council may be called by the President; he shall call a special meeting 
at any time upon the written request of five of its members. No special meeting of 
the Council shall be held unless written notice of it shall have been sent to all mem- 
bers of the Council at least ten days before the day set for the meeting. 

Section 4. The Board of Trustees shall hold its regular Annual Meeting each 
- year between December 15 and January 20, but not before the Annual Meeting of the 
Society. Special meetings of the Board of Trustees may be called by the Chairman 
of the Board upon three days’ notice of such meeting mailed to the last known post 
office address of each Trustee. He should call a meeting upon the receipt of a written 
request of two of the Trustees. Meetings for the transaction of business may also be 
held by common consent of all the Trustees. 

Section 5. Papers intended for presentation at any meeting of the Society shall 
be passed upon in advance by a program committee appointed by or under the 
authority of the Council; and only such papers ahali be presented as shall have been 
approved by such committee. Papers in form unsuitable for publication, if accepted 
for presentation, shall be referred to on the program as preliminary communications 
or reports. ' 
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ARTICLE XI 
$ - PUBLICATIONS 


Section 1. The Society shall publish an official organ called the Bulletin of the 
American Mathematical Society. It shall publish two journals, known as the Trans- 
actions of the American Mathematical Society and the Proceedings of the American 
Mathematical Soctey. It shall publish a series of mathematical papers known as the 
Memoirs af the American Mathematical Society. The object of the Transactions, 
Proceedings, and Memoirs is to make known important mathematical researches. It 
shall publish a periodical called Mathematica} Reviews, containing abstracts or reviews 
of current mathematical literature. It shall publish a series of volumes called Col- 
loguium Publications which shall embody in book form new mathematical develop- 
ments, It shall publish a series of monographs called Mathematical Surveys which 
shall furnish expositions of the principal methods and results of particular fields of 
mathematical research. It shali also cooperate in the conduct of the American 
Journal of Mathematics. 

Section 2. The editorial management of the publications of the Society listed in 
Section 1 of this article, and the participation of the Society in the editorial manage- 
ment of the American Journal of Mathematics shall be in charge of the reepective 
Editorial Committees as provided in Article III, Section 2. 

Section 3. The Committee on Printing and Publishing shall advise the Council 
and Board of Trustees on business and ripn-editorial matters concerning the publica- 
tions of the Society, and shall perform such other functions and shall exercise such 
powers as are properly aselgned or delegated to it by the Council or the Board of 
Trustees, 

ARTICLE XH 
AMENDMENTS 


These By-Laws may be amended or suspended at any meeting of the Society on 
recommendation of the Council and by a two-thirds vote of the members present, 
provided notice of such proposed action and of its general nature shall have been 
given in the call for such meeting. 


INDEX OF VOLUME 38 


INDEX OF ABSTRACTS 
Subjects: ; 
Algebra and Theory of Numbers, 39, 51, 62, 152, 164, 380, 448, 472, 493, 559, 619. 
Analysis, 41, 56, 66, 153, 173, 385, 453, 476, 494, 566, 630. 
Applied Mathematics, 46, 58, 68, 154, 190, 389, 462, 486, 499, 572, 651. 
Geometry, 59, 69, 155, 196, 390, 464, 488, 501, 573, 655. 
Logic and Foundations, 198, 391, 464, 490, 501, 659. 
Statistica and Probability, 60, 199, 391, 465, 502, 660. 
Topology, 48, 60, 69, 155, 201, 393, 465, 491, 502, 573, 661. 


Authors: 

Agmon, S., 173; Ainsworth, O. R., 58; Albert, A. A., 448; Allen, A. C., 453; Allen, 
E. F., 488; Ambrose, W., 453; Anderson, D. R., 559; Anderson, R. D., 174, 201, 393, 
465, 661; Andrushkiw, J., 174, 385, 448; Ankeny, N. C., 164, 560; Antoeiewicz, H. A., 
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566; Aucoin, A. A., 39, 41. 

Bagemihl, F., 619; Ball, B. J., 201; Barrett, J. H., 453; Bartholomay, A. F., 201; 
Bartle, R. G., 175; Baum, W. R., 202; Beckenbach, E. F., 453; Becker, H. W., 39, 39, 
63, 165, 391, 392, 466, 466, 560, 560, 561, 561, 620, 620, 651, 661, 696; Bellman, R. E., 
494; Bennett, D. W., 501; Bergman, S., 454; Bergmann, H. G., 462; Berkovitz, 
L. D., 66; Berman, G., 489; Bernardi, S. D., 385; Bernhart, A., 155, 661; Bernstein, 
B. A., 565; Bers, L., 175; Beth, E. W., 502; Blackett, D. W., 620; Blackman, J., 454, 
Blair, R. L., 472, 621; Blakers, A. L:, 202, 466; Blanch, G., 46, 572; Blanchfield, R. C., 
69; Block, H. D., 476, 486; Block, I. E., 631; Blumenthal, L. M., 380, 501; Boas, 
R. P., 175, 386, 454, 476, 566, 631; Bohun-Chudyniv, V., 165, 380, 621; Bonsall, 
F. F., 175; Boone, W. W., 40; Bott, R., 202, 203; Bourgin, D. G., 489, 491; Bourne, 
S., 165; Bram, J., 631; Brauer, A. T., 40, 51, 622; Brauer, G., 631; Brenner, J. L., 622; 
Browder, F. E., 176, 176, 176, 177, 177, 203, 386, 386, 454, 455, 632, 632, 632; Brown, 
B., 203; Brownell, F. H., 494; Brunk, H. D., 177, 487; Buck, R. C., 467, 467, 566, 632; 
Burgess, C. E., 661; Burrill, C. W., 632; Butzer, P. L., 633. 

Cahn, A. S., 487; Calabi, E., 655; Calderón, A. P., 477, 477; Cameron, R. H., 177, 
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Carruth, P. W., 449; Carter, W. C., 46; Ceeari, L., 178; Chen, K, T., 166, 472; Chen, 
Y. W., 153, 455; Chover, J., 633; Chowla, S., 167; Chrestenson, H. E., 567; Chung, 
K. L., 199, 660; Churchill, R ave 634; Civin, P., 66, 567; Clark, R. A., 190; Clarke, 
F. M., 381, 473; Coddington, E. A., 42, 42, 47, 455, 456; Cohen, A. C., 60; Cohen, E., 
167, 450, 450, 450; Cohen, H., 60; Cohn, H., 167, 623; Cohn, R. M., 456; Comfort, 
E. G. H., 634; Conkling, R. M., 386, 656; Cooke, K. L., 567; Copeman: P., 456; 
Copeland, A. H., 167, 473; Court, N. A., 155; Cowling, V. F., 477; Coxeter, H. S. M., 
624; Crispin, J. W., 463; Currie, J. C., 52; Curtis, C. W., 562: Curtis, M. L., 204, 467. 

Danskin, J. M., 178; Darling, D. A., 42; Davis, A. C., 63, 382, 450; Davis, A. S., 
52; Davis, C., 382; Davis, R. B., 387, 457; Davis, R. L., 659; DeCicco, J., 193, 
634, 641, 652, 657; Dekker, D. B., 69; Devinatz, A., 478; DeVogelaere, R. J., 191; 
Diag, J. B., 191; Dietrich, V. E., 52; Diliberto, S. P., 467; Dilworth, R. P., 70; Dolph, 
C. L., 634; Donoghue, W. F., 478; Douglas, Jesse, 40, 40; Douglas, Jim, 200; Douglis, 
A., 457; Drandell, M., 69; Dresher, M., 178; Dressel, F. G., 57; Dubois, D. W., 152, 
624; Duffin, R. J., 634, 652; Duncan, D. G., 63; DuVal, P., 59; Dye, H. A , 563, 567. 

Eaves, J. C., 52; Eckmann, B., 382; Edrei, A., 174; Elliott, H. M., 43; Elliott, J., 
179; Ellis, D. O., 53, 53, 196, 386, 393, 573, 656, 662; Ellis, J. W., 56; Erdoe, P., 619; 
Estill, M. E., 467, 662; Evans, R. L., 478; Evans, T., 167, 382; Ewing, G. M., 156, 487. 
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| Fettis, H. E., 487; Fialkow, A. D., 191, 192; Ficken, F. A., 192; Finkbeiner, D. T., 
180; Finn, R. S., 635; Finzi, A , 196; Flanders, H., 63; Fleming, W. H., 635; Forsythe, 
G. E., 502; Fort, M. K., 662; Fort, T., 57; Frame, J. S., 474; Friedman, B., 652; 
Friedrichs, K. O., 635; Fulks, W. B., 636; Fuller, L. E., 474; Fullerton, R. E., 57, 180; 
Fulton, C. M., 573. 
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+663, 663; Goldhaber, J. K., 451; Goldman, O., 624; Good, R. A., 624; Goodman, 
JA. W., 638; Gormsen, S. T., 656; Gottschalk, W. H., 383; Graves, R. L., 479; Green, 
` J. W., 181, 387, 458; Greer, E. V., 153; Griffin, E. L., 480, 480; Grove, V. G., 489, 489. 
Hadnot, B. F., 57; Haimo, F., 168, 625; Hall, M., 41, 451; Halmos, P. R., 638; 
Hammer, P. C., 197, 197, 198, 198, 480, 481, 490, 491, 573, 573; Hammersley, J. M., 
: 639; Hamstrom, M. E., 204, 663, 663; Harary, F., 167, 168, 473, 664; Haumer, M. 
' 563; Hayes, C. A., 181; Hayes, R. M., 653; Haynsworth, E. V., 53; Helson, H., 387; 
Henriksen, M., 168, 625; Herstein, I. N., 383, 383, 474, 625; Herzog, F., 639, 639; 
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